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ON THE GENERIC LOCAL LANGLANDS CORRESPONDENCE

FOR GSpin GROUPS

VOLKER HEIERMANN AND YEANSU KIM

Abstract. In the case of split GSpin groups, we prove an equality of L-
functions between automorphic local L-functions defined by the Langlands-
Shahidi method and local Artin L-functions. Our method of proof is based on
previous results of the first author which allow us to reduce the problem to su-
percuspidal representations of Levi subgroups of GSpin, by constructing Lang-
lands parameters for general generic irreducible admissible representations of
GSpin from the one for generic irreducible supercuspidal representations of its
Levi subgroups.

1. Introduction

The main purpose of this paper is to show that the automorphic local L-functions
for split GSpin groups defined by the Langlands-Shahidi method are equal to Artin
L-functions. Our proof goes through the local Langlands correspondence using
a method established by the first author ([12, 13]). Briefly, the local Langlands
correspondence asserts that there exists a ‘natural’ bijection between two different
sets: Arithmetic objects (Galois or Weil-Deligne group) and analytic (automorphic)
objects. The local Langlands correspondence is defined through the equality of
Artin L-functions on the Galois side with automorphic L-functions. For example,
in the case of GLn ([10, 15]), the local Langlands correspondence is formulated by
the equality of Artin L-functions and Rankin-Selberg L-functions for GLn ×GLm

([17,28]). On the automorphic side, Shahidi defined L-functions in the generic case
using Eisenstein series. Rankin-Selberg L-functions are one of them ([28]).

In our paper, we study the Rankin product L-functions for GLm ×GSpink (L-
functions from the Langlands-Shahidi method for GSpin groups) using functoriality
from GSpin groups to general linear groups ([3, 4] and Section 4). To explain our
results more precisely, let F denote a non-archimedean local field of characteristic
zero. Let Gn (resp. GLm) denote the split general spin group of semisimple rank
n, i.e., GSpin2n+1 or GSpin2n, (resp. general linear group of semisimple rank m)
over F and denote by Gn (resp. GLm) the group of F -points of Gn (resp. GLm).
Let σ⊗π be an irreducible admissible generic representation of M = M(F ), where
M = GLm×Gn is the Levi subgroup of a standard parabolic subgroup P in Gm+n.
There is a given list of L-functions attached to σ ⊗ π defined by Shahidi. In the
GSpin case, we have two L-functions. The first L-function, denoted L(s, σ × π)
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([3]), is the Rankin product L-function for GLm × Gn. The second L-function
is either the twisted symmetric square L-function or the twisted exterior square
L-function (see Section 3.1 for more details).

Note that Henniart [16] has recently proved that the twisted symmetric square
and the twisted exterior square L-functions (the second L-functions) are Artin L-
functions. In this paper, we prove the analogue result for the Rankin product
L-functions for GLm × Gn (the first L-functions). More precisely, we prove the
following result (Theorem 4.11).

Theorem A. The L-functions from the Langlands-Shahidi method in the case of
GSpin groups are Artin L-functions, i.e., L(s, σ × π) is an Artin L-function.

Our main theorem follows from results of the first author and the special case
when π is a supercuspidal representation. More precisely, in [12] the first author
constructed the Langlands parameters, the objects on the arithmetic side of the
local Langlands correspondence, which correspond to admissible representations of
a connected reductive group over F after assuming the existence of the Langlands
parameters that correspond to supercuspidal representations of its Levi subgroups.
The equality between L-functions from the Langlands-Shahidi method and Artin
L-functions holds, if this is true in the supercuspidal case [13].

Note that in [12], first the Langlands parameters of discrete series representa-
tions of connected reductive groups over F are constructed from the Langlands
parameters of supercuspidal representations of Levi subgroups. The proof is based
on the classification of the supercuspidal support of discrete series representations
in terms of poles of Harish-Chandra’s μ-function given in [11]. All this is subject
to some additional assumptions on the Langlands parameters of supercuspidal rep-
resentations. However, these assumptions are satisfied for a generic discrete series
representation if the L-functions of a representation in its supercuspidal support
agree with the corresponding Artin L-functions of its Langlands parameter. One
has also that the γ-factors of a generic discrete series representation agree with
the γ-factors of its Langlands parameter, if the equality of γ-factors is true for a
representation in its supercuspidal support.

The Langlands parameters of arbitrary admissible irreducible representations
are deduced from this with the help of the Langlands classification and equality of
L-functions and γ-factors holds under the analog conditions.

Therefore, by the results in [12, 13], it is possible to reduce Theorem A to the
existence of Langlands parameters for generic supercuspidal representations with
equality of L-functions (i.e., Theorem A in the case of supercuspidal representa-
tions). More precisely, let πsc be an irreducible generic supercuspidal representation
of Gn and let Πsc be an irreducible admissible representation of GL2n which is the
local functorial lift of πsc constructed in [3]. We prove (Theorem 4.2)

Theorem A′. For any irreducible generic supercuspidal representation σsc of GLm

we have
L(s, σsc × πsc) = L(s, σsc ×Πsc).

The L-functions on the right hand side, i.e., L(s, σsc × Πsc), are the Rankin-
Selberg L-functions. The Rankin-Selberg L-functions are Artin L-functions due to
the local Langlands correspondence for GLn [10,15]. Therefore, Theorem A′ implies
that the Rankin product L-functions for GLm × Gn in the generic supercuspidal
case are Artin L-functions.
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Let us briefly explain the proof of Theorem A′ here. Due to [31, Proposition
5.1], an irreducible generic supercuspidal representation πsc can be embedded into
a globally generic cuspidal representation. Therefore, we can use the global func-
tional equation [31] to get the equality of γ-factors. Since L-functions from the
Langlands-Shahidi method are completely determined by corresponding γ-factors
in the tempered case (Definition 3.1), it is enough to show that the functorial lift
Πsc of πsc is a tempered representation (Theorem 4.2).

Furthermore, we describe the local transfer image of the functorial lift of a generic
supercuspidal representation πsc of Gn (Theorem 4.7) to show that the Langlands
parameter of the local functorial lift Πsc of πsc factors through the L-group of Gn

(Theorem 4.8). This Langlands parameter can then be considered as the Langlands
parameter of the generic supercuspidal representation πsc of Gn.

Remark. We also prove the equality of γ-factors in Theorem A and Theorem
A′. More precisely, let ψF be a fixed non-trivial additive character of F and
γ(s, σ × π, ψF ) the complex function defined in [31, Theorem 3.5], where π and σ are
as in Theorem A. Then, the γ(s, σ× π, ψF )’s are Artin γ-factors. Furthermore, let
πsc, σsc and Πsc be as in Theorem A′. Then, γ(s, σsc×πsc, ψF ) = γ(s, σsc×Πsc, ψF ).

Our main result (Theorem A) has an interesting application to the structure of
L-packets, the partition of the set of (equivalence classes of) irreducible admissible
representations of a quasi-split reductive groupH over a non-archimedean local field
F given by the (in general conjectural) Langlands correspondence. More precisely,
denote by W ′

F the Weil-Deligne group, i.e., W ′
F = WF ×SL(2,C), where WF is the

Weil group. Let ψ be an Arthur parameter for H, i.e., a map W ′
F ×SL(2,C) → LH

that satisfies certain properties (see [34] for more details). There is a Langlands
parameter φψ which corresponds to the Arthur parameter ψ which is defined by

φψ(w) = ψ(w,

(
|w| 12 0

0 |w|− 1
2

)
). We consider the L-packet which is attached to

this Langlands parameter φψ. The following conjecture is called the generic Arthur
packet conjecture ([34]).

Conjecture. Let Π(φψ) be the L-packet attached to the Langlands parameter φψ

which corresponds to the Arthur parameter ψ of H. Suppose that Π(φψ) has a
generic member. Then it is a tempered L-packet.

Remark. This conjecture was first formulated in [34] for any connected reductive
group and strengthened in [21] for classical groups and GSpin groups. This conjec-
ture can be considered as a local version of the generalized Ramanujan conjecture
and the conjecture itself is related to the generalized Ramanujan conjecture ([1]).

Shahidi [34, Theorem 5.1] proved that, if the equality of L-functions (Theorem
A in the GSpin case) through the local Langlands correspondence holds, then the
generic Arthur packet conjecture is also true. Therefore, our main theorem implies
the following.

Theorem B. The generic Arthur packet conjecture is true for split GSpin groups.

Remark. The generic Arthur packet conjecture is also true in general when F is an
archimedean local field since the full local Langlands conjecture for real groups is
a theorem in [24]. The equality of L-functions in this case is proved by Shahidi in
[29].
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The paper is organized as follows. In Section 2, we recall standard notation.
In Section 3, we briefly explain L-functions from the Langlands-Shahidi method

in the case of GSpin groups (see [26, 27, 29–31] for the Langlands-Shahidi method
for any connected reductive groups). We first introduce γ-factors and explain how
L-functions are defined in the tempered case. Then, L-functions are defined using
Langlands classification in the arbitrary case (Definition 3.1). In this section, we
also explain the multiplicativity of γ-factors and the multiplicativity of L-functions
in the general setting. The multiplicativity property is one of the essential tools in
our paper. We give several examples of the multiplicativities of local factors in the
case of GSpin groups which support the proofs of theorems in Section 4 (Examples
3.5 and 3.6). We also explain the global functorial lift from GSpin groups to general
linear groups obtained by Asgari and Shahidi [3, 4].

In Section 4, we construct a local Langlands parameter that corresponds to any
irreducible admissible generic representations of GSpin groups with the equality of
L-functions through the local Langlands correspondence. More precisely, in sub-
section 4.1, we first show the equality of L-functions in the case of supercuspidal
generic representations of GSpin groups (Theorem 4.2). In subsection 4.2, we
use the equality of L-functions to describe the image of the local functorial lift of
supercuspidal generic representations of GSpin groups (Theorem 4.7). Then, we
construct a local Langlands parameter that corresponds to any irreducible admis-
sible representations of GSpin groups (Theorem 4.8). Note that the L-function
condition in Theorem 4.7 is essential in the proof of Theorem 4.8. In subsection
4.3, we generalize the result on the construction of local Langlands parameters in
the supercuspidal case to the case of irreducible admissible generic representations.
Here, we apply Heiermann’s construction of local Langlands parameters [11–13] to
our case (Theorem 4.9). We then show the equality of L-functions through the
local Langlands correspondence (Theorem 4.11), which is the main result of this
paper and implies the generic Arthur packet conjecture for split GSpin groups as
explained above.

In Section 5, we add an erratum to [12].

2. Notation

Let F denote a non-archimedean local field of characteristic zero, either
archimedean or non-archimedean, k a number field (global field of characteristic
zero) and A = Ak its ring of adeles. If needed, we let kv0 = F for a place v0 of k.
Let Gn (resp. GLm) denote the split general spin group of semisimple rank n, i.e.,
GSpin2n+1 or GSpin2n, (resp. general linear group of semisimple rank m) over F

or over k and write LGn for the L-group of Gn. In the case of split GSpin groups,
LGn is either GSp2n(C) or GSO2n(C). Let M be the Levi subgroup of a stan-
dard parabolic subgroup P = MN in Gn. It corresponds to an ordered partition
s = (n1, n2, . . . , nk) of some n′ with n′ ≤ n and n − n′ �= 1. (The Levi subgroup
Ms associated to the partition s is isomorphic to

GLn1
×GLn2

× · · · ×GLnk
×Gn−n′ (see [2]).

For any connected reductive group G defined over F or k, we denote by G (resp.
G) its group of F -rational points (resp. A-rational points). To differentiate global
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representations from local representations, we use to denote global representa-
tions. For example, π in Section 3.8 will denote an automorphic representation of
Gn.

We denote the normalized induced representation iGn

Ps
(ρ1 ⊗ · · · ⊗ ρk ⊗ π) by

ρ1 × · · · × ρk � π

where Ps = MsN is the standard F -parabolic subgroup of Gn which corresponds to
the partition s and each ρi (resp. π) is a representation of some GLni

(resp. Gn−n′).
In particular, iGP is a functor from admissible representations of M to admissible
representations of G that sends unitary representations to unitary representations.
We also denote the normalized induced representation iGLn

P (ρ1 ⊗ · · · ⊗ ρk) by

ρ1 × · · · × ρk

where P = MN is the standard F -parabolic subgroup of GLn where M ∼= GLn1
×

GLn2
× · · · ×GLnk

and each ρi is a representation of some GLni
.

For irreducible admissible generic representations σ and σ′ of GLn and GLn′ ,
respectively and for an irreducible admissible generic representation π of Gm, the
symbol

(2.1) L(s, σ × π) (resp. L(s, σ × σ′))

will denote the local Rankin product L-function for GLm × Gn (resp. the local
Rankin-Selberg L-function) and the corresponding γ-factor will be denoted

(2.2) γ(s, σ × π, ψF ) (resp. γ(s, σ × σ′, ψF )).

3. Preliminaries

3.1. L-functions from the Langlands-Shahidi method. Let us briefly explain
how Shahidi defines local L-functions in the case of GSpin groups. Let M ∼=
GLm ×Gn be the Levi subgroup of a maximal standard parabolic subgroup P =
MN of Gm+n and let σ ⊗ π be an irreducible admissible generic representation of
M = M(F ) = GLm ×Gn. Denote by ρm the standard representation of GLm(C),

by R̃ the contragredient of the standard representations of LGn and by μ the
similitude character of LGn. The adjoint action r of LM, the L-group of M ,
on Ln, the Lie algebra of the L-group of N decomposes as r = r2 or r1 ⊕ r2
([2, Proposition 5.6] or [3, chapter 3]),where{

r1 = ρm ⊗ R̃ and r2 = Sym2 ⊗ μ−1 if Gn = GSpin2n+1,

r1 = ρm ⊗ R̃ and r2 = ∧2 ⊗ μ−1 if Gn = GSpin2n.

Shahidi first defined two complex functions γ(s, σ ⊗ π, ri, ψF ), called γ-functions,
attached to σ ⊗ π and ri for i = 1, 2, where ψF is a fixed non-trivial additive
character of F ([31, Theorem 3.5]). Using γ-factors, Shahidi defined corresponding
L-functions attached to σ ⊗ π and ri, denoted L(s, σ ⊗ π, ri) for i = 1, 2, in [31] in
the following way.

Definition 3.1. If σ is tempered, define L-functions from the Langlands-Shahidi
method as inverse of the normalized numerator of the γ-factors. One then defines L-
functions for an arbitrary irreducible admissible generic representation using Lang-
lands classification ([35]). The first L-function, i.e., L(s, σ ⊗ π, r1), is the Rankin
product L-function for GLm ×Gn and will consequently be denoted L(s, σ × π̃) in
the sequel. We will also write γ(s, σ × π, ψF ) for γ(s, σ ⊗ π̃, r1, ψF ). The second
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L-function, i.e., L(s, σ ⊗ π, r2), is either the twisted symmetric square L-function
or the twisted exterior square L-function.

Remark 3.2. In the tempered case, the equality of γ-factors implies the equality
of L-functions since the L-functions are completely determined by γ-factors in the
tempered case.

There are several equivalent definitions of the notion of a tempered representa-
tion. Let us introduce one that we use throughout the paper.

Definition 3.3. Let G be a connected reductive group over F and put G = G(F ).
An irreducible admissible representation π of G is called tempered if there exists
an irreducible square-integrable, i.e., a discrete series representation, σ of a Levi
subgroup M of G such that π can be embedded into iGPσ.

We introduce one important property below which is the multiplicativity of γ-
factors. Let us first explain the general setting. We fix a Borel subgroup B = TU of
a quasi-split connected reductive group G over F , where T is a maximal torus and
U denotes the unipotent radical of B. Let A0 ⊂ T be the maximal split subtorus
of T (which is one of G) and let Φ be the set of F -roots of A0. Then, we can write
Φ = Φ+ ∪Φ−, where Φ+ is the set of positive roots with respect to U. We also let
Δ ⊂ Φ+ be the set of simple roots. Let P = MN be a standard parabolic subgroup
of G, i.e., P is a parabolic subgroup that contains B, N is its unipotent radical and
M the unique Levi subgroup that contains T. If θ is the subset of Δ that generates
M, then we denote such P (resp. M) by Pθ (resp. Mθ). It is well known that this
establishes a bijection between subsets of Δ and standard parabolic subgroups P
of G.

Now, we are ready to explain the multiplicativity of γ-factors in the general
setting. Assume σ is an irreducible admissible generic representation of M , σ ⊂
iMP ′σ′, where P′ = M′N′ is a standard parabolic subgroup of M with respect to
M∩B and σ′ is an irreducible admissible generic representation of M ′. Let θ1 ⊂ Δ
be such that M′ = Mθ1 . Let ω̃ := ω̃l,Δω̃l,θ1 , where ω̃l,Δ (resp. ω̃l,θ1) is the longest
element in the Weyl group of A0 in G (resp. M). Lemma 4.2.1 in [33] implies that
there exists a set of subsets θ2, θ3, · · · , θn ⊂ Δ such that

• θn = ω̃(θ1);
• fix 1 ≤ j ≤ n − 1; then there exists αj ∈ Δ − θj such that θj+1 =
ω̃l,Ωj

ω̃l,θj (θj), where Ωj = θ ∪ {αj} and ω̃l,Ωj
(resp. ω̃l,θj (θj)) are the

longest elements in the Weyl group of A0 in MΩj
(resp. Mθj );

• set ω̃j = ω̃l,Ωj
ω̃l,θj for j = 1, · · · , n− 1; then ω̃ = ω̃1 · · · ω̃n−1.

For each j, 2 ≤ j ≤ n − 1, let ωj = ω̃j−1 · · · ω̃1. The group MΩi
contains Mθj

as a Levi factor of a maximal parabolic subgroup and ωj(σ
′) is a representation of

Mθj .

Fix now an irreducible component ri of the action of LM on the Lie algebra of
LN and denote Vi its space. The group LM′ acts on Vi as defined by LM. Given
an irreducible constituent of the action, there exists a unique j, 1 ≤ j ≤ n − 1,
which is sent under ωj to an irreducible constituent of the action of LMθj on the

Lie algebra of LNθj whose adjoint action is denoted by r′i(j). We denote by Si the

set of all such j, which is in general a proper subset of 1 ≤ j ≤ n− 1.



GENERIC LOCAL LANGLANDS CORRESPONDENCE FOR GSpin GROUPS 4281

Shahidi has associated in [31, Theorem 3.5] to σ and ri as above γ-factors in
general. The γ-factors are uniquely determined by several properties. One impor-
tant property, called multiplicativity, given in part 3 of Theorem 3.5 of [31] reads
in the above setting as

Theorem 3.4 (Multiplicativity of γ-factors). For each j ∈ Si, let the corresponding
γ-factor be γ(s, ωj(σ

′), r′i(j), ψF ). Then,

γ(s, σ, ri, ψF ) =
∏
j∈Si

γ(s, ωj(σ
′), r′i(j), ψF ).

The following example gives the multiplicativity of γ-factors in the case of GSpin
groups. This example is used in the proof of Theorem 4.9. Let us first recall that
γ(s, ρ×π, ψF ) is the notation for the γ-factor γ(s, ρ⊗ π̃, r1, ψF ) (Definition 3.1 and
(2.2)).

Example 3.5. Let π be an irreducible admissible representation of Gn. By
Jacquet’s quotient theorem, there exists a standard parabolic subgroup Q = LV
of Gn, L = GLn1

× · · · × GLnk
× Gn−n′ , and an irreducible supercuspidal rep-

resentation ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρr ⊗ πcusp of L such that π is a subrepresentation of
ρ1 × ρ2 × · · · × ρr � πcusp. (Here, each ρi is an irreducible supercuspidal repre-
sentation of some GLni

and πcusp is an irreducible supercuspidal representation of
Gn−n′ .) Then, for any irreducible supercuspidal representation ρ of GLm, we have

γ(s, ρ× π, ψF ) = γ(s, ρ× πcusp, ψF )

r∏
i=1

γ(s, ρ× ρi, ψF )γ(s, ρ× (ρ̃i ⊗ ωπ), ψF ),

where ωπ is the central character of π.

We remark that the multiplicativity of L-functions does not hold in general since
the L-functions in the numerator and those in the denominator of γ-factors might
cancel each other. However, there are several cases of which multiplicativity of
L-functions holds. Here, we include the following examples for the multiplicativity
of L-functions in the case of general linear groups. These examples are used in the
proof of Theorem 4.7.

Example 3.6. (a) (Proposition on page 451 of [17]) Let Π (resp. Π′) be an ir-
reducible tempered representation of GLn (resp. GLn′) of the form δ1 × · · · × δd
(resp. δ′1 × · · · × δ′d′), where each δi (resp. δ

′
j) is a discrete series representation of

some GLni
(resp. GLn′

j
). Then, we have

L(s,Π×Π′) =
∏
i,j

L(s, δi × δ′j).

(b) (Theorem on page 444 of [17]) Let δ be a discrete series representation of
GLn which can be realized as the unique irreducible subrepresentation, denoted

δ([ν−
t−1
2 ρ, ν

t−1
2 ρ]), of ν

t−1
2 ρ× · · · × ν−

t−1
2 ρ with ρ a unitary supercuspidal repre-

sentation of some GL ([5, 37]). Then, we have

L(s, δ × δ̃) =
t−1∏
i=0

L(s+ i, ρ× ρ̃).

Let us conclude this section by recalling one of the important global properties
of the theory of L-functions which is the functional equation.
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Theorem 3.7 (Global functional equation). Let π := ⊗πv be a (global) generic
cuspidal representation of Gn = Gn(A). Let γ(s, σv ⊗ πv, ri,v, ψkv

) and
L(s, σv ⊗ πv, ri,v) (for i = 1, 2) be the local factors defined by Shahidi in the case
of GSpin groups (Definition 3.1). Let S be a finite set of places of k such that for
v /∈ S, Gn×kkv, πv and χv are all unramified. Then we have the following equality:∏

v/∈S

L(s, πv, ri,v) =
∏
v∈S

γ(s, σv ⊗ πv, ri,v, ψkv
)
∏
v/∈S

L(1− s, πv, r̃i,v).

3.2. Global functoriality. Asgari and Shahidi studied the functorial lifts from
automorphic representations of Gn to GL2n ([3] and [4]). To state the main theorem
in [3, 4], let k be global field and fix a Borel subgroup B in Gn with a maximal
split torus T, and denote the associated roots by R and the positive roots by
R+. For each α ∈ R denote the root group homomorphism associated with α by
uα : Ga → G. We also denote the unipotent radical of B by U. To define a generic
character of U(k)\U , we fix a splitting, i.e., the choice of a Borel subgroup along
with a collection of root vectors in U, one for each simple root of T. Then, using
a fixed splitting, every u ∈ U can be written uniquely as u =

∏
uα(xα), where the

product runs over all simple roots. Let ψk be a non-trivial continuous character of
k\A. Then ψk = ⊗ψkv

, where each ψkv
is a non-trivial additive character of kv.

Then we define a generic character χ of U(k)\U as

χ(u) = ψk(
∑
α

xα)

where the sum runs over all simple roots.
Now, we are ready to define the globally generic representations. An irreducible

automorphic cuspidal representation (π, Vπ) of Gn is called globally generic if there
exists a cusp form f ∈ Vπ such that∫

U(k)\U
f(ng)χ−1(n)dn �= 0.

The following theorem is Theorem 3.5 of [4].

Theorem 3.8 ([3], [4]). Let π = ⊗πv be a globally generic, irreducible, cuspidal,
automorphic representation of Gn with central character ωπ. Write χ = ⊗χv. Let
S be a non-empty finite set of non-archimedean places v such that, for v /∈ S, we
have that πv and χv are unramified. Then π has a unique functorial transfer to
an automorphic representation Π = ⊗Πv of GL2n such that, for all v /∈ S, the
homomorphism parametrizing the local representation Πv is given by

(3.1) Φv = ι ◦ φv : Wv → GL2n(C),

where Wv denotes the local Weil group of kv, φv : Wv → LGn the homomorphism
parametrizing πv and ι : LGn ↪→ GL2n(C) the natural embedding. Moreover, the
transfer Π satisfies

Π ∼= Π̃⊗ ωπ and ωΠ = ωn
π .

The automorphic representation Π is an isobaric sum of the form

(3.2) Π = Π1 × · · · ×Πt = Π1 � · · ·�Πt,

where each Πi is a unitary, cuspidal representation of GLni
such that, for T a

sufficiently large finite set of places of k containing the archimedean places, the
partial L-function LT (s,Πi,∧2 ⊗ ωπ) has a pole at s = 1 in the odd case and
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LT (s,Πi, Sym
2 ⊗ ωπ) has a pole at s = 1 in the even case. We have Πi � Πj if

i �= j, and n1 + · · ·+ nt = 2n with each ni > 1.

4. The equality of L-functions and Langlands parameter

4.1. The equality of L-functions: Supercuspidal case. In this section, we
adapt the idea in [7, 8] to generalize it to GSpin groups. In the proof of Theorem
3.8, using the natural embedding (3.1), Asgari and Shahidi constructed archimedean
and non-archimedean unramified transfer with equality of γ-factors and L-functions
in those cases (Chapter 6 of [3] or Proposition 3.20 and Proposition 3.25 of [4]).

Proposition 4.1 ([3, 4]). Let v0 be an archimedean or non-archimedean place of
k. Let π be an irreducible, admissible, generic representation of Gn. We further
assume that π is unramified if v0 is a non-archimedean place. Then, there exists a
unique local functorial lift Π of π to GL2n such that, for any irreducible, admissible,
generic representation σ of GLm, we have

γ(s, σ × π, ψkv0
) = γ(s, σ ×Π, ψkv0

) and L(s, σ × π) = L(s, σ ×Π).

Now, we are ready to show the equality of L-functions for any place v of k.

Theorem 4.2. Let v0 be a non-archimedean place of k and let again kv0 = F . Let
π be an irreducible unitary generic supercuspidal representation of Gn. Then there
exists a unique generic representation Π of GL2n such that for every irreducible
unitary supercuspidal representation ρ of GLm we have

γ(s, ρ× π, ψF ) = γ(s, ρ×Π, ψF ) and L(s, ρ× π) = L(s, ρ×Π).

In particular, Π = δ1 × · · · × δd with each δi a discrete series representation, i.e.,
Π is tempered.

Proof. We can embed π (resp. ρ) into a (global) generic automorphic cuspidal
representation π = ⊗πv (resp. ρ = ⊗ρv) such that πw (resp. ρw) is unramified for
all other finite places w �= v0 and πv0 = π (resp. ρv0 = ρ) ([31, Proposition 5.1]). In
the archimedean or non-archimedean unramified case, i.e., for w �= v0, we know the
equality of γ-factors (Proposition 4.1). The global functional equation (Theorem
3.7) implies that

γ(s, ρ× π, ψF ) = γ(s, ρ×Π, ψF )

for every irreducible supercuspidal representation ρ of GLm.
Using the multiplicativity of γ-factors, we get the equality

γ(s, σ × π, ψF ) = γ(s, σ ×Π, ψF )

for a discrete series representation σ. The discrete series representation σ can be

realized as the unique irreducible subrepresentation δ([ν−
t−1
2 ρ, ν

t−1
2 ρ]) of ν

t−1
2 ρ×

· · · × ν−
t−1
2 ρ with ρ a unitary supercuspidal representation of some GL ([5, 37]).

Since Π is generic and unitary, Π can be considered as the full induced representa-
tion νr1δ1×· · ·×νrkδk×δk+1×· · ·×δk+l×ν−rkδk×· · ·×ν−r1δ1 by the classification
of unitary generic representations of GL with each δi a discrete series representa-
tion of some GL and 0 < rk ≤ · · · ≤ r1 < 1

2 ([36]). Using the multiplicativity of
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γ-factors and the definition of γ-factors,

γ(s, σ × π, ψF ) = γ(s, σ ×Π, ψF )

=

k∏
j=1

γ(s+ rj , σ × δj , ψF )γ(s− rj , σ × δj , ψF )×
l∏

i=1

γ(s, σ × δk+i, ψF )

∼
(

k∏
j=1

L(s+ rj , σ × δj)L(s− rj , σ × δj)
l∏

i=1

L(s, σ × δk+i))
−1

(
k∏

j=1

L(1− s− rj , σ̃ × δ̃j)L(1− s+ rj , σ̃ × δ̃j)
l∏

i=1

L(1− s, σ̃ × δ̃k+i))−1

where ∼ means that the two factors are equal up to a monomial in q−s.
We can define L(s, σ × π) as the inverse of the normalized numerator of

γ(s, σ × π, ψF ) since σ × π is tempered (Definition 3.1). Furthermore, we know
that the numerator and the denominator are relatively prime (see [17]). Therefore,

L(s, σ × π) =
k∏

j=1

L(s+ rj , σ × δj)L(s− rj , σ × δj)
l∏

i=1

L(s, σ × δk+i).

We consider the equality of L-functions above with σ = δ̃i for i = 1, . . . , k. The

tempered L-function conjecture [2, Theorem 5.7] implies that L(s, δ̃i × π) is holo-
morphic for Re(s) > 0. On the other hand, the right hand side has a pole at

s = ri > 0 since L(s − ri, δ̃i × δi) has a pole at s = ri > 0. This implies that
k = 0 and Π = δ1 × · · · × δd with each δi a discrete series representation, i.e., Π is
tempered. Therefore, L(s, σ × Π) is also the inverse of the normalized numerator
of γ(s, σ×Π, ψF ) (Definition 3.1). Consequently, we have the following equality of
L-functions:

L(s, σ × π) = L(s, σ ×Π)

for every discrete series representation σ of GL.
Now it remains to show the uniqueness of the local functorial lift. This fol-

lows from the local converse theorem for GL2n ([14]). If Π1 and Π2 are local
functorial lifts of π, i.e., irreducible admissible generic representations of GL that
satisfy the equality of γ- and L-functions in Theorem 4.2. By assumption, we have
γ(s, σ×π, ψF ) = γ(s, σ×Π1, ψF ) = γ(s, σ×Π2, ψF ). Therefore, the local converse
theorem for GL2n (Corollary in [14, Section 1.1]) implies the uniqueness of the local
functorial lift. �

Remark 4.3. In the proof of Theorem 4.2, we prove the equality of γ-factors and the
equality of L-functions in a more general setting. We have the equality of γ-factors
and the equality of L-functions in Theorem 4.2 when ρ is a generic discrete series
representation of GLm.

Remark 4.4. Since the global functorial lift Π in Theorem 3.8 is either cuspidal
or a full induced representation from cuspidals, Π is generic. Thus all of its local
components are as well.

Definition 4.5. Let π and Π be as in Theorem 4.2. We shall call this Π the local
functorial lift of π.
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4.2. Local transfer image and Langlands parameters: Supercuspidal case.
We describe the image of the local transfer lift of the irreducible generic supercus-
pidal representations and construct its Langlands parameters. We first discuss the
properties of poles of L-functions. The following lemma is a corollary of [31, Propo-
sition 7.3].

Lemma 4.6. Let π denote an irreducible unitary generic supercuspidal represen-
tation of Gn and ρ an irreducible unitary generic supercuspidal representation of
GLm. Let, for i = 1, 2, L(s, ρ ⊗ π, ri) be the L-functions for GSpin groups from
the Langlands-Shahidi method (see Section 3.1). Then,

(a) L(s, ρ⊗ π, ri) has a pole at s = 0 if and only if L(s, ρ̃⊗ π, ri) has a pole at
s = 0.

(b) L(s, ρ ⊗ π, ri) ∼ L(−s, ρ̃⊗ π, ri). Here ∼ means that two L-functions are
equal up to a monomial in q−s.

(c) L(s, ρ⊗ π, ri) can have poles only for Re(s) = 0.

Proof. From Lemma 5.3.2 in [33], we have

γ(s, ρ⊗ π, ri, ψF ) = γ(s, ρ̃⊗ π, ri, ψF ).

Since π and ρ are tempered, L(s, ρ⊗ π, ri)=L(s, ρ̃⊗ π, ri). Therefore, L(s, ρ⊗ π, ri)

has a pole at s = 0 if and only if L(s, ρ̃⊗ π, ri) has a pole at s = 0. This proves (a).

From Proposition 7.3 in [31], L(s, ρ ⊗ π, ri) is of the form
∏
j

(1 − αjq
−s)−1 with

|αj | = 1. On the other hand, using L(s, ρ⊗ π, ri) = L(s, ρ̃⊗ π, ri) above, we have

L(−s, ρ̃⊗ π, ri) = L(−s, ρ⊗ π, ri) =
∏
j

(1−αjq
s)−1 =

∏
j

(−αjq
s)−1(1−αjq

−s)−1.

Therefore, L(−s, ρ̃⊗ π, ri) = (
∏
j

(−αjq
−s))L(s, ρ ⊗ π, ri). This proves (b). (c) is

a direct consequence of Proposition 7.3 in [31] since L(s, ρ ⊗ π, ri) is of the form∏
j

(1− αjq
−s)−1 with |αj | = 1. �

Theorem 4.7. Let π be an irreducible unitary generic supercuspidal representation
of the group GSpin2n+1 (resp. GSpin2n) and let Π be its local functorial lift in the
sense of Theorem 4.2. Then Π is of the form

Π � Π1 × · · · ×Πd

where each Πi is an irreducible unitary supercuspidal representation of some GL2ni

such that L(s,Πi ⊗ wπ,∧2 ⊗ μ−1) (resp. L(s,Πi ⊗ wπ, Sym
2 ⊗ μ−1)) has a pole at

s = 0, Π̃i ⊗ (ωπ ◦ det) ∼= Πi and Πi � Πj for i �= j.

Proof. We first consider the odd case, i.e., GSpin2n+1. By Theorem 4.2 and its
proof, we know that the local functorial lift Π is tempered and of the form

Π = δ1 × · · · × δd

with each δi a discrete series representation. In Theorem 4.2, we also prove that for
any discrete series representation σ of GLm, L(s, σ × π) = L(s, σ × Π). We apply

this equality of twisted L-functions with σ = δ̃i. Then, we have

(4.1) L(s, δ̃i × π) = L(s, δ̃i ×Π).
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We now claim that each δi is in fact supercuspidal. We can realize δi as the unique

irreducible subrepresentation δ([ν−
ti−1

2 ρi, ν
ti−1

2 ρi]) of ν
ti−1

2 ρi×· · ·×ν−
ti−1

2 ρi with
ρi a unitary supercuspidal representation of some GL ([5, 37]). Then, our claim
shows that ti = 1.

Let us first study the L-function on the left hand side of the equation (4.1). By
the multiplicativity of γ-factors, we have

γ(s, δ̃i × π, ψF ) =

ti−1∏
k=0

γ(s− ti − 1

2
+ k, ρ̃i × π, ψF ).

Since π and ρi are irreducible unitary generic supercuspidal representations,
Lemma 4.6 (b) implies the following:

L(1− s, ρ̃i × π) ∼ L(s− 1, ρi × π)

where ∼ denotes that two L-functions are equal up to a monomial in q−s.
Therefore,

γ(s, δ̃i × π, ψF ) ∼
(
ti−1∏
k=0

L(s− ti−1
2 + k, ρ̃i × π))−1

(
ti−1∏
k=0

L(s− ti−1
2 + k − 1, ρ̃i × π))−1

=
(L(s+ ti−1

2 , ρ̃i × π))−1

(L(s− ti−1
2 − 1, ρ̃i × π))−1

.

Since δ̃i × π is tempered, L(s, δ̃i × π) is the inverse of the normalized numerator

of γ(s, δ̃i × π, ψF ). Therefore, we have

L(s, δ̃i × π) = L(s+
ti − 1

2
, ρ̃i × π).

Since ρ̃i×π is an irreducible unitary generic supercuspidal representation, Lemma
4.6 (c) implies that L(s + ti−1

2 , ρ̃i × π) can have poles only for Re(s + ti−1
2 ) = 0.

Therefore, L(s, δ̃i × π) can only have poles on the line Re(s) = 1−ti
2 .

Let us now consider the L-functions on the right hand side of the equation (4.1).
By multiplicativity of L-functions ([17], [31] or Example 3.6) we have

L(s, δ̃i ×Π) =

d∏
j=1

L(s, δ̃i × δj) and L(s, δ̃i × δi) =

ti−1∏
k=0

L(s+ k, ρ̃i × ρi).

Consequently, L(s, δ̃i ×Π) has a pole at s = 1− ti since L(s+ ti − 1, ρ̃i × ρi) has

a pole at s = 1 − ti. Therefore, equation (4.1) implies that L(s, δ̃i × π) also has a

pole at s = 1− ti. Since L(s, δ̃i×π) can have only poles at 1−ti
2 , ti = 1. Therefore,

δi = ρi is supercuspidal and we can write

Π = ρ1 × · · · × ρd,

with each ρi supercuspidal. To see the other properties in the statement of the
theorem, we consider the equality

L(s, ρ̃i × π) = L(s, ρ̃i ×Π).

The right hand side has a pole at s = 0 of order equal to the number of j such that
ρi � ρj . But the left hand side can have at most a simple pole at s = 0, as ρ̃i×π is
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supercuspidal. Hence we see that ρi � ρj if i �= j and L(s, ρ̃i×π) has a simple pole
at s = 0. Lemma 4.6 (a) implies that L(s, ρi ⊗ π, r1) has a simple pole at s = 0
since L(s, ρ̃i⊗ π̃, r1) := L(s, ρ̃i×π) has a simple pole at s = 0. Therefore, Theorem
8.1 of [31] implies that νsρi � π is reducible at s = 1 and ρ̃i ⊗ (ωπ ◦ det) ∼= ρi.

We finally come to the L-function condition. Proposition 7.3 and Corollary 7.6
of [31] imply that the product

L(s, ρi ⊗ π, r1)L(2s, ρi ⊗ π, r2)

has a simple pole at s = 0, where r2 = Sym2⊗μ−1. By previous analysis, this pole is
already accounted for by L(s, ρi⊗π, r1). We conclude that L(s, ρi⊗π, Sym2⊗μ−1)
has no pole at s = 0. On the other hand, from Lemma 3.14 and Remark 3.17 of
[19] we know that

L(s, ρi × (ρi ⊗ w−1
π )) = L(s, ρi ⊗ wπ,∧2 ⊗ μ−1)L(s, ρi ⊗ wπ, Sym

2 ⊗ μ−1)

where wπ is a central character of π.
Since L(s, ρi × (ρi ⊗ w−1

π )) has a simple pole at s = 0, we conclude that
L(s, ρi ⊗ wπ,∧2 ⊗ μ−1) has a pole at s = 0.

The even case, i.e., GSpin2n, is similar to the odd case. One just has to change
the roles of Sym2 and ∧2. �

The following theorem shows that the Langlands parameter of the local functorial
lift of an irreducible generic supercuspidal representation π of Gn factors through
the L-group of Gn.

Theorem 4.8. Let π and Π be as in Theorem 4.7 and let φΠ : W ′
F → GL2n(C)

be the local Langlands parameter that is attached to Π by the local Langlands corre-
spondence for general linear groups ([10,15]). Then φΠ factors through the L-group
of Gn.

Proof. We first consider the odd case, i.e., GSpin2n+1 groups. By Theorem 4.7,
Π � Π1 × · · · ×Πd where each Πi is an irreducible unitary supercuspidal represen-

tation of some GL2ni
such that L(s,Πi ⊗ wπ,∧2 ⊗ μ−1) has a pole at s = 0, Π̃i ⊗

(ωπ ◦ det) ∼= Πi and Πi � Πj for i �= j. Let φi = φΠi
: WF → LGL2ni

be
the local Langlands parameter attached to Πi through the local Langlands cor-
respondence for general linear groups ([10, 15]). Then Π has the local Langlands
parameter φΠ = φ1 ⊕ φ2 ⊕ · · · ⊕ φd. Henniart proved that the twisted exterior
square L-functions are Artin L-functions ([16]). Therefore, the Artin L-function
L(s, (∧2 ⊗ μ−1) ◦ (φi ⊗ φwπ

)) = L(s,Πi ⊗ wπ,∧2 ⊗ μ−1) also has a pole at s = 0.
This implies that (∧2 ⊗ μ−1) ◦ (φi ⊗ φwπ

) contains a trivial representation. There-
fore, each φi factors through GSp2ni

(C) for all i. Then, φΠ also factors through
GSp2n(C). The even case, i.e., GSpin2n is similar to the odd case. One just has to
change the roles of Sym2 and ∧2. �
4.3. The equality of L-functions and Langlands parameters: General case.
Denote, for an irreducible admissible generic representation ρ of GLk, by φρ the
admissible homomorphism WF → GLk(C) attached to ρ by the local Langlands
correspondence.

The following theorem follows from a special case of [13, Theorem 3.2] with the
help of the local Langlands correspondence for GLn [10].

Theorem 4.9. Let π be an irreducible admissible generic representation of Gn

and σ be an irreducible admissible generic representation of GLm. Fix a standard
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Levi subgroup M = GLk1
× · · · × GLks

× Gk of Gn and an irreducible generic
supercuspidal representation πsc = ρ1 ⊗ · · · ⊗ ρr ⊗ τ of M , such that π is a sub-
representation of iGn

P πsc.
Suppose that there is an admissible homomorphism φτ : WF → LGk such that,

for every irreducible supercuspidal representation ρ of every general linear group
GLl, l ≥ 1, one has the equalities of local Rankin γ-factors

γ(s, ρ× τ, ψF ) = γ(s, φρ ⊗ φτ , ψF )

and the equality of local symmetric square (resp. exterior square) L-functions

L(s, ρ× τ,∧2) = L(s, φρ ⊗ ∧2(φτ )), if k is odd,

(resp. L(s, ρ× τ, Sym2) = L(s, Sym2(φρ ⊗ φτ )) if k is even).

Then the assumptions of [12, Theorem 6.3] are satisfied which attach to π an
admissible homomorphism

φπ : W ′
F → LGn.

Moreover, one has

γ(s, σ × π, ψF ) = γ(s, φσ ⊗ φπ, ψF )

and in particular,

L(s, σ × π) = L(s, φσ ⊗ φπ).

Remark 4.10. One could add the equality of the symmetric/exterior square L-
functions to the conclusions of the theorem, but we do not need it here.

Proof. Remark first that the equalities for local Rankin γ-factors and local Rankin
L-functions associated to supercuspidal representations of GLn1

×GLn2
, n1, n2 any

integer ≥ 1, follow from the local Langlands correspondence [10]. By this and the
equality of the other L-functions, the assumptions of [13, Theorem 2.3] are satisfied,
which implies that the Langlands parameter φπ : W ′

F → LGn is well defined. The
equality of the local Rankin γ-factors can be shown as in the proof of [13, Theorem
3.2], because in the product formula for the local Rankin γ-factors only Rankin
γ-factors appear (Example 3.5). �

Theorem 4.11. For π an irreducible admissible generic representation of Gn and
σ an irreducible admissible generic representation of GLm, one has the equality of
local γ-factors

γ(s, σ × π, ψF ) = γ(s, φσ ⊗ φπ, ψF )

and the equality of local L-functions

L(s, σ × π) = L(s, φσ ⊗ φπ).

Proof. We apply Theorem 4.9 with the notation therein: it follows from Theorem
4.8 that the local Langlands parameter of the lift Π(τ ) of τ to GL2k defined in
Theorem 4.2 factors through the L-group of Gn. Also by Theorem 4.2, equality of
the local Rankin γ-factors holds. It has been proved by G. Henniart [16, Theorem
1.4] that one has equality for the exterior square (resp. symmetric square) local
L-functions. Consequently, Theorem 4.9 can be applied and implies the equality
for local Rankin γ−factors and L-functions as stated. �
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Remark 4.12. One can approach Theorem 4.9 also by using the classification of
strongly positive representations of GSpin groups ([20–23]). The method of the
present paper uses Langlands parameters, which are not considered in those papers.
Although no specific classification of discrete series representations is apparent in
the present paper, this is hidden in the use of the main result of [11] on which
[12, 13] are based.

Remark 4.13. In the case of classical groups, the equality of local factors are first
proved in [8]. Our results can be used in the case of classical groups in a completely
analogous manner to construct the Langlands parameter. This gives a new and
simple proof of the equality of L-functions in this case.

The following is the generic Arthur packet conjecture in the case of split GSpin
groups (Theorem B in Section 1).

Corollary 4.14. Let ψ be a local Arthur parameter for split GSpin groups. Let
Π(φψ) be the L-packet attached to the Langlands parameter φψ which corresponds
to the Arthur parameter ψ. Suppose that Π(φψ) has a generic member. Then it is
a tempered L-packet.

Proof. This follows from Theorem 4.11 by a result of Shahidi ([34, Theorem 5.1]
who proved that, if the equality of L-functions through the local Langlands corre-
spondence holds, then the generic Arthur packet conjecture is also true. �

5. Erratum

The first author wants to use the opportunity to correct the statement of Theo-
rem 4.6 in [12] (see also Proposition 4.9 of the same article), where it is said that
in an L2-pair (s,N) in a complex connected reductive group G the nilpotent ele-
ment N is determined by s up to a non-zero constant. Of course, if one denotes
N =

∑
α Nα the decomposition of N relative to the decomposition of the Lie al-

gebra of G into root spaces for the action of a maximal torus T , s ∈ T , only the
roots α with Nα �= 0 are determined by s. (It is immediate by the definition of
an L2-pair that only these Nα can be non-zero, because α(s) must be equal to q.
From Proposition 5.8.5 in [6] it follows that all these Nα must in fact be non-zero.)

This result is used in [12] in the proof of the Proposition 4.10 which associates
to an L2-pair (s,N) a morphism of algebraic groups φ : SL2(C) → G and says that
this morphism is uniquely determined by s up to equivalence. However, unicity up
to equivalence is still true, because the roots α such that Nα �= 0 must be linearly
independent by the above and, consequently, if (s,N) and (s,N1) are two L2-pairs,
it is always possible to find an element s1 in the torus T , such that Ad(s1)N = N1.
It follows that the morphism of algebraic groups φ1 : SL2(C) → G associated to
(s,N1) can be obtained from φ by conjugating by s1, which means that both are
equivalent.

The first author thanks P. Schneider for pointing out the mistake in the statement
of Theorem 4.6 in [12].
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