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SYNCHRONIZATION POINTS

AND ASSOCIATED DYNAMICAL INVARIANTS

RICHARD MILES

Abstract. This paper introduces new invariants for multiparameter dynami-
cal systems. This is done by counting the number of points whose orbits inter-
sect at time n under simultaneous iteration of finitely many endomorphisms.
We call these points synchronization points. The resulting sequences of counts
together with generating functions and growth rates are subsequently inves-
tigated for homeomorphisms of compact metric spaces, toral automorphisms
and compact abelian group epimorphisms. Synchronization points are also
used to generate invariant measures and the distribution properties of these
are analysed for the algebraic systems considered. Furthermore, these systems
reveal strong connections between the new invariants and problems of active
interest in number theory, relating to heights and greatest common divisors.

1. Introduction

Invariants play a central role in dynamical systems and ergodic theory, one of the
best known being entropy. For a hyperbolic toral automorphism α, the topological
(equivalently, metric) entropy h(α) is related to the growth rate of periodic points
by the formula

(1.1) lim
n→∞

|Fn(α)|1/n = exp(h(α)),

where Fn(α) is the set of points fixed by the map αn and | · | denotes cardinality
(see [32] for details). This result extends in a subtle way to many other non-
hyperbolic epimorphisms of compact abelian groups [8] and to an extensively stud-
ied class of multiparameter dynamical systems of algebraic origin [17]. Nonetheless,
many of the most natural multiparameter examples, such as algebraic Zd-actions on
tori and solenoids, d � 2, have zero entropy and it is natural to explore alternative,
more revealing invariants in such cases.

To this end, invariants such as directional entropy [27], [5], [10], Friedland en-
tropy [14], [15], [10], the Lind dynamical zeta function [19] and the orbit growth
function [26] have been applied with varying levels of success. For example, a con-
venient formula exists for directional entropy for the examples described above [10,
Sec. 8], whereas the orbit growth function behaves erratically and proves diffi-
cult to work with [26, Sec. 3]. From an alternative perspective, originating from
the concepts of expansive subdynamics and entropy rank [5], [11], a good level
of understanding now exists concerning the relationship between periodic orbits of
individual maps in a Zd-action and the action itself (see [22], [24], [25] for instance).
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In light of the disparity between these perspectives, and with broader applica-
bility in mind, this paper explores the middle ground by introducing a new set of
invariants based not on periodic orbits of individual maps but upon a more gen-
eral concept of synchronization, definable for any finite set of endomorphisms Λ,
|Λ| � 2, of a common phase space X. First, consider two endomorphisms α, β of X,
iterated to produce two discrete time dynamical systems. An aspect of shared be-
haviour of these maps is encoded by counting the number of points x ∈ X that
have synchronous orbits at time n ∈ N, in the sense that

αn(x) = βn(x).

More generally, for a finite set of endomorphisms Λ on X with |Λ| � 2, define

Sn(Λ) = {x ∈ X : αn(x) = βn(x) for some α, β ∈ Λ, α �= β}
and

S�
n(Λ) = {x ∈ X : αn(x) = βn(x) for all α, β ∈ Λ, α �= β}.

These two sets will be termed the weak synchronization points and strong synchro-
nization points for Λ at time n, respectively. They are readily verified to be finite
sets for many familiar dynamical systems.

If Λ contains the identity map, S�
n(Λ) consists of the points simultaneously fixed

by the n-th iterates of the non-trivial maps in Λ, so S�
n(α, Id) = Sn(α, Id) = Fn(α)

and hence synchronization points generalize periodic points. We will be particularly
interested in the integer sequences (|Sn(Λ)|) and (|S�

n(Λ)|), the existence and value
of the growth rates

rΛ = lim
n→∞

|Sn(Λ)|1/n, r�Λ = lim
n→∞

|S�
n(Λ)|1/n

and the ordinary generating functions

σΛ(z) =

∞∑
n=1

|Sn(Λ)|zn, σ�
Λ(z) =

∞∑
n=1

|S�
n(Λ)|zn.

Notice that if rΛ exists, then r−1
Λ is the radius of convergence of σΛ (similarly for

r�Λ and σ�
Λ).

This paper is organized as follows. Section 2 introduces some fundamental prop-
erties, examples and general results. Using results of Bowen [4], for certain com-
muting homeomorphisms of a compact metric space, a formula for rΛ is obtained
relating to topological entropy (Theorem 2.2). The prototypical case of automor-
phisms of the two torus is considered in Section 3. There, formulae for |Sn(α, β)|
are found without assuming that α and β commute, and σα,β is seen to be a ra-
tional function in all reasonable cases (Theorem 3.1). Theorem 3.1 is then applied
to obtain rΛ for |Λ| � 3 (Corollary 3.2). In Section 4, our attention is turned to
commuting compact abelian group epimorphisms. In this case, bounds for |Sn(Λ)|
reveal a connection between rΛ and projective heights (Theorem 4.7). The results
also show that invertibility plays a central role in this respect (see Remarks 4.8).
Strong synchronization is also considered and, for the class of S-integer dynamical
systems [8], a formula is obtained for |S�

n(Λ)| (Theorem 4.1) that leads to a circle of
problems of active interest in number theory; this becomes the focus in Section 5.

By applying a powerful result of Corvaja and Zannier [9], it is shown that |Λ| � 3
implies r�Λ = 1 in many cases considered in Section 4 (Theorem 5.2). In terms of
weak synchronization, their bound also allows us to show that σΛ has meromorphic
continuation to the open unit disc for commuting toral automorphisms, provided
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the associated 〈Λ〉-action is mixing (Theorem 5.3). To conclude, motivated by
the results of Bowen [3], invariant measures related to synchronization are consid-
ered and well-known theorems concerning uniform distribution of periodic point
measures [18], [8] are extended to synchronization point measures (Theorem 5.5).
Indeed, our results expand what is known for periodic point measures. Finally, syn-
chronization point measures lead us to consider the consequences of a conjecture of
Ailon and Rudnick [2].

2. Fundamental properties, examples and general results

In this section, some fundamental properties of Sn(Λ) and S�
n(Λ) are assembled.

Synchronization is considered for some well-known examples and, in particular, for
a set Λ of commuting homeomorphisms of a compact metric space, a formula is
given relating the growth rate rΛ to topological entropy. Throughout, it is assumed
that Λ is a set containing at least two maps.

Let X,Y be sets and ΛX , ΛY finite sets of endomorphisms of X and Y , respec-
tively, in one–to-one correspondence, αX ↔ αY , αX ∈ ΛX , αY ∈ ΛY . Suppose
that φ : X → Y is a bijection such that φαX(x) = αY φ(x) for all x ∈ X and all
correspondents αX , αY . Then, for any n ∈ N, and distinct αX , βX ∈ ΛX ,

αn
X(x) = βn

X(x) ⇔ αn
Y φ(x) = βn

Y φ(x).

Hence, Sn(ΛY ) = φ(Sn(ΛX)) and S�
n(ΛY ) = φ(S�

n(ΛX)). This means that rΛ, r
�
Λ,

σΛ and σ�
Λ are invariants of bijective conjugacy.

Proposition 2.1. Let Λ be a finite set of endomorphisms of a set X, n ∈ N and
let M be the collection of all 2-element subsets of Λ. Assume that for any distinct
α, β ∈ Λ, Sn(α, β) is finite.

(1) If |Λ| = 2, Sn(Λ) = S�
n(Λ).

(2) For any distinct α, β ∈ Λ, |S�
n(Λ)| � |Sn(α, β)|.

(3) For any distinct α, β ∈ Λ, |Sn(Λ)| � |Sn(α, β)|.
(4)

|Sn(Λ)| =
∑
L⊂M

(−1)|L|−1|In(L)|,

where, for L ⊂ M, In(L) =
⋂

{α,β}∈L Sn(α, β).

(5)

max
{α,β}∈M

|Sn(α, β)| � |Sn(Λ)| � 2|M| max
{α,β}∈M

|Sn(α, β)|.

Proof. (1)-(3) follow immediately from the definitions.
(4) Upon noticing that

Sn(Λ) =
⋃

{α,β}∈M
Sn(α, β),

the result follows from the inclusion-exclusion principle.
(5) The first inequality follows from (3). For the second inequality, since for any

L ⊂ M we have

|In(L)| � max
{α,β}∈L

|Sn(α, β)| � max
{α,β}∈M

|Sn(α, β)|,

the result follows from (4). �
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Now suppose that Λ is a set of commuting automorphisms of a set X, so that
given any distinct α, β ∈ Λ, for all x ∈ X,

αn(x) = βn(x) ⇔ (β−1α)n(x) = x.

Therefore,

(2.1) Sn(α, β) = Fn(β
−1α).

This observation can be readily applied in the case of expansive homeomorphisms
on a compact metric space (X, d). Recall that a homeomorphism α ofX is expansive
if there exists a constant ε > 0 such that given any two distinct points x, y ∈ X,
there exists n ∈ Z such that d(αn(x), αn(y)) > ε.

Theorem 2.2. Let Λ be a finite set of commuting homeomorphisms of a compact
metric space X such that for any two distinct maps α, β ∈ Λ, the homeomorphism
β−1α is expansive. Then

rΛ = max
α,β∈Λ, α�=β

{exp(h(β−1α))},

where h denotes the topological entropy.

Proof. Let Λ′ = {β−1α : α, β ∈ Λ and α �= β}. For any γ ∈ Λ′, by [4, Lem. 4],
there exist positive constants Aγ , Bγ such that, for sufficiently large n,

Aγ exp(h(γ)n) � |Fn(γ)| � Bγ exp(h(γ)n).

Furthermore, by Proposition 2.1(5) and (2.1), there is a positive constant C such
that

max
γ∈Λ′

|Fn(γ)| � |Sn(Λ)| � Cmax
γ∈Λ′

|Fn(γ)|.

Therefore, for sufficiently large n,

A
1/n
Λ exp(λ) � |Sn(Λ)|1/n � B

1/n
Λ exp(λ),

where AΛ = max{Aγ : γ ∈ Λ′}, BΛ = Cmax{Bγ : γ ∈ Λ′} and λ = max{h(γ) : γ ∈
Λ′}. �

The assumption that the maps in Λ commute endows sets of synchronization
points with Λ-invariance. In particular, if x ∈ Sn(Λ), then for some distinct α, β ∈
Λ, αn(x) = βn(x). Hence, for any γ ∈ Λ,

αn(γ(x)) = γαn(x) = γβn(x) = βn(γ(x)),

which implies γ(x) ∈ Sn(Λ), and so Sn(Λ) is Λ-invariant. When Sn(Λ) is finite, it
must therefore be comprised of pre-periodic and periodic points of any given map
in Λ. Similar statements are true for S�

n(Λ).
If it is further assumed that the maps in Λ are invertible, then one can easily

construct Λ-invariant measures for finite S�
n(Λ) in the following way:

(2.2) ν�Λ,n = |S�
n(Λ)|−1

∑
x∈S�

n(Λ)

δx,

where δx is the Dirac mass at x. The distribution properties of these synchronization
point measures1 may be studied in a similar way to those of periodic point measures,
and we will do this for commuting compact group automorphisms in Section 5.

Our attention is now turned to some familiar examples.

1One may also define the measure νΛ,n using the weak synchronization points in an analogous

way, but we do not consider this here.
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Example 2.3 (Two epimorphisms of the torus T and invertible extensions). Con-
sider the epimorphisms x 
→ 2x, x 
→ 3x of the torus X = T. The synchronization
points for Λ = {×2,×3} at time n ∈ N are the solutions to the equation 2nx = 3nx
mod 1. Hence, we obtain a Lucas sequence,

|Sn(Λ)| = 3n − 2n,

rΛ = limn→∞(3n − 2n)1/n = 3 and

σΛ(z) =
1

1− 3z
− 1

1− 2z
.

The natural extension on which both ×2 and ×3 are invertible is the Pontryagin
dual of the ring Z[ 16 ], which is locally isomorphic to R × Q2 × Q3. On this space,
(2.1) together with [23, Th. 1.1] show that again

|Sn(Λ)| = |Fn(× 2
3 )| = 3n − 2n.

Some care is required when passing to invertible extensions. Consider the pair
of epimorphisms Λ = {×3,×6} on X = T. Then,

|Sn(Λ)| = 6n − 3n, σΛ(z) =
1

1− 6z
− 1

1− 3z
and rΛ = 6.

However, when X = Ẑ[ 16 ], (2.1) and [23, Th. 1.1] show that

|Sn(Λ)| = |Fn(×2)| = (2n − 1)|2n − 1|3,
where | · |3 is the 3-adic valuation. Therefore, rΛ = 2. Furthermore, the sequence
(|Sn(Λ)|) cannot be a recurrence sequence (see for example, [8, Sec. 8]), and so σΛ is
irrational. For further details about this sequence in a dynamical context, see [12].

Example 2.4 (Three epimorphisms of the torus T). Now suppose X = T and
Λ = {×a,×b,×c}, where a < b < c are positive integers. Then Proposition 2.1(4)
shows that

|Sn(a, b, c)| = |Sn(a, b)|+ |Sn(a, c)|+ |Sn(b, c)| − 2|S�
n(a, b, c)|

= bn − an + cn − an + cn − bn − 2|S�
n(a, b, c)|

= 2(cn − an − |S�
n(a, b, c)|),(2.3)

and since |S�
n(a, b, c)| � |Sn(a, b)| � bn, this gives rΛ = c. Furthermore, a straight-

forward duality argument (see Lemma 4.2) shows that

|S�
n(a, b, c)| = |Z/(cn − an, bn − an)| = gcd(cn − an, bn − an).

Sequences of this nature feature prominently in a circle of problems in number
theory. For example, it is well known that |S�

n(1, 2, 3)| is unbounded, but it is
not known whether or not |S�

n(1, 2, 3)| = 1 infinitely often (see Conjecture 5.7).
A simple experiment with a computer program will reveal the erratic nature of
this sequence. Nonetheless, Bugeaud, Corvaja and Zannier [6] show that given any
ε > 0, there are only finitely many exceptions to the inequality

|S�
n(1, 2, 3)| = gcd(3n − 1, 2n − 1) < exp(εn).

A consequence of this bound is that r�1,2,3 = 1. Moreover, in Section 5 it will be
shown that the unit circle is a natural boundary for σ�

1,2,3. Using (2.3),

σ1,2,3(z) =
4z

(1− 3z)(1− z)
− 2σ�

1,2,3(z),
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Table 1. Synchronization point counts for pairs of automor-
phisms of T2.

A B |Sn(A,B)|(
2 1
1 0

) (
3 2
1 1

)
5−2

√
2
√
3

4
√
2
√
3

((1 +
√
2)(2 +

√
3))n +

∑
ω cωω

n

(
2 1
1 0

) (
−3 −2
8 5

)
(
√
2
2 n+ 1)(1 +

√
2)n − (

√
2
2 n− 1)(1−

√
2)n(

2 −1
9 −4

) (
−3 −2
8 5

)
50n2 − 2 + 2(−1)n(

2 1
−7 −3

) (
−3 −2
8 5

) {
�1 3 | n
2n+ (ξ−1 − ξ)(ξn − ξ−n) 3 � n

which is meromorphic inside the unit circle.

Example 2.5 (A full-shift and a flip). One of the simplest examples of two non-
commuting maps on the same space which generate interesting dynamics is that of
a full-shift and a flip (see for example [16]). Let A be a finite alphabet, A = |A|
and X = AZ. For x = (xj) ∈ X, the shift map α : X → X and the flip β : X → X
are defined by

α(x)j = xj+1 and β(x)j = x−j .

A straightforward calculation gives

|Sn(α, β)| =
{

An, n even,
A(n+1)/2, n odd.

Therefore,

σα,β(z) =
∞∑

n=1

|S2n(α, β)|z2n +
∞∑

n=1

|S2n−1(α, β)|z2n−1

=

∞∑
n=1

(Az)2n + z−1
∞∑

n=1

(Az2)n

=
A2z2

(1−Az)(1 +Az)
+

Az

(1−A1/2z)(1 +A1/2z)
.

Example 2.6 (Automorphisms of the two torus T2). Automorphisms of T2 are
given by 2× 2 invertible matrices with integer entries and determinant ±1. Let A
and B be two such matrices (not necessarily assumed to commute). In the next
section, this situation will be considered more generally and it will be shown that,
provided An − Bn is non-singular,

|Sn(A,B)| = | ker(An −Bn)| = | det(An −Bn)|.

This quantity has been calculated for four pairs of matrices in Table 1. In the
first example, the dominant term in the sequence is shown and ω runs through the
remaining products from the set

{ω1ω2 : {ω1, ω2} ⊂ {1 +
√
2, 1−

√
2, 2 +

√
3, 2−

√
3}}.
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Note that B is an isometry in the second example and both A and B are isometries
in the third and fourth examples. In the fourth example, A3 = Id, and since
Bnx = x for all points of the form x = (t,−2t) ∈ T2, Sn(A,B) is uncountably
infinite whenever 3 | n. When 3 � n, the formula given expresses |Sn(A,B)| in terms
of ξ = exp(2πi/3). In all the other examples, Sn(A,B) is finite for all n ∈ N and
the associated generating function σA,B may be calculated using the formula given
for |Sn(A,B)|. Therefore, it is a rational function in each case. In the first example,

there is one simple pole on the circle of convergence |z| = (−1 +
√
2)(2−

√
3), one

double pole on |z| = −1 +
√
2 in the second example and one triple pole on |z| = 1

in the third.

To conclude this section, we consider an example where the number of strong
synchronization points grows more rapidly than in any of the examples thus far. In
particular, σ�

Λ has radius of convergence zero.

Example 2.7 (Shift extensions of ×2,×3). Let X = TN and define endomorphisms
α, β, γ of X by

α(x)j = 2xj , β(x)j = 3xj and γ(x)j = xj+1,

where x = (xj) ∈ X. Let Sn(2, 3) denote the synchronization points at time n for
×2,×3 on T. Then

S�
n(α, β, γ) = {x = (xj) ∈ Sn(2, 3)

N : xj+n = xj}.
Since |Sn(2, 3)| = 3n − 2n, it follows that |S�(α, β, γ)| = (3n − 2n)n, and so

|S�(α, β, γ)|1/n = 3n − 2n → ∞.

3. Automorphisms of the two torus

The purpose of the theorem below is to describe the variety of possible growth
rates of synchronization points in a familiar setting, allowing the possibility of
non-commuting maps. For ease, we consider two matrices A,B ∈ SL(2,Z) as
no new phenomena are witnessed by allowing negative determinants. Denote the
number of synchronization points of the corresponding automorphisms of X = T2

by Sn(A,B). Let λ, δ and μ, ε be the respective pairs of eigenvalues of A and B and,
where possible, choose λ and μ to denote the eigenvalues of maximum modulus in
each pair. Set sA = sgn(tr(A)) and sB = sgn(tr(B)). Note that the assumption
An −Bn is non-singular is needed to ensure that Sn(A,B) is finite.

Theorem 3.1. For all n ∈ N such that An −Bn is non-singular,

(1) If A and B are both hyperbolic,

(3.1) |Sn(A,B)| =
∣∣∣∣∣∑

ω

cωω
n

∣∣∣∣∣ ,
where ω runs through the set {ω1ω2 : {ω1, ω2} ⊂ {λ, δ, μ, ε}} and cω ∈
Q(λ, μ). Moreover, if deg(Q(λ, μ)|Q) = 4, then cλμ �= 0 and

(3.2) |Sn(A,B)| = |cλμ||λμ|n +O(max{|λ|, |μ|}n).
(2) If A is hyperbolic and B is not hyperbolic,

|Sn(A,B)| = ψ(n)λn +O(n),
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where ψ is a non-trivial linear polynomial if B is parabolic and non-trivial
or where ψ is non-trivial and periodic otherwise.

(3) If both A and B are parabolic and non-trivial,

|Sn(A,B)| = | det(A− sAsBB)|n2 +O(1).

(4) If A is parabolic and non-trivial and B has finite order, then

|Sn(A,B)| = ψ(n)n+O(1),

where ψ(n) = | tr(Bn)− sA tr(AB−n)|, which is a periodic function.

Furthermore, if An −Bn is non-singular for all n ∈ N, then σA,B is rational.

Proof. If An −Bn is non-singular, then

|Sn(A,B)| = | ker(An −Bn)|
= | ker(B−nAn − Id)|
= | det(B−nAn − Id)|
= | det(An −Bn)|,

where the third equality follows from the standard fixed point formula for a toral
automorphism.

(1) Suppose that P diagonalizes A and Q diagonalizes B, so that

(3.3) det(An −Bn) = det

(
P

(
λn 0
0 δn

)
P−1 −Q

(
μn 0
0 εn

)
Q−1

)
.

Equation (3.1) is obtained by evaluating this determinant (which is a lengthy but
straightforward calculation).

Since | det(A)| = | det(B)| = 1, |λ|, |μ| > 1 and 0 < |δ|, |ε| < 1. Therefore, to
obtain (3.2), it is sufficient to show that cλμ �= 0.

Write A = (aij) and B = (bij) and note that P takes one of the forms

(3.4)

(
λ− a22 δ − a22
a21 a21

)
if a21 �= 0,

(
a12 a12
λ− a11 δ − a11

)
if a21 = 0,

observing that a12 �= 0 in the latter case. The entries of Q are determined analo-
gously, depending on whether or not b21 = 0. Calculating (3.3) gives

cλμ =
η(A,B)

(μ− ε)(δ − λ)a21b21
,

where

η(A,B) =

⎧⎨⎩ (b21(δ − a22)− a21(ε− b22))(b21(λ− a22)− a21(μ− b22)),
(a12b21 − (δ − a11)(ε− b22))((λ− a11)(μ− b22)− a12b21),
(b12(δ − a11)− a12(ε− b11))(b12(λ− a11)− a21(μ− b11)),

depending on the three cases: a21 �= 0, b21 �= 0 or a21 = 0, b21 �= 0 or a21 = 0, b21 =
0, respectively. In the first case, if cλμ = 0, then

b21(δ − a22) = a21(ε− b22) or b21(λ− a22) = a21(μ− b22).

However, both these equalities are precluded since μ, ε �∈ Q(λ) = Q(δ), giving a
contradiction. Therefore, cλμ �= 0. The other two cases are dealt with similarly.

(2) Suppose that P diagonalizes A. This time, consider

(3.5) det(An −Bn) = det

(
P

(
λn 0
0 δn

)
P−1 −Bn

)
.
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If B is parabolic (so, tr(B) = ±2) and B �= ±Id, we have

Bn = snB((sBB − Id)n+ Id).

Calculating the right hand side of (3.5) gives

det(An −Bn) =

(
cn+ sB

a(λ− δ)

det(P )

)
λn + ψ1(n)δ

n + ψ2(n),

where c is a rational constant, ψ1 and ψ2 are linear polynomials and a = a12 or
a = a21, depending on the form of P (see (3.4)). Note that a(λ− δ) �= 0.

The remaining case is that B = ±Id or B is elliptic, so Bn = Id for some n ∈ N.
In this case, the right hand side of (3.5) is

1

det(P )
(ψ1(n)λ

n + ψ2(n)δ
n + 2) ,

where ψ1 and ψ2 are periodic functions whose periods are at most the order of B,
and ψ1(n) = − det(P ) �= 0 when Bn = Id.

(3) In this case, both tr(A) = ±2 and tr(B) = ±2. If sA = sB, then

det(An − Bn) = det(snA((sAA− Id)n+ Id)− snB((sBB − Id)n+ Id))

= det(A−B)n2.

If sA �= sB, without loss of generality, assume sA = 1 and sB = −1, so

det(An −Bn) = det(n(A− Id) + Id− (−1)n+1(n(B + Id)− Id))

=

{
det(A−B − 2(1− 1/n)Id)n2, n odd,
det(A+B)n2, n even.

Since

det(A+B) + det(A−B − 2(1− 1/n)Id)

= 2(det(A) + det(B))− 2(1− 1/n)(tr(A)− tr(B)− 2(1− 1/n))

=
4

n2
,

it follows that

det(An −Bn) =

{
4− det(A+B)n2, n odd,
det(A+B)n2, n even,

which gives the required estimate for |Sn(A,B)|.
(4) In the final case, since tr(A) = ±2,

det(An −Bn) = det(snA((sAA− Id)n+ Id)−Bn)

= snA(tr(B
n)− sA tr(AB−n))n− snA tr(Bn) + 2,

again giving the required estimate for |Sn(A,B)|.
Finally, in each of the cases above, note that the exact expressions obtained for

det(An −Bn) show that σA,B is rational, provided An −Bn is non-singular for all
n ∈ N. �

In many situations, the theorem above combined with Proposition 2.1(5) allows
one to deduce exact asymptotics for |Sn(Λ)| (and therefore the value of rΛ) when
|Λ| � 3. The dominant term will simply be the dominant synchronization point
count |Sn(A,B)|, as A and B run through distinct pairs of matrices in Λ. This will
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occur for a fixed pair for all sufficiently large n, provided the maps in Λ are suffi-
ciently distinctive, for example, if the number fields generated by the eigenvalues
of each automorphism are distinct. Hence, we have the following.

Corollary 3.2. Let Λ be a finite set of automorphisms of T2 and suppose that the
number fields generated by the eigenvalues of each automorphism are distinct. Then

rΛ = max
α,β∈Λ,α�=β

{exp(h(α) + h(β))}.

In general, estimates for |S�
n(Λ)| are considerably harder to obtain when |Λ| � 3.

This problem is considered for commuting automorphisms in the next section.
Finally, the following example shows that (3.2) does not necessarily hold if

deg(Q(λ, μ)|Q) = 2.

Example 3.3. Let

A =

(
8 13
13 21

)
and B =

(
3 5
5 8

)
.

The corresponding eigenvalues are

λ =
29

2
+

13

2

√
5, δ =

29

2
− 13

2

√
5, μ =

11

2
+

5

2

√
5, ε =

11

2
− 5

2

√
5,

and

|Sn(A,B)| = | det(An − Bn)| = | − (λε)n − (μδ)n + 2(−1)n|.
So, in contrast to the case deg(Q(λ, μ)|Q) = 4, the growth in |Sn(A,B)| is not
dominated by the product of the two eigenvalues of maximum modulus. Instead,

|Sn(A,B)| = |λε|n +O(1).

4. Counting synchronization points

for commuting group epimorphisms

For commuting epimorphisms of a compact abelian group, there is a sizeable
tool box based on techniques from commutative algebra [30] and algebraic number
theory, especially for counting problems (see for example [8] and [23]). Furthermore,
the structure of systems in which each of the generators has finite positive entropy is
particularly well understood [10], and this now motivates the focus on epimorphisms
with finite entropy.

Throughout this section, Λ is a finite set of commuting epimorphisms of a com-

pact metrizable abelian group X. If M = X̂ is the Pontryagin dual of X, then M
becomes a module over the polynomial ring RΛ = Z[tα : α ∈ Λ] by identifying each
dual automorphism α̂, α ∈ Λ with multiplication by tα and extending this in a
natural way to polynomials. Conversely, by duality, any module over a polynomial
ring in finitely many variables with integer coefficients gives rise to a finite set Λ of

commuting epimorphisms of a compact metrizable abelian group X = M̂ . A full
introduction to this framework in the case that each map is invertible is given in
Schmidt’s monograph [30]. However, invertibility is not necessary for many of the
fundamental connections with commutative algebra developed there.

A global field is either a finite extension of Q or a finite extension of a func-
tion field of the form Fp(t). If p ⊂ RΛ is a prime ideal such that RΛ/p has krull
dimension 1 (denoted kdim(RΛ/p) = 1), the field of fractions of this domain is a
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global field K(p). These domains are central to the study of finite entropy epimor-
phisms [10]. The places P(K) of a global field K are the equivalence classes of abso-
lute values on K. When char(K) = 0, the infinite places are the archimedean ones.
When char(K) > 0, all places are non-archimedean and the infinite places com-
prise the extensions of the infinite place of Fp(t), given by |f/g|∞ = pdeg(f)−deg(g).
All other places are said to be finite. Given a finite place of K, there corresponds
a unique discrete valuation v whose precise value group is Z. The corresponding
normalized absolute value is

| · |v = |Kv|−v(·),

where Kv is the (necessarily finite) residue class field of v.
The following theorem gives a strong synchronization point counting formula for

the S-integer dynamical systems of Chothi, Everest and Ward [8]. These systems
encompass examples such as Examples 2.3 and 2.4, together with a rich supply of
toral automorphisms, shift maps and various extensions.

Theorem 4.1. Let K be a global field, S ⊂ P(K) a set of finite places,

D = {x ∈ K : |x|v � 1 for all finite v �∈ S}

(the ring of S-integers in K) and Λ a finite subset of non-zero elements of D such
that μ−1λ is not a root of unity for all μ, λ ∈ Λ, μ �= λ. If S�

n(Λ) is the set of strong
synchronization points for the maps dual to multiplication by λ ∈ Λ on D, then

(4.1) |S�
n(Λ)| =

∏
v

min{|μn − λn|−1
v : λ ∈ Λ, λ �= μ},

where v runs through all finite v �∈ S and we may freely choose μ ∈ Λ.

When Λ is a finite set of epimorphisms of a compact abelian group X, it is
straightforward to show that S�

n(Λ) is a subgroup of X. Via Pontryagin duality,
this allows one to express the cardinality of S�

n(Λ) in terms of the dual module. Let
an = an(Λ) denote the ideal (tnα − tnβ : α, β ∈ Λ, α �= β) ⊂ RΛ.

Lemma 4.2. Let Λ be a finite set of epimorphisms of a compact abelian group X
and let M be the dual RΛ-module. Then whenever either

S�
n(Λ) or M/anM

is finite, these groups have the same cardinality.

Proof. Since

S�
n(Λ) =

⋂
α,β∈Λ,α�=β

ker(αn − βn)

and ker(αn − βn)⊥ = (tnα − tnβ)M , it follows that

S�
n(Λ)

⊥ =
∑

α,β∈Λ,α�=β

(tnα − tnβ)M = anM.

The result follows because Ŝ�
n(Λ)

∼= M/S�
n(Λ)

⊥ and S�
n(Λ)

∼= Ŝ�
n(Λ) whenever either

of these groups is finite. �

Proof of Theorem 4.1. SinceD is a ring of S-integers, note that any proper quotient
ring of D is finite. By Lemma 4.2, it suffices to calculate |D/an|, where an is the
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image of an in D. Note that

an = (μn − λn : μ, λ ∈ Λ, λ �= μ) = (μn − λn : λ ∈ Λ, λ �= μ)

for any fixed choice of μ ∈ Λ and that an �= {0} as μn �= λn for all λ ∈ Λ.
By finding a composition series for D/an as a D-module and successively local-

izing at each of its associated primes to obtain multiplicities, we find

(4.2) |D/an| =
∏

m∈Ass(D/an)

|D/m|d(m,Λ),

where

d(m,Λ) = dimD/m(D/an)m.

Since D is a ring of S-integers, kdim(D) = 1 and [21, Th 12.5] and [21, Th. 6.5]
show that the set of prime ideals m ⊂ D for which (D/an)m �= {0} is precisely
Ass(D/an). Therefore, the product in (4.2) may be taken over all non-trivial prime
ideals m ⊂ D to yield the same result. Furthermore, Dm is a discrete valuation ring
and hence a principal ideal domain, so (an)m collapses to a principal ideal in Dm

and

d(m,Λ) = dimD/m(D/an)m

= dimD/m(Dm/(an)m)

= min{vm(μn − λn) : λ ∈ Λ, λ �= μ},

where vm denotes the normalized valuation corresponding to m. Upon noting that

| · |−1
m = |D/m|vm(·),

the required formula for |D/an| follows from the modified form of the product
in (4.2) which runs over all non-trivial prime ideals m ⊂ D, as these are in one-to-
one correspondence with the finite places not included in S. �

Example 4.3 (Example 3.3 revisited). Since the automorphisms in Example 3.3
commute, it can easily be reformulated in terms of Theorem 4.1. Let

D = {x ∈ Q(
√
5) : |x|v � 1 for all finite v ∈ P(Q(

√
5))} = Z[ 12 (1 +

√
5)],

and let λ, δ, μ, ε be as in Example 3.3. The map φ : D → Z2, given by

φ(a+ b(1 +
√
5)/2) = (a, b),

is an isomorphism whose dual simultaneously conjugates the maps dual to multi-
plication by λ and μ to multiplication by the matrices A and B on T2 given in
Example 3.3. Since there are only two maps to consider, Theorem 4.1 and the
product formula for global fields give

|S�(λ, μ)| =
∏
v<∞

|μn − λn|−1
v = |μn − λn|∞|τ (μ)n − τ (λ)n|∞,

where τ is the non-trivial element of Gal(Q(
√
5)|Q) and | · |∞ is the usual real

absolute value. Since τ (μ) = ε and τ (λ) = δ,

|S�(λ, μ)| = |(λδ)n − (λε)n − (μδ)n + (με)n|∞ = | − (λε)n − (μδ)n + 2(−1)n|,

as before.
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When considering just two epimorphisms α and β, calculation of the cardinality
of modules of the form M/anM is aided by the principality of an = (tnα − tnβ). In
fact, it is fairly straightforward to modify the proof of the periodic point counting
formula [23, Th. 1.1] to obtain a formula for |Sn(α, β)| in the generality assumed
there. However, for ease, assume that X is connected and finite dimensional in
what follows.

Method 4.4 (Canonical filtration). Let Λ be a finite set of epimorphisms of X
and let M be the dual RΛ-module. For any associated prime p ∈ Ass(M), let
λα(p) denote the image of tα in RΛ/p. Since X is assumed to be connected, this
means M is torsion-free as a group and kdim(RΛ/p) > 0 for all p ∈ Ass(M), as
otherwise there is an embedding of a finite field RΛ/p into M . In addition, since X
is finite dimensional, the set of associated primes Ass(M) is finite and comprises
primes p ⊂ RΛ such that p∩Z = {0} and kdim(RΛ/p) = 1, so the field of fractions
of RΛ/p is an algebraic number field.

Let U = Z \ {0}. Localizing at U , the natural map M → U−1M is injective
(since M is a torsion-free group) and U−1M is a Noetherian module over QΛ =
Q[tα : α ∈ Λ] (since finite dimension of X implies M has finite rational rank).
Furthermore, there is a prime filtration

(4.3) {0} = M0 ⊂ M1 ⊂ · · · ⊂ Mr = U−1M,

in which Mi/Mi−1
∼= QΛ/qi for a list of maximal ideals q1, . . . , qr ⊂ QΛ with

{qi ∩RΛ : 1 � i � r} = Ass(M).

Identifying M with its canonical image in U−1M and intersecting the chain (4.3)
with M gives a chain

(4.4) {0} = L0 ⊂ L1 ⊂ · · · ⊂ Lr = M.

Considering (4.4) as a chain of RΛ-modules, for each 1 � i � r there is an
induced inclusion

(4.5)
RΛ

qi ∩RΛ
↪→ Li

Li−1
↪→ Mi

Mi−1

∼=
QΛ

qi
,

by which the quotient Li/Li−1 naturally becomes a module of the domain on the
left and embeds in its field of fractions, Ki say, which identifies with the field on
the right. Set

Pi = {v ∈ P(Ki) : | · |v is bounded on Li/Li−1}

and

λα,i = λα(qi ∩RΛ).

Note that every v ∈ Pi is finite.

The canonical filtration described above, together with the subsequent sets of
places, will be used to analyse the growth rate of weak synchronization points.

Lemma 4.5. Suppose that for all distinct α, β ∈ Λ and all 1 � i � r, λn
α,i �= λn

β,i.
Then

(4.6) |Sn(α, β)| =
r∏

i=1

∏
v∈Pi

|λn
α,i − λn

β,i|−1
v .
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Furthermore, for any collection L of 2-element subsets of Λ,

(4.7) |In(L)| � C
r∏

i=1

∏
v∈Pi

min{|λn
α,i − λn

β,i|−1
v : {α, β} ∈ L},

where In(L) is as in Proposition 2.1 and C is a positive constant depending only
on M .

Remark 4.6. The condition that λn
α,i �= λn

β,i for all 1 � i � r ensures that |Sn(α, β)|
is finite for all n ∈ N. This will be the case if, for example, the semi-group action
generated by Λ is mixing (see [30, Th. 6.5]). However, it is a weaker condition. For
example, the lemma applies when X = T and Λ = {×2,×4}, giving |Sn(2, 4)| =
2n(2n − 1), but the action generated by Λ is not mixing. If α and β are invertible,
the condition is equivalent to ergodicity of β−1α.

Proof of Lemma 4.5. To obtain the formula for |Sn(α, β)| = |M/(tnα − tnβ)M |, pro-
ceed (carefully) as in [23, Sec. 4] with the polynomial tnα− tnβ in place of tnα− 1 that
is used there.

To obtain the upper bound for |In(L)|, as in Lemma 4.2, first observe that
|In(L)| = |M/anM |, where an is the ideal (tnα − tnβ : {α, β} ∈ L) ⊂ RΛ.

If L ⊂ N are submodules of M , then the isomorphism theorems may be used
(see [17, Lem. 7.5]) to show that

(4.8) |N/anN | �
∣∣∣∣ N/L

an(N/L)

∣∣∣∣ |L/anL|.
Using induction on the module chain (4.4) therefore gives

(4.9) |M/anM | �
r∏

i=1

∣∣∣∣ Li/Li−1

an(Li/Li−1)

∣∣∣∣ .
Set Di = RΛ/(qi ∩ RΛ), Ni = Li/Li−1 ⊂ Ki and consider this as a Di-module
in the natural way. Let D′

i denote the integral closure of Di, which is a finitely
generated Di-module. For ease of notation, drop the suffix i, as this is fixed for
the rest of the proof. Let {x1, . . . , xs} ⊂ K be a set of generators for D′ as a D-
module and set N ′ =

∑s
j=1 xjN . Since K is the field of fractions of D, we are able

to find y ∈ D, which clears the denominators of x1, . . . , xs, giving yD′ ⊂ D, and
hence yN ′ ⊂ N . Furthermore, by [23, Lem. 4.3], N ′/yN ′ is finite and, therefore,
so is N/yN ′. Applying (4.8) again gives

(4.10) |N/anN | � |N/yN ′||yN ′/anyN
′| � |N/yN ′||N ′/anN

′|,
where an is the image of an in D. Note that the second inequality follows from the
fact that yN ′/anyN

′ is a homomorphic image of N ′/anN
′. Again we appeal to the

method of [23, Sec. 4], which can be easily adapted to show that

(4.11) |N ′/anN
′| =

∏
v∈Pi

min{|λn
α,i − λn

β,i|−1
v : {α, β} ∈ L}.

The main idea behind this stage of the proof is similar to that of Theorem 4.1 but
is more involved because we are working with a module N ′ of a Dedekind domain
instead of with the domain directly.

Finally, each factor in (4.9) now receives its required bound by combining (4.10)
and (4.11). �
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In order to provide bounds for the number of weak synchronization points, define

(4.12) HX(α, β) =
r∏

i=1

∏
v∈P(Ki)\Pi

max{|λα,i|v, |λβ,i|v}.

Theorem 4.7. Let Λ be a finite set of commuting epimorphisms of a connected

finite dimensional compact abelian group X and suppose that α̂n − β̂n is injective
for all distinct α, β ∈ Λ and all n ∈ N. If every set of places P(Ki) \ Pi, 1 � i �
r, arising from a canonical filtration is finite, then for any α, β ∈ Λ there exist
constants 0 < A � C and B � 0 such that, for all sufficiently large n,

A

nB
HX(α, β)n � Sn(α, β) � CHX(α, β)n.

Furthermore,

rΛ = max
α,β∈Λ, α�=β

{HX(α, β)}.

Remarks 4.8. If each of the maps in Λ is invertible, then

HX(α, β) =

r∏
i=1

H(λα,i : λβ,i) = exp(h(β−1α)),

where H is the projective height and h is the topological entropy. The first equality
follows from invertibility of the maps in Λ: For any α ∈ Λ and 1 � i � r, invert-
ibility of multiplication by tα causes λ−1

α,i to appear in Li/Li−1 under the canonical

embedding (4.5) of this module into the field Ki. Therefore, by the definition of Pi,
for any v ∈ Pi, | · |v is bounded on Z[λ±1

α,i], which means |λα,i|v = 1. Thus, the sets

of places P(Ki)\Pi appearing in the definition of HX(α, β) may be simply replaced
by P(Ki), 1 � i � r. The second equality is given by the entropy formula of Lind
and Ward [20].

Thus, the corollary agrees with Theorem 2.2, although it also applies to many
non-expansive automorphisms, for example commuting quasi-hyperbolic toral auto-
morphisms. It is prudent to note that even though the product of heights is defined
if the maps are not invertible, Example 2.3 shows that this cannot be expected to
give the correct growth rate for |Sn(Λ)| in general.

If any set of places appearing in Theorem 4.7 is infinite, the conclusion of the
theorem may or may not hold. The startling complexity of this issue may be
glimpsed by taking Λ = {α, Id} (so that Sn(Λ) = Fn(α)) and considering the
situations revealed in [8] and [34].

Proof of Theorem 4.7. First carry out Method 4.4 to obtain (4.6), which is valid
for all n ∈ N. Note that the lemma may be applied since multiplication by tnα − tnβ
is injective on M , in particular, on the submodule RΛ/p for any p ∈ Ass(M). It
follows that, for 1 � i � r and all n ∈ N, λn

α,i �= λn
γ,i.

To prove the required inequalities, using (4.6) it suffices to show that for each
1 � i � r, there exist constants 0 < Ai � Ci and Bi � 0 such that, for sufficiently
large n,

(4.13)
Ai

nBi
Hi(α, β)

n �
∏
v∈Pi

|λn
α,i − λn

β,i|−1
v � CiHi(α, β)

n,
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where, setting Qi = P(Ki) \ Pi,

Hi(α, β) =
∏
v∈Qi

max{|λα,i|v, |λβ,i|v}.

Hence, i can be fixed and subsequently dropped as a superfluous suffix.
By the product formula for global fields∏

v∈P

|λn
α − λn

β |−1
v =

∏
v∈Q

|λn
α − λn

β |v,

which is a finite product. We can rewrite this as

(4.14)
∏
v∈Q

|λβ |nv
∏
v∈Q

∣∣∣∣(λα

λβ

)n

− 1

∣∣∣∣
v︸ ︷︷ ︸

φv(n)

.

First consider those v ∈ Q for which |λα|v �= |λβ |v. If v is non-archimedean, the
ultrametric inequality gives

φv(n) =

{
1 if |λα|v < |λβ |v,∣∣∣λα

λβ

∣∣∣n
v

if |λα|v > |λβ |v.

If v is archimedean, there exists Nv ∈ N such that, for all n > Nv,

1
2 � φv(n) � 2 if |λα|v < |λβ |v,
1
2

∣∣∣λα

λβ

∣∣∣n
v
� φv(n) � 2

∣∣∣λα

λβ

∣∣∣n
v

if |λα|v > |λβ |v.

Now consider those v ∈ Q for which |λα|v = |λβ |v. There exists Nv ∈ N, Av > 0
and Bv � 1 such that for all n > Nv,

Av

nBv
� φv(n) � 2.

The first inequality follows from Baker’s theorem for archimedean v and a standard
estimation for non-archimedean v (see for example [8]).

Set B =
∑

v Bv, A =
∏

v Av and N = maxv{Nv}. Then, for all n > N ,

A

2|Q|nB

∏
v∈Q′

∣∣∣∣λα

λβ

∣∣∣∣n
v

�
∏
v∈Q

φv(n) � 2|Q|
∏
v∈Q′

∣∣∣∣λα

λβ

∣∣∣∣n
v

,

where Q′ = {v ∈ Q : |λα|v > |λβ |v}. Applying this to (4.14) gives (4.13), as

H(α, β) =

⎛⎝ ∏
v∈Q′

∣∣∣∣λα

λβ

∣∣∣∣
v

⎞⎠⎛⎝∏
v∈Q

|λβ|v

⎞⎠ .

Finally, a completely analogous argument to the proof of Theorem 2.2 then gives
the value for rΛ. �

5. Invariant measures and connections with number theory

In [9], Corvaja and Zannier obtain a generalization of their bound for gcd(an −
1, bn − 1). This result has striking consequences for the rate of growth of |S�

n(Λ)|
when |Λ| � 3. We will use a simplified version of their full result (see [9, Eq. 1.3]).
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Theorem 5.1 (Corvaja, Zannier [9]). Let ξ, η ∈ Q be multiplicatively independent.
Given any ε > 0, there are finitely many exceptions n ∈ N to the inequality∏

v∈P(Q(ξ,η))

max{1,min{|ξn − 1|−1
v , |ηn − 1|−1

v }} < 2εn.

Combined with the results of Section 4, this gives the following.

Theorem 5.2. Let Λ be a finite set of commuting automorphisms of a connected
finite dimensional compact abelian group with |Λ| � 3. If every map of the form

α̂mβ̂n − γ̂m+n is injective for all distinct α, β, γ ∈ Λ and m,n not both zero, then
r�Λ = 1.

Theorem 5.3. Let Λ be a finite set of commuting toral automorphisms and suppose
that the associated 〈Λ〉-action is mixing. If |Λ| = 2, then σ�

Λ is rational. If |Λ| � 3,
then σ�

Λ has meromorphic continuation to the open unit disc.

Proof of Theorem 5.2. First apply Method 4.4 and note that multiplication by tnα−
tnβ is injective for all n ∈ N, by hypothesis. So, as in the proof of Theorem 4.7, for
1 � i � r and all n ∈ N, λn

α,i �= λn
γ,i.

Choose three distinct maps α, β, γ ∈ Λ. Then by (4.7),

|S�
n(Λ)| � |In({α, γ}, {β, γ})|

� Ci

r∏
i=1

∏
v∈Pi

min{|λn
α,i − λn

γ,i|−1
v , |λn

β,i − λn
γ,i|−1

v },

for some Ci > 0. For the moment, fix i and drop this as a suffix. Invertibility of
the maps in Λ forces |λα|v = |λβ |v = |λγ |v = 1 for all v ∈ P (see Remarks 4.8), and
so the product over places may be written as∏

v∈P

min{|(λα/λγ)
n − 1|−1

v , |(λβ/λγ)
n − 1|−1

v }.

Since each factor is greater than or equal to 1, this also equals∏
v∈P

max{1,min{|(λα/λγ)
n − 1|−1

v , |(λβ/λγ)
n − 1|−1

v }}.

This is clearly bounded above by the same expression with the full set of places P(K)
in place of P . The conditions of the theorem imply that λm

α λn
β − λm+n

γ = 0 only if

m = n = 0, and consequently λα/λγ and λβ/λγ are multiplicatively independent.
Therefore, by Theorem 5.1, given ε > 0, there exists Ni ∈ N such that the product
above is strictly bounded above by 2εn for all n > Ni. Setting C =

∏r
i=1 Ci, it

follows that |S�
n(Λ)| < C · 2εn for all n > max1�i�r Ni. Thus,

lim sup
n→∞

|S�
n(Λ)|1/n � 2ε.

�

Proof of Theorem 5.3. Note first that by [30, Prop. 6.6], mixing implies ergodicity

of β̂−nα̂n for all n ∈ N and all α, β ∈ Λ. This also means λ−n
β,iλ

n
α,i �= 1 for 1 � i � r,

permitting the use of (4.7).
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In addition to Corvaja and Zannier’s bound and the results of the previous
section, the essential ingredient here is Proposition 2.1(4). This shows that σ�

λ is a
sum of functions of the form

(5.1)

∞∑
n=1

|In(L)|zn,

where L is a collection of 2-element subsets of Λ and where In(L) is as in the
proposition.

When |L| = 1, In(L) = Sn(α, β) = Fn(β
−1α), for some distinct α, β ∈ Λ. In

this case, it is well known that (|Fn(β
−1α)|) is a recurrence sequence, so (5.1) is

rational.
When |L| = 2, (4.7) shows that |In(L)| is bounded by a constant C > 0 times a

finite product of expressions of the form∏
v∈P

min{|λn
α − λn

β |−1
v , |λn

γ − λn
δ |−1

v },

for some α, β, γ, δ ∈ Λ with α, β, γ distinct. This product is equal to∏
v∈P

min{|(λα/λβ)
n − 1|−1

v , |(λγ/λδ)
n − 1|−1

v },

as |λβ|v = |λδ|v = 1 for all v ∈ P . The mixing assumption means that λα/λβ and
λγ/λδ are multiplicatively independent and, just as in the proof of Theorem 5.2,
Theorem 5.1 shows that for any given ε > 0, the product is bounded above by
C · 2εn for all sufficiently large n. Hence, (5.1) has radius of convergence 1.

Finally, when |L| � 3, |In(L)| � |In(L′)| for any L′ ⊂ L with |L′| = 2, so again
we conclude that (5.1) has radius of convergence 1. �
Remarks 5.4. Theorem 5.2 may or may not hold when the maps in Λ are not
invertible. To see this, consider Example 2.4 and replace the values used there with
a = 2, b = 6 and c = 10. Then |S�

n(2, 6, 10)| grows exponentially fast as

|S�
n(2, 6, 10)| = gcd(10n − 2n, 6n − 2n) � 2n

for all n ∈ N.
In general, when |Λ| � 3 and r�Λ = 1, there is likely to be no meromorphic con-

tinuation of σ�
Λ beyond the unit circle because of the potentially erratic behaviour

of (|S�
n(Λ)|). In particular, Pólya and Carlson [7] (see also [28]) show that when

a function given by a power series with integer coefficients has radius of conver-
gence 1, unless the coefficients are given by a recurrence sequence with polynomial
growth, the unit circle is a natural boundary for the function.

To see this happen in a concrete case, again consider Example 2.4 with a, b, c
coprime. Then

|S�
n(a, b, c)| = gcd(cn − an, bn − an)

=
∏

p prime

min{|cn − an|−1
p , |bn − an|−1

p }

�
∏
p�∈S

min{|(c/a)n − 1|−1
p , |(b/a)n − 1|−1

p },(5.2)

where S is the finite set of primes for which either |a|p �= 1, |b|p �= 1 or |c|p �= 1. Note
that r�Λ = 1, by Theorem 5.1. On the other hand, by [29] (see also [1, Prop. 10]),
there is a sequence (n(j)) along with the number of primes such that p− 1|n(j) is
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at least B log n(j)/ log log n(j), for some absolute constant B > 0. Therefore, along
the sequence n(j), (5.2) is at least 2−|S|+B log n(j)/ log log n(j). Thus, |S�

n(a, b, c)|
grows faster than polynomially along this sequence.

In the algebraic situations considered thus far, where X is a compact abelian
group, we have been able to capitalize on the fact that the set of strong synchroniza-
tion points is a finite Λ-invariant subgroup of X. As discussed in Section 2, when
the maps in Λ are invertible, this also means there is a natural associated invariant
measure ν�Λ,n given by (2.2) for each n ∈ N. The problem of whether or not these

measures distribute uniformly with respect to Haar measure ν (that is, whether or
not the measures converge weakly to ν) generalizes the same problem for periodic
point measures. As is the case for those measures, via duality, weak convergence
of ν�Λ,n to ν is equivalent to pointwise convergence of ν̂�Λ,n to ν̂. Equivalently, for

any non-zero x ∈ M = X̂, for all sufficiently large n, ν̂�Λ,n(x) = 0. Furthermore,

ν̂�Λ,n(x) = 0 if and only if

x �∈ S�
n(Λ)

⊥ = anM,

where an is the ideal (tnα − tnβ : α, β ∈ Λ, α �= β) ⊂ RΛ (see [33] for details). The
following theorem uses the canonical filtration introduced in Method 4.4 and gen-
eralizes well-known results for periodic point measures [18], [8]. Using the notation
of Method 4.4, set

ψi(n) =
∏
v∈Pi

|λn
α,i − λn

β,i|−1
v

so that (4.6) gives the factorization |Sn(α, β)| = ψ1(n)ψ2(n) · · ·ψr(n).

Theorem 5.5. Let α and β be commuting automorphisms of a connected finite

dimensional compact abelian group X and suppose that α̂n − β̂n is injective for all
n ∈ N. If each set of places Pi is uniformly bounded on its associated factor in a
canonical filtration and ψi(n) → ∞, 1 � i � r, then the measures ν�{α,β},n converge

weakly to Haar measure.

Proof. The notation is the same as that of Method 4.4. LetN be any R{α,β}-module
and define the following.

Property A. Given any non-zero x ∈ N , there exists m(x,N) ∈ N such that
x �∈ (tnα − tnβ)N for all n > m(x,N).

The result is proved by showing that Property A holds for M = X̂. The first
step is to show that if Property A holds for Li−1 and Li/Li−1, then it also holds
for Li, 1 � i � r. Thus, induction will show that if Property A holds for each
of the factors Li/Li−1, then it also holds for M . The second step is to show that
Property A holds for each of the factors.

Step 1. Suppose Property A holds for Li−1 and Li/Li−1. Denote the image of y ∈
Li in Li/Li−1 ⊂ Ki by y. Let x ∈ Li be non-zero and set

m(x, Li) =

{
m(x, Li−1) if x ∈ Li−1,
m(x, Li/Li−1) if x �∈ Li−1.

Let n > m(x, Li), write g = tnα − tnβ and suppose for a contradiction that x ∈ gLi.
If x ∈ Li−1, then x ∈ gLi−1 as

(5.3) gLi ∩ Li−1 = gLi−1,
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which will be verified in a moment. However, this gives an immediate contradiction,
as Property A holds for Li−1. Therefore, x �∈ Li−1 and x �= 0. Since x ∈ g(Li/Li−1),
again we arrive at a contradiction, as this is prohibited by Property A for Li/Li−1.
Thus, we cannot have x ∈ gLi, and hence Property A holds for Li.

To verify (5.3), suppose y ∈ Li. If gy ∈ Li−1, then gy = (λn
α,i−λn

β,i)y = 0. Since
λn
α,i − λn

β,i �= 0, this means y = 0, that is, y ∈ Li−1.

Step 2. Let Ni = Li/Li−1, 1 � i � r. As usual, drop the unnecessary suffix i, as
this is now fixed. By hypothesis, the set of places P is uniformly bounded on N ,
by A say. Since the places in P(K) are normalized, for any x ∈ N , |x|v > 1 implies
|x|v > |Kv|, and since there are only finitely many v ∈ P(K) with |Kv| � A, we
must have |N |v ⊂ [0, 1] for all but finitely many v ∈ P . Therefore, the function
| · |P =

∏
v∈P | · |v is bounded on N , by B say. Suppose x ∈ N is non-zero. If

x ∈ (λn
α − λn

β)N for arbitrarily large n, then (λn
α − λn

β)
−1x ∈ N , and so

ψ(n)|x|P = |(λn
α − λn

β)
−1x|P � B,

for arbitrarily large n, contradicting ψ(n) → ∞. Thus, Property A holds for N . �

Example 7.1 of [8] shows that the condition ψi(n) → ∞, for all 1 � i � r, is a
perfectly reasonable one.

The property that the sets of places are uniformly bounded is automatically
satisfied if X is a torus or even if X simply has a finite-to-one projection onto
a finite product of solenoids dual to rings of S-integers. Nonetheless, uniform
boundedness seems hard to avoid as the following example demonstrates.

Example 5.6. Consider the group M =
∑

p is prime
1
pZ[

1
6 ] ⊂ Q, and set Λ =

{×2,×3}; these are automorphisms of the one dimensional solenoid X = M̂ . Note
that P = {p : p is prime not equal to 2 or 3}, but this is not uniformly bounded
on M , as 1

p ∈ M for all primes p. The counting formula (4.6) combined with the

product formula for global fields shows that

|S�
n(Λ)| = |Sn(Λ)| = |3n − 2n|∞|3n − 2n|2|3n − 2n|3 = 3n − 2n,

so the number of synchronization points is, once again, the familiar Lucas sequence
from Example 2.3.

However, for a uniform distribution of synchronization point measures, as in the
theorem above, we at least require (3n−2n)−1 �∈ M for all but finitely many n ∈ N.
This seems hard to verify, since it is not known if 3n − 2n is prime infinitely often.
If this were the case, then clearly the measures would not uniformly distribute.
More generally, in order to show that the measures do not uniformly distribute, we
need x ∈ M such that (3n − 2n)−1x ∈ M (so, p2 � 3n − 2n for all primes p � 6x) for
infinitely many n ∈ N. This also appears to be a difficult problem. See A001047 and
A057468 in the On-line Encyclopedia of Integer Sequences [31] for further details
on the specific Lucas sequence (3n − 2n) and [13, Ch. 6] for problems concerning
primes occurring in more general recurrence sequences of this type.

In light of the example above, it would be interesting to know if there are any one
dimensional solenoids upon which the number of synchronization points for ×2,×3
grows exponentially fast, yet the synchronization point measures do not converge
weakly to Haar measure.
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For |Λ| � 3, weak convergence of the measures ν�Λ,n to Haar measure obviously

depends heavily on the behaviour of expressions such as (4.1). In particular, if
the following conjecture of Ailon and Rudnick [2] holds, it provides examples with
|Λ| = 3 that contrast dramatically with Theorem 5.5, tentatively suggesting the
“typical” picture in this case.

Conjecture 5.7 (Ailon, Rudnick [2]). If a, b are multiplicatively independent non-
zero integers with gcd(a− 1, b− 1) = 1, then there are infinitely many n ∈ N such
that gcd(an − 1, bn − 1) = 1.

Corollary 5.8. If Conjecture 5.7 holds, then for the set of automorphisms Λ =
{×a,×b,×1} of the one dimensional solenoid dual to Z[ 1

ab ], the synchronization
point measure ν�Λ,n is the Dirac mass at zero for infinitely many n ∈ N.
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