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FIELD THEORIES IN THE MODERN
CALCULUS OF VARIATIONS

ANDRZEJ NOWAKOWSKI

ABSTRACT. Two methods of construction of fields of extremals (“geodesic
coverings”) in the generalized problem of Bolza are given and, as a conse-
quence, sufficient conditions for optimality in a form similar to Weierstrass’
are formulated. The first field theory is an extension of Young’s field theory—
“concourse of flights” for our problem; the other describes a nonclassical treat-
ment of field theory which allows one to reject the “self-multiplier restriction”.

1. Introduction. Consider the generalized problem of Bolza:

(1) minimize J(z,u) = /b L(t,z(t),u(t)) dt + I(z(b))
subject to

(2) dz(t)/dt = f(t,z(t),u(t)) a.e.in [a,b],

(3) u(t)eU(t) a.e.in [a,b],

z(a) = ¢, where ¢ is any fixed point in R", z: [a,b] — R™ is an absolutely continuous
function, u: [a,b] — R™ is a Lebesgue measurable function (control function),
U: [a,b] = R™ is a multifunction (i.e. U(t) is a subset of R™ for each t in [a,}]),
L:[a,b] x R x R™ — R, f: [a,b] x R® Xx R™ — R™, and [ is allowed to assume
the value 400, i.e. I: R® — R U {+00}. In such a setting, this problem of Bolza
unifies many problems of the calculus of variations and optimal control problems.

The existence of a solution for the generalized problem of Bolza was studied by
R. T. Rockafellar in [11], necessary conditions were developed by F. H. Clarke in
[4, 5] and regularity properties of solutions by F. H. Clarke and R. B. Vinter in [7].
In [13] local sufficient conditions for optimality were developed by a method which
uses a canonical transformation of the “Hamiltonian inclusion”. The existence
of such a transformation is guaranteed by assuming the existence of an auxiliary
function satisfying a certain inequality which is near the classical Jacobi conditions.

This paper aims at giving two methods of construction (from trajectories satis-
fying necessary conditions) of fields of extremals (often called “geodesic coverings”)
for our problem and, as a consequence of that, at formulating sufficient conditions
for optimality in a form similar to Weierstrass’.

It is well known that in the classical setting of our problem (if we want to allow
for constraints), the classical field may not, in general, exist [1]. The modern treat-
ment of this case by Griffiths in (8] extends essentially the classical theory, however
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the smoothness and “nondegeneracy” of the problem are supposed there. Unfortu-
nately, in modern control theory most problems do not satisfy these assumptions.

Young, in his fundamental work {12, Volume II, Chapter II|, described a new
type of field which he called “concourse of flights”, that is more applicable to
contemporary problems; he presented it in the context of an autonomous problem
of least time. Yet, it still contains an undesirable multiplier restriction (strong
normality assumption of the problem). He wrote [12, p. 265]: “The latter (this
restriction), according to the experience of virtually everyone who has worked in the
field, may well be unavoidable in a sufficiency theory”, and further: “It almost seems
that the extension of the standard classical method to problems with constraints
necessitates this restriction”.

In §3 we present Young’s theory in the context of our problem (with the multiplier
restriction). In §4 we describe a nonclassical treatment of field theory which joins
Young’s ideas and certain suggestions of Griffiths [8] and also allows one to cast
off the “multiplier restriction”. Thus this paper completes the program of studying
the generalized problem of Bolza from the point of view of standard variational
methods which are often thought of as “largely unavailable” in optimal control
theory (see e.g. [13, p. 562]).

Since we shall base ourselves on [12], we use most of its original notions.

2. Notions and general assumptions. Let .# be the collection of Lebesgue
measurable subsets of [a, b] and let & be Borel subsets of R™. L x B denotes the
o-algebra of subsets of [a,b] x R™, generated by products of sets in %’ and %. In
order for problem (1)-(3) to make sense, we suppose the following basic hypothesis:

For each s in R™, the functions (t,u) — L(t,s,u), (t,u) — f(t,s,u)
are L x B-measurable. There are functions k;, ko in L!(a,b) such
that, for ¢ in [a,b], v in U(t) and s, s2 in R™,

(H1) |L(t,s1,u) — L(t, s2,u)| < k1(t)|s1 — szl
|f(t7 Slau) - f(t7 Sg,u)l S k2(t)|31 - s2l‘

The set {(t,u) € [a,b] x R™|u € U(t)} is L x B-measurable. The
function [ is lower semicontinuous and not identically +oco0.

If u(t) is a control function subject to (3) and z(t) is an absolutely continuous
function corresponding (by (2)) to u(¢) and, for them, L(t,z(t), u(t)) is summable
and I(z(b)) is finite, then the pair z(t), u(t) will be called admissible and z(t) is an
admissible trajectory.

An admissible pair z(t), u(t) defined in the appropriate subinterval of [a, b] with
right end at b will be termed a line of flight (briefly 1.f.) if it satisfies the following
principle (the maximum principle, see [5, 6]): there exist along z(t) a conjugate
vector function y(t), absolutely continuous in ¢ with values in R™, and a number
y® < 0 such that |y(¢)| + |y°| is nonvanishing and

dy(t)

(4) —=" €Y(t)3,f(t,2(t) u(®) + y00,L(t,z(t), u(t)) ae,

y(O)f(t, 2(t),u(t)) + y°L(t, (t), u(t))

5) = sup{y(t)f(t, z(t),u) + y°L(t,z(t),u)|lu € U(t)} ae.,
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(6) (—y(b), %) is normal to epi [ at the point (z(b),!(z(b))).

(The notation J; f refers to the generalized Jacobian of the function s — f(¢, s, u(t))
and, similarly, for d;L (see [3, 6]); epil means the epigraph of I; ydsf is matrix
multiplication; relation (6) is a general form of a transversality condition).

We term a canonical line of flight (briefly c.l.f.), a trio z(¢), y(¢), u(¢) of functions
and a number y° such that z(¢),u(t) define L.f. and y(t),y° are the corresponding
conjugate function and the number y° satisfying (4)—(6). In a usual way we define
an open arc of Lf. or of c.Lf.

The reader who wants to avoid problems of nonsmooth analysis, which are not
an essential subject here, may read this paper under the additional assumption that
the functions s — L(t,s,u), s — f(t,s,u) are C1. Then the sets d;L and J,f are
single-element sets whose elements are the derivatives L and f, respectively.

To study any family of arcs of 1.f. depending on a parameter o, let us define on an
open set G C RP (RP may be of some other dimension than R™) a pair of continuous
functions t~(0),t%(0),a <t (0) < t*(0) < b, 0 € G. We assume that ¢t* (o) is C!
in G. We further suppose that G is a projection of a certain set G C RP**, k>0,
whose elements will be denoted by (o, p). G does not have to be necessarily open;
instead of that, we assume that the operation of projection is standard (see [12,
p. 266]). Let S— = {(t,0)|t =t~ (0) = a, 0 € G}, S = {(t,0)|t"(0) < t < t*(0),
o €G}, ST ={(t,o)lt =tT(0) < b, o €G}, [S]=S"USUST. Similarly, we
denote by S*~, S*, S** the sets of (t, 0, p) for which ¢ satisfies the same conditions
asin S~, S, S+, respectively, and (c, p) € G; [S*]=S*-uS*uS*t.

In what follows we shall take into consideration not all 1.f. but only those which
are subject to certain conditions imposed upon them.

3. Young’s theory of the field—concourse of flights. In this section we
present Young’s approach to the field from [12] for problem (1)-(3). To this effect,
we assume, as is done in the classical theory of the field and in [12], the normality
hypothesis:

(HN) the multiplier 4° in (4)-(6) is equal to —1.

Further, denote by T C R™*! a set covered by graphs of trajectories of 1.f. which,
in the sequel, may be reduced to a smaller one. For each point (to,zp) in T, we
write I(to, zo) for the value of

b

7) | 16200, 00)dt +1:00)
to

where z0(t),u%(t) is an Lf. such that z0(tg) = zo. In general, the map (t,z) —

I(t,z) in T may be a multifunction; this is why we exclude from our further consid-

erations (see [12, p. 266]) those 1.f. which do not admit of the following hypothesis:

(H2) the map (t,z) — I(t,z) is single-valued in T'.

We shall say that a rectifiable curve C lying in T is bounded if I(t, z) is bounded
on the graph of C, i.e. “along” C.

For (t9, 7o) in T, Y (to, o), U(to, o) denote the sets of values of all those y(t), u(t)
at to for which z(t), y(t), u(t) is a c.l.f. and z(to) = zo. It is natural to expect that
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Y(t,z) and U(¢t,z), (t,z) € T, may not be single-valued. Hence, by an admissible
pair of functions

(8) y(t,z) e Y(t,z), wu(t,z)eU(tz), (t,z)€eT,

we shall mean single-valued functions y(t, z), u(t, z) in T such that, for each (¢o, zo)
€ T there is a c.l.f. z(t),y(t), u(t) for which z(ty) = zo, y(to,z(to)) = y(to),
u(to, z(to)) = u(to)-

Up to now, the basic tool for studying old and new “fields” has been the Hilbert
integral in its old and new forms (see e.g. {12, Volume I, Chapter I, Volume II,
Chapter II; 10]). Thus, on the class of bounded rectifiable curves C lying in T and
for admissible pairs of functions (8) such that

dx

[(Lt,zu(t.2) - yle.2) 0, u(t )Y 5+ 06 0) 5

are measurable functions of the arc length s along C, we define the functional
(called the Hilbert integral) by the curvilinear integral

(9)

/ {L(t,z,u(t,x)) —y(t,z)f(t,z,u(t,z))} dt + y(t,z) dz
C

- /sc [{L(t(s),z(s),u(t(S),x(S)))
0

~y(t(5), ()T (1(5),2(5), ult(6), 2N} I +U(K(s), 2(5) 5 | d

where t(s),z(s), 0 < s < s¢, is the description of C. The rest of this section
will be devoted to the construction of a kind of “field” (Young’s type of a field—a
concourse of flights) by means of our L.f. and c.1.f. for which the Hilbert integral just
defined does not depend on the choice of admissible pairs (8) and curves C C T
having the same ends.

Following [12, p. 271], we introduce a notion of an exact integrability of a set
or simply of an exact set. A subset T of T will be called an exact set if, for
each bounded rectifiable curve C C T with end points (t1,z1), (t2,z2), having the
property that the expression [{L — yf}dt/ds + ydz/ds] at almost every point of C
takes the same value for all admissible pairs of (8), we have

/ {L(t,z,u(t,z)) — y(t,z)f(t,z,u(t,z))} dt + y(t,z) dz
C

= I(tl,l'l) - I(t2,$2)

for each admissible pair y(t,z) € Y(¢,z), u(t,z) € U(t,z), (t,z) € T.
Spray of flights. First of all, we shall construct a family ¥ of arcs of 1.f. depending
on a parameter o, described by functions

(11) z(t,0),ult,0),  (t,0) €S,

for which the study of the independence of the Hilbert integral is the nearest to
the classical considerations. By £* we denote a family of arcs of c.l.f. which cor-
respond to the arcs of ¥ and which are obtained by giving with functions (11) the
corresponding function

(12) y(t,o,p), (t,0,p) €S™.

(10)



The definition of the functions z(¢,0),y(t, 0, p) will be supposed extended to the
sets [S],[S*]. The sets of pairs (¢,z), where z = z(t,0) with (¢,0) belonging
to S=,S,S7, [S], will be denoted by E~, E, E*,[E], respectively, and the sets of
values of triplets (¢, z(¢,0),y(t,0,p)) with (¢,0,p) in S*—,5*,5*+,[S*] by E*~, E*,
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E**,[E*], respectively.
We write (when (¢,0) € [S])

L(t,0), (t,0), I (o), / "Liro)dr / "L (r.0)dr

for the expressions

The following hypotheses with those on ¢t~ (o),t* (o), G, G are fundamental for
our considerations and when they are satisfied, X is called a spray of flights and ¥*

L(t,z(t,0),u(t,0)), f(t,z(t,0),u(t,0)),

t*(o) _

I(t+(o),z(t+(o),a)),/ L(r,0)dr + I (o) = I(t, z(t,0)),

t

/ o Lo(r,0)dr + L(t*(0),0)t} (o) + I (o).

a canonical spray of flights:

(H4)

(H5)

Note that the assumptions which are required for the existence of the classical
field in the “fixed endpoint problem” from the calculus of variations imply hypothe-

The functions L(t, ), f(t,o) are continuous in [S]; they have con-
tinuous derivatives L, (t,0), f,(t,0) in [S] and AL(t, z, u(t, 7))/ 9o,
0f(t,z,u(t,0))/do for each fixed (¢,z) in E, satisfying at z =
z(t,0) the relations

OL _ 3Ltz ut,0)) \ | 4 2 u(t, o))z t,0),

3_0~_ do
0 of(t,z,ult,
O A2 W8OD) | p (1 2 u(t,0))e (1, 0);

for (t,o) in S, the functions s — L(t, s, u(t,0)), s — f(t,s,u(t, o))
are strongly differentiable at those z for which z = z(t, o) (if these
functions are of the class C!, then they are strongly differentiable).

The function y(t, 0, p) is continuous in [S*], the function z(t,0) is
C? in [S] and u(t,0) is Borel measurable in [S].

The maps S~ — E~, S — E defined by (t,0) — (¢,z(t,0)) are
descriptive (see [12, p. 266]).

ses (H2)-(H5) and (HN).

For (t,z) € [E] C T, let Yg(t,z) C Y(t,z) and Ux(t,z) C U(t,z) stand for the
sets of values of y(t,0, p) and u(t,o) at those (t,0,p) € [S*], (t,0) € [S] for which
z(t,0) = z. By yx(t,z) € Y (t,z), us(t,z) € Us(t, z) we denote an admissible pair
of functions y(t, z), u(t, z) defined in [E] and term them functions relative to £. An
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exact subset T C [E] for admissible pairs y(t,z) € Yx(t,z),u(t,z) € Us(t,z),
(t,z) € [E], will be termed a relative exact set.

Now, we shall study a spray of flights with the help of Hilbert integral (9). Thus,
assume we are given a spray of flights for which the set Et is relative ezact.

LEMMA 1. There ezists a continuous derivative T;' in G, equal to —Lt} — yz,
n S*t, de.

If (0) = =L(t* (o), 0)tf (0) — y(t* (0), 0, )24 (t T (0), 0)
for (0,p) in G.

PROOF. Let (tg,00,p0) be any point of S**. Let I be any sufficiently small
rectifiable curve in St which starts from (¢o, 00) and has the description t = ¢t* (o)
where o® varies from og to o; along a segment parallel to the a-axis of the o-space.
Let C be the image of T in Et under the map (t,0) — (t,z(¢,0)), with ends
(to, o), (t1,21). From the relative exactness of E* we infer

I(to,.’l}o) - I(tl,flil)
= /C{L(t, z,ux(t,z)) —ys(t,z) f(t, z,ux(t, z))} dt + y=(t, z) dz

(13) = [ Et.o) - vit.oplo)fit.0)
+y(t,0,p(0))z(t,0)) dt + y(t,0,p(0))zs(t,0) do
= I*(00) = I* (o)
where p(c) is a continuous function suitably chosen (po = p(00)) according to the

standard projection. Since, along I, z:(t,0) = f(t,0), after dividing both sides of
the last equality in (13) by |op — 01|, we obtain

I*(00) — I* (o)
loo —o1]

1 ~
— [ (Lt] + do =
'UO_Ulllll( o yzo) o
By the continuity of ft; +yz, on I, there exist limits, when o7 — 09, of both sides

of the last equality, i.e. we have —T; = itj + yz,, at the point (¢g,00,p0). Since
T and (tg, 00, po) were chosen arbitrarily, we conclude the assertion of the lemma.

LEMMA 2. Let T denote any rectifiable curve in [S] with (to,00) as the initial
point and (t1,01) as the terminal one. Then

b ~
/L@UNV—</LAﬂ®m>d0=HMJUm%»—HHJUhm»
r t
PROOF. Consider in [S] the function

Q(t,o) = /t: L(r,00) dr — /tb L(r,0)dr

which, by (H3) and Lemma 1, has a continuous derivative in [S]. We easily check
that L dt — ( ftb L, dr) do is an exact differential in the variable (¢, o) of the function
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Q(t,0). Hence we have

b
/fdt— (/ zadT) do = Q(t1,01) — Q(to,00)
r ¢

= I(to, z(to, 00)) — I(t1, 2(t1,01)),
as asserted.
COROLLARY 1. In the set S** the quantity yz, + ftb L, dr is identically zero.
PROOF. Proceeding as in the proof of Lemma 1, we obtain from (13)

I(to, 2(to, 00)) — I(t1, 2(t1,01)) = / Ldt +ya, do
r

=/rfdt— (/tbi,,dr) ala+/F (yz,+ (/tbi,,dr)) do.

Using Lemma 2 and continuing the proof of Lemma 1, we get the assertion of the
corollary.

LEMMA 3. Let C be a rectifiable curve lying, together with its terminal points,
in E= or in E. Then C is bounded and there exist Borel measurable functions
ys(t,z),us(t,z) along C, relative to . Furthermore, the functions ys(t,z),
L(t,z,ux(t, ), f(t,z,us(t,z)) are bounded along it.

PROOF. By (H5), for each (¢, z) of C, there exists a neighborhood on C that is
the image of some curve I'. For those (¢, z), we have

t*t(o) _ ~
I(t,2) = I(t, 2(t, o)) = /t L(r,0)dr +T* (o).

Thus, by (H3), Lemma 1 and Borel’s covering theorem, we find the boundedness
of C. The further assertions may be justified analogously as those of Lemma 25.1
of [12, p. 272] or by applying the measurable selection theorem from [2] to the
multifunction (¢,z) — {(t,0) € '|z(¢,0) = z} defined on C.

LEMMA 4. On each arc of the canonical spray of flights ©* the expression

b
(14) YZo +/ L, dr
t
takes a constant value.

Let C be any rectifiable curve contained in E~ or E with the arc length de-
scription ¢ = ¢(s), z = z(s), 0 < s < sc. Then the function I(¢,z) restricted to C
becomes the function I(s) = I(t(s), z(s)) of the variable s in [0, s¢], i.e. “along” C.

THEOREM 1. If the identity yz, + ftb L, dr =0 holds in S*~ or S*, then the
function I(s) is absolutely continuous along C and, for almost all s in [0, sc],

L1(s) = — {L(t(s), 2(s), ux(t(s), 2(s)))

(15) & dt dz
— yn(t(s), 2(5)) f(t(5), 2(s), un(t(s), 2(5)))} 7~y (8(5), 2(s)) -
for each admissible pair ys(t,z) € Yz (¢, ), us(t,z) € Us(t, z), (¢, z) € [E].
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Notice that expression (15) has the form similar to the classical one and, in
particular, to the original Weierstrass formula, but what is fundamentally different
in it is that the functions yx(t,z),ux(¢,z) in (15) need not have unique relations
to the spray parameter o. This is exactly what allows one, already in the first step,
to avoid the restriction of a one-to-one covering of [E].

COROLLARY 2. Under the same assumption, the set E~ or E is a relative exact
set.

Although the problems considered in [10] and in this paper are a bit different,
quantities (14) here and (19) in [10] are, at least in their form, the same, thus the
proofs of Lemma 4, Theorem 1, and Corollary 2 are analogous to suitable proofs
of Lemmas 5.2 and 5.3 in [10] and, in fact, to the proofs of Lemmas 26.1 and 25.3
from [12, pp. 272-275] (see also the proofs of Lemma 4’, Theorem 1’, and Corollary
2" in §4).

A direct consequence of Corollary 1, Lemma 4, and Corollary 2 is

COROLLARY 3. The set E~ and E are relative ezact.

Our next step is to fit together many different sprays of flights.
Chain of flights. A finite or countable sequence of sprays of flights in T

(16) 1,50, .., SN,

will be termed a chain of flights and the corresponding sequence of canonical sprays
a canonical chain if, for: = 1,2,..., N,..., they fit together in inverse order so that
the set £~ corresponding to £} contains E:Il corresponding to X7, | (see [12, pp.
275, 276]). This implies that the set E;: , of ;41 is relative exact for ¥; as well as
for £,4,. If EfL of ¥ happens to be a relative exact set, then all sets E; and E,
1=1,2,...,N,..., are also relative exact sets and such a chain will be termed an
exact chain of flights.

The sets E; and E; of £; will be termed constituent sets of a chain and E; ™, E}
of X7 canonical constituent sets of a canonical chain.

Let G; be an open set of parameters o!, associated with the spray ;. We

suppose one more hypothesis satisfied:

The function It (o) = [(z(b,0')) has a continuous derivative I,
in G;. The map S — E} (E}f ={(b,2) |z = z(b,0'),0' € G1})

(H6) has the following property: given any bounded rectifiable curve C
in Ef, there exists a rectifiable curve T' in S; such that C is its
image under the map (b,0) — (b,z(b,0)) and the ends of C are
the images of those of T.

A chain of flights which satisfies hypothesis (H6) will be called a distinguished chain
of flights.

LEMMA 5. For any distinguished chain of flights, the set E’1+ 1s relative ezact.

PROOF. Let C be any bounded rectifiable curve in E; with the arc length
description t = b, £ = z(s), 0 < s < s¢, and let T be a rectifiable curve in S;" such
that C is its image, according to (H6). (If no such curve exists, we have nothing to
prove.) From (6) we find that, for almost every s in [0, s¢], yx, (b, z)dz/ds has the
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same value for all yx, (b, z) in Ys,. Proceeding similarly as in Lemma 3, we get that
there is a measurable and bounded function ys, (b, z) along C. Therefore, since dt =
0 in Ej, we have, for any admissible pair of functions yg, (¢, z), us, (t,z), (t,z) €
[EI])

/ ys, (b, x) dz—/ y(b,0t, p)21 (b, o) do!
/[ y(b,0',p), —1)(z41(b,0),1F: (01))] do? —/l+ )do?!,

where p is a suitably chosen function of o1, according to the standard projection for
a finite number of small subarcs of I'. Again, by (6), the first integral on the right-
hand side of the last equality is zero. Hence we easily infer the relative exactness
of the set E;f.

From Lemma 5, Corollary 3, and the definition of an exact chain of flights we
obtain

THEOREM 2. Every distinguished chain of flights is an ezact chain of flights.

A concourse of flights. Denote by K the family of all bounded rectifiable curves
lying in T, and by T,,, n = 1,2,..., a finite or countable system of disjoint subsets
of T whose union is T. Of course, any T, should be a subset of some constituent
set of a chain or a subset of a few constituent sets of different chains.

A curve C C K will be called a fragment if its interior lies in some T,,. The class
of such fragments will be denoted by Ky. We need a situation in which K can be
derived from K. To this effect, we shall need two forms of the addition of curves:
fusion and embellishment, and two subtraction operations: cutting and trimming
(see [12, p. 277]).

In the sequel, about K and K, we shall assume that if a curve belongs to K
or Ky, then each arc of the curve, and also its inverse arc, is an element of K or
Ky, respectively. Moreover, we shall assume that the operations of embellishment
and trimming can be carried out countably often under the restriction that from
elements of K we shall again obtain elements of K.

By means of the finite fusion and the countable embellishment, from the elements
of K let us compose a class K;. From K; we then define a subclass K, of K whose
members are obtained by at most countable trimming. The method described by
Young (12, Volume II, §28] can be applied only when K; = K

In such a situation, Ky is called a repairable class of fragments, and the decom-
position of the set T into disjoint subsets T}, a repairable decomposition. Then the
set T will be termed the unimpaired union of the sets T,,.

A concourse of flights is a finite or countable infinite system of distinguished
chains of flights, such that T is the unimpaired union of the constituent sets of
these chains, and the set covered by graphs of canonical lines of flight, i.e. by
graphs of pairs of functions z(t),y(t), is the union of their canonical constituent
sets.

Let t(s),z(s), 0 < s < s¢, be the arc length description of any bounded rectifi-
able curve C in T. We introduce the last hypothesis in this section whose object is
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to ensure that a certain integral exists along each bounded rectifiable curve in T'.

There exists in T an admissible pair of functions y(¢,z) € Y (¢, z),
u(t,z) € U(t,z), (t,z) € T, such that the expression
(

{L(t(s),z(s), u(t(s), z(s)))
(H7) — y(t(s),z(5)) f(¢(s), z(s), u(t(s), z(s))) }dt/ds
+ y(t(s), z(s))dz/ds|
does not exceed along C some integrable function of the arc length
sof C.

In the modern problems of the calculus of variations we are concerned with the
actual problem of a minimum in the entire set T. Considering a spray of flights
32, we have discussed on the model of the classical calculus of variations only what
happens in a certain subset 7,, whose union turns out to be 7. This means that
we have information about the class of fragments K and that we seek information
about the class of our original curves K.

Proceeding quite similarly as in the proof of Theorem 29.1 from [12, p. 280],
only changing expression (29.2) there to

L{L(t,l,uz(t, :l:)) - yE(taz)f(tvzv ’U,z(t,I))} dt + yz(t,z) dz
= I(tl,.’l?l) - I(t2,$2)

where (t1,21), (t2,z2) are the initial and final points of C and yx(t, z),us(t, ) is
an admissible pair of functions relative to ¥, and expression (29.3) on p. 281 to

/ {L(t,z,u(t,z)) — y(t,2)f(t,z,u(t, )} dt + y(t,2) dz
C

= I(tl,Zl) - I(t2,$2)

where y(t,z),u(t,z) is now any admissible pair of functions in T', we obtain the
following theorem and its corollary.

(17)

THEOREM 3. Assume that a concourse of flights exists and hypothesis (H7) is
satisfied. Then the function I(s) is absolutely continuous in [0, sc| and, for almost
all s in [0, s¢],

d-
T 1(s) = = {L(t(s), 2(s), u(t(s), 2(5)))
(18) = y(t(s), 2(5)) S (t(s), z(s), u(t(s), 2(5))) gi—

— y(t(s), 2(5) 22
for each admussible pair y(t,z) € Y (t,z), u(t,z) € U(t,z), (t,z) €T.

COROLLARY 4. Suppose that the assumptions of Theorem 3 are satisfied. Then
T is an ezact set and, in particular, relation (17) holds.

COROLLARY 5. Let us adopt the same assumptions. If C is any arc of an
admissible trajectory z(t) under a control u(t) starting at z(a) = ¢ whose graph is
contained in T, then relation (17) is valid.
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In view of Corollary 4, it suffices to note that, by the definition of a concourse
of flights and Lemma 3, any arc of z(¢) is a bounded rectifiable curve as it is only
a finite fusion of its subarcs which are contained in constituent sets.

As a consequence from Corollary 5 we obtain the following sufficient conditions
for a strong relative minimum of J.

THEOREM 4. With the same assumptions, let an admissible trajectory z*(t),
t € [a,b], z*(a) = ¢, under a control u*(t) be a member of our concourse. Then the
pair z*(t), u*(t) aﬁords J(z,u) a strong minimum relative to all admissible pairs
z(t), u(t), t € [a,b], z(a) = ¢, for which the graphs of z(t) are contained in T.

PROOF. Let z(t),u(t), t € [a,b], z(a) = ¢, be any admissible pair such that the
graph of z(t) is contaxned in T. From the exactness of the set T and from (5) we
have

J(z* u*) = J(z,u) = I(a,c) — J(z,u)

/ Lt 2(t), u(t,a(0))
—y(t, z(t)) f(t, z(t), u(t, z(t)))} +y(t, 2()) f (¢, z(t), u(t))] dt
b

-/ L(t, 2(¢), u(t)) dt < 0.

Hence we infer the assertion of the theorem.
REMARK. Define the value function S(¢,z) in the set T as

b
(19) S(t,z) = inf { /t L(r,2(r), u(r)) dr + l(x(b))}

where the infimum is taken over admissible pairs z(7),u(r), 7 € [t,b], whose tra-
jectories start at (¢,z) € T and graphs are contained in 7. By Theorem 4, the
infimum in (19) is attained and equals I(t,z), thus it can be defined by relation
(17). This means that the existence of value function (19) is determined by the
existence of a concourse of flights. From Theorem 3 we further infer that S(t, z) is
an absolutely continuous function of the arc length along any bounded rectifiable
curve contained in 7. If we suppose T to have interior points at which the function
S(t,z) is differentiable, then, by Theorem 3, at those points S(t,z) satisfies the
partial differential equation

(20) St + H(t,z,S;) =0

where H(t,z,y) = yf(t,z,u(t,z)) — L(¢,z,u(t,z)). From the definition of u(t,z),
y(t,z) and from (5) we also find that

(21) min{S; + Sz f(t,z,u) — L(t,z,u) |[u € U(t)} = 0.

Formula (21) is called the partial differential equation of dynamic programming
and u(t, z) the optimal feedback control.

4. Nonclassical treatment of the “field” and concourse of flights. Most
considerations of §3 were carried out in the (¢, z)-space. Only a few facts concerned
the y-space because of the occurrence of the variable y in the Hilbert integral
which was, however, defined in the (t,z)-space. This is the classical approach to
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field theory though many concepts are nonclassical; in particular, quite new is
the concept of a concourse of flights which joins many (countable!) generalized
classical fields—chains of flights—allowing us to account for several classical fields
simultaneously appears in a natural way when we want to work with constraints,
particularly with the Bolza problem (see e.g. [9, proof of Theorem 8.1, p. 35]).

In this section we present a nonclassical approach to field theory, using the
beautiful concept of a concourse of flights.

First of all, putting

(22) H(t,z,y,4°) = sup{yf(t,z,u) + y°L(t,z,u) [lu € U(¢)}
let us observe that (2) and (4) may be rewritten as
dz(t)

€ 0, H(t,z(t),y(t),y°),
_7 z 7x(t)ay(t)7y )
In such a setting, z(¢t) and y(¢) have the same preference; they simply satisfy a
system of generalized Hamiltonian equations. Thus we may choose that space to
handle which we prefer, and next, we should find a suitable independence integral
associated with a certain canonical family of pairs z(t),y(t) satisfying (23). It is
obvious that we should choose that space (where more restrictions for a suitable
family are needed) for manipulations, which allows us to cover a greater set in the
(t,z)-space by graphs of trajectories z(t).

If we have a “free endpoint problem”, then the ends of z(t) are free and the ends
" of y(t) are subject to certain conditions, contrary to a “fixed endpoint problem”.
Thus we should also choose a “contrary” space in which we shall work with a “free
endpoint problem” and it is the (¢,y)-space in which we shall carry out most of
our considerations from §3. In particular, we define a new independence integral.
It is well known that just in the study of extremal problems with constraints there
appeared multipliers. In our case (see the definition of 1.f.) they are a function
y(t) and a number y°. So, it is natural to extend the (¢, y)-space mentioned above
to the (¢,y,y°)-space, and thereby, to include the “troublesome multiplier” in our
considerations, i.e. to cast off the “multiplier restriction”.

The independence integral. In this section, similarly as in the previous one, for
the investigation of any family of c.l.f., we define a certain independence integral,
but now for curves lying in the (¢,y,y°)-space. To this effect, we have to add one
coordinate z° to the (t,z)-space, described by the differential equation dz°/dt =
—L(t,z,u), i.e. for an admissible pair z(t), u(t), we have

dzO(t)

— = L{t, (1), u(t)).

The solution of this equation is defined as

20(t) = /tb L(r,z(1),u(r)) dr + z°(b), z0(b) = I(z(b)).

For a given Lf. z(t),u(t), we write 2(t) = (—z°(t),z(t)) and, for a given c.Lf.
z(t), y(t), u(t), y°, we write p(t) = (y°,y(t)); so now, by the c.1.f. we mean the trio
of functions z(t),p(t), u(t). Further, denote by P C R™*? a set covered by graphs
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of p(t) such that z(t), p(t), u(t) is a c.1.f., which, in the sequel, may be reduced to a
smaller one; let T C R™*! denote the same as in §3. If (to,po) belongs to P, then
we write V (to,po) for the value of

b
(24) 93 [ L(t,zo(t), uo(t)) dt — zo(to)yo(to) + yl(2o(b)) = —20(to)po(to)
to
where zo(t) = (=28 (¢), zo(t)), Po(t) = (43, 0(t)), uo(t) is a c.Lf. such that po(to) =
po. Of course, the map (¢,p) — V(¢,p) in P might be a multifunction, and this is
why we assume the following hypothesis (compare (H2)):

(H?)) the set P is such that the map (¢,p) — V(¢,p) is single-valued in
P.

A rectifiable curve C lying in P is called bounded if V'(¢,p) is bounded along
C. For (to,po) in P, Z(to,po) = (—X°(to,po), X(to,p0)), Ul(to,po) denote the
sets of values of 2(t), u(t), respectively, at to for which z(¢), p(t), u(t) is a c.L.f. and
p(to) = po. For (t,z) in T, U(t,z) means the same as in the preceding section
and P(t,z) is defined analogously to Y (¢, z) therein, i.e. for (to,z0) € T, P(to, 2o)
denotes the set of values of p(t) at to for which z(¢) = (—2°(t), z(t)), p(t), u(t) is a
c.l.f. and z(tp) = z¢. By an admissible pair of functions

(25)  2(t,p) = (—2°(t,p),z(t,p)) € Z(t,p),  u(t,p) €U(t,p), (t,p) €P,

we mean single-valued functions z(t,p),u(t,p) defined in P such that, for each
(to,po) in P, there exists a c.L.f. z(t), p(t), u(¢) for which 2(¢o,p(to)) = z(to), p(to) =
Po, u(to,p(to)) = u(to). By an admissible pair of functions

p(t,z) = (¥°(t, 2),y(t,z)) € P(t, z), u(t,z) € U(t, z), (t,z) €T,

we mean single-valued functions p(¢,z),u(t,z) defined in T such that, for each
(to,zo) in T, there exists a c.L.f. 2(t) = (—z°(t), z(t)), p(t), u(t) for which p(to, z(¢o))
= p(to), u(to, z(to)) = u(to), z(to) = Zo-

On any bounded rectifiable curve C in P with the arc length description ¢(s),
p(s), 0 < s < s¢, we define the curvilinear integral
(26)

/C{yOL(t, z(t,p), u(t,p)) + y/(t, 2(t,p), u(t, p))} dt + z(t, p) dp
= /osc <{y0(s)L(t(s),x(t(s),P(s)),“(t(s)’p(s)))
+ 9(8)0(6)2(4(5).p(6), (), (61} J + #(e6),p(6) 2 ) s

for any admissible pair of functions (25) such that ({y°L + yf}(dt/ds) + z(dp/ds))
is a measurable function of the arc length s along C. This integral defines the
functional for the class of bounded rectifiable curves C and admissible pairs of
functions (25). Our task is to study its independence.

Similarly as in §3 we introduce the notion of an exact set, i.e. a subset P of
P is called an exact set if, for each bounded rectifiable curve C C P with ends
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(t1,p1), (t2,p2), having the property that the expression ({y°L + yf}(dt/ds) +
z(dp/ds)) at almost every point of C takes the same value for all admissible pairs
(25), we have

/C (°L(t 2(t, p), u(t, p)) + wf (26, p), ult, p))} d + 2(t,p) dp
= V(tlapl) - V(t2)p2)

for each admissible pair 2(t,p) € Z(t,p), u(t,p) € U(t,p), (t,p) € P.

Since the general concept of the study of the independence of functional (26) is
quite similar to Young’s theory, we use the same notions of a spray of flights, a
chain of flights, and a concourse of flights.

Spray of flights. Let ¥ denote (see (11)), analogously as in §3, a family of arcs
described by functions

(27)

(28) z(t,o0),u(t,0),(t,0) € S.

Further, by ©* we denote a family of arcs of c.l.f. which correspond to the arcs of
¥ and which are obtained by giving to functions (28) the corresponding function

p(t,U, p)1 (t7 g, ,0) S S*.

As before, z2(t,0),p(t,0, p) will be supposed extended to the sets [S], [S*], and the
sets E=, E, E*[E] means here exactly the same as in §3. But now, E*~, E*, E**,
[E*] will denote the sets of values of pairs (¢,p(t,0,p)) with (¢,0,p) in S*~,S*,
S**,[S*], whereas those of pairs (¢,2(t,0)) with (t,0) in S=,5,S*,[S] will be
D-,D,D*,[D).

We write (when (g, p(0)) € G) V*(0) for the expression

V(t*(0),p(t* (0),0,p(0))).

We assume the following hypotheses:
(H3") = (H3).

The function 2(t,0) is C! in [S] and u(t, o) is Borel measurable in
[S]. For given (o9, po) in G and any small neighborhood G C G

(H4') of og, there exists in Gy a function p(o) such that p(og) = po, all
points (o, p(0)) for o0 € Gy lie in G, and p(t,0) = p(t, o, p(c)) is
Clin {(t,0)|t~(0) <t <t*(0), 0 € Go}.

The maps S*~ — E*~, S* — E* defined by (¢, 0, p) — (¢,p(t,0,p))
are descriptive in the following sense: given any sufficiently small
rectifiable curve C C E*~ (or C C E*) issuing from (to, p(to, 00, po)),
there exists a sufficiently small rectifiable curve I' ¢ S~ (or I' C S)

(H5) issuing from (tg,00) such that each small arc of C issuing from
(to, p(to, 00, po)) is the image under the map

(t,0) — (t,p(t, 0,p(0)))

of a small arc of T issuing from (¢o,00) where p(o) is as in (H4').
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The maps S~ — D=, S — D defined by (t,0) — (¢,2(t,0)) have
the following property: given any arc C, C D~ (or C, C D)
with the description t; < 7 < ta, (—2°(r),z(r)) where z(t) is
a trajectory of an admissible pair z(t),u(t), t € [a,b], z(a) = c,

(H8) 20(t) = ftb L(r,z(7),u(r)) dr + I(z(b)) issuing from (t1,2(t1,01)),
there exists a rectifiable curve ' C S~ (or ' C S) issuing from
(t1,01) such that every small arc of C, issuing from (¢1, 2(¢1,01))
is the image under the map (t,0) — (t, 2(t,0)) of a small arc of T
issuing from (t;,04).

If hypotheses (H3')-(H5’), (H8) with those on ¢t~ (0),t* (o), G are satisfied, then
¥ will be called a spray of flights and ©* a canonical spray of flights.

Note that these assumptions are analogous to (H3)—(H5) except the assumptions
on 2(t,o) and p(t,o,p) which are now stronger and this is still an undesirable
restriction. It is so because we, in fact, still use the analogous technique of proofs
as in Young’s theory.

For (t,p) € [E*] C P, let Zs(t,p) C Z(t,p) and Us(t,p) C U(t,p) stand for the
sets of values of 2(¢,0) and u(t,o0) at those (t,0,p) € [S*] for which p(¢,0,p) = p.
For (t,z) € [E] C T, Ps(t,z) C P(t,z) denotes the set of values of p(t, o, p) at those
(t,0,p) € [S*] for which z(t,0) = z. By 2x(t,p) € Zs(t,p), ux(t,p) € Us(t,p) and
ps(t,z) € Px(t,z), us(t,z) € Us(t,z) we denote admissible pairs of functions
2(t,p),u(t,p) and p(t,z),u(t,z) defined in [E*] and [E], respectively, and term
them functions relative to £. An exact subset P C [E*] for 2(t,p) € Zs(t,p),
u(t,p) € Us(t,p), (t,p) € [E*], will further be termed a relative exact set.

Assume we are given a spray of flights for which the set E** s relative ezact.
We state analogous lemmas and theorems as in Young’s theory.

LEMMA 1'. For each (09, p0) € G, there are a set Gy C G and a function p(o),
described in (H4') such that there exists a continuous derivative V(o) in Go, equal
to —yOLt} — (zy)t} — 2po, i.e. for o in Go and t = t* (o),

7 (0) = —°(0.plo)) (1,0t (0) — S (alt,0)u(t, 0, p(0)))t (0) — 2(t,0)pu(t,0)

dt
where p(t, 0) = p(t, o, p(0)).

PROOF. Let (to,00,p0) be any point of S**. Let I be the same as in the proof
of Lemma 1 and let Gy, p(0) be as in (H4’). Now let C be the image of T in
E** under the map (t,0) — (t,p(t,0,p(c))) with ends (to,po), (t1,p1). From the
relative exactness of E*t we get

V(to’po) - V(tlapl)

= /C{yOL(ta zz(t,P)» uE(tap)) + yf(t7xE(t7p)7uE(t’ p))} dt + zz(t,p) dp

= /F (¥°(0, () L(t, 0) + y(t, 0, p(0)) f (£, 0) + (¢, O)e (2, 0, p(0r))) dt
+ 2(t,0)ps(t,0) do
=V (00) = V*(01).

Proceeding analogously as in the proof of Lemma 1, we obtain the assertion of our
lemma.
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LEMMA 2'. Let T denote any small rectifiable curve in [S] with (to,00) as the
initial point and (t1,01) as the terminal one. Then there exist a set Go C G and
p(o) in Go (see (H4')) such that

[ 5ot 0)dt + 3 (a(6,0)plt,)) do = V{to,Blto, 00) — V{11,501, 7)
r

where p(t,0) = p(t, 0, p(0)).

The proof follows directly from the definition of the function V (¢, p).
Similarly, as in Corollary 1, we obtain

COROLLARY 1’. In the set S*t the quantity pz, s identically zero.
We also have (compare to Lemma 3)

LEMMA 3'. Let C be a rectifiable curve lying, together with its terminal points,
in E*~ or in E*. Then C s bounded and there exist Borel measurable func-
tions zx(t,p),us(t,p) along C relative to £. Furthermore, the functions zx(t,p),
L(t,zs(t,p),ux(t,p), f(t,z=(t,p), us(t,p)) are bounded along it.

LEMMA 4'. On each arc of the canonical spray of flights ©* the expression pzy
takes a constant value.

PROOF. The proof is quite similar to that of Lemma 4. But, for the reader’s
convenience, we present the details. Let (¢',0’,p’) be any point of S* and 2/(t) =
(=29 (), 2'(t)), P'(t) = (¥°,¥'(t)), v (t) the corresponding values of the functions
2(t,0"),p(t, 0, p'),u(t,0'), t € [t',t1(0’)). Further, let o stand for any coordinate
of the vector o € G. By performing in different orders the operations of integration
in ¢t and differentiation in o, on relation (2), and then differentiating in ¢, we get
the following relation calculated at the point (¢,0'), t € [t',tT (0")):

0 0 -
(29) S-alt,o) = 5= 1(t,0)
and, analogously, at this point we find

—5;a5(t:0) = 5=L(t,0).

From (4) and (H3') we obtain at (¢,0’), for almost all ¢ in [t',¢+(0")),

(29°)

0
za(t,0) 2y (1) = =¥/ (0)fs(8,2'(2), v/ (8))zal(t, 0)
— 4% Ly(t, ' (t), w (t))za(t, o)
and, by the definition of y°, we have at this point
0 4
—zg(t,a)ayo =0.

We add both sides of the last four equalities with (29) and (29°) multiplied by y'(t)
and ', respectively. As a result we obtain at the same (t,0")

) - f(t,I(t,O’),u,(t)))

D
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—
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~—
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—
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Q
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Hence, using (H3') and next (5), we get
%(p’za) =0 at (¢0') for almost all t in [t',tT (c”)).
Integrating this equality in the interval [t’,t*(0")), we easily conclude the proposi-
tion of the lemma.

We put V(s) = V(t(s),p(s)) along any rectifiable curve C in E*~ or E* with
the arc length description ¢t = t(s), p = p(s), 0 < s < s¢.
__ THEOREM 1'. If the identity pzo, = 0 holds in S*~ or S*, then the function
V (s) s absolutely continuous along C and, for almost all s in [0, s¢],

27(6) = - (L), a(t(5),2(5), us(e). ()
(30) Fu(5)1(4(5), 25(1(5),p(5)), s (1(5), () o
+zy (t7 p)%)

for each admissible pair zx(t,p),us(t,p), (t,p) € [E*].

PROOF. We limit ourselves to the case when C is contained in E*. The proof of
the second assertion is analogous. Let e(s) = (dt/ds,dp/ds) stand for the direction
of the tangent to C defined for a.e. s in [0,s¢]. Let sp be any point in [0, sc]
such that e(s) is approximately continuous at it. We set to = t(so), (¥9,%0) =
po = p(so) = (¥°(50),¥(s0)), €0 = €(s0), fo = dt(s0)/ds, po = dp(so)/ds. Let
20 = (—29,20), ug be any admissible vectors from the sets Zx(to,po), Us(to,po)
and let (¢, 00, po) be any point in S* for which p(to, 00, po) = po, u(te,00) = uo.
We also put fo = f(to,zo,uo) and Lo = L(tg, Zo, uo)-

Denote by I' a rectifiable curve in S such that small arcs of the curve C, issuing
from (to,po), are, in accordance with (H5'), the images under the map (¢t,0) —
(t,p(t,0,p(0))) of small arcs ~ of T issuing from (tg,00). Let now

t=1t(v), o=a(), vel=]|0,h],

be the arc length parametric description of ~, such that the point (¢o,00) should
correspond to the value of 0. Next, define a continuous increasing function s = s(v),
v € I, such that s(0) = sg, which satisfies in I the relations

(31) t(s(v)) =t(v),  p(s(v)) = p(t(v),5(v), p(5(v)))
where p(0) is suitably chosen according to (H5') and (H4'). We shall write p(t, o)
for p(t, 0, p(0)).

Denote by As and AV the corresponding differences in s and in V(s) at the
ends of a small arc of C issuing from (¢g,po), being the image of 4. By assumption,
Pzs = 0 along v. Hence, and from Lemma 2’, we conclude, taking account of (31),
that

-AV = /%(z(t,o)i)(t,a))dt+(—i%(z(t,o)ﬁ(t,a))da—/ﬁ(t,a)z,,(t,a)da
2|

6 = [ (6°C0)pe)IEr). o) + v, o)

PENFE). 0N} G +20),00) L) dsto).
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Since p(t,0),L(t,0), f(t,0),2(t,0) are continuous on v we deduce that they are
bounded in I. This, along with (32), implies the uniform boundedness of the ratio
AV /As for all sufficiently small As. Thus the function V(s) is locally Lipschitz
and, hence, absolutely continuous in [0, sc]. This proves the first assertion of the
theorem.

To prove the second, it is enough to show that

. AV _ .
lim As —({¥3Lo + yofo}to + z0P0) as As— 0.

But this is quite analogous to the corresponding part of the proof of Lemma 25.3
in [12, Volume II] if we take there

o =p(v) = ({(y°L + yf} dt/ds + zdp/ds) — ({y3Lo + yoSo}to + zopo)-
COROLLARY 2'. With the same assumption, the set E*~ or E* is a relative
ezact set.

PROOF. For each fixed rectifiable curve C lying in E*~ or E*, the function V(s)
is absolutely continuous and satisfies (30) for all admissible pairs zx (¢, p), us(t,p),
(t,p) € [E*]. By Lemma 3', we may integrate (30) along C and, as a result, we
obtain the equality which defines the relative exactness.

An immediate consequence of Corollary 1’, Lemma 4’ and Corollary 2’ is

COROLLARY 3'. The sets E*~ and E* are relative ezact.

By Theorem 1’ and Corollary 3', we have information about curves in E*~ or
E* i.e. in the (¢, p)-space but, in fact, we seek information about curves lying in £~
or E, i.e. in the (t,z)-space. Thus, let C, denote any small arc contained in D~ (or
D), with the description t; < 7 < tq, (—2°(7), z(7)) where z(t) is a trajectory of an
admissible pair z(t), u(t), t € [a,b], z(a) = ¢, 2°(¢t) = ftb L(r,z(1),u(r)) dr +1(z(b)),
issuing from (1, 2(t;,01)). We also represent C, in terms of its arc length s as
t = t(s), z = (2°(s),z(s)) = 2(s). Let further I' denote a rectifiable curve in S~
(or S) such that small arcs of C, issuing from (¢;, 2(¢1,01)) are, in accordance with
(H8), the images under the map (t,0) — (¢, 2(t,0)) of small arcs of I' issuing from
(t1,01). We represent T" in terms of its arc length A by functions ¢(A),&()), so that
the point (¢1,07) corresponds to A = 0. We can then define a continuous increasing
function s(A) having its inverse A(s), which satisfies the relation

(33) ts(A) =t(X),  2(s(X)) = 2(¢(A),6(})).

In turn, let C, be the image under the map (¢,0) — (¢,p(¢,0,p(c))) of T, where
p(0) is suitably chosen in accordance with (H4’), issuing from

(t1,8(t1,01)) = (t1,p(t1,01, p(01))) = (t1,p1) = (t1, %9, v1)-

We easily see that to small arcs of T issuing from (¢1,0;) there correspond small
arcs of Cp, issuing from (t;,p;). Thus we can express the final points of the small
arcs of Cp as a function of s. Denote by (t2,p2) the terminal point of C, which
corresponds to that of C,. (t2, —2°(t2), z(t2)).

By the same arguments as in Lemma 3, along arc t; < 7 < tg, z(7) lying in
E~ (or E), there exist Borel measurable functions px(t,z),us(t, z), (¢,z) € [E];
moreover, the functions ps(t, z), L(t, z,us (¢, z)), f(t, 2, us(t, z)) are bounded along
it.
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LEMMA 6. With the above notations, the following relation
(34)
V(t1,p1) = V(t2, p2) = z(ta)ya + z(t1)ys +2°(t2)ys — 2°(t1)y?

= / W& (t,2)L(t, 7, us(t, 7)) + ys(t 2) [ (t, 2, us(t, 2))) dt — ps(t,z) dz

C.

holds for each admissible pair px(t,z),us(t, z), (¢t,z) € [E].

PROOF. The proof is similar to the proofs of Theorem 1’ and Lemma 25.3 from
[12, p. 273]. Thus, we only sketch it. For convenience, we assume that (¢1, z(t1,01))
is a point of approximate continuity of the derivative (dt/ds,dz/ds) of the function
(t(s),2(s)) Let ~ be a sufficiently small arc of I' issuing from (¢1,04), defined in
the interval I = [0, A] of values of ), i.e. the functions £(\),5()) are defined in I.
Denote by AV the difference in V (¢, p) at the ends of a small arc of C}, issuing from
(t1,p1) and being the image of ~. Since the set E*~(E*) is relative exact, therefore
taking into account the above notations and the relations from (33), we obtain

— AV = z(t(A2))y(t(X2), 5(A2), p(G(X2))) + z(t1)ys
20(£(22))3°(6(A2), p(6(A2))) — 2°(t1)y?

= [ W00 Eit.0) +y(t, 0, o) (1, 0)
+z(t,0)y:(t,0,p(0))) dt + 2(t,0)ps(t,0) do

/ (2¢(t,0)D(t,0) + 2(t,0)pe(t,0)) dt + (B(t,0)25(t,0) + 2(t,0)Ps(t,0)) do

/, W° G, oG EEN),5(1)

+y(E(N), (/\)7P(&(/\)))f(t'(/\),f’f(/\)))Z—:—ﬁ(f(/\) 5(2) Zz ds(X).

Proceeding quite analogously as in the corresponding part of the proof of Theorem
1’, we find the assertion of the lemma.

Chain of flights. The definitions of a chain of flights and a canonical chain are
assumed the same as in §3 (with new meanings of a spray of flights and a canonical
spray of flights).

If, in the set S} = {(t,0%,p!) |t = tT(c?), (1, p') € G'} of £} (G! is a set of
parameters (0!, p!) associated with the canonical spray £}) of a canonical chain of
flights, the quantity pz,; is identically zero, then, by Lemma 4’ and Corollary 2’
(see Corollary 3'), the sets E}~, E} of £ of the canonical chain are relative exact
and, thus, all the sets E} and E]~ of £}, = 2,...,N,..., of this chain are also
relative exact; such a canonical chain will be termed an exact canonical chain.

The sets E; and E; of 3; of a chain of flights are constituent sets here, too, but
now, canonical constituent sets of a canonical chain are E} ™, E} of ¥} (defined in
this section).

A canonical chain for which the set S{* of £} has the form {(t,0',p!)|t =
b, (o1, p!) € G} will be called a distinguished canonical chain.

LEMMA 5. Given any distinguished canonical chain, the quantity pz,1 1s iden-
tically zero in the set S;T of ©¥.
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PROOF. It suffices to notice the smooth (by (H4')) function (z(b,0?),l(z(b,c?))),
o! € G, is a parametric description of the graph of the function /(z) restricted
to the projection of Ef of £; onto the z-space, and that the tangent space at
each point of this graph is spanned by the columns of the matrix (z,1, l:,) where
I*(o!) = l(z(b,0')), and, at last, to use (6).

Analogously to Theorem 2 we have
THEOREM 2'. Fach distinguished canonical chain is an exact canonical chain.

A concourse of flights. The general concept of a concourse of flights is here the
same as in Young’s theory. We only change the space in which we study exact
sets. Thus, we now denote by K the family of all bounded rectifiable curves lying
in P, and by P,, n = 1,2,..., a finite or countable system of disjoint subsets of
P whose union is P and such that each P, should be contained in some canonical
constituent set of a canonical chain.

Analogously as in §3 we define the classes of curves Kg, K1, K2 and the condition
that P is the unimpaired union of the sets P,.

Denote by M the family of all arcs of admissible trajectories z(t), ¢ € [a, b], such
that z(a) = ¢ and their graphs are contained in T. An arc from M will be called a
fragment if its interior portion lies in some T}, (T,,n = 1,2,..., are the same as in
§3). The class of such fragments is denoted by M. If the class M can be derived
from My by a finite fusion, then the set T will be termed the unimpaired union of
the sets T,,.

A concourse of flights is a finite or countable infinite system of distinguished
canonical chains such that P is the unimpaired union of the canonical constituent
sets of these chains, while T is the unimpaired union of their constituent sets (i.e.
the constituent sets of their projections: the chains of flights).

Let t(s),p(s) = (¥°(s),y(s)), 0 < s < s¢, be the arc length description of any
bounded rectifiable curve C in P. We assume

There exists in P an admissible pair of functions z(t,p) € Z(t,p),
u(t,p) € U(t,p), (t,p) € P, such that the expression

{y°(s)L(t(s), z(t(s), p(s)) u(t(s), p(s)))
(HT) dt dp
+y(s)/(¢(s), 2(t(s), p(s)), u(t(s), p(s)))} 5= + 2(t(s), pls)) 7

does not exceed along C some integrable function of the arc length
sof C.

Proceeding similarly as in the proof of Theorem 29.1 of [12, p. 280] changing
suitable expressions (compare §3), we find

THEOREM 3'. Assume that a concourse of flights exists and hypothesis (H7') is
satisfied. Then the function V (s) is absolutely continuous in [0, s¢] and, for almost
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every s in [0, s¢],
(35)

76 = = (G0EL((e),2(0(5) p(5).u(t(5,(6))

+ U (16),2(0(6) P, u(te), )Y 5, +2(0(5) PN )

for each admissible pair z(t,p) € Z(t,p), u(t,p) € U(t,p), (t,p) € P.

COROLLARY 4'. Suppose that the assumptions of Theorem 3' are satisfied. Then
P 1is an exact set and, in particular, we have the relation

/C{yOL(t, z(t,p), u(t,p)) + yf(t,z(t, p), u(t,p))} dt + 2(t, p) dp

=V(t1,p1) — V(t2,p2)

where (t1,p1), (t2,p2) are the initial and final points of C and z(t,p),u(t,p), (¢t,p) €
P, 13 an admissible pair of functions.

(36)

Suppose the same as above. Let C, denote any arc of an admissible trajectory
z(t) under control u(t),t € [a,b], such that z(a) = ¢ and the graph of z(t) is
contained in T. We assume C; defined in [t1,¢2] C [a,b] and, for ¢ in [¢1, 2], we set

b
:co(t)=/t L(r,z(r),u(r)) dr + I(z(b)).

Define C, as an arc with the description t; <t < tq, (—2°(t), z(t)).

By hypothesis, there is a decomposition of T into disjoint subsets T, each of
which is a subset of every constituent set @ of the chains of flights of our concourse,
such that @ meets T,,. We define the families M and Mg as above. Of course, our
C; belongs to M. Denote further by C, a subarc of C, defined in [f;, %] which
belongs to My; C, is a subarc of C, corresponding to Cz. Let ¥ be any spray of
flights of one of our chains, such that C, meets either the set E~ or the set E of &,
i.e. C; lies in some Ty, wholly contained in E~ or in E. In accordance with (H8) and
the considerations preceding Lemma 6, there is a rectifiable curve 5,, corresponding
to the arc C,, contained in the set E*~ or E* of £*, with ends (t;,51), (t2,P2),
which (by Lemma 3’) is bounded. Hence, by Lemma 6, we have equality (34) for
C,. The arc C; is a finite fusion of members of My, thus there is a rectifiable
curve C, corresponding to C,, contained in P, with ends (t1,p1) = (t1,%9,91),
(t2,p2) = (t2,¥9,y2), which is bounded. In this manner we have proved

COROLLARY &'. With the above hypotheses and notations, the relation
(37)
V(t1,p1) = V(t2,p2) — z(t2)y2 + (t1)ys + 2°(t2)y3 — 2°(t1)3?

= [ 1P ) Lt 2(0) e, 2(0) + 98,20 200, ule 2(0))
— (8°(t, 2(8)) L(t, z(t), w(t)) + y(t, 2(t)) f (£, z(t), u(t)))] dt
holds for some admissible pair p(t, z),u(t, z), (t,z) €T.

The last corollary allows one to use the theory described in this section for
establishing sufficient conditions for a relative minimum of J.
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THEOREM 4'. Assume that a concourse of flights exists and hypothesis (HT')
1s satisfied. Let a trio of functions z (t) = (- 0"(t) x"‘(t)), p*(t) = (¥°*,y*(t),
u*(t), t € [a,b], such that z*(a) =c, z° ft ,u* (1)) dr + I(z* (b)), be
a member of our concourse. Then the pazr z*(t), u*( ) aﬁords a strong minimum
to —y®*J, in fact, to

b
- [ (st a0.u0) + v 0 (B2 - sea0,u)) ) de - 160000

relative to all admissible pairs z(t),u(t),t € [a,b], z(a) = ¢, for which the graphs of
z(t) are contained in T.

PROOF. The proof follows directly from Corollary 5’ (equality (37) is taken with
t1 =a, ta = b, p1 = p*(a)), from the definition of V(¢,p) and (5). Indeed, for any
admissible pair z(t), u(t), t € [a,b], z(a) = ¢, such that the graph of z(t) lies in T
and for the notations corresponding to it (by Corollary 5'), we have
(38)

v [ " Lt 2 (1), (0) de + 40U (a" () — 4 / " Lt 2(0),u(t)) dt — 4 (z(b)
- V(a,p*(a)) + z(a)y*(a) — z°(a)y® — Vzb,pz) — z(b)yz + z°(b)y3
/ WO(t, () (Lt 3(0), u(t, 2(6))) — Lit, 2(2), u(?)))
Tyt 3(0) (6, 2(0), ult, 2(6))) — F(ta(e), u(t))] dt > 0.

REMARK 1. The expression in square brackets under the last integral in (38) is
the Weierstrass excess function for the Lagrangian

yOL(t,z,u) + y(t)(dz/dt — f(t,z,u))

(compare [12, pp. 222-224]).

REMARK 2. First of all, let us observe from (4)-(6) that if, for at least one
p= (y° ) in P, y° # 0, then we can always make a set of values of the multiplier
y° to have a nonempty interior in R or even to be the entire half-plane in R. Then,
from (35) we infer that there exists a partial derivative Vyo(t,p) at each (t,p) € P
with y© # 0, and that it is equal to z°(t,p); so, for any such (t,p), X°(¢,p) is a
single-element set whose element is Vyo(t,p).

Next, define the dual value function Sp(t,p) in the set P as

(39) So(t,p) 1nf{ / L(r, 2(r), u(r)) dr —y l(x(b))}

where the infimum is taken over admissible pairs z(7),u(7), 7 € [t, ], whose trajec-
tories start at z(t,p), z(t,p) € X(t,p), and graphs are contained in T. Proceeding
similarly as in the proof of Theorem 4’, from Corollary 5’ we obtain that, for each
(t,p) € P the infimum in (39) is attained and equals y°z°(¢, p). This means that
the existence of the dual value function Sp is determined by the existence of a
concourse of flights, thus it can be calculated from relation (37).

Now, suppose P to have interior points at which the function V (¢, p) is differen-
tiable; then by (35), at those points V (¢, p) satisfies the partial differential equation

Vi+H(t,p,Vy) =0
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where Vy(t,p) = (Vo (t,p), Vy (£, p)) = (2°(t,p), 2(t, p)), H(t, p,v) = 4°L(t, v, u(t, p))
+yf(t,v,u(t,p)) and u(t,p) is any element of U(t,p). From the definitions of
U(t,p), X(t,p) and from (5) we also find that at those points

(40) min{V; + y/(t, Vysu) + YL(t,Vy,u) [u € U(8)} = 0.

Formula (40) may be considered as the dual partial differential equation of dynamic
programming and u(t,p) as the dual optimal feedback control.

5. Examples. This section consists of two numerical examples.
EXAMPLE 1. Consider the optimal control problem

(41) minimize /1 (a(t)z?(t) + b(t)u?(t)) dt — 32%(1)
-2
subject to
‘f% = B(tyu(t) ae. in[-2,1],

u(t) € U(t) a.e. in [-2,1],
z(=2) =¢,

where c is any fixed point in (-1, 0],

12, —-1<t<1, t2, -1<t<1,

0, —-2<t< -1, 1/r, —-2<t< -1,

L —l<tsl, R 1<t<1
B(t)={ -1, telyUl vt)={" Co=t=
(© wUle U {[O’T]U{_r}, DO

0, t € Io U{-2},
r € (1,400), Iy = (=1 — 1/23%+1 1 — 1/23F],
Irp = (=1-1/2%%2 —1 — 1/2%4Y], g = (-1 - 1/2%43, -1 - 1/2%%47),

oo
k=0,1,2,..., |J k1 UTka U Is) = (-2, -1].
k=0

Canonical lines of flight z(t), y(t),u(t), y° satisfy the following conditions:

(42) fi—% = 2a(t)z(t) a.e.,

(43) = y0b(t)u?(t) + y(t) B(t)u(t) + y0a(t)z%(t), a.e.
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This implies that

z(t,c1) = c1t3,  y(t,c1) =6c1t?, wu(t,cy) = 3cit?, te[-1-1], ¢1 €R,

Il?(t, 02) = _cga y(tac'n’) = C%, U(t,CQ) = 0) te [_2, —I]a co € [_17 1]7
-1

z(t,c3) = —r B2(s) ds+c3, y(t,e3) = —c3, u(t,c3) = —rB2(t),
t

te [_2’_117 c3 € (—OO, —1]7
—1
z(t,cq) = 04/ B%(s)ds+cq, y(t,cs) = —cq, u(t,cq) = —carB(t),
¢
te[-2,-1], cs €(0,1/7),

-1
x(tac5) = T/ B2(8)d8 +¢s, y(t7 65) = —Cs, u(tch) = TB2(t)1
t

te[-2,-1], ¢5s € [1/r,+00).

Notice that the trajectories z(t, ¢;) meet at the common point (0,0), yet assump-
tion (H2) is satisfied.

Now, from the above c.l.f. we form the following canonical sprays of flights:

tiaton) =(1+03)t%,  y(ton) =6(1+03))t",
u(t,o11) = 3(1 4 02))t2, te[-1,1], 011 €R,
310 x(t,001) = 02,13, y(t,001) = 603,t*,  u(t,o0) = 3022,
te[-1,1], 091 € (—1,1),
Sh1: z(t,051) = —(1/r +03)t%,  y(t,031) = —6(1/r + 03;)t*,
u(t,o31) = 3(1/r + 03,), te[-1,1], 031 €R,
S 2(t,041) = 0a1t®,  y(t,041) = 6041t*, u(t,041) = 3041t2,
te[-1,1], 041 € (0,1/r),
T390 2(t,002) = —0%,, y(t,022) =602, u(t,002) =0,
te[-2,-1], o2 € (-1,1),

-1
kit 2t 01k5) = —7'/ B*(s)ds — (1 + 01x;),
t

y(t,01k;) =6(1+034,),  ult,o1k5) = —rB(t),
telx;, ow; €ER, k=0,1,..., 7=1,2,3,

-1
Zis 2lt,ou) =1 [ BX)ds+ (17 + o),
t
y(t,a;;kj) =-6(1+ ngj), u(t,agkj) = TBz(t),
te ij,03kj GR, k=071’~"7 ] = 112737
-1
Zij: l‘(t,0'4kj) = U4kj/ B2(s)ds + O4kj, y(t,0'4k]‘) = —O04kj,
t

u(t, 04x;) = —04k;7B(2), t € Iy, o4k € (0,1/7),
k=0,1,..., j=1,2,3.
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Next, we join the sprays of flights in four distinguished canonical chains of flights:
2215 X2,
Ilv ;01’ ’{02’ ;03, Ill? ;12a T
31> S301> 23025 2308) - - - »
Zi1 Zior, Zaogs -+ -
These chains form a concourse of flights (we easily check that hypotheses (H3)-(H7)
are fulfilled, and that a set T covered by the graphs of 1.f. is the unimpaired union

of the constituent sets of these chains).
Thus the pair

K te[-2,-1], K te[-2,-1),
x(t)_{ —ct3, te[-1,1], ”(t)_{ —3ct?, te[-1,1]

affords (41) a strong minimum relative to all admissible pairs z(t), u(t),t € [-2, 1],
z(—2) = ¢, for which the graphs of z(t) are contained in T.
EXAMPLE 2. Consider the optimal control problem

(44) minimize / " (a(®)22(t) + be)ud (1)) dt
-1
subject to
dz(t)

= B(t)u(t) a.e.in [-1,7],

t
u(t) eU(t) a.e. in[-1,7],
z(-1)=z(m) =0,

where
—1/2, 0<t<m, 1/2, 0<t<m,
a={ OS5 = "
0, —1<t<0, 1, —1<t<0,
1, O0<t<m,
B(t)=4¢ —1, t€& Il Uls,
0, t € Ixo U{-1},
_la 1 3 0 S t S )
U(t)={[ ] T e,
[-r7], —-1<t<0,
Iij = (—1/23FF1 —1/28%+3-1 k=0,1,..., =1,2,3,
oco 3
U U Ii; = (-1, 0].
k=0j5=1
le z(t), y(t), u(t), y° satisfy (42), (43) with new a(t), b(t), B(t),U(t) and y(7) €
R, —y° € [0, +00), |y(7)| + y° # 0. Hence we calculate that
¥ = -1, z(t,c;) =cysint, y(t,c1) = cycost,
u(t,c1) = ¢y cost, t €[0,7], ¢; € (—1,1),
y° = —1, z(t,cz) =signecacysint, y(t,cz2) = sign cgey cost,

U(t, 02) = Sign C2C2 COS t, te [t(c2)a ™= t(c2)], c2 € (—7l'/2, _1] U [1)7"/2)a
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where t(c2) € [0,7/2] is a solution of the equation sint = t/|cs|, t(cz) > O for
|62| > 1,

y® = —1,z(t, c3) = signcat,
y(t, c2) = signca(— 5% + ca cost(ca) + t3(c2)/2),
u(t, cg) = signeg, t €(0,t(c2)], c2 € (—7/2,—1]U[1,7/2),
y0=—1, z(t,c3) = signey(—t + ),
y(t, c2) = sign 02(%t2 + 7wt + cg cosd — %dz —nd), u(t,co) = —signea,
t€ [m—t(c), ], ca € (—/2,-1)U[1,7/2), d = 7 — t(c3),
y%(c3) =c3, x(t,e3) =0, y(t,c3) =0,
u(t,c3) =0, te[-1,7], ¢z € (-1,0),
WO =1, z(t,cq) = —64/032(s)ds, y(t,ca) = ca,
t

u(t,cq) = caB(t), t € [-1,0], |c4] < min(1,7).

If r <1 (or r = 1), then

0
¥ =-1, z(t,cs) = —signcsr/ B%(s)ds, y(t,cs) =signes(r + c?),
t

u(t, cs) = sign(y(t, c5)B(t))r, te€[-1,0], les] < V1 -7 (or cs € R).

If r > 1, then

0
Y0 =-1, z(t,ce) = —ce/ B2(s)ds, y(t,ce) = ce,
t

u(t, ce) = ceB(t), te[-1,0], e €[1,r]U[-r,—1].

All trajectories meet at the point (0,0) but hypothesis (H2') is fulfilled.

We form the following canonical spray of flights for the case r = 1 (we proceed
analogously in the other cases):

So:¥%(00) =00, z(t,00) =0, y(t,00)=0, wu(t,00)=0,
te[-1,7], oo € (-1,0),
1090 =~1, z(t,0) =oy;sint, y(t,0) = o1 cost,
u(t,0) = o1; cost, te (0,7, o1 =1-02%, 0 €(~1,1),

0
E‘{kj: y° = -1, z(t,0) = —all/t Bg(s)ds, y(t,o) =011,

u(t,0) = 011 B(t), tely, k=0,1,..., 7=1,2,3,
Y5090 =—1, z(t,0) = oa1sint, y(t,o) = 09y cost,
u(t,0) = 09; cost, te (0,7, 091 = —1 +0% o€ (-1, 1),
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0
ok ¥° =-1, z(t,0) = —021/t B*(s)ds, y(t,0) =02,
u(t,o) = 091 B(t), tely, k=0,1,..., 7=1,2,3,
Y3090 =—1, z(t,031) =signosi(—t+m),
y(t,o31) = signcr;»,l(%t2 + 7wt + 031 cosd — %dz —7d),

u(t,0'31) = —signos;, te [7l' - t(0'31),7l‘],
031 € (—7/2,-1)U(1,7/2),d =7 — t(o31),
Y30t y°=—1, z(t,031) = signos;03; sint,

y(t,031) = signog103;1 cost, u(t,031) = signosy03; cost,
t € [t(os1), ™ —t(o31)],
Y330y =—1, z(t,031) =signoat,
y(t,031) = sign 031(—%t2 + 031 cost(o31) + t%(031)/2),
u(t,031) = signosy, t € [0,t(031)),

0
kg ¥ =-1, z(tos)= —signy(t,a31)/t B?(s)ds,

y(t,031) = sign 031 (031 cost(oa1) + t*(031)/2),
u(t,o31) = sign (y(t,031)B(t)), tely, k=0,1,..., 7=1,2,3.
We join the sprays of flights in three distinguished canonical chains of flights:

* * *
11> “~101> <1025« * *»

2* * *
215 <2015 <202y * *>»
* * * * *
231’ 232’ 233’ 2301, 2302, s

These chains, along with Z§, form a concourse of flights (in the sense of §4).

Thus the pair z(t) = 0, u(t) = 0, t € [-1, ], affords (44) a strong relative
minimum.

REMARK. We would like to stress that the second example cannot be solved by
the construction from §3.

REFERENCES

1. C. Carathéodory, Variationsrechnung und partielle differential Gleichungen erster ordnung, Teub-
ner, Leipzig, 1935.

2. C. Castaing and M. Valadier, Convez analysis and measurable multifunctions, Lecture Notes
in Math., vol. 580, Springer, 1977.

3. F. H. Clarke, Generalized gradients and applications, Trans. Amer. Math. Soc. 205 (1975),
247-262.

, Necessary conditions for a general control problem, Proc. Sympos. Calculus of Variations
and Optimal Control (D. L. Russel, ed.), Academic Press, New York, 1976.

5. — , Eztremal arcs and extended Hamiltonian systems, Trans. Amer. Math. Soc. 231 (1977),
349-367.

6. —_, Optimization and nonsmooth analysis, Wiley, 1983.

7. F. H. Clarke and R. B. Vinter, Regularity properties of solutions to the basic problem in the
calculus of variations, Trans. Amer. Math . Soc. 289 (1985), 73-98.

8. P. A. Griffiths, Exterior differential systems and the calculus of variations, Birkhduser, 1983.

9. M. Morse, The calculus of variations in the large, Amer. Math. Soc. Collog. Publ., vol. 18,
Amer. Math. Soc., Providence, R.I., 1934.




752 ANDRZEJ NOWAKOWSKI

10. A. Nowakowski, Sufficient conditions for a strong relative minimum in an optimal control problem,
J. Optim. Theory Appl. 50 (1986), 129-147.

11. R. T. Rockafellar, Ezistence theorems for general problems of Bolza and Lagrange, Adv. in Math.
15 (1975), 312-333.

12. L. C. Young, Lectures on the calculus of variations and optimal control theory, Saunders, Phila-
delphia, Pa., 1969.

13. V. Zeidan, Sufficient conditions for the generalized problem of Bolza, Trans. Amer. Math. Soc.
275 (1983), 561-586.

INSTITUTE OF MATHEMATICS, LODZ UNIVERSITY, LODZ, POLAND



