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TRANSLATES OF EXPONENTIAL BOX SPLINES
AND THEIR RELATED SPACES

ASHER BEN-ARTZI AND AMOS RON

ABSTRACT. Exponential box splines (E B-splines) are multivariate compactly
supported functions on a regular mesh which are piecewise in a space #
spanned by exponential polynomials. This space can be defined as the in-
tersection of the kernels of certain partial differential operators with constant
coefficients.

The main part of this paper is devoted to algebraic analysis of the space H
of all entire functions spanned by the integer translates of an E B-spline. This
investigation relies on a detailed description of # and its discrete analog ..
The approach taken here is based on the observation that the structure of #
is relatively simple when # is spanned by pure exponentials while all other
cases can be analyzed with the aid of a suitable limiting process. Also, we
find it more efficient to apply directly the relevant differential and difference
operators rather than the alternative techniques of Fourier analysis. Thus,
while generalizing the known theory of polynomial box splines, the results
here offer a simpler approach and a new insight towards this important special
case.

We also identify and study in detail several types of singularities which
occur only for complez EB-splines. The first is when the Fourier transform of
the EB-spline vanishes at some critical points, the second is when # cannot
be embedded in % and the third is when H is a proper subspace of #. We
show, among others, that each of these three cases is strictly included in its
former and they all can be avoided by a refinement of the mesh.

1. Introduction and the main results. The first part of this paper is pri-
marily concerned with the analysis of an s-dimensional space # which is intimately
related to the so-called “exponential box splines”. In general # is the intersection
of the kernels of a certain set of partial differential operators with constant coeffi-
cients. In the univariate case this set contains one ordinary differential operator.
We prove that /# is always finite dimensional and is spanned by products of poly-
nomials by exponentials so that in this sense the multivariate setting generalizes the
univariate case. In addition to the continuous case described above we investigate
a sequence space . which is the discrete analogue of #. This space is defined by
the parallel partial difference operators.

In the second part of the paper we give a detailed algebraic analysis of exponential
box splines, based on the results on # and ., focusing on the space of entire
functions spanned by the integer translates of an exponential box spline and the
pre-image of this space. The analysis is carried out with an intensive aid of the
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differential and difference operators mentioned above and essentially avoids Fourier
analysis which is usually applied to similar problems.

In the sequel we first introduce the exponential box splines and review some of
their elementary properties. Then the spaces # and % are defined and some of the
main results are presented. Finally we give the outline of the paper and conclude
the introduction with several notations and conventions.

In the following | |, { ), -, denote cardinality, linear span and scalar product
respectively. The exponential function exp(f - z) is abbreviated as eg(z).

Let T be a finite set consisting of pairs (not necessarily distinct) of the form

(1.1) v=(z,)\), z,€Z°\{0}, A, €C.

Let h be a positive scaling parameter. The exponential box spline based on T is a
distribution which is defined via its Fourier transform as

h .
. nl'|z) = e e = .
(1 2) B (Fl ) H/ (Ay—1iz .:::)td
~yer’o
It is known, [R;], that under the assumption
(1.3) ({z }yer) =R,

B (T'|-) is a compactly supported function. Its support is included in (and usually
equals) the convex polyhedron

(1.4) Ry(T) := Z tyZ.

Y€er

0<t,<hVyeTl

When A, = 0, all 4, Bp(T|") is a piecewise polynomial function and is termed
“a polynomial box spline” or simply “a box spline”. Polynomial box splines were
introduced by de Boor and DeVore, [BD], and investigated by de Boor and Hollig
[BH], Dahmen and Micchelli [DM,_3], Jia [J;,2] and others. The general expo-
nential box splines were introduced in [R;3).

Let us now present the distribution space and the sequence space which are
studied herein. Denote for z € R® by D, the distributional directional derivative
in the z-direction and by the E; the shift operation defined by

(1.5) Egf — f(-—2).
Every K C T is associated with the following partial differential and difference
operators

(1.6) DX = T (Dz, = Ay,
~EK
(1.7) Vi = [[ T - Eng),
YEK

where I is the identity mapping. Here DX acts on 2'(R®), the space of all complex
valued s-dimensional distributions and V¥ acts on both Z’(R®) and space of all
sequences defined on the lattice

(1.8) s :={aeR’| h'ae 2}
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Now the distribution space corresponding to I' is defined as
(L9)  Z([T)={f€2'R°)| D*f=0, VK CT, 3 ({z,}rer\x) #R°},

while the discrete space is defined analogously as

(1.10) () ={wI;| Viu=0, VK CT, 3 {{z,}rer\x) # R°}.
It can be shown, [R4], that for every K C T and f € &'(R?)
(1.11) VEf = By(K)* DX.

The last formula allows us to produce sequences in #(T) by restricting elements
of Z(I') N C(R?®) to the lattice points. This close relation between the two spaces
is used here to bound the dimension of # (') in terms of the dimension of % (T).

The following sets, independently introduced in [DM2] and [J3], are useful for
local analysis of .4 (T):

(1.12) bh(z) ={a€Zi|z—acRy)}

b£(~) can be viewed as a map from R® to subsets of Z;. Every maximal open set
where b}, (-) is constant is termed a T-h cell. The union of all cells is denoted by
Ap(T). It is easy to see that A,(T') is open and dense in R®. Also, it is known
[R1], that the exponential box spline B, (T') and each of its translates by a € Z;
are infinitely differentiable on A (T).

Another set which plays an important role in the investigation of /#(T') and
(T) is the set of all “bases” in I’

(1.13) JT)={J cT||J|=s, ({z4}4es) =R}
Given J € J(T') the notation X; stands for the s X s matrix whose columns are
{Qﬁ,}”lEJ'

Since spaces of functions on R® which are spanned by exponential polynomials
frequently occur in this paper, we find it convenient to refer to such spaces as “PE
spaces”. Analogously the restriction of a “PE space” to the lattice Z; is called “a
PFE sequence space”.

The main results on /Z(T') and .#,(T") are summarized in the following theorem.

THEOREM 1.1. Assume ({z.,}er) = R°. Then

(a) Z(T) and F4(T') are finite dimensional PE spaces.

(b) dimZ(T )—IJ( )l

(c) dimFA(T) = 3 ey (r) | det Xl

(d) For any z e Ap(T) the set bl (z) is unisolvent for interpolation by elements
of 4 (T) namely any data on b}, (g) is uniquely interpolated by S%,(T).

We also derive a necessary and sufficient condition for the existence of a unique
interpolant f € Z(T) to every u(-) € (T).

In the case A, = 0 all vy (= the polynomial case), the results stated in Theorem
1.1 are due to Dahmen and Micchelli [DM;_3]. In particular, the polynomial case
of Theorem 1.1(b) was proved in [DMj;] by simultaneous induction on |T| and s.
The method taken here is essentially different: we establish first Theorem 1.1 for the
“splitting” case (termed simple) in which #(T') is spanned by pure exponentials.
The passage to the general case is executed by a unified limiting process primarily
based on the following theorem.
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THEOREM 1.2. Let L be a positive number and n a positive integer. Denote
by E(n, L) the set of all s-dimensional functions of the form Z?:x cjegs (), where
€1,...,Cn are complex numbers and the exponents 8,...,0" satisfy the following
condition: maxi<r<s;1<j<n |07 < L. Let {H;}%2, C E(n, L) be a sequence of linear
spaces. Then there exists a subsequence {Hj, }{2, and a function space H such that

(a) dim H = mindim H; =: d.

(b) Every f € H 1s a limit in the C°°(R®) topology of a sequence { f;,|f;, € H;Vl}.

The fact that Z(T) is closed under differentiation (D-invariant) and % (T) is
closed under translates by o € Z} (shift-invariant) is of fundamental significance
here. The following theorem gives a characterization of a finite dimensional space
which satisfies such invariance properties.

THEOREM 1.3. (a) Every finite dimensional D-invariant distribution space is
a PE space.

(b) Every finite dimensional shift-invariant sequence space is a PE sequence
space.

Theorem 1.3(a) can also be stated with D-invariance replaced by translation-
invariance. Thus, for the space of tempered distributions rather than &'(R?) this re-
sult follows directly from the Whitney-Schwartz theorem, [Sg, Theorem VI], which
says that every closed translation-invariant space of tempered distributions con-
tains a dense PE subspace. Yet, the analogous results to the Whitney-Schwartz
theorem for other spaces are usually not valid. E.g., for C°°(R®) the claim is true
only for s =1 (see [S;, G]).

In §2 we prove Theorem 1.2 and apply this theorem to show that

(1.14) dim #(T) > |3(T)).

§3 is devoted to the proof of Theorem 1.3. In §4 it is first shown that .%%(T") and
A (T') are finite dimensional PE spaces. Then their structure is analyzed in detail
with special emphasis to the “simple” case. The proof of Theorem 1.1 is completed
in §5.

Substituting f = B, (F\K) in (1.11) one obtains the identity, [R],

(1.15) VEB,(T\K) = DKB,(T'), VKCT.

This simple formula is our basic tool in the investigation of exponential box splines
made in §6. There we define for u: Zj,

(1.16) Bu(D) #n ui= Y u(e)Bu(T|- —a),

a€Z;

and view By ('), as an operation from the space of all sequences defined on Z3.
Our aim is to characterize the space H(I') of all entire functions in the range of
By (T)*,. The main relations between Hy(T), Z(T), S4(T) and Bp(T')*; are as
follows.

THEOREM 1.4.
(a) Hy(T) c #(I).

(1.17) b) By (T) * maps % (T) onto Hy(T).

—_
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The analysis of Hy(T') is completed in §7 where we establish necessary and
sufficient conditions for equality in (1.17) and derive a formula for dim H(T'). To
describe some of the results of that section denote:

(1.18) o) ={0 e C?| 3J€J(F),3§,1~Q—/\7=OV'7€J}.
Then we have

THEOREM 1.5. Consider the following three conditions:

(a) Ba(T| —38) #0, V8 € O(T).

(b) h(8' —8%) ¢ 2miZ°\0, V8',6% € O(T).

(c) Hy(T') = Z(I).

Then (a) = (b) = (c).

It is also proved that in the univariate case conditions (b), (¢) of Theorem 1.5
are equivalent. Yet, with the aid of a bivariate counterexample we show that in the
multivariate case the implication (c) = (b) is not valid.

In this paper we consistently use standard multivariate notations. Thus for
a €2 z€eR weuse |o| = oy + -+ a,, D@ = 9l&l/§z$1 ... 9% and
¢ = Hj’-:l x?’. The space of all s-dimensional polynomials is denoted as usual by
m. Also we find it convenient to denote for every K C T

Xk = {&7}76}{7 A = { A }qek,s (K) == (Xk).
A vector z, (with v € T) is sometimes treated as the pair (z,,0). So DXk =
ILex D; , Bn(Xk) is the (polynomial) box spline based on (Xx,0) etc. When
concerning a set of a single element we usually omit brackets; thus D7, Vi”, T\~

are used rather than the rigorous notations D{7}, th”}, T'\{7}. Whenever it is
possible we may identify a function space with its restriction to the lattice points.
Finally, to simplify the definition of #(T') and .#(T) we denote

(1.19) F(T):={K cT|(T\K) # R°}.
With the aid of this notation we may write
ZIT)= (] keeDX, AT = [) kerVy.
Kex/(T) Kex (T)
2. A lower bound for dim/Z(I'). We make here the first step in the analysis
of #(T') and %4 (T') by showing that
(2.1) dim #Z(T) > |J(T)].

In case Ap = 0, this result is Theorem 2.2 in [DM;] which was proved there by
induction on |T'| and s. The method used here differs from that of [DMg]. First
we prove (2.1) for “simple” defining sets and then apply Theorem 1.2 to extend the
results to general I'’s. The proof of Theorem 1.2 is postponed to the end of this
section.

Given a defining set I" and 6 € C°® denote

(2.2) Tg={y€Tlz, 8-y =0}
and define (compare with (1.18))
(2.3) 6(I) = {6 € C*|(Ty) = k).
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The elements of ©(I') will be referred to as “nodes”. Note that for v € T and
8 € C® D7(-) =0 if and only if v € I'y. Now, for § € (') and K € Z(T') one
has by definition (I'\K) # R® and consequently (2.3) implies K NT'g # &. Thus

DKGQ = DK\FQ(DKOFQCQ) =0,
and we conclude

PROPOSITION 2.1. For each § € ©(T), eg(-) € #(T). In particular dim Z (T)
> |6(T)|.

Let J € J(T'); since J is a “basis” it determines a unique § € O(T) for which

0-z,— Ay =0,VYy € J. Moreover, every § € O(T') can be obtained in this way
because (I'g) = R® and thus contains some J € J(I'). Hence we conclude
(24) IO = [6()].
Equality in (2.4) does not hold in general. One may have several J’s which cor-
respond to the same § € O(I'). E.g., in case Ap = 0 the only node in ©(T") is 0.
In order that equality holds in (2.4), it is necessary and sufficient that for each
0 € ©(I") the set I'y will contain exactly s elements (namely I'y will be a “basis”
from J(T)).

DEFINITION 2.1. We say that T is a simple defining set if |J(I')| = |©(T)].
In a simple case Proposition 2.1 can be restated as follows.

PROPOSITION 2.2. Assume I is simple. Then dim#(T') > |J(T)|.

In order to extend this last result to general defining sets, we need to know how
often one encounters simple defining sets. This question was answered in [R4] in
the following way.

PROPOSITION 2.3. Let X be a set of n nontrivial vectors in R®. Assume (X) =
RS. For each A € C", denote by T'y the defining set composed of (X.A). Then the
set {A € C™|T"y is simple} is open and dense in C™. Its complement is the union
of finitely many hyperplanes of C™.

Now, we combine Theorem 1.2 together with Propositions 2.2 and 2.3 to derive
THEOREM 2.1. For every defining set ' dim Z(T') > |J(T)|.

PROOF. Let T be fixed. Proposition 2.3 ensures the existence of simple defining
sets {I'x}22, such that Xt, = Xr for all k and Ar, W Ar. By Proposition 2.2
—00

dim # (T') 2 [J(Te)| = [J(T)],
for all k. Also since {Xr, }32, are all equal and {Ar, }32, is convergent, it follows
that s, ©(Tk) is bounded, say by L > 0. Now if fi € #(Ix) and fi T fin
C*(R?) topology then for every K € Z (I")
DEf = lim DExfr =0
k—o0

where {K}$ , are the corresponding sets in {Z (T'x)}3>,, and thus f € Z(T).
Application of Theorem 1.2 with n replaced by |J(I')| completes the proof. O

We now turn to the proof of Theorem 1.2. This proof is primarily based on the
following lemma.
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LEMMA 2.1. For each k € N, L > 0 and compact M C R® there exists a
constant ¢ = c(k, L, M) such that if f € E(k,L) and

(2.5) ID@fO)<e, 0<lel <k,
then
(2:6) |f(z)| <ec, VzeM.

PROOF. Clearly we can and shall assume ¢ = 1. Define R = R(M) =
SuPze s [1Z]loo- Fix 2% € M and choose y € R® and 0 < to < R such that ||ylleo =1

and 20 = yto. Define
p(t) = f(ty).
It follows from (2.5) that

(27) Q)= Dy FQI <8 <%, §=0,... k-1
Also, since f € E(k, L) we have that o(t) = Z§=1 cjex; (t) where
(2.8) IAj| =167 -yl < sL.

Therefore, p(t) lies in the kernel of
k

H(D — ;) =D* +ax_1DF "1 + - + aq,
s=1
where D = d/dt and the coefficients ay, . ..,ar—1 satisfy
(2.9) la;| < Ly := 2¥(1 + sL)*.
Writing this differential operator in the usual matrix form we have
, 0 1 0 ... 0
gp‘?g) 0 01 ... 0 g,
(2.10) =1 : .
‘ 0 Ce 1 ;
(k) (k—1)
L —agp . C . —Qk-—1 L

Thus denoting the matrix in (2.10) by A we find that
©(0)
(2.11) o(to) = (1,0,...,0)eAt ‘0,3(0)
o+=1)(0)
From (2.9) we infer that ||e? ||, < e*¥Lito, s0 (2.7) together with (2.11) yields
[£(2°)] = le(to)| < kske*irte < kshetir R,
Since z° € M was arbitrary the proof is completed by setting
¢ = kskelk2*(1+sL)FIR(M) 4

The following result easily derived from Lemma 2.1 will be the crux in the proof
of Theorem 1.2.
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COROLLARY 2.1. Let {f;(z)};2; C E(n,L). Assume
(2.12) D@ f;(0) i e€C  0<la<2n
Then {f;}32, is convergent in the C*°(R®) topology.
PROOF. First we identify C° with R?® in the usual way
(21, ., 2s) ~ (1 +1ZTs41,- .-, Ts +1Tas)-
Every f € E(n, L) extends to an entire function which we denote by f. Then
of _ . of _of _of

2.1 = =L ==
( 3) 821' Zazj+3 6.’11]‘ aZj,

7=1,...,s.

By (2.12) we know that {D(Q)fj(Q)};«”;1 is a Cauchy sequence for every 0 < |g| <
2n. From (2.13) we conclude that {D@ f(0)}, 0 < |a| < 2n, is also a Cauchy
sequence (namely when the derivatives may be taken with respect to all variables
(z1,...,225)). Thus by application of Lemma 2.1 to f] fm (with s replaced by
2s and k = 2n), we find that for every compact M C C?® and &€ > 0 there exists jp
such that for every j, m > jpandz e M

1fi(2) = Fm(@) <e.
Hence { f] 2 1 is a Cauchy sequence in H(C®) and therefore {f;}22 ; is a Cauchy se-
quence in C°°(IR3) Now the corollary follows from the completeness of C*(R®). O

PROOF OF THEOREM 1.2 Let m = (*"*°7') be the number of all a € 75
with |a| < 2n. Let x be a map from E(n,L) to C™ defined as follows:

( )= {D(g)f( )}0<|a|<2n-
From Lemma 2.1 we conclude that x is 1-1 on each H], hence x(Hj) is a subspace
of C™ of dimension > d. So we can choose for each j a set {fj1,...,f;,a} C H;
such that {x(f;k)}¢_, is an orthonormal set in C™. Since the unit sphere of C™ is

compact we can find a subsequence {j,}2, such that {x(fj, k)}s2, is convergent
for k =1,...,d. By Corollary 2.1 there exist f1,..., fq4 in C°(R?) such that

f]},k - fk7 k=1,"'7da
r—00

in C*(R?®). Denote H = (fi,..., fa). Let us show that dim H = d by proving that
fi,..., fq are linearly independent. Assume a € C¢, 2‘;:1 ax fr =0 on R®°. Then

d
lim Z akfi, k=0
—00
k=1

in C*°(R?®) topology. Since x is continuous on C*°(R®) we conclude that

d
Tlg{.loz_:lakx(fjr,k) =
in C™. But for each r {x(fj, x)}¢_, is orthonormal and therefore

d d
> ekl =" aex(fi k)
k=1 k=1

Consequently ¢ = 0 and the proof of Theorem 1.2 is completed. O

— 0.

T— 00
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3. Proof of Theorem 1.3. Before proving Theorem 1.3 we state and prove
an apparently weaker result.

LEMMA 3.1. (a) Every finite dimensional D-invariant subspace H of a PE
space 1s also a PE space.

(b) Every finite dimensional shift-invariant subspace S of a PE sequence space
18 also a PE space.

PROOF. (a) Let f € H. Since f belongs to a PE space it has the form
(31) 2 =Zp] 601 pj€7r7 .Qjecsa .7'=1a'~'an

Without loss of generality we can assume that {0’ '_, are pairwise distinct. Thus,
for 7 = 2,...,n there exist z7 € R® and A eC such that

-0 - X #£0, -8 - =0
Denote 4
D = Dzj - /\j;
then for every pe w

Degi (1)p(-)] = eg1(-)a(-),  degq(’) = degp(),
but ‘
D?[egi ()p(-)] = €gs ()[Dgsp(*)]-

Defining Ly = []}_,(D?)3°8?5+1, we see that Ly f(-) = eg1(-)q(-) where degq(-) =
degpi(-). Since H is D-invariant, we know that L;f € H. Denote by H; the
subspace of H consisting of elements of the form eg:(-)p(-), p € 7. Since H; is of
finite dimension, the preceding arguments show that L; is an injective map of H,
onto itself. Thus, since q(-)eg: () € Hy and Li(eg: (-)p1(-)) = eg1(-)g(-) we must
have eg: (-)p1(-) € Hy C H. This argument can be applied to any index other than
1; consequently {eg; (-)p;(-)}7=; € H and (a) is established.

The proof of (b) is analogous if u € S, then since S is included in a PE space,
we have

(3.2) u(a) = Zem a)p;(a), pET P EC, j=1,...,n

Since we take a € Z° we can assume 0’ — 0% ¢ 2miZ° for j # k. Given2<j<n
we can therefore find o’ € Z° and A; € C such that

J.9 ), J.97 =\,
€282 £, e =X =1,

and denote
n

Ay = [[(Eg — ed)desrstt,
j=2

The rest of the proof is identical to that of part (a) with A, replacing L;. O
Next, we reduce the first part of Theorem 1.3 from 2’ (R®) to C*=(R®):
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THEOREM 3.2. Let H be a subspace of &' (R®) which is closed under con-
volution with compactly supported C™ functions. Assume H N C*®(R®) is finite
dimensional. Then H C C™(R?®).

PROOF. Denote N = dim(H N C*(R®)). Let f1,...,fn+1 C H. Let {onr}r>o
be an infinitely differentiable approximate identity of compact support (see [Ru,
p. 157]). Then {f; * goh};v:ll C HNC*(R?), so there exist ¢, := {Ch’j}?l:-fil such
that

N+1 N+1
Zchjfj *SOh—ZChJ % r) = 0.
N+l

We can assume Z] el j = 1for all h and the compactness of the unit ball in
CN+1 implies the existence of a sequence hy o 0 such that ¢, = c® # 0.
— 00

— 00
Therefore
N+1 N+1
o — H . . —
E c;f5 = khm § : Cheifi | *@n =0.
N — 00 N
=1 1=1

Consequently, dim H < N which implies H = HNC*®(R®). 0O

We now turn to the proof of Theorem 1.3(a). Denote the space under consider-
ation by H. Let {e’} , be the standard basis of R°. We know that D,; is a linear
transformation Wthh maps H into itself. Denote by D,;|g the restriction of D,; to
H and by (A}1,...,A;,n) the spectrum of D,;|y counting (algebraic) multiplicities.
Then by the Cayley-Hamilton theorem B

n 38
D' = [[ (Dol = Ajk) =0,  HC [|kerD? =: Hy
k=1 j=1

Clearly, H; N C*®°(R?) is a finite dimensional PE space. In fact a basis to H; N
C*(R?®) is given in terms of the functions ey(z)z¥, where for every 1 < 5 < s, A
lies in the spectrum of D,;|H and v; — 1 does not exceed the multiplicity of A;.

But H; is also closed under convolution with test functions. Indeed for f € H,;
and g € Z (R®) one has

Di(fxg)=(D'f)xg=0, j=1,...,s
Therefore, application of Lemma 3.2 yields that H; is a PE space and hence by
Lemma 3.1 so is H. This completes the proof of Theorem 1.3(a).
To prove (b), note that the same arguments used in the proof of part (a) show
the existence of A!,..., A° € C" such that

Sc ﬂ (ker f[(EE,» - Ai)) =: Sy.
1=1 k=1

Since S; is clearly a PE sequence space, Lemma 3.1(b) yields the desired result. O

In the analysis of # (') and %4 (I") we frequently investigate the restriction of
a PE space to the lattice points. When doing so a certain precaution is needed: in
case 9! — 62 € 271Z° one has

CQI (')lzs = 622 (')lzs,
and therefore a function cannot be identified with its restriction. The following
proposition shows that besides this case restriction to Z° is “safe”:
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PROPOSITION 3.1. Let {§7}7_, C C*, 87 — 0% & 2miZ® for j # k. Let
fi()=eu(pi()  pjem j=1,...,n

Then {f;(-)}}=, are linearly independent on Z°.

PROOF. Assume Y_"_, f;(a) =0, Vo C Z°. Since §* — §’ ¢ 2miZ® for k # j,
one can construct as in the proof of Lemma 3.1(b) a difference operator A; such

that
Alf]() an ]=2)ana Alfl() =eQ1()q()7

where deg ¢ = degp;. Since Z;’z 1 f5 vanishes on Z° we conclude that g(-) vanishes
on Z°. Thus ¢(-) = 0 and hence p;(-) = 0. Application of induction to n completes
the proof. O

Note that every eg; (-)|zs can be viewed as a complex homomorphism of Z°. Thus
the case p; = const,-: 7 =1,...,n, could also be obtained by Artin’s theorem about
the linear independence of homomorphisms (see, e.g., [L, p. 209]).

Finally, we mention the following fact which is easily verified by the methods
used in Lemma 3.1.

COROLLARY 3.1. Let F be a D-invariant subspace of a PE distribution space
or a shift invariant subspace of a PE sequence space. Then F contains an expo-
nential.

4. The structure of Z' (') and #(I'). We first show that #4(T') and Z(T)
are of finite dimension, which allows us to deduce from Theorem 1.3 that they are
PE spaces. This fact greatly simplifies the analysis of their structure.

Fix h > 0 and J € J(I') and denote

(4.1) Gy ={Xsal a€}}.

Since X; C Z° we know that G is a subgroup of Z; of index |det X;|. On the
other hand, it is easily see that the sets {Rx(J) — a| a € G} } form a partition of
R°. This means that for every y € Ax(T), each coset of G is uniquely represented
in b7 (y). In particular

(4.2) bn (y)] = |det X;|,  Vy € An(T).

(4.2) is actually a special case of [DMg2, Theorem 3.1] which will be used in its full
generality in the next section.

THEOREM 4.1. Let y € Ap(T'). Then the operation of restricting elements of
F4(T) from Z3, to b (y) is injective. In particular dim #,(T) < (6% ()]

PROOF. We prove the theorem by induction on |[I'| > s. Assume || = s (and
(T) = R®). Let u(-) € #(T) and assume that ulpr(y) = 0. Since |T'| = s we have
(T'\7) # R® for all v €T and therefore

(43) u() € [ ker V7.
yer

Using (4.3) it is easily seen that if u(a®) = 0 for some o® € Z; then u(-) vanishes
on t}(;e coset a® + G} Since b}, (y) intersects every coset of G}, in Z3 we conclude
u=0.



694 ASHER BEN-ARTZI AND AMOS RON

Assume [I'| > s, u € F(T), ulpr(y) = 0. Let v €T. If (T'\7) # R® then Vju =0.
If (T\4) = R® then we claim that

R =
(4‘4) thlb,[;\”(g) =0.

To see this assume o € b}:w(y); then it follows from (1.4) and (1.12) that g,

a — hz., € b} (y). Therefore V}u(a) =0-0=0.

By the induction hypothesis (4.4) implies V))u = 0. This implies that V]u =0
for all y € T. Let J € J(T'). Then ulyy(,) = 0 because b (y) C by, (y). Hence by the
first part of the proof we conclude that u=0. O

REMARK 4.1. It is clear that min{|b} (y)|| y € An(T)} is independent of h.
Therefore we see that the bound obtained in Theorem 4.1 to dim.%4/(T) is also
independent of h.

REMARK 4.2. Comparison of Theorem 4.1 here with Theorem 3.3 of [DMj]
shows that Theorem 3.2 in [DM3] is actually redundant.

We apply now Theorem 1.3 to show that # (') and #Z (T") are PE spaces. Note
that Theorem 1.3(b) was proved only with respect to sequences defined on Z° rather
than 7. Yet, the extension to arbitrary h is trivial.

COROLLARY 4.1. #Z(I') and 4 (T) are finite dimensional PE spaces.

PROOF. In view of Theorem 1.3 and the obvious fact that #(I') is D-invariant
and % (T) is shift invariant, it is enough to prove that these spaces are of finite
dimension. For #4(T) this was proved in Theorem 4.1.

To prove that JZ(T) is of finite dimension, let N € N and assume that {f;(-) f’z 1
are linearly independent functions in JZ(I') N C*°(R®). Choose h > 0 small enough
such that

uj(') = fj(')lZ;,a J=1...,N,
are linearly independent on Zj. From (1.11) one easily deduces u; € S4(T), j =
1,...,N. Thus since dim.%#(T) is bounded uniformly in h, we see that Z(I') N
C*°(R?®) is of finite dimension. Application of Lemma 3.2 completes the proof. O

REMARK 4.3. Theorem 4.1 admits a continuous analog which shows in par-
ticular that dim #(T') < |J(T)| (see [DR]). That result can be used to give an
alternative proof for Corollary 4.1, hence to derive Theorem 1.1 regardless of the
restriction Xr C Z5.

Now, we use Corollary 4.1 to reveal the structure of #(T). For this purpose let
I'y and O(T') be as in (2.2), (2.3) and denote for every § € O(T)

i.e., Xp is the defining set obtained from I'y when replacing Ar, by 0.

THEOREM 4.2. The space Z (') admits the following direct sum decomposition
(46) D)= P ZTod= D e)¥(Xy),
9€6(T) 9€6(T)
where each #(Xy) is a nontrivial polynomial space. In particular

(4.7) eg(-) € Z(T) if and only if 8 € O(T).
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PROOF. By Corollary 4.1 it is enough to identify in # (') the functions of the
form eg(-)p(-),p € m, 8§ € C°. We start by proving that eg(-)p(-) € Z(T') only if
0 € ©(T'). Given such a function we see that for vy € I'g

D"(eg(-)p()) = eg()Dz_p(");
while for v € I'\T'g
D(eg(-)p(-)) = eq()q(*), where degq = degp.
Thus for K C T
(48)  D¥(eg(-)p(-) = 0 ¢ DXMe(eg()p()) =0 & D" p(-) = 0.

If § ¢ O(T) then (I'g) # R°® and hence I'\T'y € Z'(T'). On the other hand, (4.8)
shows that DF\Fi(eQ(-)p(-)) # 0 because (I'\I'y)NT'g = . Consequently eg(-)p(-) &
# (I'). Combining this result with Proposition 2.1 verifies (4.7), and since ©(Xj) =
{0} for every § € ©(T'), we also conclude that #(Xj) contains only polynomials.
Finally, (4.6) easily follows from (4.8) and the observation that

Z(Lg) ={KNTy| KeZ(I')}. O
We now turn to the analysis of % (T"). Here for § € C® we define

(4.9) Ton={yel| P20 =1},
and introduce the set of “discrete nodes”
(4.10) On(T) = {8 € C°|(Tg,n) = R®, Im4 € [0,27h~1)°}.

To analyze 4 (T') we first prove the following result.
LEMMA 4.1. Let KCT,pe€n. Then
Vf"pz 0= DXxp=0.

PROOF. Given a compactly supported ¢ € Z’(R®) and ¢ € 7 it can be shown
that

¢ *q = ¢(0)g(z) + a polynomial of lower degree than q(z).

In particular ¢ x ¢ = 0 and ¢3(Q) # 0 imply ¢ = 0. Now assuming fo" p =0 we get
from (1.11) that Bj(Xg)*DX*p = 0, and since By, (Xk|0) # 0 then DXxp=0. O

Now, we combine Corollary 4.1 together with Lemma 4.1 and Proposition 2.1 to
conclude

THEOREM 4.3.
(4.11) G = B e )#(Xen),
8€6,(T)
where

Xg,h = {(27,0” '7 G f\ﬁ,h}.

REMARK 4.4. By the convention stated in the introduction only restrictions
to Z; are considered in (4.11).
PROOF. The sum @yqg, (r) €8 (:)#Z (Xg,n) is indeed direct. This follows from

(4.10), Proposition 3.1 and the fact that each # (X'Q‘h) contains only polynomials.
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Now, for § € C°, v € fg,h andpen
Vilea()p(-) = ea(-) V(")
while for & T »

Vi(ea(-)p()) = eg(Ja() where degp = degq.

Utilizing Lemma 4.1 we see that our claim is obtained by the same arguments used
in the proof of Theorem 4.2. O

Usually the set of discrete nodes O (T) is richer than that of nodes ©(T'). On
the other hand, if § € ©4(I") N O(T') we may have Ty G T n. Yet, this last case is
not “stable” and can be avoided by a refinement of the mesh.

PROPOSITION 4.1. For every I' there exists a positive number hg, which de-
pends only on Xt and ||Ar||co, Such that for every h < hg

(a) ©(T) C O4(T), and
(b) Tg =Tg,n,¥8 € O(T).
Moreover, of Ar C R then (a), (b) hold for every h > 0.

PROOF. It is easy to see that there exists ¢; > 0 which depends only on Xr
such that

(4.12) l8llc < cillArlloo, V8 € O(T).
So, in view of (4.10), the choice h < 27(c1||Ar/loo) ™! gives (a). Given § € C® we
see from (4.9) that

yETgn & h(Ay — 2., - 0) € 2mT°.

But (4.12) implies the existence of co2 > c¢; (dependent only on Xr) such that

[Ay =z 8] < ca||Arlleo for all y €T, § € O(T'). Thus given § € O(T') and v € I'\Ty
we have for h < hg = 2m(c2||Ar]loo) ™!

0 < |h(Ay =z, - 8)| < heallA, o < 27,

which shows that v & f‘g,h. Thus T'y D f‘gyh whereas the opposite inclusion is
trivial.
Finally, note that if Ar C R then clearly ©(T') C R® so that for every h > 0,

which proves (b), while (a) in this case is trivial. O

Note that Proposition 4.1 says that for small enough h, #(I') is embedded in
F(T). Note also that the proof of this proposition shows that O4(T) - O(T') tends
to infinity as h tends to zero.

Comparing (4.9) and (1.2) we see that for § € O(T")

(4.13) Ton =Ty ¢ Ba(T| —if) £0.

Therefore Proposition 4.1 implies the following corollary.
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COROLLARY 4.2. For every I' there exists a positive hg, which depends only
on Xt and ||Ar|leo Such that for every h < hg

(4.14) By(T|—148) #0, Vo€ O().
In case A\p C R, (4.14) holds for every h.

5. Proof of Theorem 1.1. Here we complete the proof of Theorem 1.1 and
establish several additional properties of #Z(I') and #4(T). )

First we derive the following quantitative result about the set 6,(T") of discrete
nodes:

LEMMA 5.1. For any J € J(I)
|©n(J)] = | det X |.

PROOF. Fix §° € ©,(J) and let § € C® be arbitrary. Then by (4.9), (4.10),
8 e éh(J ) if and only if eh(g-g")% =1, Vv € J. This condition is equivalent to
eg—go(-) being a complex homomorphism of Z}, which is constant on the cosets of
Gj in Zj. Each such homomorphism can be factored as follows

L, - LG
€990 x
C
where ¢ is the quotient map and x is a character of the finite abelian group Z; /G ,{ .

Thus we established a one-to-one correspondence between the characters of this
last group and the elements of ©4(J) and our claim follows from the fact that

|Z3/Gi| = |det X;|. O

In the proof of Theorem 1.1 we will also use the following combinatorial result
which is due to Dahmen and Micchelli.

PROPOSITION 5.1 [DMj;, THEOREM 3.1]. For every h > 0 and every y €
Ap(T)

bh(@) = Y |detX,|.
JEI(T)

PROOF OF THEOREM 1.1. Part (a) was established in Corollary 4.1. Applica-
tion of Theorem 2.1 to each of the components in (4.11) yields

(5.1) dim AT) = Y [ I (L),
. 0€6,(T)
with equality if and only if
(5.2) dim# (Tg) = I (Ton)l, VO E O(D).

By Lemma 5.1 we know that each J € J(I') lies exactly in |det X ;| sets from
{To,n| 8 € B4(T)}, s0

Yo I@gn)l= Y |detX,]|.

9€6,(T) JeJ(T)
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Hence (5.1) implies
dimFA(T) 2 ) [det Xyl,
JEI(T)
whereas Theorem 4.1 says that

dim A4 () < br(y)|,  Vy € An(T).

Therefore, application of Proposition 5.1 completes the proof of (c¢), which in view
of Theorem 4.1 also gives (d).

To prove (b) note that we have just shown that equality holds in (5.1); hence
(5.2) is valid for every h > 0. Thus by appealing to Proposition 4.1 we obtain

(5.3) dim#Z (Tg) = |J(Ty)l, Vo € O(T),

and since every J € J(T') is contained exactly in one set from {I'4| § € O(T)}, (b)
follows from Theorem 4.2. O

Combining Theorem 1.1(b) and Proposition 2.1 one obtains the following result
which could also be verified directly:

COROLLARY 5.1. Assume I' is simple. Then
ZI0) = D el)
0€6(T)
As a by-product we also derive

THEOREM 5.1. Let I' be a defining set and fix h > 0. Then the following
conditions are equivalent:

(a) To every u € F4(T) there corresponds a unique f € Z (T') which interpolates
u(’) (on Z3).

(b)
(5.4) |det X ;| =1, vJ € J(I),
(5.5) gk — 07 ¢ h'2miz*\{0},  V8*.¢" € O(T).

PROOF. Comparing parts (b) and (c¢) of Theorem 1.1 the necessity of (5.4) is
clear. Assuming (5.4) we know from Theorem 1.1 that dim (") = dim#(T)
whereas by (1.11) Z(T)|z; C S (T). So to establish (a) it is necessary and suffi-
cient that restriction to Z; will be one to one on #(T'), which by Theorem 4.2 and
Proposition 3.1 is equivalent to (5.5). O

Part (d) of Theorem 1.1 can be restated as follows:

COROLLARY 5.2. For every a € R® denote by 6y the linear functional of evalu-
ation at a. Then for every z € Ap(T) the set {5g}geb{ (z) forms a basis to the dual

of $4(T). Namely every linear functional p on S4(T') has a unique representation
of the form

(5.6) pw)= Y caula), VueFA(D)
a€b; (z)

Now, when (5.5) holds we know from Proposition 3.1 that #(I') is embedded in
4 (T') and thus Corollary 5.2 yields the following.
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COROLLARY 5.3. Let z € Ap(T) and assume (5.5) holds. Then every linear
functional p on # (T') has a representation as in (5.6). This representation is unique
if and only +f (5.4) holds.

Finally we are interested in the case of “h-discrete simplicity”, namely the case
where .#4(T) is spanned by pure exponentials. In general such requirement is
stronger than the usual simplicity. Yet we have

THEOREM 5.2. To every simple defining set T there corresponds a positive
number hg, which depends only on Xr and ||Ar|leo, such that for h < hg

(5.7) FAIT) = P el

0€6,(T)
Moreover, if Ar C R then (5.7) holds for every h > 0.

_ PROOF. If T' does not satisfy (5.7) then there exists § € 6, (") such that
ITg,n| > s+ 1 and hence contains at least two bases Jy,J2 from J(T'). Let ¢,
J = 1,2, be the only node of ©(J;), 7 = 1,2. By the proof of Lemma 5.1 we know
that
0=0"+iv' =0+’
where v!,v? € R® and
ehi 2, = 1, VyeJ;, 7=1,2.

In particular we have hm(v! — v?) € 27Z° where m is the common multiple of
{|det X,||J € J(T)}.

Now, if Ar C R then also ©(T') C R?, so the equality 8! + ! = 62 + iv? implies
0! = 62 which is impossible since T is simple. Consequently (5.7) holds in this case
for every h > 0.

For general A\ we use the fact that there exists ¢ > 0 independent of Ar such that
l8lloc < ellArlloo for all 8§ € O(T). Choosing to > [|Ar]leo We take hg = 1/2cmto.

Then for h < hg

. 1
llhmz(gl - 22)"00 = hm||Q1 - 22||oo < 5 2metg = 1,

mig
forcing ¥' = v? and therefore 6! = 62 which again contradicts the simplicity of T.
Hence every I'g 5, § € ©4(T’), contains exactly s elements and (5.7) follows. O

6. Exponential box splines and their related spaces. In this section we
apply some of the results of the previous sections to exponential box splines.
Let T and h > 0 be given. For a sequence u(-) defined on Z; we denote

(6.1) Ba(T) s ui= Y u(@)Ba(T| ).
a€Z;,

The range of the map Bj(T)*), is denoted by Sj(I') while H,(T') stands for the
subspace of all entire functions in Sy (I'). Our first claim is the following.
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PROPOSITION 6.1. For any defining set T’
(6.2) H,(T) c Z(I).

PROOF. Assume that f € Hp(T'). Then f € B (T) *, u for some sequence u(-)
defined on Z3. Let K € #Z (T'). Then by (1.15)

DX f = DE(B(T) * u) = (DX By(T)) *p u = VE[BL(T\K) *1 u].

Now, K € Z (T') means (T'\K) # R°. Thus (1.4) shows that supp B (I'\K) lies on
a hyperplane of R®. We conclude that DX f is an entire function whose support
is contained in a countable union of hyperplanes. Consequently DX f = 0, which
implies °
fe [ keD¥=2(T). O
Kex (T)

In certain cases H(T') is a proper subspace of Z(T') (cf. [R2, Ex. 4.1]). Condi-
tions for equality in (6.2) will be derived later.

The significance of % (T') in the present analysis is due to the following theorem:

THEOREM 6.1. The map Bp(T)*p carries S (T) onto Hy(T).

PROOF. We first show that By (T)x, maps #(T) into Hy(T). Let u(-) € S (T)
and denote f, = By(T) *1 u. For each K € Z (T') we have by (1.15)

(6.3) DX f, = [DEBy(D)] *p u = [VEBL(T\K)] *r u = Br(T\K) *» VEu =0,
Hence f, € Z(T'). By Theorem 4.2 # (T') contains only entire functions. Thus by
definition f, € H,(T).

We now prove that this map is onto. Let f = By (T') *, u; € Hp(T') be arbitrary,
where u; (-): Z. Choose any y € Ax(T'). By Theorem 1.1(d) there exists an element
ug € 4 (I) satisfying

(6.4) U2lbr (y) = Ualor (y)-

Denote f = By(I) *h_ (ug — uy1). From the first part of the proof By(T') *p ug is

entire and therefore f is entire. Let A be the I' — h cell containing y. Then for
every £ € A,

fl@)= 3 (u—uw)(@Bn(Tlz—a)= D (w1 —uz)(@)Bu(llz-a),

a€Z;} a€bl (y)

because By (I'|z—a) = 0 whenever z € A and a & b}, (y). Taking into account (6.4)
we obtain f |a = 0. Since f is entire the last equality readily implies f =0 on R®.
Thus Bh(F) xpbug=f. 0O

PROOF OF THEOREM 1.4. The theorem follows from Proposition 6.1 and
Theorem 6.1 above. O

In the next two results we shall make use of the following lemma:

LEMMA 6.1. Given 8 € ©(T'), consider the following two conditions:
(a) There exists §° # 0 in O(T) such that h(6° — 0) € 2miZ°.
(b) Ba(I'| —14) = 0.

Then (a) always implies (b). If in addition we assume

(6.5) |det X ;| =1, vJ € J(T),

then (b) implies (a) as well.
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PROOF. Assume (a). Since §° — 0 # 0 and (Tgo) = R®, there exists v € 'go such
that z.. - (6 - 6°) # 0. But z., € Z°. Therefore h(Ay -z, - 0) = hz, - @° -9 e
2miZ\{0}. This implies that foh e* 720t g = 0, which in view of (1.2) gives
By (T| —148) =0.

For the converse assume By, (I'| —i8) = 0. Then by (1.2) there exists 4o € T such
that

(6.6) h(Ayo — Zo, - 8) € 2miZ\{0}.
Complete g to a basis Jo € J(T') by elements of 'y and let 6° be the node in 6(T")

which satisfies z., - 9° — Ay = 0 for every v € Jo. Given v € Jo\o we know that
7 €TgNTyo and therefore

h(z

=

(8°~ 8)) = h(Ay = Ay) =0,

From (6.6) and the last equation we conclude that h(6° — 8)/2¢ coincides with
an integer multiple of one of the columns of (X,)~?!, which, since |det X,,| = 1,
contains only integer entries. This proves (a). O

Given f € Z(T') we know from (1.11) that f|z; € #4(T'). Hence Theorem 6.1
yields

(6.7) Br(T) *n (flz;) € Ha(T),  VfeZ(T).
The next result gives a necessary and sufficient condition for Bp(T')#; being
injective on Z(T)|z; .
THEOREM 6.2. Define a map By (T)+},: C(R®) by
Bp(T)*n: f — Bn(T) *n (flzg)-

Let Ty CT and assume (I'1) = R®. Then
(a) Z(T1) 1s an invariant subspace of By (T)+},.
(b) Br(T)*}, is an automorphism of Z(I'1) if and only if

(6.8) Bn(T|-i0) #0, V8 € O(T1).

PROOF. Let f € #(T';) and let K € # (I';). Then DX f = 0 and therefore by
(1.11) VE f = 0. Hence (as in the proof of the first part of Theorem 6.1)

DX (Bi(T) %, f) = Bn(T\K) +, VK f = 0.

This proves (a).
Now denote
Kery (1) = {f € Z(T'1)| Ba(T) %, f =0},

and assume (6.8) holds. By Lemma 6.1 we know that
he' - 6%) ¢ 2mize\{0}, V'8’ € O(Ty).

Hence we can combine Theorem 4.2, Proposition 3.1, Corollary 3.1 and the obvious
fact that Kerh(l"l)lz; is shift-invariant to conclude that if Kerp(I';) is not trivial



702 ASHER BEN-ARTZI AND AMOS RON

then it must contain an exponential ego, 8° € ©(I';). Now we appeal to [Ry,
Corollary 5.1] which states that

(6.9) By(T) ¥ eg = h™°By(T| —i0)eg, V€ O(T),

to conclude that By (I'| —46°) = 0, which contradicts (6.8). Consequently By (T')*),
is injective on # (T';) and therefore by the first part of the proof induces an auto-
morphism on #(T;).

For the converse assume (6.8) is false. Then By, (T'| —48) = 0 for some § € O(T;).
Taking (6.9) into account we see that eg € Kerp(I'). By Theorem 4.2 ¢y € #(I';)
and hence Bj(T')#}, is not injective on Z(I'y). O

COROLLARY 6.1. Assume that

(6.10) By(T| —10) #£0, Vo€ O().
Then
(6.11) H, () = #Z(T).

Application of Theorem 1.1(b) gives
COROLLARY 6.2. Assume (6.10) holds. Then dimH(T') = |J(T)|.

For polynomial box splines (namely in the case when A\ = 0) ©(T) = {0} and
B (T|0) = AITI # 0. Therefore in this case (6.11) always holds. This result is due
to de Boor and Hollig, [BH], and proved by a different method in [DM,;]. The
fact that (6.11) is valid for polynomial box splines was used in [R2] to establish
a similar result to that of Corollary 6.1. We also mention that (6.10) is not a
necessary condition for (6.11) (cf. [R2, Ex. 4.2]).

Although Corollary 6.1 is valid for every choice of T', a relatively simpler proof
exists for the choice Ar C R. By Corollary 4.2 we know that (6.10) is always valid
in this case. Hence

COROLLARY 6.1*. Assume Ar C R. Then Hy(T') = Z(I).

PROOF. By Theorem 6.2(a) we know that for each § € O(T'), B,(T')*), maps
# (Tg) into itself. Since A\ C R it follows that Bx(T') is positive and therefore
(as mentioned in [BD]) Bj(T')#}, is injective on polynomials. But by Theorem 4.2
# (Ty) = eg# (Xg) where Z(Xg) is a finite dimensional polynomial space. Now
the desired result readily follows. 0O

Finally we derive necessary and sufficient conditions for # (I') being isomorphic
to Hy, (F)

THEOREM 6.3. The following conditions are equivalent:

(a) Bp(D)*y induces isomorphism between 53,(I') and Hy(T).

(b) Hy(T) = Z(T) and |det X4| =1 for all J € J(T).

(¢) Bn(T| —18) # 0 for all § € O(T) and |det X;| =1 for all J € J(T).

(d) h(8' — 02) ¢ 2miZ°\{0} for all 9*,8%> € O(T) and |det X;| = 1 for all
J e J(I).

PROOF. We prove the theorem by showing (d) < (¢) = (b) = (a) = (c). The
equivalence (¢) < (d) follows from the Lemma 6.1. Corollary 6.1 shows that (c)
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.mplies (b). Assuming (b) we conclude from Theorem 1.1(b), (c) that dim % (T) =
dim #Z(T') = dimH,(T), and (a) follows in this case from Theorem 6.1. Finally
assume that (a) holds. Then, dim % (I') = dim H(T") which in view of Theorem
1.1(b), (c) and Proposition 6.1 implies dim % (T') = dim #Z(T'). Referring again to
Theorem 1.1(b), (¢) we conclude |det X ;| =1 for all J € J(T').

To show that (c) holds, let § € ©(T'). By (1.11) and Proposition 2.1, eg|z; €
&4(T). Since we assume (a) By (L) * (eg|z; ) # 0, therefore (6.9) gives By(T|—18) #
0. Consequently (c) is valid and the proof of the theorem is completed. O

7. Analysis of H(I'). To simplify the notations we assume throughout this
section that A = 1 and omit this subscript. Yet, all the results here are valid for
arbitrary A with the obvious modifications.

Our main aim is to derive necessary and sufficient conditions for the equality

(7.1) H(T) = #(I).

Utilizing these conditions we also obtain a formula for dim H(T").

In order to analyze H(T'), it suffices, by Theorem 6.1, to examine the range of
() under B(T)*. To study the action of B(I')* on .#(I') we make use of the
direct sum decomposition of Theorem 4.3 and investigate the action of B(I')* on
each summand. For this purpose denote for each § € O(T)

(7.2) F = e (Xplz = {e5(@)p(e)] p € #(Xp)},
(7.3) H; = {B(T) *u| u € S},
(7.4) (6] = {0 € ©(T)| 8 - 8 € 2miZ°}.
Using these notations, Theorem 4.3 can be written as
(7.5) s = @ %
0€8(T)

while Theorem 6.1 implies
(7.6) H(T) = < U Hé> .
8

Our first result gives significant information on Hj in terms of [g].
PROPOSITION 7.1. For every § € O(T)

(7.7) H; ¢ P #(Ty).

PROOF. Let u(a) = e3(a)p(a) € 5. By Proposition 6.1 H(T') ¢ #(T) and
therefore Theorem 4.2 implies -

(7.8) BI)xu= Y ep(z)pilz), pie™
87e6(I)
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Now, if §7° ¢ [é] then, as in the proof of Lemma 3.1(b), one can find a difference
operator A (on Z°) which on the one hand annihilates u(-) and on the other hand
is injective on & (I'gio ). Application of A to both sides of (7.8) gives

Z Alegs (z)pj(z)) = B(T') * Au=0.
67€6(T)

Since A is injective on #Z (T4, ) one concludes p;, =0. O

REMARK 7.1. Note that the only information used in the proof of Proposition
7.1 was that u(-) is an exponential polynomial, while B(T') * u is a linear combina-
tion of exponential polynomials. Thus, replacing B(T') by an arbitrary compactly
supported ¢ € Z'(R?®) and assuming that B(T') * u is a linear combination of PE
functions one can easily establish a generalization of Proposition 7.1 with respect
to ¢.

An immediate consequence of Proposition 7.1 is the following
COROLLARY 7.1. Assume § € O(T) and [§] = &. Then Hz =0.

REMARK 7.2. Corollary 7.1 covers Theorem 4.2 of [DM3] and Theorem 7.1 of
[R4] as special cases.
REMARK 7.3. In case (6.10) holds we know from (4.13) and Theorem 4.3 that

(7.9) F()y=#()e E),
where E(T') = ®Qeé(l‘);@=® 5”@. Thus, by Theorem 6.2 and Corollary 7.1 we see

that (7.9) expresses #(T') as a direct sum of two subspaces for which B(T')x is
injective on the first and annihilates the other. o

Since each § € O(T) lies exactly in a unique equivalence class [6], § € O(T),
Proposition 7.1 leads to the conclusion

COROLLARY 7.2. H(T) = @jcqr) Hp-

The results obtained so far express certain limitations on Hz. The next propo-
sition takes the opposite direction.

PROPOSITION 7.2. Let § € (:)(I‘) and let § € [é] Then the operator pra\e
maps H onto Z(Ty).

PROOF. In the proof of Proposition 7.2 we make use of the following lemma:

LEMMA 7.1. For each K, C Ko C T, the operator VXx1 maps # (Xk,) onto
Z (Xk\K,)-

The proof of Lemma 7.1 is based on

LEMMA 7.2. For eachy €T, DY maps Z(T') onto Z(T\7).

PROOF OF LEMMA 7.2. It is easy to see that D? maps #Z (T) into Z (I'\).
To prove that this map is onto fix f € #(T'\~) and let A > 0 be such that (6.10)
holds. (The existence of such h is obvious; It is also guaranteed by Corollary 4.2.)
Let A be any I' — h cell and let y € A. By Corollary 6.1 Hp(I'\y) = Z/(T'\7) so

there exists {ca}, c,r\v ) such that
=~"h =

(7.10) fla= > caBr(T\Y] —a)la

a€b; 7 (y)
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Making use of (1.15) we see that for every o € Zj,
. [e o]
By(T\n|-—a) = Y _ e"V)B,(T\7| - —a - jhg,)
=0

[e o]
= Y " DB,(T| - —a - jhz.).

=0
The last equation when combined with (7.10) shows that
fla € {DBu(T'|- —a)lal 2 € Z}}),

while from [R;, Corollary 4.3] (or alternately from the proof of Proposition 6.1) we
know that By(T'|- —a)|a € Z(T), Va € Z;. Hence f|4 € {D7g|lg € #Z(T)}. Since
A# (T') consists of entire functions this last result readily extends to R® and Lemma
7.2 is established.

PROOF OF LEMMA 7.1. By Theorem 4.2 Z(Xk,) contains only polynomials,
whereas Lemma 4.1 and (1.11) show that

VXkip =0 e DXKip =0, Vp € 7.

Therefore ker(VX¥1 |5 (x, )) = ker(DX*1|3(x, )) and the claim now follows by
repeated use of Lemma 7.2. y

To prove Proposition 7.2 denote I'o = I'5\I'g and let u(-) = €5(-)p(-) € 5’@ By
(1.15) '

(7.11) DYo(B(T) * u) = B(T'\I'p) * V' u.
Since I'y C f‘(; and § — é € 2miZ° then
(7.12) Viou(a) = e5(@) VX op(a) = eg(@) V*Top(a).

Also, from the definition of I’y we see thaf B(P\Fol —10) # 0 and therefore we can

appeal to Theorem 6.2 to conclude that B(I'\I'g)#' is an automorphism of Z (T'g).
Thus (7.11), (7.12) and Lemma 7.1 can be combined to yield

Range(D™[er,) = {D™*(B(T) * u)| u € %)
= {B(T'\I'o) * V'°u| u € %}
={B(I'\I'p) *u|l u € eé%(Xg_)}
={B(T'\T'o) ' f| f € Z(Tg)} = Z(Ty).
This completes the proof of Proposition 7.2. O
Another proof of Lemma 7.1, which does not make use of box splines, is given
in [DR].
We now combine together Propositions 7.1 and 7.2 to obtain the following suffi-
cient condition for (7.1).
THEOREM 7.1. Assume that for every distinct 9,60 € o)
(7.13) 0! — 9% ¢ 2miz°.
Then H(T') = Z(T).
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PROOF. By Proposition 6.1 H(T') € #(T'). To prove the opposite inclusion it is
sufficient, in view of Theorem 4.2, to show that for each § € ©(T"), #(I'y) C H(T').
Fix € ©() and let § € é(I‘) be such that § € [Q] By (7.13) 8 is the unique node
in [f] and therefore Proposition 7.1 shows that H; c #(T'g). But Proposition 7.2
ensures the existence of a linear map from Hj onto # (Tg). Hence #(Ty) = H; C
H(T') and the desired inclusion now follows. O -

PROOF OF THEOREM 1.5. The theorem follows from Lemma 6.1 and Theorem
7.1. O

REMARK 7.4. Note that in view of Lemma 6.1, Theorem 7.1 is stronger than
Corollary 6.1.

For later reference we also record the following result which has been obtained
in the proof of Theorem 7.1.

COROLLARY 7.3. Assume 8 € O(T) and [0] consists of one element § € O(T).
Then H = # (Tp).

To advance the analysis of H(T') we attach to each § € ©(T) the following
subspace of %

(7.14) F={ueFH V=0 vo e @).

By convention if [0] = & we set % = .
The importance of .25 becomes clear as as soon as we know

LEMMA 7.3. Forue %
(7.15) B(F)*u=0®u€_%.

PROOF. In case [0] = @, (7.15) follows from Corollary 7.1 and the definition of
5. Assume (0] # &. From Proposition 7.1 we know that

B(F) * U = Z €g; (Q)p](?_:)

o7€(d)
Fix ¢’ € [0] and denote I'; = I'j\I'p,. Then by (1.15)
(7.16) DU (B(T') *u) = B(T\I;) * VIiw.

Now, if u € .% then by definition VTsu = 0. Thus (7.16) implies DT (B(T')*u) =
0. Since I'; N I‘;, = & we know (as in the proof of Theorem 4.2) that D' is
injective on & (T'y;), and consequently p; = 0. Since j was arbitrary we conclude
BM)*u=0.

For the converse implication, assume B(T') x u = 0. Then by (7.16) B(I'\T';) *
Vi = 0. But VIiu € #(Tys)|zs while B(T\T';|—48”) # 0. Hence by appealing to
Theorem 6.2 we obtain VT7u = 0 and since 7 was arbitrary we conclude u € %. O

Our next result is a necessary and sufficient condition for (7.1). B
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_ THEOREM 7.2. H(T) is a proper subspace of # (T) if and only if there exists
0 € ©(T') which satisfies

(7.17) dim % > [J(Ty)| = Y 3(To)l-
0]

Moreover, for such 8 one must have |[g]] > 1.
PROOF. By Theorem 6.1
H(I') = Range(B(T) * |5(r))
while Corollaries 7.1, 7.2 imply that

@) HIN)= @ H;= D Range(B(T) * |55 ).
6€6(T) 9eé(r)
(i) H; ¢ @D #(Ty).
9€(8)

In addition we know that Z(I') = @yeer) # (I'g) While each § € O(T) is contained

in a unique equivalence class [6]. Therefore we see that (7.1) fails to hold if and
only if for some § € O(T)

(7.18) dim H < dim (@ Z/(Fg)) ;

o€(d)
and the definition of Hj gives

(7.19) dim Hy = dim 5 — dim ker(B(T') * |7’g)

Now, by Theorem 1.1(b) dim &5 = dlm%(X ) =|J(T 5)| and dlmGBoG[_] #(Ty)
= Eoe[_] |J(Tg)|, and by Lemma 7.3 ker(B(T') * |/) .5? Substituting all of these
into (7.10) we see that (7.18) is equivalent to (7.17).

Finally, when |[é]| = 0,1 we know from Corollaries 7.1, 7.3 respectively that
H; = ege[é] # (Tg) and therefore such 0 cannot satisfy (7.18) or equivalently

(7.17). Consequently if § € O(T') satisfies (7.17) we must have |[§]] > 1. O
The dimension of H(T') can be computed with the aid of the following formulae.

THEOREM 7.3.
dimH(T) = dim# () - Y dim%

6e6(r)
=|J(T)| - Z (dimff (T 8+ Z IJ(Fo)I)
6e6(T) g€(f)

18>1
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PROOF. Since (T ®0ee(r %, the first equation is obtained by summing

(7.19) over all fe @( ) and applying Corollary 7.2 and Lemma 7.3. To prove the
second equality note that the proof of Theorem 7.2 shows that

dim #(T') - dimH(T) = ) (Z dimZ/(FQ)) - dimH;]
L \6<(8) )

r

=> 1Y dim%(rﬂ)) - dim % +dim.<z4 :
6e6(r) L \8€(8)
[[8]|>1
Now the desired result follows directly from Theorem 1.1(b).
EXAMPLE 7.1. We use here Theorem 7.2 to show that the sufficient condition
for (7.1) established in Theorem 7.1 is not a necessary one.

Let s = 2, [T = 3, (2}, A1) = ((1,0),0), (2%, X2) = ((1,1),2m), (2% A3) =
((1,-1),0). In this case I is simple, ©(T') = {(0,0), (0, 27%), (7e, 7% )} and therefore
#(T) = (1,e2m22 ¢m(z1+22))  On the other hand ©(T') = {(0,0), (¢, i)} and

some straightforward computation shows that
L?10,0) = (lazlaz2)a 'Z?riﬂr‘i) = (eﬂ-i(zl+12))'

Since |[(m7,7%)]| = 1, then in view of Theorem 7.2, in order to verify (7.1) we
only have to check -Z{g o). Since [(0,0)] = {(0,0), (0, 27%)} then by definition every
element of Z{g o) is a linear polynomial p which satisfies

p(z) —p(z - (1,1)) = p(z) — p(z - (1,-1)) = 0.

This readily implies that .%o o) = (1) and therefore dim .#{g ) = 1. Now f(o,o) =T
and therefore

13(T0,0))] = |3(D)| =3,
while

Y Tl =T 00) + (T oem)l=1+1=2.
9€((0,0)]

Thus we see that (7.17) is not valid here and Theorem 7.2 implies H(T') = #Z(T').
Indeed, it can be shown (e.g., by Poisson’s summation formula) that
B(T) «' (z1 + z2) = 2, B(T) # (z; — o) = 2232,
B(F) « e7ri(11+zg) — _4e1ri(z‘1+zz).

To make use of Theorem 7.2 one needs to compute dim.Z at least for cases when

[[6]] > 1. In the following we show that Theorem 7.2 implies a necessary condition
for (7.1) based only on the structure of O(T).

THEOREM 7.4. Assume that there ezists § € O(T) and K C T such that
() [O(K)] > 1,

(i) ©(K) C [4].

Then H(T) is a proper subspace of Z (T).
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PROOF. First assume I' = K. Since ©(T) C [f] it follows that I~’§ =T. But

since |©(I")| > 1 then for each § € O(T') I'\I'y # & and therefore via\le = gy
annihilates e; € #5. This means that dim.Z > 1. On the other hand

Iyl = > Tl =IO - > [T =0.
0€(d] 6e6(T)

Consequently 8 satisfies (7.17) and the claim follows in this case from Theorem
7.2. If K G T (and (K) = R®) then by the proof above H(K) # #(K). Choose
f € #Z(K)\H(K). By Lemma 7.2 there exists g € #(T) such that D"\Kg = f.
We claim that g ¢ H(T"). Indeed, if g € H(T') then g = B(T") * u where u(-) is some
sequence defined on Z°. In this case (1.15) would imply

f=D"\Kg=D"K(B() xs) = B(K) * VI\¥u,

contradicting the fact that f ¢ H(K). Consequently g € #Z(I')\H(T') and the
proof of Theorem 7.4 is completed. O
Finally, we note that in the univariate case condition (7.13) is necessary as well:

COROLLARY 7.4. In case s =1, (7.13) s a necessary and sufficient condition
for (7.1).

PROOF. The sufficiency has been proved in Theorem 7.1. To verify the necessity
note that in the present situation each v € T is a basis in J(I') and therefore
determines a unique 6, € O(I'). Now, if (7.13) is not valid then there exists
6 € ©(T) and distinct §*,6% € O(T) such that {6*,6%} C [f]. Choose {1,72} C T
such that 6, = 67, j = 1,2. We conclude that ©({v1,72}) = {6*,6%} c [6].
Application of Theorem 7.4 with K = {71, 72} shows therefore that (7.1) does not
hold. O
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