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A STONE TYPE REPRESENTATION THEOREM
FOR ALGEBRAS OF RELATIONS OF HIGHER RANK

H. ANDREKA AND R. J. THOMPSON

ABSTRACT. The Stone representation theorem for Boolean algebras gives us
a finite set of equations axiomatizing the class of Boolean set algebras. Boolean
set algebras can be considered to be algebras of unary relations. As a contrast
here we investigate algebras of n-ary relations (originating with Tarski). The
new algebras have more operations since there are more natural set theoretic
operations on n-ary relations than on unary ones. E.g. the identity relation
appears as a new constant. The Resek-Thompson theorem we prove here gives
a finite set of equations axiomatizing the class of algebras of n-ary relations
(for every ordinal n).

The (Resek-Thompson) theorem we are going to prove here is a “geometric”
representation theorem for cylindric algebras. It provides an apparently satisfactory
positive solution to the representation problem of cylindric algebras (summed up,
e.g., in the introduction of [HMTI] and in, e.g., Henkin-Monk [74]).

The theorem represents every “abstract” algebra satisfying the cylindric axioms
(eight schemes of equations; cf. the remarks on the choice of the axioms at the end
of the paper) by a “concrete” algebra of sets of sequences. The representing algebra
is concrete in the sense that we do not have to know the operations of the algebra, it
is enough to know its elements. I.e. if we know the elements of the algebra, we can
“compute” the operations on them by using their concrete set theoretic structure.
(This is similar to the Boolean case where if z,y are elements of a concrete algebra
B then their meet must be the set theoretic z Ny independently of the choice of B.
Already in the Boolean case we have to know the greatest element of B in order to
be able to compute the complement —z of z in 8.)

The first version of the theorem was obtained by Diane Resek and is proved as
Theorem 5.27 on p. 285 of Resek [75]. Resek’s result is also announced in [HMTII,
p. vi, p. 101 (item 3.2.88)] and Henkin-Resek [75, Theorem 4.3], and is mentioned,
e.g., in Maddux [82] preceding Problem 5.21; but no proof has appeared in print for
this important theorem so far (for reasons indicated below). Using the techniques
of Thompson [79], Richard J. Thompson generalized Resek’s theorem to the form
in which it appears below. Thompson’s result is (partially) quoted in [HMTII,
3.2.88] without proof, and otherwise is unpublished. Thompson’s proof is of a
proof theoretic nature and proves more than the theorem stated below. Further
discussion of that proof is found at the end of this paper. In the introduction of

Received by the editors February 18, 1987 and, in revised form, August 5, 1987.

1980 Mathematics Subject Classification (1985 Revision). Primary 03G15, 03C95; Secondary
03G25, 03C75.

Research supported by Hungarian National Foundation for Scientific Research grant No. 1810.

The second author is visiting the Mathematics Institute Budapest on an IREX fellowship.

©1988 American Mathematical Society
0002-9947/88 $1.00 + $.25 per page

671



672 H. ANDREKA AND R. J. THOMPSON

[HMTII, p. vig], Resek’s result is said to be one of the “primary advancements”
of the theory after the first publication of [HMTI]. At the same time, the proof in
Resek [75] is so long (more than 100 pages) that they could not include it in the
book [HMTII]. Therefore, in [HMTII, p. 101] the problem of finding a shorter
proof arises. The present note is aimed at solving this problem. The proof in this
note originates with H. Andréka and is a generalization of her proof with I. Németi
mentioned on pp. 83% and 79% of [HMTII] (cf. also pp. 245-247 of [HMTII])).
Andréka presented the proof in this paper for the diagonal-free case (o arbitrary)
at the Universal Algebra Colloquium at Szeged in the summer of 1985. The present
proof of Lemma 1 (of this paper) was presented in 1984 at the logic seminar of the
University of Colorado at Boulder by Andréka and Németi (it is due to Andréka
but the basic idea comes from [HMTII, 3.2.52]). The first version of the full proof
in this paper is in Andréka [86].

The relation algebraic analog of the Resek-Thompson theorem is Theorem 5.20(2)
in Maddux [82]. We discuss the connections between the two theorems (and proofs)
at the end of this paper.

Of the axioms (Co)-(C7), MGR used below, (Co)—(C7) are due to Tarski, while
MGR was discovered by Leon Henkin (see [HMTI, pp. 17, 194-195, 408]). Henkin
proved (Co)-(C7) # MGR (refuting a conjecture of Tarski) (cf. [HMTII, 3.2.71,
p. 89]). The ideas in Thompson [79] are not unrelated to the “transformational”
approach of William R. Craig to algebraic logic (cf. Craig [74, 74a] and the notes at
the end of this paper about works of Craig, Pinter and Howard). Resek’s theorem
says that (Co)—(C7)+ all MGR’s axiomatize Crs,NCA,. Thompson’s improvement
of this theorem is twofold: He replaced the infinitely many MGR-equations with
just two of them, hence proved finite axiomatizability of Crs, N CA,; and further
by weakening the axiom (C4) of commutativity of cylindrifications to the weaker
(C1), he made it possible to replace the class Crs, N CA, (which has a mixed
nature, namely Crs, is a “concrete” class while CA,, is “abstract”) with the purely
“concrete” class D, (the definitions of these notions can be found below). To avoid
misunderstandings, we note that the first author did not contribute to the theorem
in this paper while the second author did not contribute to the proof in this paper.

ACKNOWLEDGMENT. H. Andréka is grateful to J. D. Monk, for bringing Resek’s
theorem to her attention, and for suggesting the project of searching out a “rea-
sonably short” proof for this important theorem. Hajnal Andréka is also grateful
to R. D. Maddux, for explaining the basic ideas of the step-by-step method, which
he used in [M78] to prove SA C SRIRRA, and for pointing out that this method
should be applicable for cylindric algebras, too.

We use the notation of [ HMTI, HMTII]. Let o be any ordinal. We recall from
[HMTI] that an algebra A = (A,+,-,—,0,1,¢;,dij)i jea, Where +,- are binary
operations, —, ¢; are unary operations and 0, 1, d;; are constants for every ¢, 7 € o, is
a cylindric algebra (a CA,) if it satisfies the following identities for every 7,7,k € .

(Co)-(C3) (A,+,-,—,0,1,¢)ica is a Boolean algebra with additive closure op-
erators ¢; such that the complements of c;-closed elements are c;-closed (i.e. =
CiT = ¢ — T = —I),

C4) cicjz = cje4m,

) iw =1,

Ce) dij = ck(duk - diy) if k & {3, 7},

(
(C
(
(Cr) dij - ci(dyj - z) < zmife#7.
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For every 1,j € a, i # j, let siz 4 ci(dsj - z), stz £ 7 and let MGR denote the
so-called merry-go-round identity:

(MGR) sksisl,spcez = sksTsispenx if k ¢ {1,5,m}, m ¢ {4,5}.

Let (C3) be the following weaker version of (Cy):

(C3) cicjz > cjcix - djx if k ¢ {1,5}, and let £ £ {Co, Cy,Cs,Cs,Cj,Cs, Ce, Cr,
MGR}.

Mod X denotes the class of all algebras that satisfy ¥ (and which are similar to
CA.,’s).

We recall from [HMTII] the following definition of Crs,. By a Crs, we shall
understand a Boolean algebra of sets of a-sequences where the non-Boolean opera-
tions (c;, di;) are derived from the “a-sequence structure” in a natural way. In more
detail: If f is any a-sequence and ¢ € o then f(i/u), or f%, denotes the sequence
which agrees with f on a ~ {7} and which is u on its ith place. Crs, is defined to
be the class of those algebras 2 = (4,+,,—,0,1%, ¢;,d;;); jea for which 1% is a set
of a-sequences such that (A4,+,-,—,0,1%) is a Boolean set algebra, further

¢i(a) = {f € 1%: (Fu)f(i/u) € z},

dij={f€1?: fy=f;} foralli,j € a and z € 4,

Do 2 (A€ Crsq: (V3] € a)(Vf € 1%)f(i/f;) € 1%},
where 1% is the greatest element of . ID, denotes the class of all isomorphic
copies of elements of D,,.

THEOREM 1 (RESEK-THOMPSON). ID, =ModX for any a > 2.

PROOF (ANDREKA). It is easy to check that D, = £. The essential part of
the proof is to show Mod ¥ C ID,,.

Let A € ModX. We will show 2 € I1D,. We may assume that 2 is atomic,
by Jénsson-Tarski [51, 2.15, 2.18] (see also [HMTI, 2.7.5, 2.7.13]); namely: every
Boolean algebra with operators 2 can be embedded into an atomic one such that all
the equations valid in 2, and in which “~” does not occur, continue to hold in the
atomic one. (Notice that, in X, “—" occurs only in (Cp)- (C3), where ¢;—c,z = —c;z
can be replaced with ¢;(z - ¢;y) = ¢z - ¢;y; of. [HMTI, p. 177;5].) Thus from now
on we assume that 2 is atomic and 2 = X.

Let At2 denote the set of all atoms of A. We want to “build” an isomorphism
rep: A»» B, for some B € Crs,, for which (*) below holds:

(*) rep(z) = U{rep(a): a €At a <z} foreveryze€ A

Let V be a set of a-sequences and for every X C V and 7,7 € a let C; X 4 {f €
V:(3u)f(i/u) € X}, D;j L {f €V: fi = f;}. Assume that rep: A — {X: X C
V} is a function for which (x) holds. Then it is easy to check that rep is an
isomorphism onto a B € Crs, with 12 C V if and only if conditions (i)-(v) below
hold for every a,b € At and 7,7 € a:

(i) rep(a) Nrep(b) =0 if a # b,

(ii) rep(a) € Dy; if a < df; and rep(a) N Dy =0 if a- df =0,

(iii) rep(a) C C;rep(d) if a < c?b,

(iv) rep(a) N Cirep(b) = 0 if a - c?b = 0,

(v) rep(a) # 0.
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We shall construct (a set V' of a-sequences and) a function rep with the above
properties, step by step.

For every a-sequence [ let ker(f) L {(¢,7) € %a: f; = f;} and for every a € At
let Ker(a) £ {(,5) € 2a:a < d7}. Then Ker(a) is an equivalence relation on o
by our axioms (Cs)-(C7). For every a € At let f, be an a-sequence such that for
every a,b € At we have

(a) ker(fs) = Ker(a),

(b) Rg(fa) NRg(fo) =0 if a #b.

Such a system (f,: a € AtA) of a-sequences does exist. Define

repg(a) 4 {fa}, for every a € At.

Then the function rep, satisfies conditions (i), (ii) and (iv), (v) but it does not
satisfy condition (iii). Below, we shall make condition (iii) become true step by
step, and later we shall check that conditions (i), (ii), (iv), (v) remain true in each
step.

Let R £ At2 x At2 x a, p be an ordinal and let r: p — R be an enumeration
of R such that for all n € p and (a,b,7) € R there is m € p, m > n such that
r(m) = (a, b,7). Such p and r clearly exist.

Assume that n € p and rep,,: AtA — {X: X C V'} is already defined where V'
is a set of a-sequences. We define rep,, ,,: At — {X: X C V"}, where V" is a

set of a-sequences. Let r(n) = (a,b,7). If a £ ¢;b then rep, 4 rep,,. Assume

a < ¢;b. Then rep,,,,(e) 4 rep, (e) for all e € At, e # b. Further,
Case 1. b < d;; for some 7 € a, j # . Then

repn1(b) £ rep, (b) U{f(i/f;): f € rep,(a)}.

Case 2. b ¢ d,; for all j € @, j # 1. For every f € rep,(a) let us be such that
(c) us & U{Rg(9): g € U{repn(e): e € AtA}},
(d) ug #ug if f # g, f,9 € rep,(a).

Now

d ' .
rep,,;(b) = rep,(b) U {f(¢/uy): f € rep,(a)}.
Let n € p be a limit ordinal and assume that rep,,, is defined for all m < n. Then

rep,,(€) 4 U{repm(e): m<n} forallee At
By this, (rep, : n € p) is defined. Now we define
rep(a) 4 U{repn(a): n € p} for every a € At ¥,
and
vi U{rep(a): a € AtA}.

We are going to check that conditions (i)-(v) hold for the above rep and V.

First we check that condition (iii) holds. Assume that a < ¢;b, a,b € At
and ¢ € a. Let f € rep(a). Then f € rep,(a) for some n € p. Let m > n,
m € p be such that r(m) = (a,b,7). Then by our construction, there is some
u for which f(¢/u) € rep,,,,(b) C rep(b), i.e. f € C;rep(b). We have seen that
rep(a) C C;rep(b). Thus condition (iii) is satisfied.
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Next we show that conditions (i), (ii), (iv), (v) hold, too. This we will show by
induction.

First we check condition (ii). It is easy to see that condition (ii) is equivalent to

(ii)’ ker(f) = Ker(a) for all f € rep(a).

Now (i)’ holds for rep, (in place of rep, i.e. in (ii)’ we replace “rep” everywhere
with “repy”) by our condition (a). Assume that (ii) holds for rep,,. We show that
it holds for rep, ., too. Let r(n) = (a,b,7), and let e € At be arbitrary. If
e #borif a £ c;b then rep,,(e) = rep,(e), hence we are done by the inductive
hypothesis. Assume (¢ = b and) a < ¢;b. By (Cg), this implies Ker(a) N 2(a ~
{z}) = Ker(b) N 2(a ~ {¢}), therefore by our construction, and by the inductive
hypothesis, we have (Vf € rep,,(b)) ker(f) = Ker(b). We have seen that (ii)’
holds for rep, ,;, too. It is easy to see that if n € p is a limit ordinal and (i)’
holds for all rep,,,, m < n, then it also holds for rep,,. For this same reason, if (ii)'
holds for all rep,,, n € p, then it also holds for rep. We have seen that condition
(ii) holds.

Next we check that conditions (i), (iv) hold. Instead of conditions (i), (iv) we
shall prove a stronger condition (iv)’. To formulate (iv)’, we need some definitions.
For all 4,5 € a, ¢ # j, define tiz 4 d;j - c;iz and tiz 45 ti% denotes the term-
function defined by ¢} in 2.

Claim 1. t: At2% — At2 is a function.

PROOF. Claim 1 follows directly from [HMTI, 1.10.4(ii)] whose proof does not
involve (C4). Q.E.D. (Claim 1)

For all 7,5 € a let t; be a symbol and let {2 be the set of all finite sequences of
ti’s, ie. let L {ti: 4,5 € a}*, where for any set H, H* denotes the free monoid
generated by H. Let 0 = t;: e t;: Then we define

o¥a) £ 12 (2t %(a)-) ifa€A
and
6 £ (i1/g1] | iz/ 72l || in /]

where [:/7] 4 {(Z,5)}U{(k,k): k € a,k # 1} is the replacement function on o, and
“|” denotes relation composition, i.e. R|S 4 {(a,b): (3c)[(a,c) € R, (c,b) € S]}, as
in [HMTI]. (If o is the empty word, then 0%(a) = a and 6 = Id, 4 {(7,7): 1 € a}.)
We will often omit the upper index 2 from ¢2. Now we are ready to formulate
condition (iv)’.

(iv)'f € rep(a), g € rep(b) and 6|f = 7|g imply 0% (a) = r2(b) for all a,b € At2,
a-sequences f,g and 0,7 € ().

First we prove that (iv)’ =(iv) and (iv)’ =(i). We will need the following simple
statements (#x), (**x*).

(%x) a<cbeca=ch forallabe AtAand i€ q,
and

(%) a<cbe t;-g(a) = t;-g(b) for any a,b€ Aand ¢,5 € a, 7 # 7.
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Indeed, (**) is immediate by [HMTI, 2.7.40(i)], the proof of which does not use
(Cq). Further, a < ¢;b = ti(a) = t4(b) is immediate by (x), and t%(a) = t%(b) =
cia = c¢;b follows from cit;a: =c;z. QE.D. ((xx), (x%%))

PROOF OF (iv)’ =(iv). Assume that (iv)’ holds. We want to prove [rep(a) N
Cirep(b) # 0 = a < ¢;b]. Assume f € rep(a) N C;rep(b). Then g 2 f(2/u) € rep(b)
for some u. Let 7 € a, § # ¢. (Here we use the assumption o > 2.) Then
[i/7]|f = [i/s)lg, hence ti(a) = ti(b) by (iv)". Then a < ¢;b by (x*%). QE.D.
((iv) =(iv))

PROOF OF (iv)’ =(i). Let f € rep(a) Nrep(b). We have to show a = b. Let
i € a. Then from [i/1]|f = [i/3]|f and (iv)’ we get a = tla = tib = b. Q.E.D.
((iv)" = (1))

The proof of condition (iv)’ will be based on the following lemma. So far we
have not used the merry-go-round equation MGR. We shall use it only in the proof
of Lemma 1. The following Lemma 1 can be proved in a few lines from a semigroup
theoretic result of R. J. Thompson (Thompson {79, Theorem 7.2.12, pp. 279-284],
and Thompson [86, Main Result]). However (to keep the paper self-contained),
we shall give a proof (also due to H. Andréka) for Lemma 1 using only [HMTI,
HMTII|. We note that the following proof of Lemma 1 is completely analogous
to that of [HMTII, 3.2.52], the only difference is that we use MGR instead of the
assumption 2A € SNr,CA,42.

LEMMA 1. Alo(z) =7(z) if6 =7 and 0,7 € 0.
PROOF. If o = t;i t;: € (1 then let s, 4 s;’;
term.

Claim 2. A = s5(z) = s,(z) iff A |E o(z) = 7(z) for all 0,7 € (1.
PROOF. First we show that

() [b<o(a) iff a < s,(b)] foralla,be At and o € (.

s;: Then s,(z) is a cylindric

Indeed, let a,b € At and let 0 = t;: ~~~t;:. We may assume that i, # ji for
all 1 < k < n. Then using the fact that the sﬁ’s are completely additive, one can
easily verify that both b < o(a) and a < s,(b) are equivalent to the existence of

atoms ej,...e,+1 such that e; = b, e,41 = a, and (V1 < k < n)lex < d;, 5, and

ek+1 < ¢ ex) (see the figure below, where a b denotes cia = ¢;b).

dinjn dizjz diljl
in Tn—1 i2 11
g ! . b
€n+1 €n €2 €1

Thus (**) has been proved. Now let 0,7 € Q. Then 2 = o(z) = 7(z) iff (Va €
AtA)o(a) = 7(a) iff (Va,b € AtA)[b < o(a) & b < 7(a)] iff (Va,b € AtA)a <
so(b) & a < 5,.(b)] ff A E sp(z) =s-(z). Q.E.D. (Claim 2)

To prove Lemma 1, we will use the main theorem of Jénsson [62] which is quoted
in [HMTII] on p. 68. We will also use various results from §1.5 of [HMTTI]; the
reader should check that the proofs of these given there do not involve (C4). In
addition, we shall use 1.5.10(iii), whose proof in [HMTI] does involve (Cy4), as well



A STONE TYPE REPRESENTATION THEOREM 677

as the following modified versions of 1.5.8(ii) and 1.5.15 (the original versions in
[HMTT] are proved using (Cy4)):

(1.5.8(ii)") s;ckz = cks;ckx if k¢ {i,7}.
(1.5.15") £8(2,7) = ms(i,7)z when = ¢k = ez
Of course we should check that 1.5.10(iii) as well as 1.5.8(ii)’ and 1.5.15' hold in
2. It is easy to see that the derivation of 1.5.15 in [HMTI] can be used to give a
derivation of 1.5.15 not using (Cy). ' '

PROOF OF 1.5.10(iii). We have to show & | stsitz = si'siz if m ¢ {4, 5} and
© # n. We also may assume that 1 # j and m # n. By Claim 2 it is enough to
show that t7't}z = ¢}t z. Now

t}t;"z =d;j - dmn - CiCMT = dmn - dij - CmCiT = tmtz‘x

by i ¢ {m,n}, n ¢ {i,m}, (C}), and m ¢ {1,5}. Q.E.D.(1.5.10(iii))
PROOF OF 1.5.8(ii)’. We have to show A |= sickz = cxsjez, if k ¢ {i,5}. We
also may assume that ¢ # j. Then, using 1.5. 10(111)

s;ck:c = s’ kckz = sk }ckx = cksfs;cka: = cks;ckz.

Q.E.D.(1.5.8(ii)")
We recall from [HMTI] that gs(¢,j)z 4 sks skx
We return to our fixed algebra . Let B = {b € A: (3 € a)c;b = b} and for all
1,J € o and b € B define
ks(,7)b if ckb=">band k ¢ {7,5},
pi(b) £ { sib if ¢;b = b,
sb if ¢;b = b.
First we show that the above is indeed a definition. To this end we have to show
that if more than one of the conditions in the definition of p;b hold, then each will
give the same value.!
Assume that b = cxb = cpb and k,m ¢ {7,5}. Then we have to show s(z,7)b =
m8(¢,7)b. This is 1.5.15". Assume that b = cxb = c;b, k ¢ {1,7}. Then ,s(?,7)b=
ib by [HMTI, 1.5.20], since [b = ¢;b iff b = s]b] is easy to see. By symmetry (using
also MGR) the case b = cxb = c¢;b is analogous Assume finally that b = ¢;b = ¢;b.
Then st = s c]b =cjb=cb=3sj Lb, by [HMTI 1.5.8(i)]. We have seen that the
deﬁmtlon of p;b is sound. Then clearly p;: B — B since ck.s'c k7 easily follows
from (Co)-(C3). Also, si: B— Bforall 4,5 € a. Let €= ¢ (BB,o,1dp) where B
denotes the set of all mappmgs from B to B, o denotes usual function composition,
(f o g)a: = f(g(z)), and Idg = {(b,b): b € B}. Then € is clearly a monoid and
p], € BB forall i,5 € a. Next we check that conditions (I)-(VII) of J()nsson
[62] quoted on p. 68 of [HMTII]) hold, with s: {[¢,7],[¢/5]: ©,J € a} —

s[t, _7] p] and S[’l/]] = sz for all 4,5 € @. Let b € B and let 7,5,m,n € a be such
that ¢,7,m and j,n,m are distinct.

r=3s

1 This follows from [HMTII, 3.2.52] (for the CA-case, i.e. when (C4) is available).
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(I) We have to check p;b pjb Here we will use MGR. By MGR, s(?,7)ckz =
sks s]skckx = sfszs skcka: = s’“s{skcka: = k$(7,7)ckz. Therefore if b = ¢xb for some
k ¢ {i,7} then p’b = 15(4,7)b = £5(5,9)b = plb. If b = ¢;b then pib = sjb = zﬂb, by
the definition of p] The case b = c;b is completely analogous.

(II) We have to check p]‘p’Ab =b. If b = ckb for some k ¢ {¢,7} then pib =

kS(7,70)b = ckp’b hence by the definition ofp] we have pﬂr’b = sk sks" ’skckb =b,
by [HMTI, 1.5.10(v), (i ) and 1.5.8(ii)’]. If b = ¢;b then p]pjc,b = s’s’czb =b. If
b = c;b then p;-pfcjb =sls c,b =b.

(III) We have to check p] t b= p’mp’b Here we will use MGR and (I). If b = ¢xb,
k & {i,7,m}, then

k 1

p;pﬁnb = p{pﬁnb = 3 sks Sk kb = 87 sJ

st, s ckb,

while
p’mp] p’b = sk J k Jskckb =sk sms’skckb

hence by MGR we are done. If b = czb then p] ih= p{s cib = sms’s sTeib =
’b and p’mp’b = pl,s] b = 8] s]b and we are done. If b = c,b then P} Lpt.b =

s“s(z m)c;b = s;sism Teb = s, s7'b, while p’mp;b =p's c]b = sms sls cjb =
sts Tb. If b = cmb then pgpmb = st b and p7mpjb = p’mp]b = s, 87 s’s b=
sist b
g m . . .

(IV) We have to check psi"b = s7"p}b.

If b = ckb, k ¢ {3,7,m}, then we are done by [HMTI, 1.5.19(i)]. If b = ¢,,b then

pzsz"cmb = p§cmb = m8(1,7)b = cmm8(4,7)b = 87 cmms(7,7)b = s}"p}b.

If b = ¢;b then pgs?cib = s;"sgsfns{"c,-b = sl's; Jeib = sT'p} tb. If b = cjb then
p;sTtb = sisT*b = sstb = sT'pib, by [HMTI, 1.5. 10(11) (i )]

(V) p;s{b = s§s{b = sgb.

(VI) is [HMTI, 1.5.10(iii)’], and (VII) is [HMTI, 1.5.10(i)].

We have checked that conditions (I)-(VII) of J6nsson [62] hold. Then by

Jénsson’s theorem, s extends to a homomorphism s*: (H,o,1d,) — € for some
H C %a (with Do(s) € H of course). Then s*(6) = B 1 s2 for any o € 2, hence

(x9) A s,(b) =5.(b) fbeBandé=7, 0,7

Claim 3. Let 0 € Q) and assume that 6(i) = 6(j). Then A = o(z) = t'o(z).
PROOF. It is enough to prove that

(x6) (1) =6(j) = o(a) <d;; foralloce, 7,5 € anda € At

since b < d;; implies tj-b =b. Let 0 € 1, and 6(¢) = 6(5). We may assume 7 # j.
Assume that o is t™6 for some m,n € o and § € Q and that (x¢) holds for 6
(for all possible choices of 7,5). We may assume m # j (by symmetry of 7 and
7). Let k & [m/n](z). Then é(k) = §(j) by 6(:) = &(j), hence 6(a) < dy;, hence
o(a) =tT6(a) < dij (by m#n =>m¢ {k,j} and dpnn - di; < di;). By induction,
we are done. Q.E.D.(Claim 3)
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Now let 0,7 € ) be such that & = 7. Then either both ¢ and 7 are the empty word
in which case we are done, or else there are 7,5 € a, 1 # j, such that (i) = 6(j),
#(4) = 7(5). Then 2 |z o(z) = tio(z) and A }= 7(z) = ti7(z) by Claim 3. Further,
A | sp8z = 8,85z by (+°), since (Va € A)sia € B. Thus A = tio(z) = ti7(z) by
Claim 2, hence 2 |= o(z) = 7(z) by the above. Q.E.D.(Lemma 1)

From the above Lemma 1, we shall derive the following (more useful) statement:

(x7) Let 0,7 € Q, a € At and let f be any a-sequence such that
ker(f) = Ker(a). Then ¢|f = #|f implies 0®(a) = 7%(a).
PROOF OF (*7). Assume that o,7,a, f are as in the hypothesis part of (*7). Let
J be the set of indices occurring in ¢ or 7. Then J C « is finite, (k) = #(k) = k
for every k € a ~ J, and 6(j),7(5) € J for every j € J. Let I C J be a system
of representatives for the equivalence relation ker(J 1 f) (i.e. every “block” of

ker(J 1 f) contains exactly one point from I) and let .7 4 {th:iel,meJm#
1,(m,7) € ker(f)}. Let k € Z* be such that every element of Z occurs in k. Then
#(7) is the representative element of the block of 5 (in ker(J 1 f)) for every j € J,
hence ker(J 1 f) = ker(J 1 k). Now |k = 7| follows from &|f = 7|f, ker(J 1 f) =
ker(J 1 k), (Vi € @)[6(2) # 7(¢) = 6(3),7(¢) € J]. Thus 6k = 7k. Then by Lemma
1 we have (0k)?(a) = (7)%(a). But by Ker(a) = ker(f) and by the definition of
Z we have k®(a) = a (namely, (m,7) € ker(f) = a < dm; = t™a = a), hence
o%(a) = 0%k%(a) = 7%k%(a) = 7%(a). Q.E.D.(x7)

We are ready to prove (iv)’. First we check that (iv)’ holds for rep,. Assume
f € repy(a), g € repy(b) and 6|f = 7|g. Then Rg(f) NRg(g) # 0 by e.g. Rg(6]f) C
Rg(f), hence f = g by our condition (b) in the definition of repy, hence a = b, too.
Then 6|f = 7|/ implies o(a) = 7(a) by (*”) (and by our condition (a)). Thus (iv)’
holds for repy. Assume that (iv)’ holds for rep,,, n € p. We will show that it holds
for rep,, ., too. Assume f € rep,,(a), g € rep,,,(b), and &|f = 7|g. We have to
show o(a) = 7(b). If f = g and a = b then we are done by (), since we proved
(ii)’ for all rep,,, n € p. Thus assume f # g or a # b. First we show that there are
a' € At9, f' € rep,(a’) and j € a such that t}(a') = t3(a), [¢/5]|f' = [¢/4]|f and
6|f = ¢6|[i/7]|f, where r(n) = (u,v,7) for some u,v. Indeed, if f € rep, (a) then
choose a’, f',7 to be a, f,i. Assume f & rep,(a). If f € D;; for some j € a, 7 # 1,
then by our construction there are o’ € At% and f’ € rep, (a’) such that a’ < c;a
and f = f'(i/f}). Then t}(a’) = t(a) by (* * %), hence a’, f’,j have the desired
properties. Assume f ¢ D;; for all j € a, 7 # ¢. Then by our construction of
rep, there are a’ < c;a and f’ € rep,(a’) such that f = f/(i/u). By our conditions
(c), (d) in the construction of rep, ,;, and by [f # g or a # b] assumed above,
f(#) = u ¢ Rg(g9). Then ¢ ¢ Rg(6) by 6|f = 7|g, therefore 6|f = 6|[i/7]|f for
any j € a. Let now j € a, j # ¢, be arbitrary. Then a’, f’,j have the desired
properties. We have seen the existence of a’, f’,7 with the desired properties.
Completely analogously, there are b’ € At2, ¢’ € rep,(b’) and k € a such that
ti(b') = (), [¢/K]lg’ = [i/k]lg and #|g = #|[¢/k]|lg. Now by &|[i/j]|f" = 7|[i/k]lg’
and by our inductive hypothesis we obtain o(t}(a’)) = 7(t;(b')). By (ii)’ we have
ker(f) = Ker(a), hence by 6|f = &|[i/;]|f and (+7) we get o(a) = otia = ota’.
Similarly, 7(b) = rttb = rtib’, hence o(a) = 7(b) and we are done.

Let n € p be a limit ordinal. Then clearly, if condition (iv)’ holds for all rep,,,
m < n, then (iv)’ holds for rep,,, too. For this same reason, (iv)’ holds for rep, if it
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holds for all rep,,, n € p. We have seen that (iv)’ holds (for rep), thus conditions
(i), (iv) hold, too, as we checked below the formulation of (iv)’.

Clearly, condition (v) holds.

Thus the function rep: At — {X: X C V} satisfies all the conditions (i)—(v).
Hence the function rep’: A — {X: X C V} defined by

rep’( U{rep ca €At a<z} forallze A

is an isomorphism between 2 and a Crs, B. Clearly, B € D, since & |= ¢;d;; =1
for all 2,5 € . Q.E.D.(Theorem 1)

Remarks on the choice of the azioms in . The axiom (C}) is needed in ¥ for the
representation theorem, i.e. there is an algebra A = (¥ ~ {C;}) with % ¢ ICrs,.
However, if we replace (C7) with its stronger version (C7 ) below, then (C}) can be
omitted from ¥ in the theorem.

Let d;jk 4 dij - dig (for any 7,7,k € ). Then

(C;-) T S dijk g d,’jk -cicjcicjx S z if k ¢ {2’,]’}.

This (CF) has an obvious equational form (hint: replace z with d,jx -z everywhere).
The case 7 = j yields the original (C7). Now

PROPOSITION 2. {(Co)-(Cs),(Cs), (Ce), (C)} = (C}).

PROOF. Assume k ¢ {i,7}. Then dj;i - cjciciciz - —cic;z < x - —cicjz = 0,
hence dwk cicjc;x - —cic;x = 0, and so, applying c¢;, djk - c;c;cT - —cic;z = 05 s0
djk - cje;T - —cic;x = 0 as desired. Q.E.D.

We note that while Crs, F (Cj), we have Crs, | (CF). (This does not con-
tradict the above proposition, because Crs, F (Cg).) An equivalent form of (C3)
says that applying c;c;c; to two disjoint elements below d;;x leaves them disjoint
(whenever k ¢ {i,;}).

MGR also has a more intuitive form: Let MGR™ be the scheme

kS(1,)ks(f,m)ekx = ks(m,i)ks(3,7)ckz whenever k ¢ {i,j,m}, m ¢ {i,5}.

Note that this MGR™ is just a natural property of transpositions (describing how
two transpositions [z, j], [7,m] commute if they have a common index “”). Now,
MGR? is equivalent with MGR (under (Co)- (Cs), (Cs), (C7)):

PROPOSITION 3. Let S+ £ {(Co)~(Cs), (Cs), (Ce), (CT),MGR*}. Then T+t
is an adequate aziomatization of ID,, i.e. Mod Lt = Mod £ = ID,.

PROOF. Assume £*. By Proposition 2 we have (C7),(Cj;). Let 2,5,k,m be
such that k ¢ {¢,7,m},m ¢ {z,5}. Then

k ki o ok
s, s;s] SpckT = 8 s’sks s 7 serck® = ks(t,7)ks(g, m)ex
= ks(m,i)s(i,5)cez = sk sMsisks ’s{cckx = sk sTst skcka:

which is exactly MGR. The rest is immediate by Theorem 1. Q.E.D.

Concluding remarks (and some related work). The study of Crs, in its own right
was initiated by Leon Henkin (cf. e.g. Henkin [68]), and was pursued in Henkin-
Resek [75], Resek [75], [HMTAN, HMTI], Ferenczi [83], Németi [85] and many
other works.
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Németi proved that ICrs, is a variety, but is not finitely axiomatizable for oo > 3
(cf. [HMTII, 5.5.10, 5.5.12] and Németi [78]), and that its equational theory is
decidable (Németi [86, Theorem 10(i), p. 144]). As a contrast to these results of
Németi, by Thompson’s part of the main theorem in this paper, ID, is finitely
axiomatizable (for & < w). This might suggest that D, would be closer to CA,’s
than to Crs,’s, but Németi [86, Theorem 10(ii), p. 144] proved that the equational
theory of ID, is decidable (for o < w). It is still open whether the equational
theory of D, is decidable or not.

We also note that by using the method of the present proof of Theorem 1, one can
obtain a (syntactic description of a decidable) set of defining equations for ICrs,.
(That set is necessarily infinite, though.) Also, an application of the present method
to the diagonal-free (df) cylindric algebras yields a (simple) proof for Mod((Co)-
(C3)) =“the class of all df-cylindric-relativized set algebras of dimension a” (for
the definitions of these notions see e.g. [HMTI, §5.1.]).

The first published works using the cylindric algebraic term t; were, probably,
Pinter [73, p. 171] and Craig [74a, (8), p. 13|, Craig (74, pp. 121, 102, 2]. (The
letter “¢” comes from these works, too.) The idea of using t; goes back to some
joint work of W. Craig and C. M. Howard starting before 1965 (see the footnote
on p. 14 of Craig [74a]).

We also note that Thompson also has a proof (unpublished) for Theorem 1 (as
was indicated in the introduction). His proof is based on ideas completely different
from those in the present paper. For example, the construction given in the present
paper is such that the unit contains no two permuted versions of a repetition-free
sequence, i.e. if f € V, ker(f) = Id,, and o is a permutation of a, o # Id, then
o|f ¢ V. In contrast, Thompson’s proof yields a representation where V' C “U and
there is a group G of permutations of U such that (Va € At2)(3f € V)rep(a) =
{flo: 0 € G}.

Connections with relation algebras and more on Thompson’s proof. The relation
algebraic counterparts of ModX and I D, are the classes WA and SRIRRA defined
by Maddux (see e.g. Maddux [82]). (Further, the counterpart of MGR is z%* =
z.) The relation algebraic counterpart of the Resek-Thompson theorem is then
Theorem 5.20(ii) in Maddux [82] saying that WA = SRIRRA. (The related result
SA C SRIRRA, where the variety SA is obtained from RA by weakening the law
of associativity, is already in Maddux [78].)

We note that Thompson’s proof (which is practically “disjoint” from Andréka’s
one) for Theorem 1 of the present paper proceeds somewhat analogously to Mad-
dux’s: Thompson first shows that every complete, atomic algebra in Mod ¥ is a
subalgebra of one that satisfies the so-called “Henkin-condition”, which is a gener-
alization of “every atom is rectangular” (cf. [HMTII, 3.2.14]), and then Thompson
shows that every atomic algebra in Mod ¥ that satisfies the Henkin-condition is in
ICrs, (this second step is a generalization of [HMTII, 3.2.14], with an analogous
proof). (We note that the notion of “rectangularity” as well as 3.2.14 of [HMTII]
need to be generalized since they strongly rely on (C4) while in Theorem 1 we have
only the weaker (C3).) Thompson’s proof is so unrelated to the present one that
by the tools developed in this paper we cannot say anything more significant about
the ideas in it. Therefore a separate paper will deal with the ideas of Thompson’s
proof. A corollary of that proof yields a rather transparent procedure for deciding
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validity in CA,, of equations involving only s;-’s (and no other basic operation of
CA’s).

We also note that the relation algebraic analog of Crs, is defined by R. Kramer
who denoted it by REL, and found a finite set A of defining equations for REL (i.e.
he proved that Mod A = REL). His theorem can also be proved with the method
of the proof in the present paper. As a further application, we note that almost
the same proof as given in the present paper proves a similar representation theo-
rem for finite dimensional polyadic algebras (or infinite dimensional quasi-polyadic
algebras), with no further assumptions.

REFERENCES

H. Andréka, A combinatorial proof for the famous Resek-Thompson theorem for cylindric algebras,
Math. Inst. Hungar. Acad. Sci., Preprint, November 1986, 8 pp.

W. Craig, Logic in algebraic form, North-Holland, 1974.

——, Unification and abstraction in algebraic logic, Studies in Algebraic Logic, Vol. 9, Math. Assoc.
Amer., Washington, D.C., 1974a, pp. 6-57.

M. Ferenczi, On the connection of cylindrical homomorphisms and point functions for Crsq ’s, Lectures
in Universal Algebra (Proc. Szeged 1983), Colloq. Math. Soc. J. Bolyai, vol. 43, North-
Holland, Amsterdam, 1985, pp. 123-141.

L. Henkin, Relativization with respect to formulas and its use in proofs of independence, Compositio
Math. 20 (1968), 88-106.

L. Henkin and J. D. Monk, Cylindric algebras and related structures, Proc. Tarski Sympos., no. 25,
Amer. Math. Soc., 1974, pp. 105-121.

[HMTI] L. Henkin, J. D. Monk and A. Tarski, Cylindric algebras, Part 1, North-Holland, 1971.

[HMTII] —_, Cylindric algebras, Part II, North-Holland, 1985.

[HMTAN] L. Henkin, J. D. Monk, A. Tarski, H. Andréka and 1. Németi, Cylindric set algebras,
Lecture Notes in Math., vol. 883, Springer-Verlag, 1981.

L. Henkin and D. Resek, Relativization of cylindric algebras, Fund. Math. 82 (1975), 363-383.

B. J6nsson, Defining relations for full semigroups of finite transformations, Michigan Math. J. 9
(1962), 77-85.

B. Jénsson and A. Tarski, Boolean algebras with operators. I, Amer. J. Math. 73 (1951), 891-939.

R. Maddux, Topics in relation algebras, Doctoral Dissertation, Berkeley, Calif., 1978.

—, Some varieties containing relation algebras, Trans. Amer. Math. Soc. 272 (1982), 501-526.

I. Németi, Connections between cylindric algebras and initial algebra semantics of CF languages, Math-
ematical Logic in Computer Science (Proc. Collog. Salgétarjan 1978), Colloq. Math. Soc. J.
Bolyai, vol. 26, North-Holland, 1981, pp. 561-605.

—, Cylindric-relativized set algebras have strong amalgamation, J. Symbolic Logic 50 (1985), 689
700.

—, Free algebras and decidability in algebraic logic, Doctoral Dissertation (B) for D.Sc. (or Dr.
Rer. Nat.), Hungar. Acad. of Sci., Budapest, 1986.

C. Pinter, Cylindric algebras and algebras of substitutions, Trans. Amer. Math. Soc. 175 (1973),
167-179.

D. Resek, Some results on relativized cylindric algebras, Doctoral Dissertation, Berkeley, Calif., 1975.

R. J. Thompson, Transformational structure of algebraic logics, Doctoral Dissertation, Berkeley,
Calif., 1979.

—, Defining relations for the semigroup of finite non-permutational transformations, Manuscript,
Math. Inst. Hungar. Acad. Sci., Budapest, 1986, pp. 1-18.

MATHEMATICAL INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST,
P.O. BOX 127, H-1364 HUNGARY



