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STOCHASTIC PERTURBATIONS TO CONSERVATIVE
DYNAMICAL SYSTEMS ON THE PLANE.
II: RECURRENCY CONDITIONS

G. WOLANSKY

ABSTRACT. We consider a conservative system on the plane, subjected to
a perturbation. The above perturbation is composed of a deterministic part
and a random (white noise) part. We discuss the conditions under which there
exists a unique, finite invariant measure to the perturbed system, and the weak
compactness of the above measures for small enough perturbation’s parameter.

1. Introduction and main results. In Part I of this paper [5] we considered
the problem of convergence, as € — 0, of the invariant measures due to the diffusion
process generated by

(1.1) L€=§VH.V+Q~V+A

on R2. Here H is a smooth, real function with a finite number of critical points,
V = (-8/dy,8/8z) for z = (z,y), Q is a smooth vector-valued function on R? and
A stands for the Laplacian. In [5] we assumed that the diffusion process generated
by (1.1) admits a unique invariant measure, u¢, on R2, for all € > 0 small enough.
Moreover, the set of measures {u®} was assumed to be weakly compact (tight).
Under the above assumption we proved the strong convergence of uf, as € — oo
to a finite measure u®. u® was represented by a density function p° which is given
explicitly as a function of the local action, J, due to the Hamiltonian H. By our
condition on H, J is a smooth, single-valued function on {z;|z| > R} for some
R > 0. J is defined by

(1.2) J(2) = 7{ R

where ~(z) is the level curve of H intersecting z. On each such level curve we
defined the averaging operator

_ U(Z’) '
(1.3) (0) (s = }{ I )
Consider
(1.4) W(J) = W—éﬁ%, J=J(2).
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By the above notation p° was defined outside the R disc on R? as

J
(1.5) p°(J) = Cexp </ P(s) ds)

where C is a normalization constant and p°(z) is defined by (1.5) upon the substi-
tution J = J(z) [5].

In the present paper we study the conditions under which the assumptions of
existence and weak compactness of {u¢} are satisfied. From (1.5) it seems evident
that a necessary condition for the above assumptions is the integrability of p°(2).
In particular, the integrability of p° follows from the assumption

(1.6) s@o Y(s) <0

The sufficiency of (1.6) is a delicate problem (see below). As for now, we assume a
much stronger assumption:
ASSUMPTION A;.

1. 1 —_—
RiES {ZZ‘L" [ ZIRZIE I
where ~(s) is the level curve of J = s and n; is the outward normal to ~(J).
2. lim { inf [|VJ|2}
s—oo LZE€E(s)

It is easy to see that Assumption A; is stronger than (1.6) provided AJ is
uniformly bounded. In fact, by (1.3),

(1.7 (VI = § 1991
[ QW v
(18) @vnw=¢ Sgi=f an

Thus, Assumption A requires the strict inequality at any point on the contour ~(s)
for s large enough, while (1.6) requires only the inequality of the contour averages.
Notice that both (1.6) and Assumption A; ignore the functional dependence of H
on J (i.e. the frequency of oscillations on level curves of H due to the unperturbed
system 2z = VH(z)). It is only the behavior of Q - Vn; and VJ that counts.

THEOREM 1.1. Assume A; holds. Then, for any € > 0 the process generated
by (1.1) s positively recurrent. In particular there exists a finite invariant measure
ué, associated with the diffusion process generated by L¢. Moreover, the set {u€}e>o0
s compact in the weak topology of measures.

Consider now the weaker assumption (1.6). As it stands, it is not likely that
(1.6) may replace A; in Theorem 1.1. This is due to the fact that (1.6) contains no
information about the frequency of oscillations on a given level curve of H, and we
cannot expect that |VJ| and @ - ny can be replaced by its contour averages if the
frequency w(J) (= dH(J)\dJ) is zero for some values of J. Moreover, even if w(J)
admits a positive lower bound, we may expect that the conclusions of Theorem 1.1
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would fail if Q - VJ deviates wildly from its contour average. If H is a harmonic
oscillator

(1.9) H(z,y) = 32% + 1w?y?, w=const #0
then we can prove an analog of Theorem 1.1:

THEOREM 1.2. Assume H is given by (1.9) and, in addition, 3C >0
(1.10) V.Q| < C, VzeR2

Then the conclusions of Theorem 1.1 hold provided (1.6) replaces Assumption A,
and € > 0 1s small enough.

Condition (1.9) can be relaxed as follows: If H is harmonic, then the associated
action is given by J = H/w. Here w is a positive constant so J is a definite quadratic
form. Consider a general Hamiltonian H = H(z), for which the associated action
satisfies the following generalization of the “harmonic” action:

(1.11) O(J) = 0(VJ>) = 0(|2])* as z— oo,
(1.12) V.V J|<C.

In addition, let the canonical angle § ({J,0} form a canonical pair) satisfy the
obvious generalization to the harmonic oscillator case

(1.13) |2]|V2.6] + |A.8] < C.

THEOREM 1.2'. Let H be a Hamiltonian function on R? and assume the asso-
ciated action-angle variables satisfy (1.11)-(1.13) for z at a certain netghborhood of
infinity. Assume, in addition,

Cy>dH/d] =w(J)>C1 >0

and VH is uniformly Lipschitz (as a function of z). Then the conclusion of Theorem
1.1 holds if (1.6) replaces Assumption A;.

Notice the restriction “c small enough” in Theorem 1.2(2') compared to “any
€ > 0” in Theorem 1.1. Theorem 1.2(2') may be applied to the case of degenerate
diffusion as well. In this case, we replace the Laplacian in (1.1) by, say, 8%/dz2.
The formal expression of p° (1.5) is the same, where (|0.J/dz|?), (92J/322) replace
(IVJ|?) and (AJ), respectively, in (1.4). Here the analog of Assumption A; fails
since (82J/0z%)/|(0J/8z)|* blows up at some point on any level curve of J, while
(1.6) may be satisfied since (|0J/dz|?) is always positive.

2. Technical background. In order to show the existence of a finite invariant
measure uf, one has to prove the positive recurrency of the process involved [3].
Given a simply connected bounded domain (4, let 7¥ be the hitting time of v, =
0Q;. If Qy DD O and o = 902, then it is enough to show:

(2.1) sup E;(77) < 00

TE2
(see [1]). In the case of Theorem 1.1 we apply some adaptation of the barrier
method [1] and use the special structure of L¢. Defining ~,, 72 as level contours of
J, we explicitly define a function U® = U9(J) satisfying

(2.2) LEU%(J) <0, Jim U%(J) = oco.
—00
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The existence of U° as above guarantees the recurrency of the process. To prove
the positive recurrency, we construct a second barrier F = F(J) > 0

(2.3) LE(F) < -1 Vz, {J(2) > 21},
where J(z) = J; on v, ¢ = 1,2. Then
Ey(rf) S F(J2) Vz€m

and the positive recurrency follows from (2.1). Since F is independent of ¢, the
Lh.s. of (2.1) turns out to be independent of € as well. This observation, however,
is not sufficient for the weak compactness of the invariant distributions {u®}.

In order to prove the weak compactness, we use a representation of an invariant
distriubtion u to a positively recurrent diffusion process, due to Khas'minskii [4].
Consider the stopping time 7¢:

(2.4) ¢ = {inft > 0;2°(t) € 01,3(0 < s < t) 2°(s) €~ Q1 }.
Then, if A is a Borel set

25)  u(4)= A E, (/0 xa(25(s)) ds) dve (y) / | By

where 1€ is a probability measure on ~; induced by the diffusion process (xa-the
characteristic function of A). In [5] we used (2.5) to obtain the strong convergence
u€ — u® on ;. Here we use the same representation to estimate u® on the external
domain ~ Q. Let {z;|2| > R} := Q% C~ Q for R > 0 large enough. By (2.5),
pE(Q%) is estimated by

zZEM ZEM

(2.6) w5 (QF) < sup E, (/OT x‘;’?(ze(S))d8>/ inf E.(r°),

where x® is the characteristic function of Q% . Since x¥ is supported in ~ (12, we
obtain for z € 7;

27 E, ( [

where 75 is the hitting time of v2. By the strong Markov property

E, ( / ng(zf(s))ds) —E, (Eze(,g) ( /0 " x‘,}"(zs(s))ds))

2
T
< sup E, (/ x}’?(z‘(s))ds) ,
TEY2 0

where ¢ is, as before, the hitting time of ;. From (2.5) and (2.8)

€ €

x%(zf(s))ds) =y ( / ' x%(zf(s»ds)

€
2

(2.8)

€72

(2.9) L) < O sup E; ( /0 " (2 (s)) ds) ,

provided C is an ¢ independent function satisfying

. ¢ . ¢
(2.10) zlél’fl E.(m%) > z1é17f2 E;(rf)>C>0.
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Thus we prove the weak compactness of {u€} by showing

(2.11) Rh—r-noo {:él% E, (/0 ! X% (25(s)) ds)} =0

holds uniformly w.r. to € > 0. In the beginning of §3 we fill in the details of the
proof of Theorem 1.1.

The proof of Theorem 1.2(2') is more complicated. Here we cannot introduce an
explicit barrier as in (2.3). However, there exists a function U*(J) > 0 satisfying
(2.12) LU =-1+¢

where (£)(y) = 0 for J > J; (see (1.3) for the definition of (-)). In order to prove
(2.1) in this case, one has to show

(2.13) E, (/Tf §(z€(s))ds) <6E(rf)+C < o0
0

forz € 49, C > 0,0 < 6 < 1, where C, § are independent of the particular choice
of 2 € 74,. To prove (2.13), we take advantage of the definition of &:

TO

(2.14) £(z°(s))ds =0

0
where 29(s) satisfies the unperturbed (deterministic) system

22 =VH("), 2°0) ==z

and T? = 2m/w(z). (2.14) is just the condition (£) = 0. Splitting £ = E+(1-6)
where 1 — ¢ is compactly supported in ~ ; and (E) 0, (2.13) is reduced to (see
§3):

(2.13") (/ £(z )ds) < 8E(17) < 00,

for 6 < 1 and z € 72, fixed.
Let z € 2, 8(z) = fp. We define the ray lj C~ Q; as

(2.15) lgo = {Z e~ 0 J(z) > J1 + n,()(z) =0},

where 1 > 0. Define Tl' as the stopping time according to the following rule: The
process 2(s) starting at w € l(',’0 is stopped whenever 2¢(t) hits lgo after completing
at least one revolution in 4. Let 7§ 1= 7L 1 ATf. Using the strong Markov property,
we show (§3) that (2.13') is reduced to the following

(a) Ywely, Eu(m <oo
(2.16) (b) Ywell, E (/ £(f )<6E( 1

(2.16a) is proved in §3 by constructing an appropriate barrier function. The proof of
(2.16b) includes most of the technical details of this paper, and is given in Appendix
B. The object of this proof is to estimate the deviation of the Lh.s. of (2.16b) from
that of (2.14), for £ small. In order to prove those estimates, we need a uniform
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lower bound on E,, (r&'!) Yw € I, . This is the reason for the choice J(w) > Ji +7
in the definition of l" (2.15). In Appendlx A we prove certain bounds on £ which
are required for the proof of (2.16b). The proof of weak compactness follows along
similar lines, using (2.11).

3. Estimates on the external domain.
PROOF OF THEOREM 1.1. Let the assumptions of Theorem 1.1 hold. For
J > 0 large enough, define

(3.1) 47 ={2€R? J(z) =J} Cc R
Let J2 > Ji, and consider ~; = vy,, 2 = 1,2. By Assumption A; we may define J;
large enough for which

(3.2) sup 2T +Q-VJ

ey < Te<?

where J > J; and « are a positive constant. Given B > R’ > J; we define the
domain
(3.3) 0F = {2 R' < J(2) <R}.

Let 7{ 1, be the escape time from Q% . From the definition of L¢ and by VH-VJ =0
we obtain

AJ+Q-V
E(p,ady — 2,aJ |2
(3.4) LE(e*)) = |VJ|*e*’ |a* + a—IVJP
Hence, by (3.2),
(3.5) Lf(e*’) <0

for J > Jl.
Using the Ito formula and applying expectations on the process starting at s:

"1€,R
(3.6) E, / LE(e*”)ds = EylexpaJ (1§ g)] — >/ <0
0
for y € v2. The definition of 7 r and (3.6) yield

Py (f p) € 7r} < xR

for arbitrary R > J,. Hence the process is regular and recurrent [1]; 72, the hitting
time of 4!, is finite a.e. and

(3.7) lim 7{ p =7{ in prob.
R—oo 7’

In particular, for R 1 oo 7{  is monotone and (3.7) holds a.s. Let

6(J)= inf |VJ|?

z€y

(3.8) F(J) = /JIJ e*? [/:o ﬁ;e“a“ du] ds.
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F is well defined by Assumption A;(2). Applying L¢ on F, using (3.2), we obtain
in a similar way to (3.5) ’
(3.9 L*(F) < -1 for J > Ji.
Given y € 7, the Ito formula yields

(3.10) Eyrip < -Ey /OTLR LEF(2%(s)) ds = —{EyF(r{,r)) — F(J2)} < F(J2).

Using (3.7) and the remark thereafter, we obtain a bound on Ey7{ by (3.10) and
the monotone convergence. Hence the process is positively recurrent for any € > 0
(1]. In particular, the process (1.3) admits a finite invariant measure, p®.

Let Q% be defined by (3.3). The set {u}, € > 0, is weakly compact provided

(3.11) }%im us (%) =0, uniformly in € > 0.
—00
Let now
R / * X®
3.12 F*(J =/ e‘”[ —e_o‘“du] ds
(3.12) () A )

where x% is the characteristic function on [R, 00) and « is as in (3.2). A calculation
similar to that of (3.9) yields

(3.13) L°FR < —x%.
Hence, for y € v2

sy B ( /0 ng(ze(s))ds> <-E, ( /0 LEFR(zf(s))ds)

= FR(J2) = Ey(F*(°(r))) = FR(Ja),

by the Ito formula. The last equality above follows from the definition of F® and
7f. From (3.14) we obtain the e-independent estimate:

,
(3.15) sup E; (/
TEY2 0

By (3.12) and limj_ 6(J) = oo (due to Assumption A;): limg_.co FE(J2) = 0,
and (3.11) follows. To complete the proof, we need to provide a lower bound on
E.(7°). In order to evaluate such a bound, consider 7§ 5, the escape time from
for fixed F > J;. Choosing 8 > 0 large enough, we may estimate

(3.16) L)y >C >0

for J; £ J £ R (compare (3.4) and (3.5)). C is ¢ independent and, for y € s,
C~1ef72 is a lower bound on E, (r{ ), independently of y and ¢ (compare (3.10)
where the opposite inequality, (3.16), replaces (3.9)). A lower estimate on E, (7€),
T € 1, is obtained, independently of z and €, by the strong Markov property. This
completes the proof of Theorem 1.1. O

PROOF OF THEOREM 1.2. By the conditions of the theorem, the process admits
a strong solution for any € > 0. In fact, the drift satisfies

IVH(2) +eQ(z)| < K(1+|2]),  z€R?,

€

X% (Z5(s)) dS) < FR(J).
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which, together with the Lipschitz conditions on VH and Q, satisfies the conditions
of Theorem 2.1, §5 of [3]. In particular, we obtain for every T > 0,

(3.17) Jim P75 >T) =1
where 7§ is the escape time from a domain Qr C R?, Qp T R2. Let
Q- vJ)
3.18 J =/ 212 ds,
and define
71 () [ oxtw)
(3.19) U*(J) =/ L s / X gy,
=), o,

Notice that U* is well defined by (1.6).

Considering U* as a function on the phase space via U(J(z)), a direct substitu-
tion yields
(3.20)

LU* = |VJ|2£U* +(AJ+Q- VJ)iU*

dJ? dJ
_ |VJ|2 + {_(AJ+Q~VJ) AT+ Q- VJ}C_X(J) /°°ex(8) ds.
J

+
(IVJ]?) (IVJ1?) (IVJ1?)
In deriving (3.20) we used the identity
d ..
(3.21) (VJ - V)= w(dlv V),

for any smooth vector-valued V. The above identity follows from the divergence
theorem (see also [5]). Hence

(3.22) (LEU™) = —1.
LEMMA 3.1. Under the assumptions of Theorem 1.2, there exists a constant
C, independent of €, where
[LEU*| + |||V LU | < C, VYz€QF.

We defer the proof of Lemma 3.1 to Appendix A.
Let 7f = 7. (We suppress the £ dependence from now on.) In 2%°, consider the

segment l;’o given by
g, ={Ji+n<J < oo, 0=10p}
where n > 0 is a constant, and J; + 1 < Jy. Let
7 ={inft,2(t) € lg,,I0 =to < t1 <ty < <tp =t,
2(t;) € I, and |arg z(t;) — arg z(t;—1)| > 27}, 1<i<n.
Define ™ = 7 A 7. The stopping rule of 7" is as follows: The process is stopped
whenever z(s) hits [§; at the nth time, and each two successive hittings are separated

by at least one revolution of +27.
By regularity of the process (see (3.17)):

(3.23) lim ™ =71 as.
n—oo
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Notice that, at this point, 7 may admit an infinite value. In fact, 7 = oo if the
sample path never hits ;. Let

(3.24) €=LU* + 1.
Using the Ito formula with 7" as a stopping time, we obtain Vz € ~s:
,rn
(3.25) Eut™ = U*(Jy) — EoU* (2(+™)) + Es / £(2(s)) ds.
0

Since U* > 0 on 25°, (3.25) yields
(3.26) E (") <U*(J2) + , VzeEn.

E, /0 " e(a(s)) ds

LEMMA 3.2. Under the assumptions of Theorem 1.2,

Ey, " <oo Vn, yelf.
Moreover, there exist positive 61(n), b2(g,n)

lim 6;(n) =0, limédz(e,n)=0 Vn >0,
n—0 e—0

b /T §(2(s)) ds| < é1(n) + 62(e,m) Ex (),
0

where z 13 the intersection of vy, with l;’o. In addition, 6, and b2 are independent
of 8o. (See the definition of I .)

From Lemma 3.2 we obtain a global bound on Ey7", independent of n and
Y € 2, provided ¢ is small enough. In fact, by (3.26) and Lemma 3.2

(3.27) Egr™ < [81(n) + U*(J2)I(1 = 62(e,m)) 7Y,

provided ¢ is small enough. This leads to the boundedness of E, ("), z = lgo Nz,
independent of n, and hence to a bound on E;(7) via (3.23). Since the conclusions of
Lemma 3.2 are independent of p, we obtain a bound on E,(7), uniform on y € ~,,
and the positive recurrency follows via [1]. The weak compactness of the associated
invariant measures follows along a similar line. We define U}, equivalently to (3.19),
as

J oo
1
3.19' Ur(J) = / = e X(0) / 1[u > R]eX™) du.
(3:19) RN = | e ), Mz E
We then obtain, equivalently to (3.22),
(3.22') (L°UR) = —1{R,00)-
Let
(3.24") €R = LU} + Lip o0

Then ¢® satisfies the same estimate as ¢ in Lemma 3.1. Following the argument of
(3.23) — (3.27), we obtain

(3.28) sup E;7p < (51(77) + Ug(Jz2) + 62(¢,n) sup Ey"') (1= 62(g,m))7 Y,
TEN2 yET2
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where Tg is the occupation time of (1%:

T
R = / X (5 (s) ds.
0

The right-hand side of (3.28) is arbitrarily small by choosing 7, € sufficiently small
and R sufficiently large, using the already known bound on sup,¢.,, E;(7) and

lim Ug(J2) =0.
R—o0
Thus, the weak compactness of the invariant measures follows by the same argument

as in Theorem 1.1. (See (3.10) and the remark thereafter.)
PROOF OF LEMMA 3.2. Let 0 < o”(J) < 1 be a C* function on (15° satisfying

a(J)=1, J > Ji1 + 51,
0<a™’(J)<6/4M on J; < J < J1 +4n,
an(‘]l) :0»
where M = supqeo |€], M < 0o, by Lemma 3.1. Let
1

(3.29) E=a"¢.
Then, for y € v2

(3.30) E/ (2 ds—E/ é(z ds+E'/ (1 —am)é(2(s) d
The second term on the right of (3.30) is estimated by

ME, / "= (a(s))] ds.
0

Define ; e D .
"J=—M/e_s/ ———— (1 - a"(u)) du
=ML eame )
where AJ+Q.VJ
+ .
D> s —_—
261(111;"1 |VJ|2

and D < oo by (1.10)-(1.12). U" is well defined by definition of a”. Moreover,
LU = M(1—a") + (Q - VJ + AJ — D|VJ|2)£7U" > M(1 - a"),

by definition of D and the negativity of dU" /dJ. Hence
MEy/ (1 - a"(2(s))) ds < Ey/ LEUT = E,U"(2(r™)) - U (J2) < ~U"(Ja).
0 0

Define now
b1(n) = —U"(J2)/M
By definition of a”
lim 6;(n)=0

n—oo
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and from (3.31) we obtain the estimate

n

Ey/OT (1 — a™)é(2(s)) ds| < 81(n).

In order to complete the proof we have to show the existence of 8;(e,n) for which

/ Gz

(3.32) b6a(e,n)Ez (%), Vk,z = lg, N2,

<E, /(; é(z(s)) ds

+E; (EZ(T”)

and the boundedness of the right-hand side of (3.32). We proceed by induction on
k as follows:

by the strong Markov property. Similarly

(3.34) Eo(7"*Y) = (") + Eg(Ey(pmy).

Assume E;(7") < oo and (3.32) holds for é;(e,n) = 6, k = n. Then
(3.33)
,rn-f-l T" _
| | < B[ Easas
0 0
By the induction hypothesis for k = n, we obtain (3.32) for £ = n+ 1, using (3.33),
(3.34), provided

(3.35) )| < SEy(rh)

holds for each y € Range(2(7!)), where the r.h.s. of (3.35) is bounded. By definition
of ", 2(1") C v Ul . Since = = v N1 , the proof of (3.35) yields also the first
step of the induction. Thus, we conclude Lemma 3.2 by proving (3.35) and the
boundedness of Ey ('), Ty € v1 Ul . By definition of 7!, both sides of (3.35) are
equal to zero if y € ;. Therefore, (3.35) is nontrivial only if y € g .-

In order to obtain a bound on Ey(r!), we consider the diffusion process in the
covering domain

QP = {J1 < J <00, 00 <8 < oo}

The diffusion on (13} can be extended to Q‘j‘: in a natural way. Define 6‘}‘1’ - QS‘:

as
93? = QCJX: - { U lgo+21rk}

k#0
where & runs over the nonzero integers.

Let 7; be the escape time to Q‘fl’, due to the diffusion process in the covering
space. By definition of 7! we obtain 7! = #! for any sample path of the diffusion
starting at lgo in both 1% and (17, respectively.

We proceed by defining a barrier function, V', on 5?,‘: If
(3.36) LV > 1,
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and V is twice differentiable on 5‘}?, then by the Ito formula, for y € lgo,

(3.37) Ey(r') = Ey(#') < By(V(2(r%)) = V(y) < 2 sup V(w).

welgo
In (3.37) we identified the diffusions on the original and covering domains. On Q%

V is not necessarily a single-valued function. We turn now to the definition of V.
Define ©(J) > 0 by

e(J)ZO, JISJSJ1+771
o(J) =1, J1+2n < J < oo,
© smooth and positive on n + J; < J < co.
Let u = u(J):
Lfu>1 onJ; <J < J;+2n.

For given C > 0 and € > 0, define
V =eCO(J)0+ (1 —6(J))u(J)

where 6 is given by

=60 on —2w <0 <2m,
§=0mod2r on (6>2r)U (8 < —2m).

Evidently, V is smooth on 5°f, and globally bounded.
Consider L€V . Since VH -V = w(J)(8/08) by definition, a simple computation
yields

(3.38) LV = CQu +¢C(A +Q - V)00 + L*{(1 — ©)u}.

By the lower bound on w and the definition of ©, the first term above is bounded
from below on J > J; +n + 6, for any § > 0. The last term of (3.38) exceeds 1
on an interval (J1,J; +7n + 6) for § > 0 small enough, by the definition of u. The
middle term is uniformly bounded on (5 by (1.10), (1.11) and (1.13). Thus we
may choose § > 0 small enough, then € > 0 small enough to obtain (3.36).

In addition to the above bound, we need a lower bound
(3.39) inf E,(r') > De

w=lI]
80

for some D > 0, independent of €.
Consider the deterministic system obtained by removing the white noise compo-
nent from the diffusion process

(3.40) P =e"'VH(Z®) +Q(2°), 2°(0)=we 1, -
Since @ increases at most linearly in |z| by (1.10) we obtain by (1.13) the uniform
bound on @ - V6. From (3.40), in terms of (J,0)

d -0 _ 1 -0
aﬂ(z ) = Ew(z () +Q- V..
Since w is bounded from below and @ - V. is uniformly bounded, we observe that
for £ small enough, the first hitting time of l;’o due to the deterministic process

(3.40) is bounded from below uniformly on w € l;’o provided ¢ is small enough. On
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the other hand, comparing (3.40) to the original diffusion process with given € > 0
we obtain

(3.41) P, ( sup |26(s) — 2%(s)| > u) < C(v,T)e?.
0<s<eT

(See [2, Chapter 2].) Since @ and VH are both uniformly Lipschitz, the constant

C(v,t) above is independent of the choice of w € lj . From the above remark, we

may define a constant T > 0 for which

sup 0(z°(t))| <27 —v, V%0)=we lg, -
0<t<LeT

Using (3.41) we conclude
Py(r' 2eT) > 1-C(v/2,T)e?, Ywel]

and (3.39) follows. We complete the proof of Lemma 3.2 by proving (3.35) in
Appendix B.

Appendix A. The uniform bound on (3.20) is an immediate consequence from
the assumptions on J and @ (1.10, 11) and (1.6). Taking the z-derivative of the
first term on the r.h.s. of (3.20) and using (3.21), we obtain

|VJ|? V.|VJ|? 1 2
Al \Y = - VJ*{AJ)V J.
(A1) IvaR = vary  wape AT
The r.h.s. of (A.1) is estimated by O(|z|!), using (1.11) and (1.12).
Next, consider

(A2) ) [Torrao =[] 1 o)
where

(A3) B(J) = X /, Towd ([%x]—l) (s) ds.
By definition and our assumptions

(A.4) % = -(('Q—Vjv—lé)) = 0(1).

Using Green’s equality (3.21), we obtain

Px _(dv-Q) (@ VJ)(AY)
a2 = (VP VIR

and, by the assumptions of the theorem

2
(A.5) §j§u)=cxur”»
Hence
(A6) V. = }VJ—dix —O(lz™).
aJ dJ?
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Since |dx/dJ| is bounded from below for |z| large enough (see 1.6), we obtain
a uniform bound on the first term on the r.h.s. of (A.2). By (A.5) and (1.6),
B(J) = O(]z|~2). By (A.6) and the lower bound on |dx/dJ| we also obtain

(A7) Vldx/dJ]™" = O(]z| 7).
As for (J)
dx d[d ]
(A8) V.6= { -2 |5 }v,.z.
Using the O(|z|~!) estimate on 3, (A.5) and (1.11), we get
(A.9) V.81 = 0|21
Hence
(A.10) V. [e"‘(s) /oo ex(®) ds] =0(]z|™).
J

Finally, we have to estimate the term in curly brackets of (3.20):
(A.11) V2{-} =0(z|").
(A.11) is easily verified by using (3.21) together with (1.11), (1.12) and (1.10).

Appendix B. We split y € [ into two cases.
Case (a). y €1y , J(y) < J1 +2n. Then

(/ £(z ) (/ £(2(s))ds; sup J(z(t)) < Jy + 477)
o<t<r?

(B1)
+E, (f €(2(s))ds; 30 < t < 7! J(())=J1+4n).

By definition of ¢ (see (3.29)), we estimate the first term in (B.1) by SE,(t1)/2.
As for the second term, consider
Py (30 <t <7l J(2(t) = J1 +4n)
< sup P,(30 <t <71, J(2(t) = J1 + 4n)
{wiJ (w)=J1+3n}
< s R s - 2612 1) oD
{w;J (w)=J1+3n} 0<s<eT 2

by (3.41), provided eT is chosen so that the orbit of (3.40) completes at least one
revolution at this time. By (B.2) and the Cauchy-Schwarz inequality, we estimate
the second term of (B.1) by

M(E, ()12 [C(n, T)eY /2 < CM sup [E,(r))]Y2[E, (1)) %
(B.3)
<C(n) [Ey(T ]1/25‘
In (B.3) we used the inequality

Ey(I71) < sup E;(7) - Ey(7),
2N
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where 7 is the escape time from an arbitrary domain Q. The r.h.s. of (B.3) is now
estimated by

(B.4) C(n)[Ey(r")]/%e < C(n)D~ 26" 2Ey (') < 6Ey(r")/2

using (3.39), provided ¢ is small enough. This completes the proof of Case (a).

Case (b). y € lg , J(y) > J1 + 2. Let T be the hitting time of I§ ,, due to
the deterministic system (3.40), Zo(0) = y. By the assumptions of the theorem, we
obtain a uniform bound

(B.5) sup T, < eT.
vely

In fact, the frequency w(J) is bounded from below and Q-V .8 is uniformly bounded
by (1.10), (1.13). Hence

ie(z"(t)) >elinfw—sup|Q- V.0 >e7'C
dt z z

and (B.5) follows upon inserting T = 27 /C.
On the space of orbits starting at y we define the event

0<s<2eT ~ 4sup, |VE|+ N

where N > 4 will be determined later on.
By (3.39) with » = §/N we obtain

P,(#%)>1-C(6/N)e>.
An analysis similar to (B.2)-(B.4) yields

ME = {z; sup _[2(s) — 2°(s)| < ——-i-————}

®5) B, ( [ é(z<s)>,~w) <mfe (2] merees e

provided ¢ is small enough. We estimate now

E, (/0’ g(z(s))ds,/s) =E, (/0, (£(2(s)) - 5(5,0(3)))(13,/5)

+E, ( /O ’ E(zo(s))ds,/“) .

The first term on the right of (B.7) is estimated by

(B.7)

’ 6

(B.8) sup|Vg|Ey (/Of |z(s) — 20(0)|ds,/€) < ZEy(Tl).

In fact, the definitions of #¢ and 7! together with the special choice of y due to
Case (b), yield for £ small enough:

(B.9) supt! < 2¢T,
HE



656 G. WOLANSKY

so the integral in (B.8) is bounded by 6/(4sup|V¢|), by definition. The second
term in (B.7) is written as

B10) B, ([ 626 - Ee)as ) + B ([ L) dnte).

where 20(s) is the orbit of the unperturbed system
(B.11) P =1VH("), 2°(0)=y.
To estimate the first term in (B.10) we have to compare the deviation of z°(s) from

7%(s) on a 2T time interval. Using the assumptions of the theorem (in particular,
the uniform Lipschitz conditions on Q and VH), we obtain

sup _[2%(s) — 2°(s)| < eClyl, 2°(0) =y,
0<s<2eT

for € and |y| independent of C. Taking into account the estimate on |V£| due to
Lemma 3.1, we obtain

(/ E 5M$Mw%)

(B.12) < sup |VE(z)] sup [2%(s) — 2%(s)| By
IZI>IyI/2 0<s<2eT

6
<eC'E,m' < ZEy‘rl, Vy € l;’o

The second term in (B 10) is written as

(B.13) / £(2°(s)) ds + E, ( o £(z ())ds,/[e),

where TS is the period of (B.11). The first term in (B.13) is identically zero by the
definition of E . The second term in is estimated by

(B.14) sup |€|sup |r! — TQ| < sup ¢ (sup|r1 -T;|+IT; - T3|)
as T #e o #e

where T is, as before, the hitting time of lj due to (3.40). By the definition of
71 and A€, sup 4. [t — T¢| is estimated by the time in which the orbits of (3.40)
cross a §/N neighborhood of Ij . This time is estimated by éO(6/N) uniformly in
y € lg . Taking N large, we bound this time by

) 1 D
0(5) <jmrzd
NJ  A4supl¢
where D is defined in (3.39). Hence:
= 6
(B.15) sup [{|sup |r! — Ty | < —E, ().
MHE 4

To obtain a bound on |T¢ — T?|, we use the assumption on H and Q. It is easy
to see that |T¢ — TY| is estimated by O(&?), uniformly in y € lj . Hence for & small
enough

= ) 6
(B.16) sup |ITy — TJ| < yDe < Ey(r'), Wy €l
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Combining (B.6) with (B.8), (B.12) and (B.16) we complete the desired estimate
on Ey(fg" £(2°(5)))-
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