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L? INEQUALITIES FOR STOPPING TIMES OF DIFFUSIONS!
R. DANTE DEBLASSIE

ABSTRACT. Let X; be a solution to a stochastic differential equation. Easily
verified conditions on the coefficients of the equation give L? inequalities for
stopping times of X; and the maximal function. An application to Brownian
motion with radial drift is also discussed.

0. Introduction. Let B(t) be n-dimensional Brownian motion (n > 1). Denote
by E. the expectation associated with B(t) starting at z. For any stopping time 7
of B(t) let B(r)* be the maximal function of B up to time 7:

B(r)* = sup |B(tAT)|
0<t<oo

In Burkholder and Gundy (2] (n = 1) and Burkholder [1] (n > 2) the following
theorem was proved:

THEOREM 0.1. There are positive constants cpn and Cp, such that for any
stopping time 7 of B(t),

cp,nEz[T + |-'5|2]p/2 < E|B(r)*P < Cp,nEz[T + |$|2]p/2-

If 7 is an exit time (i.e., if for some open D C R™ 7 = inf{t > 0: B(t) ¢ D}), this
result can be used to determine when E,7? is finite. See Burkholder [1, Theorems
3.1-3.3 and the application after Theorem 3.3]. Mueller [4] extended Theorem 0.1
to exit times of other diffusions X (t); however, rather than X (7)*, his inequalities
involve

u(X(r)" == sup [u(X(tAT))
0<t<oo
where u is some X (t)-harmonic function (i.e., u(X(t)) is a martingale). He applies
this result to study exit times of certain diffusions from cones in R™, and his
examples show that in general Theorem 0.1 will not hold for B(t) replaced by
another diffusion X(t).

In this paper we obtain easy-to-check sufficient conditions under which Theorem
0.1 will be true. We also discuss an application to Brownian motion with radial
drift. The paper is organized as follows. In §1 we state the main results. §2 presents
some lemmas, and in §3 proofs of the main results are given. §4 is devoted to an
application to Brownian motion with radial drift.
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1. Main results. Let ({2, 7, P) be a complete probability space and {%:t > 0}
an increasing family of complete o-subalgebras of 7. Suppose X(t) is a diffusion
in R™ (i.e., continuous strong Markov process) that is % progressively measurable
and satisfies

(1.1) dX(t) = o(X(t)) dB(t) + b(X(t)) dt, X(0) =z,
where 0:R" — R™ @ R™ and b: R®™ — R"™ are measurable and B(t) is an n-
dimensional {# }-Brownian motion starting at 0. 7 is a stopping time of X(t) if
{r <t} € (Xs:s <t) for t > 0. Define

X(r)*:= sup |X(tAT),

0<t<oo

the maximal function of X up to time 7. Finally let a = oo™, where o* is the
transpose of . Denote by E, the expectation associated with X(0) = .

THEOREM 1.1. Suppose n > 1 and x — Tra(z) + 2z - b(z) and z — 0% (z) are
bounded. For p > 0 there is Cp,, > 0 such that for any stopping time 7 of X(t)

(1.2) Eo (X} )P < ConEelr + |2|?P/2.
THEOREM 1.2. Supposen > 1,
(1.3) sup|Tra(z) + 2z - b(z)| V sup |0”(z)| < 0o and
T 2,7,
(1.4) iI;f[TI‘ a(z) + 2z - b(z)] > 0.

Then for p > 0 there are positive constants Cp r, and cp n such that for any stopping
time 7 of X(t)

(1.5) cpn by [T+ |x|2]p/2 <E(X7)P < ConE; [T+ |x|2]p/2'

REMARK 1.3. (i) Notice that the case of b unbounded near 0 is not precluded
so long as z - b is bounded near 0.

(i1) From the proofs we may observe the following. Rather than (1.1) assume for
Y; = | X:/?,
(1.6) dY, = 5(w,t)dB(t) + b(w,t)dt, Yo =22,
where 6:Q x [0,00) - R* ® R and b:Q x [0,00) — R are progressively measur-
able. Then Theorem 1.1 holds if we replace “z — Tra(z)+2z-b(z) and z — 0¥ (z)

bounded” by the assumption “b bounded, (t,w) — 66*(w,t)/Y;(w) bounded”. The-
orem 1.2 holds if we replace (1.3) by

(L3) sup lb(w, )] V (66" (w, )|/|Ye (w)[] < 00
and (1.4) by
(1.4) inf b(w,t) > 0.

Theorem 1.2 excludes cases when z - b can take on sufficiently negative values
(near 0) such that (1.4) fails to hold. But if b is nice enough, it is still possible to
obtain (1.5): Let

(1.7) )\1(17) < /\2(2) < < )\n(z)
be the eigenvalues of a(z). We have the following theorem.
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THEOREM 1.4. Letn > 2. Assume
(1.8) Tra + 2z - b s bounded;
(1.9)  for any R > O there is u(R) > 0 with (a(z)¢, £) > u(R)|€)? if |z| <

R and £ € R™ (here (-,-) 13 the usual Euclidean tnner product)
where u(-) 18 decreasing,

(1.10) a' are bounded,

(1.11)  (1+]z]) X, [bil < e(|z]) where e(-) i3 bounded on [0,00) and e(r) —
0 as r — o0;

(1.12) An—1(z) 2y >0.

Then for p > 0 there are positive constants cp n and Cp , such that for any stopping
time 7 of X(t), (1.5) holds.

REMARK 1.5. If (1.12) is replaced by
(1.13) ixal;f’l‘ra(:c) >0
and for some 0 < R < S,

o [Tra(z) + 2z b(z)llz*/(a(z)z, ) 2 1,

(1.14) Bisl(lg)c[ﬁa(x) +2z - b(z)]|z[*/(a(2)z, 2) > 1,

then (1.5) still holds and we may take n > 1. (Here Br(0) = {z € R™:|z| <
R}.) O

Theorems 1.2 and 1.4 may be combined in several ways. For example, the next
result requires that the conditions of Theorem 1.2 be satisfied near the origin and
the conditions of Theorem 1.4 be satisfied away from the origin, with overlap.

THEOREM 1.6. Letn > 2. Suppose for some 0 <r < s

(1.15) sup|Tra + 2z - b| < oo;
T
(1.16) inf Tra+2z-b>0;
B,(0)
(1.17) sup |0%| < oo;
B,(0)
(1.18) sup |a¥| < oo;
B, (0)°

(1.19) for any R > r there is u(R) > 0 with (a(z)¢, &) > w(R)|€|? o
r < |z| < R and £ € R™; here u(-) is decreasing;
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(1.20) (1+|z]) X, |bi] < €(|z]) for |z| > r where e(-) s bounded on [r, 00)
and £(6) — 0 as 6 — oo;

(1.21) for |z| >7r, Ap—i(z) >4 >0;

for some Ry >0

Tra(z) + 2z - b — (a(z)z, z)|z| 2

(1.22) @@z, Dl

21+6(lz]) of |z| > Ro,

where §(-) 1s continuous and

(1.23) /1': % exp {—/: %u) du} dt < oo.

Then for p > 0 there are positive constants cp 5, and Cp n such that for any stopping
time 7 of X(t), (1.5) holds.

REMARK 1.7. (i) Condition (1.22) may be regarded as a “nonrecurrence” con-
dition (cf. Friedman [3, Theorem 9.1.1]).

(ii) Clearly other combinations of Theorems 1.2 and 1.4 (and their modifications
as discussed in Remarks 1.3 and 1.5) are possible as long as the nonrecurrence
condition (1.22) is in effect. Their proofs are minor modifications of the proof of
Theorem 1.6. :

(iii) (1.23) holds for §(s) = c or §(s) = ¢/s or é(s) = d/logs for ¢ >0, b > 1.

2. Some lemmas.

LEMMA 2.1. Suppose

C :=sup|Tra(z) + 2z - b(z)| V sup |o”(z)| < oo.
x

1T

Then fora>0,T >0
(2.1) P(X(T)* > a) < a™2(2C1T + |z|?),

[p]
(22) P (X(T)* > o) < C(p) {E |z|2P=2T7 +T"} a”?,  p>2,
Jj=0 _

where [-] is the greatest integer function.
PROOF. Define n(t) = | X(t)|? + Cit, t > 0. By Itd’s formula
d’l7t = 2Xt . O'(Xt) dBt + [2Xt . b(Xt) + Tra(Xt) + 01] dt

and so for s <t

Eul(ne - ns)|%)] = B [ / (2K, - b(Xa) + Tra(Xa) + Cr) dul| 20,
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by choice of Cy. Hence (n:, #):>0 is a submartingale, and it is easy to see that
(2.3) Ez(n: — no) < 2C1t.
Next, by an inequality of Doob,
P.(X(T)* > a) < P(n(T)* > a?) < a™2E.n(T)
(see e.g. Stroock-Varadhan [5, p. 21, Theorem 1.2.3))
“22CiT + [zI*)  (by (2.3))

which gives (2.1).
Now for (2.2). Let p > 2. Let

TP, z2>0,
f(’”)‘{o, z <.

Then by It6’s formula and optional stopping with o, := inf{t > 0: | X;| > n}
tAOn
B, = 1o+ Bx [ |72, bX,) + TralXe) + C1)
0

1 - p—1
+ 21’(1’ L)n} n(a(xs)xs’XS)] ds

t 1 _ p—1
<k 4, [ [t iacn) + DB CEIXK K],

< |z|?" + C(p) / E.nP"lds (smce (| iz) <'I\-a501),

So by Fatou’s lemma,
(2.4) Enf < |2[P + C(p) / E;ny~ ! ds.
For p = 2 (by (2.3)),
En2 <|z|*+C(2) /0 t E:nsds < |z|* + C(2)|z|*t + C(2)C1t? < 0.

Iterating (2.4) gives E;n} < oo for p=2,3,... and in fact

t1 tr—1
E;n{ <C(g,7) [Z |z|29-29¢0 + f / / E.ni"dt,---dt }

for ¢ > 2,2 <r < |[g]. Setting r = [g] and observing
Ezn{™19 < (Exny)?~19 < O(q)fte~19) + [of29-209]  (by (2.3)),
we see

(2.5) E.n? <C(q { E |z|29- 249 +t"}

=0

Since g > 2, (n#, %)¢>0 is a nonnegative submartingale. Hence
Po(X(T)* > a) < Po((n(T)%)* > @®) < o™ E,n(T)4,
which combined with (2.5) yields (2.2). O
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LEMMA 2.2. Suppose Cs := inf;[Tra(z) + 2z - b(z)] > 0. Then for |z| < a
(2.7 P.(X(T)* < a) < 402/(TC,).

PROOF. Let ¢(z) = C;(a? — |z|?). Then

2L¢(z) —Ea”(z +22b 8:::

= —20’2 1[’I‘ra(:::) + 2z - b(z)] < -2

Letting o := inf{t > 0:|X(t)| > 2a} and using It6’s formula, optional stopping,
and (2.8):

(2.8)

E:¢(X(o A1) — ¢(z) < —Ez(o At).

Thus
E (0 Nt) < C3 EL| X (0 At)?2 < 402 /Cy,

and so by monotone convergence
(2.9) E.0 < 402/Cs.
Finally, for |z| < o
P.(X(T)* <a) < P(o >T) <4a%/(CoT) by (2.9). O
REMARK 2.3. Replace (1.1) by (1.6). If we replace the conditions on Tra and
Tra + 2z - b in Lemma 2.1 by “b and (t,w) — 66*(w,t)/Y:(w) bounded” then the
conclusion still holds. If the condition on Tra + 2z - b in Lemma 2.2 is replaced by

“inf b > 0” then the lemma remains true. The proof of Lemma 2.1 goes through with
minor modifications. For Lemma 2.2 use ¢(y) = C;*(a® — y) (where Cz = inf b),
. d? d
2L = 66*(w, )d 3 + 2b(w t)
and Itd’s formula with Y (¢).
The next lemma is due to Burkholder [1].

LEMMA 2.4. Let f and g be nonnegative measurable functions on a probability
space. Given p > 0 suppose there exist 3 > 1, 6 > 0, a > 0 such that

Plg2 B, f<8A)<(B+0)PP(g>1), A>0.

Then
Eg° < fP67P(1— BP[B+ o] P) LESP.

The next lemma is essentially due to Friedman [3].

LEMMA 2.5. Suppose n > 2 and (1.8)—(1.12) hold. Then for some n € (—1,0),
for anye >0

t
(210) E, / b(X(3))| ds < Ca + Cs(t1+M/2 4 |z]1+7) + Co(t1/2 + [2]),
0

where Cg 1s independent of €.
REMARK 2.6. (i) Friedman gets

E, /0 b(X(s)) ds

= o(t1*+M/2) + O(t1/?)
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(see his Lemmas 2.2 and 2.3 on pp. 175-176), but his proof actually gives (2.10).

(i) If (1.12) is replaced by (1.13) and (1.14), then we may take n > 1 in Lemma
2.5 with (2.10) still being true. With minor modification, Friedman’s proof still
works.

LEMMA 2.7. Under (1.9), (1.10) and (1.11), for |z| < a

(2.11) P.(X(T)* < a) < [40?/TCy()]'/? exp{TCs(c)}

where

(2.12) Cr(a)=nA _inf Tra and Cs(e)=3 sup (a7'b,b).
BZa(O) Bga(o)

PROOF. By enlarging (f2, %) we can construct a continuous process £(t) on (2
such that for |z| < o with

n = inf{t > 0: £(t) ¢ B2s(0)},

&(t) — { a'(Xt)a t<n,

(2.13) 1, t2>n,

Bl — b(Xt)7 t<mn,
bty = {0, t>n,

§() is an It6 process with respect to d(-), b(-) on (Q,7,P;) (written £(-) ~
I(@(-),b(:)) on (0, %, P;)—see Stroock-Varadhan [5, §4.3]) with £(t) = X(t) for
t < n (see Theorem A.1 of appendix). Hence

(2.14) P(X(T)* < 0) = P(§(T)" < ).

Let (1 = C([0,00),R™) be the space of continuous functions from [0, 00) into
R"™. For @ € (1 and t > 0 let z(¢t,&0) = &(t). Give (1 the topology induced by
uniform convergence on compact subsets of [0,00). Let M be the Borel o-algebra
of subsets of the resulting topological space. Define o-algebras M; C M fort > 0
by M :=0(z(s):0 < s<%).

Letting
7 = inf{t > 0: z(t) ¢ B2a(0)},
~on ) a(z(t)), t<1,
(2.15) “ﬂ_{l, tz%
i ) b)),  t<d,
ble) = { 0, N

we see that for |z| < a, £(-) induces measures P, on (0, M) such that P, = P,o¢"!
and z(-) ~ I(a(-),b(-)) on (Q, My, P;). Since &,b, and (4~1b,b) are bounded, by the
Cameron-Martin-Girsanov Formula (Stroock-Varadhan [5, p. 153, Lemma 6.4.1])
there is a probability measure P, on ({, M) such that z(-) ~ I(@(-),0) on ({2, M¢, P!)
and for |z| < a

(2.16) B(z(T)* < a) = E%[R¥(T)I(2(T)" < o))




772 R. D. DeBLASSIE

where

(2.17) RY(T) = exp { /0 " (G 1b(uw), dzu) - : /0 " (6 15(w), B(w) du}

and
(2.18) EP:(RP(T)) =1 for any p > 0.
Notice
- - T
EP:[RY(T))? = EF= [R%(T) exp { / (@ b(w), b(u)) du}]
(2.19) °

< EP:[R®(T) exp{2Cs(a)T}] (by (2.15) and (2.12))
= exp{2Cs(a)T} (by (2.18)).
Note that under (1.9), Cs < oo. If

§(t) = {a(z(t)) for t < 7,

11 for t > 7,

then & = 66* and since z(-) ~ I(@(-),0) on ({0, P.), by Theorem 4.5.1 in Stroock-
Varadhan [5, p. 108] there is a Brownian motion 3 on (2, 7, P.) such that

Ty—T= /0 7(u) dB,.
By (2.15) and (1.9), inf Tré = C7(a) > 0, so by the proof of Lemma 2.2
(2-20) P.(z(T)* < a) < 40?/[C1(a)T], lz| < a.
Then for |z| < &
P(X(T)* <o) =P(¢(T)" < @) by (2.14)
=P((T)" < @)
< {BRRNT)PY/*(Py(=(T)" < a)}'/* by (2.16)
< [402/TC7(a)]*? exp(Cs()T) by (2-19) and (2.20)

as desired. O
REMARK 2.8. Clearly C+(-) is decreasing and Csg(-) is increasing.

LEMMA 2.9. Under (1.9)-(1.12) for |z| < a

t
Pz< sup :c+/ o(X,)dB,
0

2
< a> < 41'
0<t<T T~

PROOF. Let Z; =z + f(f 0(Xs)dBs. Then by Itd’s formula,
dth|2 = 2Zt . O'(Xt) dBt + ’I‘I'G(Xt) dt.
By (1.12) Tra(X;) >+ > 0, so by Remark 2.3 (with Y; = |Z,|2),

t
T+ / o(X,)dB,
0

402
= y < —_—
< a) P(Zr <o)< v O

P, ( sup
0<t<T
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3. Proofs of the main results.

PROOF OF THEOREM 1.1. We use Burkholder’s method of reduction of con-
sideration to exit times from balls [1]. By Lemma 2.4 it suffices to show that for
p > 0 there are 3 > 1, 6 > 0, a > 0 such that
(3.1)  P(X:>BM\ [r+]z]Y2 <)) < (B+a)PP(X: > ), A>0.

Consider any 6 € (0,1) and a > 0. It is harmless to assume |z| < §A < A. Let

Cy = sup| Tra(z) + 2z - b(z)| V sup |0 ().

1,2,T
Define u := inf{t > 0:|X(r At)| > A}. Then since {|X(u)| = A} on {p < o0} =
{Xr >}, ife=6202 - |z|?

LHS(3.1) = P, (u < oo, 7<¢g, sup |X(¢t)| > ﬂ/\)
. u<t<r

= EI(u(w) < 00)Px, () <T <e-p(w), sup |X(t)] > ﬁ/\)
0<t<r

(Strong Markov Property)
< EJI(X} > N)Px,w)(X(622%)* > BA) (e < 62)2)

B2A"2(2C16%20%2 + A2%) ifp< 2,
p}

C(p) | D_A~2(5222)0 +52”/\2”] BwA%, p>2,
7=0

(32) <P (X:>))-

(by Lemma 2.1)

(2C:8* +1)/6%,  p<2,
C(p,5)/5%, p>2
< (B+0)PP(X? > ))

if B is large enough. 0O

PROOF OF THEOREM 1.2. By Theorem 1.1 the right-hand inequality holds.
For the left-hand inequality, by Lemma 2.4 we need only show that for p > 0 there
are 3> 1, a>0and 6 > 0 with
(3.3) Po([r+|z)?)Y/2 > BA, X(1)* <6)) < (B+a) PP ([r+|2*]/2 > X), A>0.

Let 8 > 1 and a > 0. Choose § € (0,1) small enough so 462/C5(8% — 1) <
(B+ a)~? where C; = inf; Tra+2z-b > 0. We may assume |z| < §A (< A). Define
€ =A% —|z|? and 6 = 32)? — |z|2. Then
(3.4)

LHS(3.3) = P,(r > 0, X* <6)\) < P, (T > e, sup |X(t)] < 5,\>
e<t<0

SPJ:(X:>’\){

=E.I(r > e)I(X: < 6\)Px,(X5_, < 6X) (Strong Markov Property)
< Py(7 > €)462)02/Ca(0 — €)
(by Lemma 2.2 where Cz = igf [Tra(z) + 2z - b(z)] > 0)
= [462/C2(6°% — 1)]|Po(1 > €) < (B + a) " PPy(r > €)
by choice of §. O
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The proof of Remark 1.3(ii) follows from the preceding proof and Remark 2.3.

PROOF OF THEOREM 1.4. By (1.8) and (1.10), the hypotheses of Theorem
1.1 hold, so by that theorem the right-hand inequality in (1.5) holds.

For the left-hand inequality in (1.5), by Lemma 2.4 it suffices to find 8 > 1,
6 >0, a > 0 for which (3.3) holds. As in the proof of Theorem 1.2 we may assume
|z] < 86X < A. Then if € = A2 — |z|? and 6 = 3?)A? — |z|? as there, (3.4) continues
to hold:

(3.5) LHS(3.3) < E I(r > )I(X. < 60)Px, (Xj_. < 6)).

Now for |y| < éX,if 1> 6 >0

Py(Xg—e <46)) =Py(

t t
v+ / o(X.)dB, + / b(X,) ds
0 0

< 5)\)

sup
0<t<f—¢

. <p, <o§’§‘5’_s§ ly + ]0 “o(x,)dB)| <5+ 51)
oz e
=D +Q®, say.
By Lemma 2.9 (using 8 — ¢ = (8% — 1))2)
3.7 D <48+ 6)°2/((B* - 1)A%4] = 4(6 + &) /[(6* — 1))

Next, by Lemma 2.5, for some n € (—1,0), for any é >0

0—¢
@ < () 'E, /0 1b(X.)] ds

< (51/\)_1{04 + 05[(,32 — 1))\2](1+")/2 + Cs(6A)1+7
(38) +6,C6 (8 — 1)V/2\ + 6)}

= 67 H{CaA"! + Cs[(B% — 1)1+m)/2 4 gl+n)xn
&Cs[(8* — 1)'/2 + 6]}

For 3>1,a>0choose § < 1,6 <1so
RHS(3.7) < 3(B+ &)™
Then for these values of §, a, 3, 8; choose & > 0 and A\; > 0 such that
RHS(3.8) < 1(B+a)™® forA>\
(this is possible since < 0). Then for these values of 6, a, 3, 61, by (3.5)—(3.8)
(3.9) LHS(3.3) < (B+ a) PP, (1 > ¢), A> A

In fact, it is easy to see from (3.7) and (3.8) that (3.9) continues to hold if ¢ is
made smaller.
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By Lemma 2.7, Remark 2.8, and (3.5), for A < A; (since é < 1)
LHS(3.3) < Py(r > €){48?/[(8* — 1)C7(6N)]} exp{(B? — 1)A*Cs(6)}
< {482/((8% = 1)Cr(M)]} exp{(8? — 1)A\1Cs (M)} Pa(r > €)
<(B+a) PP,(r >¢) for é small enough.
In any event, we have that (3.3) holds. O

COROLLARY. Under the hypotheses of Theorem 1.4, given a > 0 we may choose
&' > 0 independent of \ such that

Py(Xi9—e) SmA) < for 6 <&, |y| <mb),
where k and m > 0.

PROOF. This is immediate from the proof of Theorem 1.4. 0O

PROOF OF REMARK 1.5. By Remark 2.6(ii), the proof of Theorem 1.4 is still
valid. O

PROOF OF THEOREM 1.6. As in the proof of Theorems 1.2 and 1.4 it suffices
to show that for some 8 > 1, @ > 0, § > 0 (3.3) holds. Notice (3.4) still holds:

LHS(3.3) < E I(1 > €)[(X. < 6)\)Px, (X3_. < 6))

(where € = A% — |z|? and § = ($%)% — |z|?). Thus it suffices to show that given
B> 1, a > 0 there is § > 0 for which

(3.10) Py(X5_c <6A) < (B+a)™P when |yl <A
Let s and r be as in the hypotheses of the theorem. Define
oo = inf{t > 0:|X;| > 260}, 7 =0,
o; = inf{t > 7i_1: X ¢ Basa(0)\B,(0)}, i>1,
7 = inf{t > 0;: | X¢| > s}, 1>1.
Under condition (1.22) there exists an integrable function I(-) such that if

(3.11) F(v)=/ e~ 1) gy,

then for |z| > r
F(r)P; (|X(o1)| =) + F(26A) P2 (|X(01)| = 26)) < F(|z|)
(see Friedman (3, proof of his Theorem 9.1.1]). Hence for |z| = s,
Py(00 > 01) = Px(|X(01)| = 7) < F(|z])/F(r)
=F(3)/F(r) :=: £ < 1, |z] = s.
Let 8> 1 and a > 0. Choose N such that

(3.12)

[

(3.13) Y E3<z(B+a)

i=N+1

Extend |, (0), o|B, (0)¢» bl B, (0): b|B, (0)c bY &, T, b, b, resp., to all of R" so that
@ = 66* and b satisfy the hypotheses of Theorem 1.2 and @ = @ @* and b satisfy
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the hypotheses of Theorem 1.4. Denote by X(-) and X(-) the processes governed
by (@, b) and (@, b) resp. Define 6o, 7o, i, 7, 7, 7; analogous to g9, 03, 7.

If 6\ > s then by the proof of Theorem 1.2, for |y| < 6\

Py(Xj_. <6)) = (Xo <A< (B+a)?

for 6 small enough. Thus in this case (3.10) holds.

Thus we may assume 6\ > s. If |2| < r then
Py(r1 > k) = P,(f1 > k) < Po(X(k)* < 9)

< P.(X(k)* <26)) < C82X%/k

by Lemma 2.2, where C is independent of k, 6, A.

Throughout the rest of this proof, C will be a constant independent of § and A

which might change from line to line.
For |2| < 6 there is §’(k,u) such that

P,(01 > k(8% — 1)A?) < P,(71 > k(8% — 1)A?) < P,(70 > k(8% — 1))?)
(3.15) < P,(X(k(8% - 1)A2)* < 26))
<u whenever § < §’(k,u) (k and u > 0)

(3.14)

(this is by the corollary after the proof of Theorem 1.4).
By the Strong Markov Property, for ¢ > 2, |[y| < A,
Py(O'o > Ui—l) = EyI(Uo > Ti_Q)EX(,..._z)I(Oo > 0’1)

< €Py(00 > 05-2) (by (3.12))
(3.16)

< €72Py(00 > 0y) < €72
Two applications of the Strong Markov Property give for 1 > 2, |y| < 8], and
k=m(B?-1)A2
Py(oo > 0; > k) = EyI(o0 > 1i—1){I(ric1 < k/2) + I(ri—1 > k/2)}
. EX(T‘._I(W))I(O’Q >o01>k— Ti-l(w))
< EyI(00 > 0i—1)(Ex(r;,_;)I(00 > 01 > k/2))
+ EyI(o0 > 0i—1)I(1i—1 > k/2)
< uPy(O'o > Ui_l) + EyI(O’o > 0‘,'_1){1(0','._1 < k/4) + I(Ui_l > k/4)}
. EX(a;_l(w))I(Tl > k/2 - O'z'-l(w))
for § < 8'(m/2,u) (by (3.15) since s < 6))
< g2+ EyI(00 > 0i-1)Ex(o,_y)I(11 > k/4) + EyI(00 > 0i_1 > k/4)

(by (3.16))
< ug? 4+ C(¢%8%/m(B? - 1)) + EyI(00 > 0i-1 > k/4)

(3.17) for § < §'(m/2,u).

(by (3.14)—(3.16) and choice of k).
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Now another application of (3.16) to this yields
(3.18)  Py(go > 0i >m(B% - 1)A?) < w2+ CE26%/m+ 72, i>2,
for § < §'(m/2,u), |y| < 6. Notice also by (3.17) and iteration
(319) Py(00 > 0; > m(B? — 1)A%) <u+ C82 + Py(0o > 0i—1 > m(B% — l)z\%/4)
< < (4= Du+ C(m)s?% + Py(oo > 01 > m(B — 1)A2/41)

for § < minj<j<i—18'(m/4,u).
The same argument used to derive (3.17) yields for ¢ > 2

Py(00 = 0i > m(8% — 1)X?) < ug'? + C(m)6%¢"~?
+ Py(00 > 05-1 > m(B% — 1)3*/4)

for § < §'(m/2,u) and |y| < é\. Then using £ < 1 together with (3.18) and (3.19)
in (3.20) we get

(3.21) Py(o0 =0; > m(B% - 1)A?) < 2ug' 3+ C(m)62¢i 3 4+ €8, (>3,

for § < §'(m/2,u), ly| < 6 (by (3.18)) and
2

(32
P,(00 = 0; > m(B% — 1)A?) < tu+ C(m)62 + Py(oo > 01 > m(B% — 1)A%/471)

for § < miny<j<i—1 6'(m/4#,u), 1> 2, and |y| < 6 (by (3.19)).
Thus we have for § < min;<n §"(1/4*,u) A 6'(1/2,u) A §'(1,u)

P,(X3_. < 63) < Py(o0 > (62 = )X?)

(3.20)

=S Byfoo =i > (8 - )N

=1
N
< Py(or> (B2 - 1)02) + 3 (su+C62 + P (oo > 01 > (B — 1)A2/aN-1))
=2

+ ) (2u+06% +1)63

i>N
((3.22) used in 31 ,, (3.21) used in 3", v)
Su+Clu+6?)+2u+C8+1) Y &3

>N
(by(3.15))
<Cu+C8+(u+C62+1)3(B+a)?
(by (3.13))
<(B+a)?

for u and 6 sufficiently small. Thus (3.10) holds and we are done. 0O
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4. An example. Let n > 2 and suppose
dXt = dBt + LXtIXtI_2 dt, Xo =17z,

where L € R.

Let C =, G be a cone with dC N S™~! smooth, where G is an open subset
of S"~1, Let Lgn-1 be the Laplace-Beltrami operator on S®~!. Denote by ¢ the
first (positive) eigenvalue of Lg.—1 on C' N S™~1 with eigenfunction mc; i.e.,

mc € C(CN Sn—l) N Cz(Cﬂ Sn_l), Lgn-1m¢g = —Acmg,
mclacnsn-1 =0, mg>0 onCNS™ !

and any other eigenvalue \ satisfies A < Ac. Let 7¢ be the first exit time from
C of X;. In [4] (noting that 2L and not L is required) Mueller showed that if
n—1+42L < A¢ then

E18* < oo & p(n+p—2+2L) < Ac.

The next result eliminates the assumption that n — 1 + 2L < A¢, replacing it
with a condition independent of Ac.

THEOREM 4.1. Let C be a cone in R™ (n > 2) with 8C N S™~1 smooth. If
n+ 2L > 0 then

E,%? <00 iff pn+p—2+2L)<Ac.

To prove this we need the following lemmas which were done for L = 0 in
Burkholder [1]. The operator governing X is

1 02 NP
£_§§8_QJ?+L§|:EI Iza—xi.

In polar coordinates (r,6), where r = |z| and 0 represents z/r € S*~1,

182 n-142L1 1
L=3gpt—% 2=T2m

LEMMA 4.2. Suppose n+2L >0, Lu=0 on C, and |z|P < u(z) on C. Then
E,%* < o forzeC.

PROOF. Fix z € C. Choose z € Ry C R; C Ry C --- C C where R; is bounded
and |J;>; Ri = C. Let %, ¢ > 1, be the corresponding exit times. Then by It6’s
formula and optional stopping, since Lu = 0

E u(X(t A1) = u(z).
Now u is bounded on R, so dominated convergence gives
(4.1) E u(X (7)) = u(z).

Hence

+ LSn—l.

E|X(r)IP < Ezu(X(77)) = u(z).
Hence by Fatou’s Lemma,
(42) EX(r0)? = Ez lim X, P < u(o)
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In the proof of his Lemma 1, Mueller [4] shows
P (X(7¢)* > A) < KP,(|X(7c)| > A).
Thus by (4.2) we have
(4.3) E.(X(r¢)*)P < KE;|X(7¢)|P < u(z).
Notice Tr I + 2z - (Lz|z|~2) = n + 2L > 0. So by Theorem 1.2
E,12? < CpnEn(X(16)*)P < u(z) < 00. O

LEMMA 4.3. Suppose n+2L > 0, u € C(C), u = 0 on C, ulsc = 0, and
0<u(z) < K(|z|P +1) on C. Then E,JC”/2 =00 forze€C.

PROOF. Let u be so given, but assume for some z € C, Ezrg./ 2 < 0. Then by
Theorem 1.2 E;(X(7¢)*)? < oo. Letting 7; be as in the preceding proof, we see

oS uw(X(t)) < K([X(rc)*]P + 1).

Hence by dominated convergence and (4.1)
0<u(z)= Jim u(X (7)) = u(X(7c)) =0,

contradiction. Thus E,,.Tg/ 2-xforzeC. O
PROOF OF THEOREM 4.1. Let p(n +p — 2+ 2L) = A¢c. Then

u(z) == |z[Pmo(z/|2])
(mc 1st eigenfunction as discussed above) satisfies the hypotheses of Lemma 4.3
which then tells us that Exrg/ 2 = 00, z € C. It follows that p(n +p — 2+ 2L) >
Ac :Ezrg/z =o00,z€C.

For the converse, let p(n + p — 2+ 2L) < A¢c. Mueller [4, Theorem 6, p. 104]
shows that there is a positive h € C(C N S™1) N C?(C N S™~1) with

(LSn—l + p(p + n— 2 + 2L))h - O a.nd hlaCnSn—l = ]..

By the maximum principle, h > 1 on C N S™~!. Thus u(z) := |z[Ph(z/|z|) satifies
the hypotheses of Lemma 4.2 which gives that Ezfg/ ’<00,z€C. O

REMARK 4.4. Theorem 4.1 remains true if the assumption 4C N §™~1 smooth
is replaced by the requirement that C N S™~! satisfies an exterior cone condition
at every boundary point. The proof is similar.

Appendix.

THEOREM A.1. Suppose (1.9)-(1.11) hold. There are a probability space
(,7,P.), an increasing sequence of o-algebras 7, C 7, a continuous progres-
swvely measurable process £(-) on €1, a continuous progressively measurable process

X(-) on 0 such that L(X(-)) = L(X()), and for
(A.1) n = inf{t > 0: £(t) ¢ B24(0)},

(A.2) a(t, @) = { o(X,@), t<n } . wel,

I, t>n
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and

(A.3) bt,) = { gf’—(‘(_“"))’ : ; K } . mel.

£() ~ I(a(-),b(-)) on (00, 7+, Py) with £(t) = X(t) for t < 7.

PROOF. Let ((V, #,P') be a probability space with an increasing sequence of
o-algebras ¥ C # and suppose [(-) is an n-dimensional #' Brownian motion on
(o, 7, P). Deﬁneﬁ OxV, 7 =%xF,7=FxF,and P, = P, x P'. Then
for @ = (w,w’) € (1 set

B(t,w) = Bt,w'), X(t,w)=X(t,w),
n(@) = inf{t > 0: X(t,w) ¢ B24(0)},

and

_\_ ) X(tw) ift<n@),
o) = {J_f(n(wxw) +B(t - n@),w) ift>n@)

Clearly X and ¢ are continuous and progressively measurable, £(X(-)) = L(X(-)),
X(-) and B(-) are independent and {(t) = X(¢) for t < n. So it remains to show
6() ~ I(&())b()) on (ﬁa ?t’ PI)

It suffices to show that for f € C§°(R™) (functions on R™ which have compact
support and continuous derivatives of all orders)

t
fle@) - /0 (Luf)(E()du, 20,

is a martingale relative to (0, 7;, P, ), where

n

L@@ =3 P 3o tm) 2L

1,7=1 1=1

(See Stroock-Varadhan (5, §4.3].)
Let A=A; x Ao €, x 7). Fort > s

B, [1te)- 1) - | (Luf)(e) ] 1

= Ez[ ]IA1XA2 {Inss + IS<nSt + It<n}

=0+@+0,
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Now

t
@ E f(xn +Bt—n) - f(fn +Ba—n) _j ‘;‘Af(?r] +ﬁu—n)du IA;anlnSs
0

by independence of X(-) and ((-), Fubini, and the fact
that 3(.) is Brownian motion;

@ =Fa: f(yn +[_it—n) _f()_(n)‘l'f()_(n) "f(ys)

/3 (22 "ax,azﬁ;b’ )(X)d

t 1 _
- / §Af(7n +ﬂu—n)du] Ta,x A2 fscn<t
n

’ t
= Fz [f()_(n +Bt—n) - f(xn) _/ %Af(_)_(fl +Bu—n)du] IA1 XA218<'ISt
n

+Fa: I:f(fn/\t) - f(fn/\s)

nAt
4 [ d
/m (22 az,ax, ; ) Xu) “]
* IA;XA2[8<flSt

=0+ E;[|Ta;xa,locnst (asin ®)
= Ez[ ]IA1XA2{_I'ISO - It<'fl}
(by optional stopping since

X() ~ I(a(X(-)),b(X())) under (2, 7, Pz))

—-E—'z I:f(Yt) _f(xa)
/a (2Eaza 5200, Zb’ ) )du]
“Ta,xa,1t<y

=E. [16) - 16) - [ GD)€) ] Tnsenstic

Thus D + @) + @ = 0 and we are done. O
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