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ALGEBRAIC RELATIONS AMONG SOLUTIONS
OF LINEAR DIFFERENTIAL EQUATIONS

MICHAEL F. SINGER

ABSTRACT. Using power series methods, Harris and Sibuya [3, 4] recently
showed that if k is an ordinary differential field of characteristic zero and
y # 0 is an element of a differential extension of k such that y and 1/y satisfy
linear differential equations with coefficients in k, then y'/y is algebraic over
k. Using differential galois theory, we generalize this and characterize those
polynomial relations among solutions of linear differential equations that force
these solutions to have algebraic logarithmic derivatives. We also show that if

f is an algebraic function of genus > 1 and if y and f(y) or y and ef Y satisfy
linear differential equations, then y is an algebraic function.

1. Introduction. In (3, 4], Harris and Sibuya proved the followng:

PROPOSITION 1. Let k be an ordinary differential field of characteristic 0 and
let Ly(Y) and Lo(Y) be nonzero homogeneous linear differential polynomials with
coefficients in k. Let K be a differential extension of k and y; and yo nonzero
elements of K such that L1(y1) = L2(y2) = 0.

(a) If y1y2 = 1, then yy/y1 = —yb/y2 is algebraic over k.

(b) If y1 = y5* for some positive integer m such that the order of Ly < m, then
y1/y1 = myy/y2 s algebraic over k.

In [12], Sperber, using some elementary commutative algebra, gave these results
a uniform treatment that allowed for the following generalization:

PROPOSITION 2. Let k be an ordinary differential field of characteristic 0 and
let L;(Y), 1 = 1,...,n, be nonzero homogeneous linear differential polynomials
with coefficients in k. Let K be a differential extension of k and y;, 1 =1,...,n,
nonzero elements of K such that Li(y;) =0 fori=1,...,n. If y1 = y3**---y™»,
for positive integers mg,...,my and the order of Ly < min{may,...,my,}, then
Y./Yi is algebraic over k for eachi=1,...,n.

Proposition 1(a) is obtained by letting n = 3, my = m3 = 1 and y; = 1.
Proposition 1(b) is obtained by letting n = 2 and my = m. Sperber’s techniques
also allow him to handle solutions of certain nonlinear diferential equations.

In this paper we prove results that imply

PROPOSITION 3. Let k C K be ordinary differential fields of characteristic 0
with the constants of K (i.e., the set of c € K such that ¢’ = 0) algebraic over k. For
©1=1,2,3, let y; be a nonzero element of K and L;(Y') be a nonzero homogeneous
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linear differential polynomial with coefficients in k such that L;(y;) = 0. Assume
Y1 = Y2y§* for some positive integer m. if the order of L1(Y) < m, then y5/ys 1s
algebraic over k.

We can deduce Proposition 2 from Proposition 3 only under the additional as-
sumption that the constants of K are algebraic over k. This annoying assumption
is forced on us by our techniques (differential galois theory) but does not interfere
with the applications that the authors of [3, 4 and 12] had in mind. To deduce
Proposition 2 with this added assumption, let y; = (y5** - - -y, "1 ' )y™~. Since each
y; satisfies a linear differential equation over k, y5** - - -y, "1 * will also satisfy a lin-
ear differential equation over k. By assumption, y; satisfies a homogeneous linear
differential equation, over k, of order < min{msy,...,m,} < m,. Proposition 3 im-
plies that y../y, is algebraic over k. Regrouping, the other y; are handled similarly.
Note that if we remove the assumption that the order of L;(Y) < min{ma,...,my}
in Proposition 2, Proposition 3 allows us to still conclude that y}/y; is algebraic
over k for each ¢ > 2 such that the order of L; < m,.

Proposition 3 is a consequence of a more general result proved in §3. In that
section we also prove results that imply the results mentioned in the abstract. In §2
we prove a group theoretic result that is the technical heart of this paper. We wish
to thank E. Kolchin, W. Lichtenstein, A. Magid and S. Sperber for many helpful
comments and W. Harris, Y. Sibuya and S. Sperber for giving us preprints of their

papers.

2. Group theory. Our main result in this section is a generalization of the
following theorem of Rosenlicht [10, 7]: Let G be a connected linear algebraic
group and y;,y2 regular functions on G such that y1y2 = 1. Then y; and y; are
constant multiples of characters. Theorem 1, below, characterizes those polynomials
P(Yi,...,Y,) such that if y;,...,y, are regular functions on a connected linear
algebraic group and P(yi,...,y») = O, then each %, 7 = 1,...,n, must be a
constant multiple of a character (e.g., P(Y1,Y2) =Y Y, —1).

Let k be an algebraically closed field of characteristic zero and G a connected
linear algebraic group defined over k. We denote by k(G) (resp. k[G]) the field of
rational functions on G (resp. the ring of regular functions on G). If g is a k-point
of G, we denote by p, (resp. \g) the regular map defined by pg4(h) = hg for hin G
(resp. Ag(h) = g71h). p, and Ay induce automorphisms of k(G) which we denote by
p; and X;. Note that pj and Aj restrict to automorphisms of k[G]. For y € k(G),
we let kyC denote the k-span of {p;ylg a k-point of G}. It is well known [1, p. 106]
that for y € k(G), ky€ has finite dimension if and only if y € k[G].

Let (Ny,..., N,,) be an n-tuple of positive integers and S a subset of {1,...,n}.
Let I be a set of polynomials in k[Y3,...,Y,]. We say that I has property (A) (resp.
(A")) for (Ny,...,Ny) with respect to S if:

For any connected linear k-group G and any yi,...,yn in k(G) —
{0} such that the dimension of ky§ < N; for + = 1,...,n, if
P(y1,...,yn) = 0 for all P in I, then for each ¢z in S, y; is a
k-multiple of a character of G (resp. y; is in k).

For example, Rosenlicht’s theorem implies that for » = 2, N1 and N, arbitrary
and S = {1, 2}, the singleton {Y;Y2— 1} has property (A) for (N1, N2) with respect
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to S. Theorem 1 below implies that {Y; — Y2Y4"} has property (A) for (m, N3, N3)
with respect to {3}, where m, N, and N3 are arbitrary positive integers. Theorem
1 also shows that if the zero set of I in k™ is a curve of genus > 1, then, for
Ny,..., N, arbitrary positive integers and S = {1,...,n}, I has property (A’) for
(MNy,...,N,) with respect to S.

We wish to give algebraic criteria for properties (A) and (A’). Theorem 1 says
that the following are such criteria: Let (Ny,...,N,), S and I be as shown. We
say that I has property (B) (resp. (B')) for (N1,...,Ny) with respect to S if:

For any ui,...,u, in k[t,t~!] (¢ transcendental over k) with each
u; having at most N; nonzero terms, if P(uy,...,u,) = 0, then for
each 7 in S, u; is a monomial in k[t,t~!] (resp. u; is in k).

For example, let n = 2, S = {1,2}, and N; and N, arbitrary positive integers.
The singleton I = {Y;Y2 — 1} has property (B) for (N;, N2) with respect to {1,2}.
This follows from the fact that the only invertible elements of k[t,¢~!] are monomi-
als. If we let n, Ny, ..., N, be arbitrary positive integers and S = {1,...,n} and let
I be a set of polynomials in k{Y1,...,Y,} such that the zero set of I in k™ is a curve
of genus > 1, then I has property (B') for (Vy,..., N,) with respect to S. This
follows from the stronger fact that if uy,...,u, are in k(t) and P(uy,...,u,) =0
for all P in I, then u,,...,u, are in k.

A less trivial example is given by the following. Let n = 3 and let m be a positive
integer. Let I = {Y; — Y2Y{"}. We claim that I has property (B) for (m, N2, N3)
with respect to {3}, where N3 and N3 are arbitrary positive integers. To see this,
we must show that if uj,uz,u3 are elements of k[t,t =] such that u; — uouf* =0
and u; has at most m nonzero terms, then uz is a monomial. It suffices to show,
given up,ug in k[t,t~!] with ug having more than one nonzero term, that uauf* has
more than m nonzero terms. We may assume that ug and ug are in k[t]. If uz has
more than one nonzero term, then uz = 0 has a nonzero root. In this case uauf
has a nonzero root of multiplicity at least m. Therefore, it is enough to show that
for v € k[t], if v has a nonzero root of multiplicity > n then v has more than n
nonzero terms. This will be proved by induction on the degree of v. If the degree
of v is one, the conclusion is obvious. If the degree of v is bigger than 1, we may
assume v(0) # 0. Applying the induction hypothesis to dv/dt and noting that v
has one more nonzero term than dv/dt, we reach the desired conclusion.

The main result of this section is

THEOREM 1. Let k, (N1,...,Ny), S and I be as above, I has property (A)
(resp. (A')) for (N1,...,Ny) with respect to S if and only if I has property (B)
(resp. (B')) for (N1,...,Ny,) with respect to S.

To prove this, we need the following elementary lemmas. Lemma 1 shows that
our property (B) implies Sperber’s property of being (N1 —1, ..., N, —1)-polynomial
free [12, p. 7).

LEMMA 1. Let k, (Ny,...,N;), S and I be as above. If I has property (B)
for (Ny,...,N,) with respect to S, then I has the following property: if ui,...,un
are elements of klt], (t transcendental over k) with the degree of u; < N; — 1 for
t=1...,n and P(uy,...,un) =0 for all P in I, then for each i in S, u; € k.
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PROOF. Let uy,...,u, be in k[t] with the degree of each u; < N; — 1 for
t=1,...,7r and P(uy,...,u,) = 0 for all P in I. Since I has property (B) and
k[t] C k[t,t~1], we have for each ¢ in S, u; = a;t™ with a; € k and m; a nonegative
integer. Replacing ¢ by t + 1, we have P(a;(t + 1)™,...,an(t +1)™) = 0 for all
P in I. By property (B), we have for each 7 € S, a;(t + 1)™ must be a monomial,
som; =0and u; = a; €k.

In the following two lemmas, G, will denote the additive group k and G,, the
multiplicative group k—{0}. Note that if ¢ is transcendental over k, we may identify
k|G,) with k[t] and k[Gy,] with k[,t,t71].

LEMMA 2. Let k be an algebraically closed field of characteristic 0 and N a
positive integer. If u € k[Go] = k[t], then the dimension of ku®e is at most N if
and only if the degree of u, as a polynomial in t, is at most N — 1.

PROOF. Note that for ¢ € k = G, and u(t) € k[G,] = kl[t], p:(u) = u(t + ¢).
This implies that the vector space of all polynomials of degree < N —1 is left stable
by p? for ¢ € G,. Therefore if u € k[G,] is a polynomial of degree at most N — 1,
the dimension of ky®+ < N.

Conversely, assume that the dimension of kuG+ < N. We define a derivation D
on k(t) by letting Dt = 1 and Dc = 0 for all ¢ € k. Note that for any ¢ € k, p}
commutes with D. Let uy,...,un be a basis for kuC= and let

L(y) = Wr(y,u1, ..., um)/ Wr(ug,...,um),

where Wr denotes the Wronskian determinant. The coefficients of L(y) are left
fixed by p for ¢ € k, so these coefficients lie in k. Let L(y) = (™ +am_1y(™ D +
.-+ a;9®), with a; # 0. For v € k[t], if L(v) = 0 then the degree of v is at most
i—1<m—-1< N —1. Since L(v) = 0 for all v € kuC=, we have that the degree
of u is at most N — 1.

LEMMA 3. Let k be an algebraically closed field of characteristic 0 and N a
positive integer. If u € k[Gm) = k[t,t™1], then the dimension of ku®™ is at most
N if and only if u contains at most N nonzero terms.

PROOF. Note that for ¢ € k — {0} = G, and u(t) € k[Gm) = k[t,t71], p2(u) =
u(te). A similar argument to that appearing in the proof of Lemma 2 shows that
if u has at most N nonzero terms, then the dimension of ku®™ is at most N.

Conversely, assume that the dimension of ku®™ is at most N. Define a derivation
D on k(t) by letting Dt = ¢t and Dc = 0 for all ¢ in k. D commutes with p} for
all ¢ € k— {0}. Let u,...,un be the basis of ku®~ and let L(y) be defined
as in the proof of Lemma 2. We again see that L(y) has coefficients in k. If
L(y) = ¥ + am_1y™ D + - + agy, let p(y) = y™ + am—1y™ 1 +--- +ao. If
u = at™ +---+ a4t™s, where the m; are distinct integers and the a; are nonzero
elements of k, then L(u) = p(mq)ait™ + --- + p(ms)ast™. Since L(u) = 0, we
have that p(m;) =0 for ¢ =1,...,r. Therefore r <m < N.

We remark that we could replace the argument involving D in Lemma 3 with an
argument involving matrices that resemble Vandermonde matrices, yielding a proof
true in all characteristics. Lemma 2, on the other hand, is true only in characteristic
0, since if k is a field of characteristic p # 0 and u is a p-polynomial (i.e., a linear
combination of terms t?*, ¢ > 0) then ku®~ will have dimension at most 2.
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PROOF OF THEOREM 1. Let us first assume that I has property (B) for
(Ni,...,Np) with respect to S. Let G be a connected linear k-group, and let
Y1,.--,Yn be elements of k(G) = {0} such that the dimension of ky¢ < N; for
t=1,...,n. As we have noted, this implies that each y; € k[G]. We also note that
we may assume that y;(e) # 0 for ¢ = 1,...,n, where e is the identity of G. To see
this, let g € G satisfy (y1---yn)(g) # 0. We then have (p;(y1) - p;(yn))(e) # 0.
p; (y:) is a k-multiple of a character if and only if y; is and the hypotheses regarding
y; apply as well to p}(y;). Therefore, we may replace the y; by p;(y:) if need be.
In particular, we may asusme that for each ¢ = 1,...,n, y;, when restricted to any
subgroup of G, is not identically zero.

We shall first show that for any unipotent s in G, pj,(y;) = y; for all 7 in S. Let
0 ={g € Glyi(g) # 0 for : = 1,...,n}. Since O is Zariski dense in G, it suffices
to show that for g in O and 7 in S, y;(g) = y:(gh). Let H be a subgroup of G,
isomorphic to Gq, containing k (5, p. 96] and let u; be the restriction of A>_, (¥:)
to H. Note that u; # 0 for ¢ = 1,...,n. We may identify u; with an element in
k[H] = k[t]. We furthermore have that the dimension of kuf < N, fori=1,...,n,
so by Lemma, 2, u; is of degree at most N; — 1. Lemma 1 implies that for each 7 in
S, u; is in k. Therefore y;(g) = u;(e) = ui(h) = yi(gh).

We now note that to finish the proof, it suffices to show that for any torus T C G,
and any 7 in S, the restriction of y; to T is a nonzero k-multiple of a character of T
and therefore never zero on T. Assuming this to be true, let g € G and let g = g,gu,
where g, and g,, are the semisimple and unipotent parts of g. We then have that
¥i(9) = vi(gsgu) = yi(gs)- Since g, belongs to some torus (5, p. 124 and p. 139],
we have y;(gs) # 0. Therefore y; is never zero on G and so is invertible in k[G]. By
Rosenlicht’s theorem, we have that y; is a k-multiple of a character.

Let T = Gy X --- X Gy, be a torus and let 7, ¢ = 1,...,n, be the restriction
of y; to T. We may identify k[T] with k[X},..., X, (X1,...,X,s)7}] for some s,
and we shall identify the 7; with elements of this latter ring. We wish to show
that for any ¢ in S, 7; is a nonzero monomial in Xj,...,X,. If some 7;, with ¢
in S, contains more than one nonzero term, then one of the X;, say X;, appears
with different exponents in at least two terms. Write J; = 5 a;; XJ, where the a;;
are in k[Xs,...,X,,(X2---X,)"1]. Let cz,...,cs be nonzero elements of k such
that a;;(c2,...,¢s) # 0 for all 7+ and 5 with a;; # 0, and let u; = %(t,c2,...,¢5) €
k[t,t=1]. Let H be the first copy of Gy in T = Gy, X - - - X Gy, and identify k[t,t™1]
with k[H]. By our hypotheses and Lemma 3, we have that, for each 7 in 3, u; is
a monomial in k[t,t~1], violating our constructions of the u;. Therefore, for each
1 in S, F; is a monomial, and the restriction of y; to any torus is a k-multiple of a
character.

Now assume that I has property (B’) for (Ny,...,N,) with respect to S and
let G and y1,...,y, be as above. We wish to show that for 7 in S, y; is in k. To
do this, it is enough to show that if g is unipotent or semisimple, then p}(y;) = ;.
Since property (B’) implies property (B), the first part of the above proof shows
that p;(y:) = y; for unipotent g. Since any semisimple element lies in a torus and
every torus is isomorphic to a product of copies of Gy, it suffices to show that, if
H is a copy of G, in G, then, for ¢ in S, y; restricted to H is constant. We identify
k[H] with k[t,t~!] and identify the restriction of y; to H with an element 7; in
k[t,t=1]. Our hypotheses imply that the dimension of kg¥ < N; for¢i =1,...,n

1
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and Lemma 3, together with property (B’), then imply that ; lies in k for ¢ in S.

We now show that property (A) implies property (B). To do this, let I be a set of
polynomials that do not have property (B) for (Ny,..., N,) with respect to S. We
shall show that for the group G = G, there exist elements u; in k[Gy,| that satisfy
the hypotheses of property (A) but violate the conclusion. Since we are assuming
that I does not have property (B), there exist u; in k[t,t~!],7 = 1,...,n, such that
each u; has at most N; nonzero terms and P(uy,...,u,) = 0 for all P in I, but
for some j in S, u; is not a monomial. Identifying k[t,t~!] with k[G.,], Lemma
3 implies that the dimension of kuic"' < N; for i = 1,...,n. These u; violate the
conclusion of property (A). The proof that property (A’) implies property (B’) is
similar and is therefore omitted.

3. Differential algebra. Let k be a differential field with commuting deriva-
tions A = {61,...,6,}. The set of elements ¢ in k such that §c =0 for all § € A is
called the constants of k. Let k{Y1,...,Y,} be the ring of differential polynomials in
the differential indeterminants Y3, ..., Y, and let k{Y3,...,Y,}; be the set of all ho-
mogeneous linear elements of k{Y1,...,Y,}. A differential ideal p in k{Y1,...,Y,}
is said to be linear [6, p. 150] if it is generated by elements in k{Y;,..., Y, }1. If p
is a linear differential ideal, the codimension of pNk{Y1,..., Y, }1 in k{Y;,..., Y, i
is called the linear dimension of p (this need not be finite). Note that if k is an
ordinary differential field, a differential ideal p of k{Y} is linear and of finite linear
dimension [ if and only if there exists a homogeneous linear differential polynomial
L(y) = y® + a;y¢D + ... + qy in k{Y} of order I such that p is the differential
ideal generated by L [6, p. 155]. We shall state and prove our results for general
differential fields and linear differential ideals, but the reader who is only interested
in ordinary differential fields and homogeneous linear differential equations, may
use this last remark to replace hypotheses such as “u is the zero of a linear differen-
tial ideal of linear dimension !” with the more familiar “u satisfies a homogeneous
linear differential equation of order {”.

The results of this section depend on the galois theory of linear differential equa-
tions, which we shall now review. Let k be as above and assume that the constants
C of k are algebraically closed. Let p be a linear differential ideal in k{Y1,...,Y,}
of finite linear dimension I. For any differential extension field F' of k, the set of
zeros of p in F™ forms a vector space (over the constants of F') of dimension at
most [ [6, p. 151]. There exists a differential extension field K of k, having the
same field of constants as k, such that the space of zeros of p in K™ has dimension
I and such that K is generated over k by these solutions [6, p. 142]. Furthermore,
this extension is unique up to isomorphism. K is referred to as the Picard-Vessiot
extension associated with p. If K is a differential extension of k, having the same
constants as k, that is generated over k by zeros of p, then we can embed K in K
over k. The group of differential automorphisms of K over k acts on the space of
zeros of p and so can be identified with a group G of invertible matrices in GLy (C)
for some integer N. It is known that this group will be closed in the Zariski topol-
ogy [6, p. 394], and so G is a linear algebraic group defined over C' whose C-points
correspond to differential automorphisms of K over k.

There is a galois correspondence between closed subgroups of G and differential
fields F with k C F C K. In particular, for y € K, o(y) = y for all 0 € G if and
only if y € k. When k is algebraically closed, G is connected [6, p. 402], and, using
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differential galois cohomology, one can show that we may identify K with k(G) (6,
p. 426]. Since this identification is the key to our method, as it allows us to apply
the results of §2, we shall present an elementary proof.

LEMMA 4. Let k be an algebraically closed differential field of characteristic O
and K a Picard-Vessiot extension of k with galois group G. Then:

(i) There exists an isomorphism ¢ of K onto k(G) such that if o is a C-point of
G then for ally in K, ¢(0(y)) = p7(¢(y))-

(ii) For y in K, y 1s the zero of a linear differential ideal in k{Y'} of finite linear
dimension if and only if ¢(y) € k[G].

PROOF. For simplicity, we prove this only for ordinary differential fields. The
proof in general replaces the use of Wronskians below with determinants of matrices
of the form mentioned in Theorem 1 on p. 85 of [6]. We shall first show that for
y € K, y is the zero of a homogeneous linear differential equation if and only if
CyC%c (the C-span of the orbit of y under the action of the C-points of G) has finite
dimension. If y satisfies a homogeneous linear differential equation L(y) = 0, then
y belongs to a G-stable finite dimensional vector space, namely the space of zeros
of L(y) = 0. Conversely, if CyG¢ has finite dimension, let y = y;, ...,y be a basis
and let

L(Y) = Wr(Ya Y1, 1yn)/ Wr(yl) cee ,yn),

where Wr is the usual Wronskian determinant. One easily sees that the coefficients
of L(y) are left fixed by all elements of the galois group and so lie in k. Clearly
L(y) =0.

From this we see that the set of elements satisfying homogeneous linear dif-
ferential equations over k forms a differential ring. Assume K is generated (as a
differential field) by v, . . ., ym, a fundamental set of solutions of some homogeneous
linear differential equation of order m. We may then write

K=k(yl,...,ym,yi,-..,y;n,_‘.,ygm—l),.“’yr(nm—l))'

Let § = {y € K|y'/y € k}. Note that the elements of S satisfy homogeneous lin-
ear differential equations over k. Since K is finitely generated over k, we have
by Theorem 1 of [11] that § is a finitely generated abelian group. Let R =
klyi, .-, Ym, y§’""),..., (m=1) S]. Since S is finitely generated, R is a finitely
generated k-algebra. Let V be the affine variety whose coordinate ring is R. The
action of G on R induces an action of G on V. We wish to show that G acts transi-
tively and freely on V. First of all, for v € V', we claim that the orbit of v is dense in
V. If not, there is a nonzero z € R such that z vanishes on the orbit of v. Therefore
all the elements of CzC< vanish at v. Since z € R, C2% is finite dimensional, so let
21,...,% be a basis of CzC and I be the ideal of R generated by 21,...,2.. I # R
since I has a zero in V. On the other hand, letting w = Wr(zy, ..., 2,), we see that
w satisfies w’/w € k (look at the action of the galois group) and w € I (expand w
by minors). Since 1/w is also in R, we get 1 € I, a contradiction. Therefore the
orbit of any element v € V' is dense in V. Since the orbits of minimal dimension are
closed [5, p. 60], we get that the orbit of any element is all of V. This proves that
G acts transitively on V. To see that G acts freely, let v € V and assume vg = v
for some g € G. Let

v= (vgo),...,v,(,?),vgl),...,vﬁ,}),...,vgm_l),...,vﬁnm_l),...).
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If we write the first m? entries as a matrix (vf’)), 1<i<m0<j7<m-1,
then g acts as an m X m matrix by multiplication on the right of the matrix. Since
vg = v, we have ('vl(’))g = (v9)). Since 1/ Wr(yy,...,ym) € R, det(vE’)) # 0, so
g = id. Therefore, G acts freely. Let v € V be a k-point of V. The map from G to
V given by g — vg induces an isomorphism ¢ of k[V] onto k[G]. This extends to
the quotient fields and clearly has the properties claimed in (1).

To see (i), we have already noted that, for u € k(G), u € k[G] if and only if
kuG hs finite dimension. Since the C-points of G are dense in G, ku® has finite
dimension if and only if Cu®- has finite dimension. We have shown above that for
y € K, y satisfies a homogeneous linear differential equation if and only if CuCe
has finite dimension. (ii) now follows from (i).

For the remainder of this section, except where otherwise noted, let k be an alge-
braically closed differential field of characteristic 0 with derivations A = {61, ...,6,}.
Let MNy,..., N, be positive integers, S a subset of {1,...,n} and I a set of poly-
nomials in k[Y7,...,Y,]. We say that I satisfies property (C) (resp. (C')) for
(N1, ..., Ny) with respect to S if:

For any differential extension K of k having the same field of con-
stants as k, y1, ..., yn € K—{0}, linear differential ideals py,...,pn
in k{Y'} such that y; is a zero of p,; and the linear differential di-
mension of p; is < N, fori =1,...,n, if P(y;,...,yn) = 0 for all
P in I, then 6y;/y; isin k for ¢ in S and 6 in A (resp. y; is in k
for all 7 in S).

THEOREM 2. Let k,(Ny,...,Ny,), S and I be as above.

(a) If I has property (B) (resp. (B')) for (Ni,...,Ny,) with respect to S, then I
has property (C) (resp. (C')) for (N1,...,N,) with respect to S.

(b) Assume k is an algebraically closed ordinary differential field with derivation
6 and assume there exists u € k such that Y — uY = 0 has no nonzero solution in
k. If I has property (C) (resp. (C')) for (Ny,...,Nyn) with respect to S, then I has
property (B) (resp. (B')) for (Ni,...,Ny) with respect to S.

PROOF. (a) We shall show that if I has property (A) (resp. (A’)) for (N1, ..., Ny)
with respect to S then I has property (C) (resp. (C')) for (Ny, ..., N,) with respect
to S. Theorem 1 then allows us to conclude (a) above. Let K be a differential ex-
tension of k with the same field of constants C as k. Let y1,...,y, € K — {0} and
let py,...,p, be linear differential ideals in k[Y] such that y; is a zero of p;, such
that the linear differential dimension of p; < N; and such that P(y1,...,yn) =0
for all P in I. Since K has the same field of constants as k, we may assume that
Y1,.--,Yn lie in a Picard-Vessiot extension F' of k. Let G be the galois group of F
over k. Since k is algebraically closed, G is a connected C-group and F may be
identified with k(G). Furthermore, for any g, a C-point of G, the galois action of
g on F is given by p?. Since the linear dimension of each p; < N;, we have that
the dimension of Cyigc < N;, where G is the group of C-points of G. Since G¢
is dense in G, we have that the dimension of ky¥ < N;. If I has property (A’) for
(N1,...,Ny,) with respect to S, then for each ¢ in S, y; is in k, so I has property
(C') for (Ny,...,N,) with respect to S. If I has property (B) for (Ny,...,Ny)
with respect to S, then we can conclude that for each ¢ in S, y; is a k-multiple of
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a character of G. Fix some 7 in S and denote y; by y and p; by p. For any g € G,
p;(Y) = agy for some a4 in k. We claim that for g € Gc, a; € C. Fix some §
in A. Since p has finite linear dimension, there exist a;_1,...,ap in k such that
L(y) = 6Wy 4+ a;_16%"Vy + ... + apy = 0. Among all such equations, choose one
with | minimal. If g € G¢, then L(p}y) = 0 so

0 =69 (agy) + an-16U(agy) + - - + ao(agy)
= ag6Wy + (nbag + an_1a,)6¢ Vy 4 ---.

By minimality we have agan_; = néag + an_1a4 or éa, = 0. In particular, this
implies that éy/y is fixed by all elements of G¢ and so must lie in k. Therefore I
has property (A) for (Ny,..., Ny) with respect to S.

(b) We shall show that if I does not have property (B) for (Ny,...,N,) with
respect to S, then I does not have property (C) for (Ny, ..., N,) with respect to S.
Let uy,...,u, be nonzero elements of k[t,t~!] such that each u; has < N; nonzero
terms and P(uy,...,u,) =0 for all P in I. Assume that for some 7 in S, u; is not
a monomial. We extend 6 to K = k(t) (¢ transcendental over k) by letting 6t = ut.
Since 8Y — uY has no solutions in k and k is algebraically closed, k and K have
the same field of constants [9, p. 172]. One can easily check that an element of the
form y = Y a;t’ having at most N; nonzero terms satisfies a homogeneous linear
differential equation of order at most N;. Furthermore, if §y/y = a € k, then y must
be a monomial. To see this, observe that 0 = §y — ay = Y_(8a; — a;(a — ju))¥.
If a; and a; are nonzero for i # j, then év/v = u, where v = (a;a;')¥/0~9,
contradicting our assumption that 6Y — «Y = 0 has no solutions in k.

The proof that Property (C’) implies property (B’) is similar and is therefore
omitted.

PROPOSITION 3 (BIS). Let k C K be differential fields of characteristic 0 with
the same field of constants and k algebraically closed. Let p be a linear differential
ideal of finite linear dimension and let (y1,y2,y3) € K° be a zero of p. Assume that
y1 = Yoy§* for some positive integer m. If the linear dimension of p N k{Y1} < m,
then bys/ys 1s in k for all § € A.

PROOF. For each 7, 7 = 1,2,3, p N k{Y;} = p; is a linear differential ideal of
finite linear dimension. For arbitrary positive integers N2 and N3, we have seen that
I = {Y1 — Y,YJ"} has property (B) for (m, N3, N3) with respect to {3}. Theorem
2 gives us the desired conclusion

Proposition 3 in the introduction is just the ordinary differential versions of this
last result. One can also deduce from this partial differential versions of Proposi-
tions 1 and 2. For example, assume that £ C K are differential fields of characteris-
tic zero with the constants of K algebraic over the constants of k. If (y1,y2) € K?
is a zero of a linear differential ideal of finite linear dimension and y;y; = 1, then
6y:/yi is algebraic over k for all § in A.

PROPOSITION 4. Let k C K be differential fields of characteristic O with the
same field of constants and k algebraically closed. Let I be an ideal in k[Y1,...,Y,]
whose set of zeros in k™ s a curve of genus > 1. If p C k{Y1,...,Y,} is a linear
differential ideal of finite linear dimension and (yi,...,yn) € K™ is a zero of both
I and p, then for eachi=1,...,n, y; is in k.
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PROOF. Since I defines a curve of genus > 1, if uy,...,u, € k(t) and
P(uy,...,up) =0 forall PinI

then uy,...,u, are all in k. Therefore, I has property (B’) for all (Ny,..., N,,) with
respect to {1,...,n}. Since p has finite linear dimension, so does p; = p N k{Y;}
for = 1,...,n. Therefore, Theorem 2 implies each y; is in k.

For example, consider the rational functions C(z) with derivation d/dz. If f(z)
is an algebraic function of genus > 1 (e.g., f(z) = (1 — z")/" with n > 3) and y
and f(y) satisfy linear differential equations over C(z), then Proposition 4 implies
that y(z) is an algebraic function.

Our techniques also allow us to deal with certain algebraic relations that involve
derivatives. If A is a set of derivations, let © be the free commutative multiplicative
semigroup generated by the elements of A. If £k C K are differential fields and
y € K, we say y is monic over k if y™ — f(01y,...,05y) = 0, where 8; € O for
1=1,...,s and f a polynomial of total degree strictly less than m.

PROPOSITION 5. Let k C K be differential fields of characteristic O having the
same field of constants, with k algebraically closed. If k € K 1is a zero of a linear
differential ideal in k{Y'} of finite linear dimension and y ts monic over k, then
yEk.

PROOF. We may assume K is a Picard-Vessiot extension of £ with galois group
G. G is connected, and we may identify K with k(G) and y with an element of k[G].
Let C be the field of constants of k. We must show that for any g € G¢, p;(y) = y-
First assume that g is unipotent. g belongs to a closed subgroup H of G isomorphic
to G,. Let F be the fixed field of H. We shall show that y is in F. Corollary 2 of
[6, p. 427] implies that K = F(t) with 6t € F for all § in A. Furthermore, y € F[t].
For u € F|t], let o(u) denote the degree of u in t. For 6§ € © we have o(f(u)) < o(u).
If o(y) > 0, then o(f(61(y), - -,05(y))) < m(o(y)) = o(y™). Therefore o(y) = 0;
i.e., y € F. Now assume g is semisimple. Since g lies in a torus, to show that
P;(y) =y, it is enough to show that for any subgroup H of G isomorphic to Gm,
H lies in the fixed field F' of H. Again by Corollary 2 of [6, p. 427], K = F(t)
with 6t/t in F for all § in A. Furthermore, y € F[t,t~!]. For u € F[t,t™!], we
let 0;(u) be the highest power of ¢ occurring in u and o2(u) be the highest power
of t~! appearing in u. For § € © we have 01(0(u)) < 01(u) and 02(0(u)) < o2(u).
Arguing as before, we see that 0;(y) = 02(y) =0, so y € F. Since any element of
G is the product of unipotent and semisimple elements, we see that y is left fixed
by all of G. Therefore y € k.

When k is an ordinary differential field, this result (in greater generality and
without the assumption on constants) was proved by S. Morrison (2, 8]. If u
satisfies a linear differential equation, then y = //u satisfies a Riccati equation, so
y is monic. Therefore if u belongs to a differential extension of k having the same
constants as k and u and u’/u satisfy linear differential equations over k, then u

is algebraic over k. More concretely, if y(z) and ef v(@) satisfy linear differential
equations over C(z), then y is an algebraic function.
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