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TORSION FREE GROUPS
PAUL HILL! AND CHARLES MEGIBBEN

ABSTRACT. In this paper we introduce the class of torsion free k-groups and
the notion of a knice subgroup. Torsion free k-groups form a class of groups
more extensive than the separable groups of Baer, but they enjoy many of the
same closure properties. We establish a role for knice subgroups of torsion
free groups analogous to that played by nice subgroups in the study of torsion
groups. For example, among the torsion free groups, the balanced projectives
are characterized by the fact that they satisfy the third axiom of countability
with respect to knice subgroups. Separable groups are characterized as those
torsion free k-groups with the property that all finite rank, pure knice sub-
groups are direct summands. The introduction of these new classes of groups
and subgroups is based on a preliminary study of the interplay between primi-
tive elements and *-valuated coproducts. As a by-product of our investigation,
new proofs are obtained for many classical results on separable groups. Our
techniques lead naturally to the discovery that a balanced subgroup of a com-
pletely decomposable group is itself completely decomposable provided the
corresponding quotient is a separable group of cardinality not exceeding Ni;
that is, separable groups of cardinality X; have balanced projective dimension
<1

1. Introduction. In this paper, we examine the fundamental concepts underly-
ing the theory of torsion free abelian groups. This is done in the spirit of the seminal
work of Baer (1] and involves a reappraisal of some of the most basic notions in the
light of new ideas introduced in our recent third axiom of countability characteriza-
tion of p-local Warfield groups in [8]. Indeed the present paper should be viewed in
the context of our ongoing study of isotype subgroups of simply presented groups
initiated in [7]. In particular, we generalize Baer’s notion of a primitive element
which, when coupled with our concept of a x-valuated coproduct, leads not only to
new results but also to new proofs of a number of classical theorems.

Throughout this paper, G denotes an additively written torsion free abelian
group. By a height sequence we understand a sequence s = (S,)pcp, indexed by
the set P of primes, where each s, is either a nonnegative integer or the symbol
co. Height sequences are, of course, ordered pointwise and in fact form a complete
distributive lattice with the meet operation defined by s At = (sp A tp)pcp Where
sp Nt, = min{sp,t,}. With each z € G, we associate its height sequence |z|, where
|z|p is the height in G of z at the prime p, that is, |z|, = n if z € p"G \ p" TG
and |z|, = oo if £ € p"G for all n < w. Each height sequence s determines a fully
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invariant subgroup G(s) = {z € G: |z| > s}. Notice that s < t implies G(s) D G(t).
Recall that height sequences s and ¢ are said to be equivalent provided (i) s, = t,
for all but finitely many p and (ii) s, = oo if and only if ¢, = co. Agreeing that
00 — 0o = 0, we observe that s and t are equivalent if and only if }° p [sp — tpl
is finite. It is, of course, clear that |z| and |y| are equivalent if there exist nonzero
integers m and n such that mz = ny. An equivalence class of height sequences is
called a type, and the lattice relations among height sequences induce in the obvious
manner corresponding relations on the set of types. In a rank one group (i.e., a
subgroup of the additive group of rationals), all nonzero elements are of the same
type. We also find it convenient to define a multiplication of height sequences by
positive integers as follows: ns is the height sequence (t,)pep given by tp, = sp+np,
where p™» is the highest power of p dividing n. Thus s and ¢ are equivalent if and
only if there exist positive integers m and n such that ms = nt. Notice that G(ns) =
nG(s). In addition to the subgroup G(s), we shall also require the fully invariant
subgroup G(s*) generated by those z € G(s) such that |z| is not equivalent to s;
i.e., each element of G(s*) is a sum of elements z € G(s) with 3 p (|2, —sp) = 00
If t = ns, then G(t*) = nG(s*). Occasionally we shall need to consider the fully
invariant subgroup G(o) = 3_,, G(s) = U,c, G(s) determined by the type o, as
well as the similarly defined G(0*) = 3_, ., G(s*) = U,e, G(s*)-

Finally, recall that a torsion free group G is said to be completely decomposable
if it decomposes into a direct sum of rank one subgroups, and that G is separable
(in the sense of Baer) if each finite subset of G can be imbedded in a finite rank
completely decomposable direct summand.

2. Primitive elements and *-valuated coproducts. Our notion of a prim-
itive element z in G is motivated by the requirement that when G is completely
decomposable, the pure subgroup (z). generated by z be a summand. Baer’s re-
quirement that a primitive element z of type o satisfy |z| > |z +¢| for all g € G(o*)
is, however, too stringent and is indeed not appropriate for groups which fail to
be separable. To provide insight into our more general definition of primitivity, we
consider a simple example. Suppose G = A ® B is a rank two group containing
elements a € A and b € B such that |a| = (1,1,1,...) and |b] = (0,00,1,...). Let
z=a+band y =a’+b, where 2a’ = a. Then both r and y have s = (0,1,1,...)
as their height sequence. But (y). is a direct summand of G with B serving as a
complement (see 2.6 below), while the pure subgroup (z). fails to be a summand
of G. The source of this difference between r and y resides in the fact that b is
an element of G(s*) such that z — b has greater height than z at the prime p = 2.
Agreeing to write G(s*,p) for G(s*) + G(ps) and being guided by the foregoing
example, we now formulate our version of primitivity.

DEFINITION 2.1. Let z be an element of the torsion free group G. If z € G(s*, p)
for each prime p and each height sequence s equivalent to |z| for which s, = |z|,
and |z|, # oo, then we say that z is primitive in G.

If (z). is a direct summand of G, then it is trivial to verify that z is primitive.
Moreover, it is not difficult, using well-known facts about finite rank completely
decomposable groups, to give an ad hoc proof that (z). is a summand provided z
is primitive in the completely decomposable group G. But this latter observation
arises quite naturally in the general developments to follow (see 2.9 below). Nctice
that 0 is primitive, as is any z with |z|, = oo for all primes p. A simple and
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frequently useful observation about primitive elements is the following: If z is
primitive in G and if € G(s*,p), then either ) p(|zl, — sp) = 00 or z € G(ps).

LEMMA 2.2. Letx € G and suppose n is a nonzero integer. Then x ts primitive
m G if and only if nx is primitive in G.

PROOF. That nz being primitive implies the same for z is a consequence of the
fact that G(t*,p) = nG(s*,p) if t = ns. Conversely, assume that z is primitive and
observe that it suffices to consider the case where n is a prime. Assume by way of
contradiction that nz € G(s*, p), where s is equivalent to [nz| and s, = |nz|, # oco.
If n = p, then |nz|, = |z|p, + 1 and there is a height sequence ¢ such that pt = s
and t, = |z|,. In this case, nz = pz € G(s*,p) = pG(t*,p) and z € G(t*,p),
contradicting the primitivity of . Suppose, however, that n # p and choose integers
l and m such that 1 = lp + mn. Clearly there is a height sequence ¢ equivalent to
s such that ¢ < |z|, t < s and t, = sp = |nz|p, = |z|p. Then z = lpz + mnz is in
G(pt) + G(s*,p) C G(t*,p), once again contradicting the fact that z is primitive.

LEMMA 2.3. If z is primitive in G with s = |z|, then each element of the coset
z + G(s*) 1s primitive with s as its height sequence.

PROOF. Let y = z + 2, where z € G(s*). Assume by way of contradiction that
y € G(t*,p), where t is equivalent to |y| and t, = |y|, # co. Notice that |y| >
|z| A |z| > s and hence t, > s,. Then z =y — 2z € G(t*,p) + G(s*) C G((s A t)*,p).
But this contradicts the fact that z is primitive since s A ¢ is equivalent to |z| and
8p Atp = 8p = |z|p. Finally, observe that |y|, > |z|, # oo for some prime p would
also contradict the primitivity of z.

Having settled on our definition of primitive element, the next problem we wish to
consider is the formulation of a suitably general condition relating two independent
primitive elements so that the pure subgroup generated by them will be a summand
when the containing group is completely decomposable. As Baer [1] observed, using
his notion of primitivity, there is no real difficulty if the elements are of different
types. The case when the primitive elements are of the same type, however, seems
not to have been dealt with successfully in the literature.

Consider the direct sum A = (z;) @ (x2), where z; and z; are independent
primitive elements in G. If there is any hope for B = (z;1). & (z2). to be a direct
summand of G, then we must have |nyz; + naz2| = |niz1| A [ngz2| for all integers
ny and ny. This observation leads naturally to the following definition. A direct
sum A; & A, of independent subgroups of G is said to be a valuated coproduct in
G if |a; +az| = |a1| A |ag| for all a; € A and a2 € A2. An equivalent formulation is
that a1 + a2 € G(s) implies a;, az € G(s) for all height sequences s. This definition
generalizes in the obvious manner to arbitrary direct sums €, ; A; of independent
subgroups of G. If B;/A; is torsion for all 4, then @, B; is a valuated coproduct
in G if and only if @, A; is. Indeed this follows from the fact that G is torsion
free and G(ns) = nG(s) for all n and s. Another easy but important observation
is the fact that the valuated coproduct @;c; A; is pure in G if each A; is a pure
subgroup of G. The requirement that A = (z;) ® (z2) be a valuated coproduct
in G does not suffice, however, to make B = (z;). ® (z2)« a direct summand of
the completely decomposable group G. To understand why this is so, we consider
another example.
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Let G = A;®A2® A3 be a rank three completely decomposable group containing
elements ; € A;, 2 € A and z3 € Az such that |z;] = (0,0,0,...), |z2| =
(00,0,0,...) and |z3| = (0,00,0,...). Then y = z; + z2 + z3 is a primitive element
by Lemma 2.3 with |y| = |z1|, and A = (z1) @ (y) is readily seen to be a valuated
coproduct in G. Nonetheless, the pure subgroup B = (z1). @ (y). fails to be a
direct summand of G. Indeed, well-known and easily proved facts about summands
of completely decomposable groups forbid G having a direct summand isomorphic
to B. A more intrinsic insight into the failure of B to be a summand of G is gained
from the observation that y—z; = z2+2z3 € G(s*), where s = |y| = |z1| and neither
y nor z; is in G(s*). Employing the subgroups G(s*,p) again, we show that the
defect observed in the preceding example can be overcome by the introduction of
a notion more stringent than that of a valuated coproduct.

DEFINITION 2.4. Let A = @, Ai be a valuated coproduct in G and represent
eachac Aasasuma= Ziel a;, where a; € A; for all 1. If for each prime p and
each height sequence s it is the case that a € G(s*) implies a; € G(s*) for all ¢ and
also a € G(s*, p) implies a; € G(s*,p) for all 7, then we say that A =@, .; A; is a
*-valuated coproduct.

Observe that in the special case of a valuated coproduct A = A; & Az, where
Ay = (z) with z primitive in G, one needs only verify the latter of the two conditions
to establish that A = A; & A2 is a *-valuated coproduct. Once again, if B;/A; is
torsion for all 4, the direct sum €,; B; is a *-valuated coproduct in G if and only
if @, Ai is a *-valuated coproduct in G. The notion of a *-valuated coproduct
provides us with precisely the right tool to resolve the question of when the pure
subgroup generated by two independent primitive elements is a summand of the
completely decomposable group containing them. To see that this is so, however,
requires a series of lemmas.

LEMMA 2.5. If N @ (z) 1s a x-valuated coproduct in G with x primitive and if
y = z+2, where 2 € N and |y| = |z|, then y is primitive and N & (y) is a x-valuated
coproduct in G.

PROOF. First observe that N @ (z) being a x-valuated coproduct forces y = z+2
to be primitive since y € G(s*, p) implies ¢ € G(s*,p), where |y| = |z|. To show that
N & (y) is at least a valuated coproduct, it is enough to verify that |w + ny| < |ny|
whenever w € N. But |w + ny| = |w + nz| A [nz| < |nz| = |ny|. It remains
to argue that w + ny € G(s*,p) implies ny € G(s*,p) whenever w € N. Since
w+ny = (w+nz)+nz, we have nz € G(s*,p). But nz is primitive and hence either
Y pep(Inzlp—sp) = 0o or [nz|p > sp. Because |y| = |z|, the first possibility implies
ny € G(s*) and the second implies ny € G(ps). In either case, ny € G(s*,p).

COROLLARY 2.6. If G = (). ® K, where |z| = s, and of y = = + 2z with
z2€G(s*), then G = (y)« D K.

PROOF. Notice that N = (z) ® K is a *-valuated coproduct with G/N torsion.
Since £ = y—z is primitive with z € G(s*) C K, |z| = |y| and therefore N = (y)®K
is a valuated coproduct by 2.5. Since (y). ® K is a pure subgroup of G, the desired
conclusion follows.

The next technical lemma is crucial to all that follows.
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LEMMA 2.7. Suppose N = (z1) ® (z2) & --- @ (zn,) 13 a *-valuated coproduct
m G, where 21,T2,...,Z, are all primitive elements of the same type. Then every
element of N 1s primitive in G. Moreover, if yy = 1 + T2 + - - - + T, then there
exist elements ya,...,yn tn N such that N = (y1) ® (y2) ®- - - ® (yn) 1s @ *-valuated
coproduct i G.

PROOF. A straightforward induction reduces the proof to the case n = 2. By
Lemma 2.2, the first assertion will follow once we show that y; = z; + z2 is
primitive. Assume by way of contradiction that y; € G(s*,p), where s is equivalent
to |y1]| = |z1| A|z2| and s, = |y1]p # 0o0. We may suppose without loss of generality
that |z |p < |z2|p. But then the fact that N = (z1) @ (z2) is a x-valuated coproduct
with |z1| and |z2| equivalent implies that z, € G(s*,p), where s, = |z1|, and s is
equivalent to |z1|. This, however, contradicts the hypothesis that z; is primitive.

Since |z1| and |z3| are equivalent, the sets Ay = {p € P: |z1], < |22|p # o0}
and A2 = {p € P: |23]p < |z1|p # oo} are finite. Therefore there are relatively
prime integers m and n such that |mz;|, = |z2|p for all p € A; and |nzs|, = |:c1|,,
for all p € As. In fact, we may make such a choice with m divisible only by primes
in A; and n divisible only by primes in A2. Now select integers k and [ such that
1 =km+In and let yo = —kmz; + Inzo. If p € Ay, then |y1|, = |21, and

|y2|p |km$1|p A |ln:1:2|p = Ikx2|p A le2|p = |z2lp

since k and ! are relatively prime. Similarly, if p € Aj, then |y1|, = |z2|p, and
|y2lp = |z1lp; while if p € Ay U Ay, the four elements z,z2,y1 and y2 all have
the same height at p. Since the matrix of the transformation between the y;’s and
z;’s is unimodular, we have N = (y;) @ (y2). We shall first show that this direct
sum is at least a valuated coproduct. We need to argue that |niy; + nays|, equals
[n1y1|p A [n2ya2lp for all integers ny,ng and all primes p. Of course, we need only
verify this equality under the assumption that [n1y1|, = [n2y2|,. Moreover, since G
is torsion free, common p-power factors can be canceled and hence we may assume
that at least one of the integers n; or ny is prime to p. But since [y1|p, < |y2]p for
p€ A1 UAz and |y1]p = |y2lp for p & A1 U Az, we see that p|n; if p € A; U A; and
that both n; and n2 may be taken to be prime to p when p € A; U A;. Now observe
that for any p we have [n1y; +nzy2|p = |m1z1|p A|mez2|p, where my = ny — kmng,
mg = ny + Ilnng and me — my = ny. If p € Ay, lnlxllp = |n1y1|p = |n2y2|p =
|y2|p = |z2|p and thus the same power of p divides n; as divides m; that is, at least
that power of p divides m; and consequently p does not divide mo. Therefore, for
PE Al’
Imazalp = [n2y2lp = In1yilp < [mazap.
For p € A2, a similar analysis shows that

Im1z1lp = [n2y2lp = [nayalp < [mazalp.

On the other hand, if p # A; U A2, the equation ms — m; = no insures that p
divides at most one of the integers m; and ms, and consequently in this case we
also have |myz1|p A [m2z2lp = [Ray1lp A [n2y2lp-

Finally, it remains to explain why N = (y;) & (y2) is actually a *-valuated
coproduct. Suppose that 0 # y = niy; + n2y2 € G(s*,p) and recall that y is
necessarily primitive. Then either y has type strictly greater than that determined
by s or else y € G(ps). Since N = (y1) @ (y2) is a valuated coproduct, the first
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possibility forces both n1y; and nay, to be in G(s*), while the second implies that
both are in G(ps).

We now have all the ingredients required to establish the following important
exchange property.

THEOREM 2.8. Suppose N = (1) ® (z2)® - ® (T ) 15 a *-valuated coproduct
m G where each of the x;’s is primitive. If y; # 0 is a primitive element contained
in N, then there exist primitive elements ya,...,Ym such that N' = (y;) @ (y2) ®
<+ @ (ym) 18 a *-valuated coproduct with N/N' finite.

PROOF. Write y; = nix1 +ngoz2+ - - - + Ny, and observe that there is no loss
of generality in assuming that each n; is nonzero. But then passing immediately
to the x-valuated coproduct N’ = (n;z1) ® (n2z2) @ - - - ® (N T ), we may further
assume that y; = z; + 22 + - - - + . Notice then that we have |y;| < |z;| for each
1, and therefore we can rearrange that z;’s so that z1, ..., zx have the same type as
y1 and the remaining z;’s are of strictly larger types. Now write y; = y + g where
Yy =121+ + zx and g is the sum of the remaining z;’s. Next we make the crucial
observation that the primitivity of y; implies that |y;| = |y|. By Lemma 2.7, there
are primitive elements yo, ..., yx such that N = (y) @ (y2) ® - - - & (yk) ® (Th+1) &
-++ @ (). Finally, an application of Lemma 2.5 allows us to replace y by y;.

COROLLARY 2.9. If z is a primitive element in the separable group G, then
(z)« ts a direct summand of G.

PROOF. By separability, x is contained in a direct summand A = A1 ®A2®---®
A, where each A; is a rank one subgroup of G. Thus we will have = contained
in a *-valuated coproduct N = (z;) ® (z2) ® - - & (zm), where z; € A; for each
7 and A/N is torsion. But then Theorem 2.8 yields a *-valuated coproduct N’ =
(z) D (y2) D D (Ym ), where N/N' is finite. Since B = ()« ® (Y2)x D D (Ym )«
is pure in G and A/N’ is torsion, B = A and (z). is a summand of G.

COROLLARY 2.10 (BAER [1]). A finite rank summand of a separable group
1s completely decomposable.

PROOF. Suppose G = A @ K is separable and A has finite rank. The proof
is by induction on the rank of A. Choose 0 # z € A to be of maximal type o
in A. By 2.9 and the implicit induction hypothesis, it suffices to show that z is
primitive. Now if s € ¢ and g € G(s*), the choice of z implies that g € K. But
then |z — g|p = |z|p A |9]p < |z|p for all primes p and hence z is primitive.

Because of their frequent occurrence in the remainder of this paper, we introduce
the term free *-valuated subgroup to refer to any subgroup F' of G that can be
represented as a *-valuated coproduct G = @, (x;), where the z;’s are nonzero
primitive elements of G. Under these circumstances, we shall say that the z;’s form
a set of free generators of F.

THEOREM 2.11. If F and N are free x-valuated subgroups of G, where N has
finite rank and N C F, then there is a *-valuated coproduct F' = N @ M, where
F/F' is finite and M 1s also a free x-valuated subgroup of G.

PROOF. Suppose we have N = (y;) @ - -- @ (ym), where the y;’s form a set
of free generators of N. Proceeding by induction, we may assume that we have a
*-valuated coproduct Fy = (y;) @ -+ ® (yn—1) ® My, where F/F; is finite and M;
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is a free x-valuated subgroup of G. Then some nonzero multiple y/, of y, is in Fj.
Let s = |y;,|. Now we can write y3 +--- + y,,_; + Y, = y + g where the y;’s are
multiples of the y;’s, g € M1 N G(s*) and y is a primitive element in M; having
the same type as y/,. Since y/, is primitive and (y1) @ -+ ® (yn) is a x-valuated
coproduct, it follows that |y| = |y, |. Then, just as in the proof of 2.8, we have
a *-valuated coproduct M{ = (y) ® M, where M;/Mj is finite and M is a free
x-valuated subgroup containing g. Using Lemma 2.5, we conclude that we have a
*-valuated coproduct F| = (y1) ® - ® (yn—1) ® (y,,) ® M with F/F] finite. Since
yn has finite order modulo (y/,), we still have a *-valuated coproduct when (y},) is
replaced by (y,), yielding thereby the desired F’.

COROLLARY 2.12. If N is a finite rank, free x-valuated subgroup of the sepa-
rable group G, then the pure closure of N 1is a direct summand of G.

PROOF. Let N = (y;)®- - -® (yn), where the y;’s are free generators of N. Since
G is separable, N is contained in a direct summand A = A; &-- - ® A, of G, where
each A; is a rank one subgroup. Each A; is locally cyclic and therefore we have
nonzero z;’s in the corresponding A;’s such that F = (z1) ®--- & (z,,) contains N.
By 2.11, we have a *-valuated coproduct F’ = N @ M, where F/F’ is finite. Thus
A is the pure closure of F’ and we clearly have a direct decomposition A = B& C,
where B and C are, respectively, the pure closures of N and M in G.

COROLLARY 2.13 (BAER [1]). Any finite rank, pure subgroup of a homoge-
neous separable group s a direct summand. .

PROOF. Let A be a nonzero finite rank pure subgroup of the homogeneous
separable group G and let N be a free subgroup of A with 4/N torsion. As in
the proof of 2.12, N is contained in a finite rank, free *-valuated subgroup F of
G. Now notice that Lemma 2.7 implies that all the elements of N are primitive in
G. By Theorem 2.8, we have x-valuated coproduct F' = (y;) ® - -- & (yn), where
F/F’ is finite, the y;’s are primitive in G and y; is a nonzero element of N. A
straightforward induction then leads to a free x-valuated subgroup N’ of G with
N/N' finite. Since A is the pure closure of N’, the desired conclusion follows from
2.12.

3. k-groups. In this section, we study a class of torsion free groups more
general than the separable groups. We call G a k-group if each finite subset can be
imbedded in a finite rank, free *-valuated subgroup.

EXAMPLE 3.1. A k-group need not be separable. Let K = Z®° and take H to be
the corresponding direct sum of Ry copies of Z. Then for any prime p, G = H+pK
is an N;-free group that is not separable (see p. 114 of [4]). On the other hand,
G is a k-group since it is N;-free. Indeed, any finite subset is imbeddable in a
finite rank, pure free subgroup F = (z1) @ (z2) ® --- @ (z,). As F is pure, this
direct decomposition is a valuated coproduct. Furthermore G(s*) = 0 for all height
sequences s since G is homogeneous of type (0,0,...,0,...). Consequently, each z;
is primitive and F = (z1) ® (z2) ® - - - ® (z,) is a *-valuated coproduct in G.

Example 3.1 notwithstanding, we can prove the following result.

PROPOSITION 3.2. A finite rank summand of a k-group is completely decom-
posable.
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PROOF. Let A be a finite rank summand of the k-group G. Then there is a
finitely generated subgroup F of A with A/F torsion. Since G is a k-group, F
is contained in a free *-valuated subgroup N of G. The pure closure B of the
subgroup N is a completely decomposable group containing A. But then A is a
direct summand of B and therefore A is completely decomposable by 2.10.

Separable groups have received much attention in the literature. The following
result provides a useful characterization of these groups.

THEOREM 3.3. G 13 separable if and only if G is a k-group with the prop-
erty that the pure closure of each finite rank, free x-valuated subgroup is a direct
summand.

PROOF. Since separable groups are obviously k-groups, the proposition is an
immediate consequence of 2.12 and 3.2.

Like separable groups, countable k-groups are completely decomposable. But
the proof of this fact requires the following lemma.

LEMMA 3.4. Let N be a finite rank, free x-valuated subgroup of the k-group
G and suppose S 1is a finite subset of G. Then there exists a finite collection of
primitive elements y1,y2,...,Ym Such that NN =N & (y1) ® (y2) - ® (ym) 15 @
x-valuated coproduct in G with (S,N')/N’ finite.

PROOF. Let 71, 12,...,T, be free generators of N and take S’ = SU{z;,z3,...,
zn}. Since G is a k-group, we can select a finite rank, free x-valuated subgroup F
containing S’. Then N C F and, by Theorem 2.11, we have a *-valuated coproduct
N =N& (y1)® (y2) D ® (ym), where the y;’s are primitive and F//N’ is finite.
Since S C F, the proof is complete.

THEOREM 3.5. A countable k-group is completely decomposable.

PROOF. Suppose z1,Z2,...,Zn,... is an enumeration of the elements of G and
let X, = {z;: ¢ < n} for each n < w. Using 3.4, we define inductively an ascending
sequence {S,}, where each S, is a finite set of primitive elements serving as a free
basis of a free *-valuated subgroup F,, with (X,, F,,)/F,, finite. Then F =, <wFn
is a free *-valuated subgroup of G with G/F torsion. Thus G is the pure closure
of F and therefore G is completely decomposable.

We next want to show that the class of k-groups is closed under the operation
of taking direct summands. Our proof of this fact requires a technical lemma,
which also turns out to be useful later. The statement of this lemma, however,
requires a couple of preliminary definitions. If H @ K is a *-valuated coproduct in
G and if F is a subgroup of G, then we say that F splits along H and K provided
F = (FNH)® (FNK) and we say that F is quasi-splitting along H and K if
F/(FNH) & (FnNK) is torsion.

LEMMA 3.6. Suppose H & K 1is a x-valuated coproduct in G and let F be a
free x-valuated subgroup that is quasi-splitting along H and K. If the finite rank,
free x-valuated subgroup A is contained in F, then there is a x-valuated coproduct
F' = A® B® C, where F/F' is torsion, B has finite rank and C splits along H
and K.

PROOF. The proof is by induction on the rank of A and we impose the further
hypothesis that B be a free x-valuated subgroup having a set of free generators each
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of which has the same type as one of the members of a fixed set of free generators
of A. The proof also requires the following sublemma: If N is quasi-splitting along
H and K and if N’ = M @ L is a x-valuated coproduct, where N/N' is torsion and
M splits along H and K, then there exists a x-valuated coproduct N = M & L',
where N/N" is torsion and L’ also splits along H and K. Indeed we need only take
N'"=N'NH+N'NK and L' = H ® Ky, where Hy = HN[(M N K) & L] and
Ki=Kn[MnH)® L)

Suppose A = A; ®(z) is a *-valuated coproduct where z is a primitive element of
maximal type in A. By our induction hypothesis, we have a *-valuated coproduct
Fy = A; ® B; & Cy, where F/F; is torsion, B; satisfies the appropriate conditions
and C; splits along H and K. Notice that F' being quasi-splitting along H and K
is essential here even in the case A; = 0. Then some nonzero multiple z’ of z lies
in F; and we write ' =a + b+ ¢; + ¢c2, where a € Ay, b€ By, ¢; € C1 N H and
c2 € C1NK. Let s = |z/|. Since |z| < |al, either a = 0 or else a has maximal type in
A;. Thus Lemma 2.7 implies that @ and ' —a = b+ ¢; + ¢2 are primitive elements.
Moreover, since A; @ (z') is a valuated coproduct and |z’| < |b+ ¢1 + ¢2], it follows
that |b + ¢1 + c2| = s. Even though ¢; and ¢ need not themselves be primitive
elements, there are, we claim, elements 2; € H N G(s*) and 22 € K N G(s*) such
that h = ¢; — z; and k = ¢ — 2, are primitive. As the arguments are parallel, we
provide the details only for the choice of z1. If ¢; € G(s*), then we need only take
21 = ¢1. Assume then that ¢; & G(s*). As ¢ is contained in the free *-valuated
subgroup F and s < |c1|, we can write ¢; = v +w, where w € G(s*) NF and v is a
primitive element having the same type as c¢;. Moreover, since F is quasi-splitting
along H and K, some nonzero multiple of w is expressible as a sum z; + w’, where
z1 € FNH and w € FN K. Replacing =’ by some nonzero multiple of itself if
necessary, we may assume that ¢; = v+ z; +w’ and that also 2; € F;. Notice then
that 2; € G(s*) since H @ K is a *-valuated coproduct. Then h=¢; — 2y = v+ o'
is primitive by Lemma 2.3 because |v| = |h| A |w’| since h € H and v’ € K.

Observe that the choice of z and the condition on B, force F1NG(s*) C Cy. Thus
from our choice of z; above, h € C; and, similarly, k = c3 — 23 € C;. By Theorem
2.11 and the fact that C; is contained in the free *-valuated subgroup F, we have a x-
valuated coproduct C; = (h)® (k) ®C, where C; /C} is torsion and C; NG(s*) C C.
By our sublemma above, we may further assume that C splits along H and K. Now
clearly F> = A; ® B; @ (h) & (k) & C is a x-valuated coproduct with F/F; torsion.
Let 2 =1’ —2; — 22 = a+ b+ h + k and note that z is a primitive element with
|z| = s by Lemma 2.3. Also y; = b+ h+ k is primitive with |y;| = |b+c¢1+c2| =3
for the same reason. Since |z/| < |b|, either b = 0 or b is a primitive element in B;
of maximal type. In either case, we have a *-valuated coproduct B = By @ (b),
where B;/Bj is finite and By is a free *-valuated subgroup of G. Consider then the
*-valuated coproduct F' = A; ® By & (b) ® (h) ® (k) ® C and apply Lemma 2.7 to
express F’ as the x-valuated coproduct F’ = A; ® By ® (y1) ® (y2) & (y3) ® C, where
y2 and ys are also primitive. Lemma 2.5 allows us to replace y; by 2, and since
21, 22 € C another application of Lemma 2.5 enables us to replace z by z’. Thus we
have a *-valuated coproduct F' = A; @ (z') ® B® C, where B = By & (y2) ® (y3),
F/F' is torsion and C splits along H and K. Finally, as z has finite order modulo
(z'), we may replace A; @ (z') by A= A; & (z).

THEOREM 3.7. A direct summand of a k-group is a k-group.
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PROOF. Suppose G = H & K is a k-group and let S be a finite subset of H.
Then S C A for some finite rank, free x-valuated subgroup A of G. Using 3.4, we
define inductively a pair of ascending sequences {7, }n<w and {Sp}n<. of finite
subsets of G satisfying the following conditions:

(i) T, is a set of free generators of a free x-valuated subgroup F, of G with
Fy=A

(i) F, € (Sp) and S, = (S, NH) U (S, N K).

(i) (Sny Fnt1)/Fn+1 is finite for each n.

Then F = J, ., Fn is a free x-valuated subgroup of G, and conditions (ii) and
(iii) imply that F' is quasi-splitting along H and K. Then we have a x-valuated
coproduct F/ = A® B @® C, where F’, B and C satisfy the conditions stated in
Lemma 3.6. Recalling the sublemma used in the proof of 3.6, we see that there
is a *-valuated coproduct F”' = A; ® By & C, where F/F" is torsion and A; =
HN[A® B& (CnNK)]. Notice that A; contains S and that A; is necessarily a
finite rank subgroup of G. Now let L and M be the pure closures of A; and F,
respectively. Then M is completely decomposable and, since M is also the pure
closure of F”', L is a direct summand of M. By 2.10, L is completely decomposable
and clearly then S is contained in a direct sum (y;) ® (y2) ® -+ ® (ym), where
the y;’s are primitive in M and this direct sum is a *-valuated coproduct in M.
That the y;’s are actually primitive in G and that (y;) ® (y2) © - @ (ym) is a *-
valuated coproduct in G follow from the crucial fact that M N G(s*,p) = M(s*,p)
for all height sequences s and all primes p. Indeed from the construction of M,
M =@, ., M; is a x-valuated coproduct in G where each M; is the pure subgroup
of G generated by some- primitive element z; of G. Thus M N G(s*,p) = M(s*,p)
reduces to M; N G(S*,p) = M;(s*,p) for each 7, and this latter fact is an easy
consequence of the fact that M; is pure in G and each element of M; is primitive
in G.

COROLLARY 3.8 (FUCHS [2]). A direct summand of a separable group is sep-
arable.

PROOF. Suppose G = H® K is separable. Then H is a k-group by Theorem 3.7.
Clearly H N G(s*) = H(s*) and H N G(s*,p) = H(s*,p) for all height sequences s
and all primes p. The latter observation implies that each free *-valuated subgroup
of H is a free *-valuated subgroup of G. That H is separable follows now from
Proposition 3.3.

4. Knice subgroups. In this section, we introduce a class of subgroups that
plays a role for torsion free groups analogous to that played by nice subgroups in
the study of torsion groups. Indeed, following the theme of our earlier paper (8],
we elevate to the status of a definition the property exhibited in 3.4 of finite rank,
free *-valuated subgroups of k-groups.

DEFINITION 4.1. A subgroup N of the torsion free group G is said to be a knice
subgroup if for each finite subset S of G there exist primitive elements y1,¥2,...,Ym
such that N’ = N @ (y1) ® (y2) - - - (ym) is a *-valuated coproduct with (S, N')/N’
finite.

It is easy to see that N is knice in G if and only if its pure closure is knice in
G. If N is both pure and knice in G, then a routine argument shows that the y;’s
can be chosen so that S C N’. Note then that G is a k-group if and only if 0 is
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a knice subgroup of G. That summands of k-groups are knice is a nontrivial fact
that follows from Theorem 3.7.

PROPOSITION 4.2. IfN' = N&(z1)®(x2)®- - - D () 15 a x-valuated coproduct
m G with N a knice subgroup of G and each x; primitive in G, then N' is a knice
subgroup of G.

PROOF. By induction, it suffices to consider the case n = 1. Assume then that
N’ = N & (z) is a *-valuated coproduct in G with N knice and z primitive. Let
S be a finite subset of G and take S’ = S U {z}. Since N is knice in G, there is a
*-valuated coproduct F' = N @ (y1) ® (y2) @ - - ® (ym), where the y;’s are primitive
and (S, F)/F is finite. In particular, some nonzero multiple z’ of z is contained
in F. Thus we can write ' = z + t1y; + t2y2 + - - - + tmYm, where z € N. Since
N & (z') is a *-valuated coproduct, if all the ¢;y;’s had type greater than the type
of z’, the primitivity of ' would be contradicted. Then 2’ = 2z + y + g where the
primitive element y is the sum of the ¢;3;’s having the same type as z’. Observe
that 2’ — 2 = y + ¢ is also primitive since if 2’ — z € G(¢t*,p) where t is equivalent
to |z — 2| = |2'| A|z| = |2'| and t, = |2’ — 2|, = |2'|p # o0, then N & (z’) being a
*-valuated coproduct implies ' € G(t*,p) contrary to the fact that z’ is primitive.
But then g € G(s*), where s = |2/| = |2’ — 2| and hence the equation ' — 2z =y +¢
forces us to conclude that |y| = |2’ — z| = |z/|. By Lemma 2.7, 2’ is contained in a
*-valuated coproduct F = N @ (y) ® (z2) ® - - - ® (2zmm) where F//F' is finite and, of
course, the z;’s are primitive. Lemma 2.5 then allows us to replace y by =’ in the
representation of F” above. Finally, we note that H = N@® (z) ® (22) ®- - - ® (2,) is
a *-valuated coproduct with (S, H)/H finite, that is, N @ (z) is a knice subgroup
of G.

Recall that a pure subgroup H of the torsion free group G is said to be balanced
if each coset z + H contains an element y such that |y| = |z + H|, where the height
sequences are computed in G and G/H, respectively.

THEOREM 4.3. A pure subgroup H of G 1s a knice subgroup if and only if H
1s balanced in G and G/H 1s a k-group.

PROOF. First assume that H is a knice and pure subgroup of G. Then for any z
in G we can write = 2+y, where z € H and H®(y) is a valuated coproduct in G. It
follows that |z+h| < |y| for all h € H, that is, |z+ H| = |y| and H is balanced. Since
H is balanced in G, (G/H)(s) = G(s)+ H/H and (G/H)(s*,p) = G(s*,p) + H/H
for all height sequences s and all primes p. To prove that G/H is a k-group it is
clearly enough to show that if H & (y1) ®- - - ® (ym) is a *-valuated coproduct in G
with primitive y,’s, then the y; + H’s are primitive and (y; + H) ® - - ® (ym + H)
is a *-valuated coproduct in G/H. But these facts are easily established using the
observations above about (G/H)(s) and (G/H)(s*,p).

Conversely, assume that H is balanced in G and that G/H is a k-group. Now
consider any *-valuated coproduct (y; + H) ® --- @ (ym + H) in G/H, where the
Yy; + H’s are primitive and |y;| = |y; + H| for each 4. It is trivial then that the y;’s
are primitive in G, and obviously it is enough to argue that H & (y1) ® - - ® (ym)
is a »-valuated coproduct in G. Let x = h +t1y; + - - - + t;mYm, where h € H. First
suppose = € G(s). Then, for each ¢, t;y; + H € (G/H)(s) and hence t;y; € G(s)
since [t;yi| = |tiyi+ H|. Thus H® (y1)®- - -® (ym) is at least a valuated coproduct.
Next suppose € G(s*,p). Then once again for each 1, t,y; + H € (G/H)(s*,p).
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But since t;y; + H is primitive, either t;y; + H is in (G/H)(ps) of |t;y; + H| is not
equivalent to s. In either case, |t;y;| = |tiy; + H| implies t;y; € G(s*,p).

Since the ideas involved in the proof of Theorem 3.4 can be used to show that
every countable subset of a k-group is contained in a countable completely decom-
posable pure subgroup, the following corollary implies that pure knice subgroups
are N;-pure.

COROLLARY 4.4. If H s a pure knice subgroup of G and of G/H 1s countable,
then H 13 a direct summand of G.

PROOF. As is well known, H is a summand of G if H is balanced in G and G/H
is completely decomposable. Thus the result follows from 4.3 and 3.5.

COROLLARY 4.5. If H 1s balanced in G and K/H 1s a pure knice subgroup of
G/H, then K 1s a pure knice subgroup of G.

PROOF. If H is balanced in G and K/H is balanced in G/H, then K is balanced
in G. Thus Theorem 4.3 and the canonical isomorphism G/K ~ (G/H)/(K/H)
yield the desired conclusion.

COROLLARY 4.6. Let H be a pure subgroup of G. If H 1s knice in G and N/H
18 knice in G/H, then N 1s knice in G.

PROOF. It suffices to observe that the hypotheses imply that the pure closure
K of N is a knice subgroup of G. But since K/H is the pure closure in G/H of
the knice subgroup N/H, we conclude that K is knice in G by 4.5.

Formalizing a notion that has already played a role in 3.7 and 3.8, we say that a
pure subgroup H of G is x-pure if HNG(s*) = H(s*) and H N G(s*,p) = H(s*,p)
for all height sequences s and all primes p. We have already seen that summands
are x-pure subgroups, and so are rank one pure subgroups generated by primitive
elements. Clearly the ascending union of x-pure subgroups is *-pure. Also a *-
valuated coproduct H = @,c; H; in G will be a x-pure subgroup if each H; is
x-pure in G.

PROPOSITION 4.7. A pure knice subgroup 1s x-pure.

PROOF. Suppose H is a pure knice subgroup of G and let z € H N G(s*,p).
Then we can write £ = 21 + 23 + - -+ + 2z + g, where g € G(ps) and each z; is an
element of G(s) with |2;| not equivalent to s. Since H is a pure knice subgroup of
G, {#1,22,...,2n,g} is contained in a *-valuated coproduct H @ (y1) ® - - - ® (ym),
where the y;’s are pnmltlve in G. Then we can write g = h+t1y1 +- - - +tmyYm and,
for each 7, z; = h; +t; Oyy+---+t%y,, where h and each h; is in H. Since |g| < |h|
and|z,|<|h|forz_12 nzrx=21+ +2Zm+g=hi+ho+---+hy+his
in H(s*,p). Likewise, if z € H ﬂ G(s*), then clearly z € H(s*).

Exploiting Lemma 3.6 again, we shall prove that a pure knice subgroup of a
k-group is itself a k-group.

THEOREM 4.8. The pure knice subgroup H of G is a k-group if and only if G
s a k-group.

PROOF. First consider the case where H is a k-group and let S be a finite
subset of G. Since H is a pure knice subgroup of G, S is contained in a *-valuated
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coproduct H & (y1) @ -+ ® (ym), where the y;’s are primitive in G. But then
SC(T)® (y1) ® - ® (ym) for some finite subset T of H. Since H is a k-group,
there are primitive elements z1,...,z, in H such that (z;) ® --- & (z,) is a *
valuated coproduct in H containing T. Then 4.7 implies that F = (z;) ® --- &
(Tn) ® (y1) ® - - ® (ym) Is a free *-valuated subgroup of G that contains S.

Conversely, assume that G is a k-group. The proof that H is a k-group will
involve an elaboration on the technique used to prove Theorem 3.7, and we shall
need to use Proposition 4.2 in exploiting the fact that H is knice in order to generate
an appropriate K with H @ K a *-valuated coproduct in G. Once again we begin
with a finite rank, free *-valuated subgroup A of G which contains some fixed finite
subset S of H. But this time we define inductively, in addition to a pair of ascending
sequences {Ty, }n<w and {Sp }n<. of finite subsets of G, a third sequence { By }rn<w
of finite rank, pure knice subgroups such that the following conditions are satisfied:

(i) T, is a set of free generators of a free x-valuated subgroup F, of G with
Fy = A.

(i) H® Bo® - -- ® By, is a *-valuated coproduct in G that contains F,,.

(iii) Fr € (Sn) and Sp = (Sn NH) U (SpN(Bo @ -+ @ By)).

(iv) (Sn, Fr+1)/Fn+1 is finite for each n.
Then F =J,, ., Fn is a free x-valuated subgroup of G that is quasi-splitting along
H and K = @,,, Ba. The proof of the theorem is now completed exactly as in
the case of Theorem 3.7.

The preceding theorem leads quickly to a generalization of the important obser-
vation of Fuchs that summands of separable groups are separable.

COROLLARY 4.9. A pure knice subgroup of a separable group s itself separable.

PROOF. Suppose H is a pure knice subgroup of the separable group G. Since
H is *-pure in G by 4.7, each free *-valuated subgroup of H is a free *-valuated
subgroup of G. That H is separable then follows from 4.8 and 3.3.

In (9], Rangaswamy introduces the notion of a strongly balanced subgroup and
his Theorem 7 asserts that both H and G/H are separable if H is strongly balanced
in the separable group G. Thus strongly balanced subgroups of separable groups
are actually pure knice subgroups and hence 4.9 can also be viewed as a partial
generalization of Rangaswamy’s theorem. Notice, however, that in the context
of separable groups, the pure knice subgroups form a more comprehensive class
than the strongly balanced subgroups. Indeed if H is a pure knice subgroup of
the separable groups G, then G/H need not necessarily be separable. This latter
observation follows from 3.1, 4.3 and the well-known fact that every torsion free
group is a homomorphic image of a completely decomposable group with balanced
kernel.

We close this section by recording some further facts about pure knice subgroups.

PROPOSITION 4.10. Let H and K be pure subgroups of the torsion free group
G with H C K.

(i) If H s knice in K and K 1s knice in G, then H 1s knice in G.

(i) If H 1s knice in G and K/H 1s knice in G/H, then K 1s knice in G.

(ii) If K 1is knice in G, then K/H 1s knice in G/H.

(iv) If H and K are both knice in G, then H 1s knice in K.
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PROOF. Of course, (ii) has already been proved in 4.6. To prove the transitivity
result (i), we take S to be a finite subset of G. Since we are assuming that K is
pure and knice in G, we have S contained in a *-valuated coproduct K & (y;) &
(y2)®- - - ® (ym), where the y;’s are primitive in G. But then S has a corresponding
finite projection T in K, that is, S C (T,y1,¥y2,...,Ym), where T is a finite subset
of K. But because H is assumed to be knice in K, T is contained in a *-valuated
coproduct (in K) H @ (z1) ® (z2) ® - - - ® (), where z;’s are primitive in K. By
4.7, the z;’s are primitive in G and H ® (1) ® - ® (zn) ® (y1) ® - - ® (ym) is @
x-valuated coproduct in G containing S; that is, H is knice in G.

That K being knice in G implies K/H is knice in G/H is an easy consequence of
Theorem 4.3. Indeed under these circumstances, K/H is clearly balanced in G/H
and (G/H)/(K/H) ~ G/K is a k-group. Finally, to prove (iv), we assume that
both H and K are knice in G. Then G/H is a k-group by 4.3, and therefore (iii)
and Theorem 4.8 imply that K/H is a k-group. Noting that H is balanced in K
since it is balanced in G by 4.3, we see that yet another application of 4.3 yields
that desired conclusion that H is knice in K.

COROLLARY 4.11. If H = A® B 13 a pure knice subgroup of the k-group G,
then A and B are pure knice subgroups of G.

PROOF. By Theorem 4.8, H itself is a k-group. But as noted earlier, it is a
consequence of Theorem 3.7 that summands of k-groups are knice subgroups. The
conclusion that A and B are knice in G follows from 4.10(i).

5. The third axiom of countability. A torsion free group G is said to satisfy
the third axiom of countability with respect to knice subgroups provided there is a
family C of knice subgroups of G such that the following three conditions hold:

(0)yoec.

(1) C is closed with respect to the group union of an arbitrary number of groups.

(2) If A€ C and S is a countable subset of G, then there exists a B € C such
that B/A is countable and B D (4, S).

PROPOSITION 5.1. If C is a family of knice subgroups of G satisfying (0), (1)
and (2), then C contains a subfamily C' of pure knice subgroups satisfying (0), (1)
and (2).

PROOF. By Theorem 2 of [5], there is a family P of pure subgroups of G
satisfying (0), (1) and (2). Let ' = CN P. Clearly C’ satisfies (0) and (1). Now
suppose A € C’ and let S be a countable subset of G. Exploiting condition (2) for
C and P separately, we generate inductively a nested ascending sequence

BOQCOQBIQCIQQBngCngv
where (A,S) C By, Bo/A is countable, each Cy, is in P and both C,/B, and

Bn+1/Cn, are countable for all n. Then B =J,,., Bn = U,<, Cnisin ', (4,8) C
B and B/A is countable. Thus (' satisfies (2), as desired.

THEOREM 5.2. If G 1s a torsion free group satisfying the third aziom of count-
ability with respect to knice subgroups, then any direct summand of G also satisfies
the third axiom of countability with respect to knice subgroups.

PROOF. Suppose G = H @ K and let C be a family of knice subgroups of G
satisfying (0), (1) and (2). By 5.1, we may assume that the members of C are
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pure and knice in G. Let ' consist of all those subgroups A of H for which there
corresponds an N € C such that N = A® (N N K). It is a familiar fact (see, e.g.,
the proof of 81.5 in [3]) that C’ also satisfies (0), (1) and (2). It remains to show
that the members of C’ are knice in H. But this is an easy consequence of 4.3
and 3.7. Indeed suppose A € (' and N = A® (NN K) € C. It is then a routine
argument to show that N being balanced in G implies that A is balanced in H;
while H/A is a k-group since it is canonically isomorphic to a direct summand of
the k-group G/N.

Given the well-known third axiom of countability characterization of simply pre-
sented torsion groups, it should not be surprising that the class of torsion free
groups we have introduced in this section consists precisely of the simply presented
ones. This is indeed the content of our next theorem.

THEOREM 5.3. A torsion free group satisfies the third aziom of countability
with respect to knice subgroups if and only if it is completely decomposable.

PROOF. Assume first that G = @,; G;, where each G; is a torsion free rank
one group. For each subset J of I, let G(J) = >, ;G;. As a summand of the
k-group G, each G(J) is a knice subgroup of G. If ' consists of all G(J) as J
ranges over all subsets of I, then it is clear that C satisfies (0), (1) and (2).

Conversely, assume that C is a family of pure knice subgroups of G that satisfies
(0), (1) and (2). It is routine to show that G is the union of a well-ordered family
{Ha}a<y satisfying the following conditions:

(i) Ho=0, Hy C Hgif o < B and Ho =y, Hp whenever a is a limit ordinal;

(ii) For all @ < u, H, € C and H,+1/H, is countable.

The proof is completed by showing that, for each a, Hyy1 = H, @® Ly, where
L., is completely decomposable; for if this can be established, it will follow that
G=0@,c u La- Thus, by 3.5, 4.3 and 4.4, it is enough to prove that H, is knice in
H, 41 for each a. But since H, is balanced in G and H,+1/H, is pure in G/H,,
it is routine to verify that H,, is balanced in H, ;. By 4.3 it remains only to prove
that Ho41/H, is a k-group. It is, however, a triviality to show that H,,; being
a pure knice subgroup G implies that H,,1/H, is a pure knice subgroup of the
k-group G/H,. Finally, an application of 4.8 completes the proof.

Notice that 5.2 and 5.3 combine to yield the Baer-Kulikov-Kaplansky theorem
which asserts that summands of completely decomposable groups are themselves
completely decomposable. Of course, theorems insuring that certain subgroups of
completely decomposable groups are completely decomposable are difficult to come
by, and all too often such theorems involve artificial assumptions concerning the
set of types assumed by elements of the containing group. As a final application
of the ideas developed in this paper, however, we shall present a fairly general
criterion concerning subgroups of completely decomposable groups which can be
paraphrased as follows: Separable groups of cardinality at most 8; have balanced
projective dimension < 1.

THEOREM 5.4. If H is a balanced subgroup of the completely decomposable
group G and if G/H 1s a separable group of cardinality not exceeding Ry, then H is
completely decomposable.
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PROOF. We begin our proof with a few preliminary observations. First we
note that a separable group K of cardinality N; is the union of a smooth well-
ordered chain {K,}qo<w,, where each K, is a countable, separable pure subgroup
of K. Indeed beginning with a well-ordering {4 }a<., of the elements of K, we
construct the K,’s inductively in such a fashion that (a) z, € Kn+1 and (b) each
finite subset S of K, can be imbedded in a finite rank summand A of K with
A C K,. Assume that the requisite K,’s have been constructed for all o < .
If B is a limit ordinal, we let K5 = J,.53 Ko and observe that condition (b) is
inherited by K. One the other hand, if 8 = a + 1 for some «, then we choose an
enumeration {yn}n<w of the elements of K, and take Kz = {J,, <w An, where the
A,’s form an ascending sequence of finite rank summands of K with A, containing
{yOa <oy Yny za}-

Our remaining preliminary observations involve the notion of global compatibility
in the sense of [6]. If A and B are subgroups of G, then we write A||B to indicate
that the following condition is satisfied: If (a,b) € A x B and if s < |a + b| for
some height sequence s, then there exists a b’ € AN B such that s < |a + b'|. If
H is a balanced subgroup of G and if S is a countable subset of GG, then there is
a countable subgroup B of G such that S C B and B||H (see the proof of Lemma
1 in [6]). Finally, we wish to note that AN H will be a balanced subgroup of A
provided H is balanced in G and A is a pure subgroup of G with A||H. Indeed
suppose s = |a + AN H|, where heights are computed in A/AN H, or equivalently
in G/AN H since A is pure. But then |a + H| > s and since H is balanced in G,
there is an h € H such that |a + h| = |a + H|. Recalling that A||H, we see that
|a + h'| > s for some b’ € AN H and it follows that AN H is balanced in A.

We shall first prove the theorem under the further restriction that |G| < R;.
Then as the proof of 5.3 clearly indicates, it suffices to show that H is the union
of a family C of countable pure knice subgroups where C satisfies (0), (2) and the
following weakened version of (1):

(1) C is closed under the union of countable chains.

We fix a direct decomposition G = @,.; G:, where each G; is a rank one group,
and we let G(J) = ), ; G; whenever J is a subset of I. Since G/H is separable,
one of our preliminary observations tells us that G/H is the union of a family D
of countable, separable pure subgroups where D also satisfies the closure property
(1'). We shall call a subset J of K “special” provided J satisfies the following
conditions:

(i) J is countable;

(i) G(J)IIH;

(i) G(J)+ H/H isin D.

Given the inductive nature of (ii) and our earlier observations, a standard back-
and-forth argument shows that {G(J): J is “special”} satisfies (0), (1') and (2).
Thus if we set H(J) = HNG(J), the family C = {H(J): J is “special”} inherits the
properties (0), (1), (2). It remains to show that the members of C are knice in H.
Initially we recognize each H(J) with J “special” as a knice subgroup of G(J) by
4.3 since, as observed in the preceding paragraph, (ii) implies that H(J) is balanced
in G(J) and (iii) implies that G(J)/H(J) ~ G(J) + H/H is a k-group. Since the
summands G(J) of the k-group G are knice, 4.10(i) tells us that the members of
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C are knice in G. Finally, note that 4.10(iv) then implies that the H(J)’s with J
“gpecial” are actually knice in H.

We still have the problem of removing the cardinality restriction on G. Fortu-
nately, this difficulty can be overcome by a routine variant of Schanuel’s trick. First
note that, since |G/H| < 8; and G is completely decomposable, G/H is canonically
the image of a summand Gy of G with |Gp| < ®;. Furthermore, we can choose
Gy such that each element of G/H has a preimage in Gy with the same height
sequence and therefore Hy = H N Gy will be balanced in Gy. By the case covered
by our restricted version of the theorem, Hy is completely decomposable. Since it
is routine that pullbacks of balanced exact sequences are balanced exact, we obtain
two balanced exact sequences)0 -+ H - K — Gy — 0and 0 —» Hy — K — G — 0,
where K is the obvious subgroup of G& Gy. Since G and Gy are completely decom-
posable, these sequences split and we have an isomorphism H® G ~ Hy®G. The
Baer-Kulikov-Kaplansky theorem yields the desired conclusion that H is completely
decomposable.

COROLLARY 5.5. If G 1is a completely decomposable group of cardinality not
ezceeding Ny, then every strongly balanced subgroup of G is completely decomposable.
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