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BOUNDARY BEHAVIOR OF POSITIVE SOLUTIONS
OF THE HEAT EQUATION ON A SEMI-INFINITE SLAB

B. A. MAIR

ABSTRACT. In this paper, the abstract Fatou-Naim-Doob theorem is used to
investigate the boundary behavior of positive solutions of the heat equation on
the semi-infinite slab X = R*~! x R+ x (0,T). The concept of semifine limit
is introduced, and relationships are obtained between fine, semifine, parabolic,
one-sided parabolic and two-sided parabolic limits at points on the parabolic
boundary of X. A Carleson-Calderén-type local Fatou theorem is also obtained
for solutions on a union of two-sided parabolic regions.

0. Introduction. The boundary behavior of positive solutions of second-order
parabolic equations on a horizontal boundary has been studied in [10] by applying
the abstract Fatou-Naim-Doob theorem (cf. [13]). The main aim of this paper is to
apply the same methods to investigate the boundary behavior of positive solutions
on a vertical boundary. This subject has already been studied by classical methods
in [5-8, and 14].

This paper obtains the Calderén-type result (Theorem A) in [14] and special
cases of results in [7, 8] by means of fine convergence. The advantage of using
this method is that, although the results in this paper are for solutions of the heat
equation, it is clear (cf. [10]) that if a suitable integral representation is obtained
then the results in §§2, 3, 6, and 7 still hold for positive solutions of more general
parabolic equations on the semi-infinite slab X = R"~! xR, x (0,T). In particular
the Calderén-type local Fatou theorem with two-sided parabolic approach regions
(Theorem 7.3) would still hold (cf. [5]).

Although the main interest is in behavior at the vertical boundary, this paper
does not consider only the right half-space, but rather the semi-infinite slab X,
this obtaining results for both horizontal and vertical boundaries. To do this, new
nonsemithin sets are obtained in §3 and new Harnack inequalities are found in §4.

I would like to thank Professor J. C. Taylor of McGill University, Montréal, for
his continuing interest in my work.

1. Preliminaries. Throughout this paper, 0 < T < oo and n € N are fixed.
X denotes the semi-infinite slab

R" ! x R4 x (0,T) = {(z/,Zn,t): 2’ € R" 1,2, >0,0< t < T},
H=R" xRy x{0}, V=R"!x{0}x[0,7) and B=HUYV.

Then B is the parabolic boundary of X.
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The fundamental solution for the heat equation Ayu = du/dt on R™ x R is
given by,

T —y|? .
W(z,ty,s) = [4n(t - s)] ™™/ exp (—L(t _yl)> , ift>s,
0, ift <s.

Define
G(z,t;y,8) = W(z,t;y,8) = W(z,t; (¥, —vn), 5).
For each (z,t) = (¢, z,,t) € X, b € B, define,

Glz,t; (¥, b), 0), if b= (¥, bn,0) € H,
Ky(z,t) = { %G(z, £ (b)), i b= (¥,0,8) € V.
n

Now, it is well known that the solutions of the heat equation generate a strong
harmonic space on X (cf. [1]). In [11], axiomatic potential theory and Martin’s
method for the construction of ideal boundaries are used to obtain the following
integral representation theorem.

THEOREM 1.1. Letu > 0 be a solution of the heat equation on X. Then there
exists a unique Borel measure u on B such that

u(z,t) = /Kb(z, t)du(b), for all (z,t) € X.
This u 1s called the representing measure for u.
The following abstract Fatou-Naim-Doob theorem then follows from [13].

THEOREM 1.2. Let u > 0, v > 0 be solutions of the heat equation on X,
represented by measures u,v respectively. Then u/v has fine limit du/dv, v-a.e. on
B.

For any E C X and u > 0, superharmonic on X, Rgu denotes the reduced
function of u on E.

For each b € B, 7(b) denotes the fine filter at b. For each b € B, let X;7 =
{(z,t) € X: Kp(z,t) > 0}. Then X\ X;' is empty if b € H and nonempty if b€ V.
However, K, =0 on X \ X;‘ if b€ V; hence X \ X;" is thin at each b € B.

Throughout this paper, C denotes a general positive constant (not necessarily
the same at different occurrences) which may depend on n and other constants.

PROPOSITION 1.3. If E is thin at b, then for any sequence {Un} of neighbor-
hoods of b in R™*1 decreasing to {b} and (z,t) € X, limp—, o0 Rp(m)Ks(z,t) = 0,
where E(m) = ENUp,.

Conversely, if there exist (z,t) € X;t and a sequence {Un} as above such that
it 00 Rp(mynxs Ko(2,1) = 0, then E is thin at b.

PROOF. This result follows easily as in [10, Proposition 1.5] if the complement
of any neighborhood of b in R®*! is thin at b. To see this, note the following.

(i) Ifb= (¥,bn,0) € H and é > 0, then |z — (¥,b,)| > 6 or t > 6 implies
Kp(z,t) < Ct, which is superharmonic on X and tends to 0 as (z,t) — b.

(ii) If b = (¥,0,8) € V and 6§ > O, then |z — (V',0)] > 6 or t — s > 6 implies
Kp(z,t) < Cz,, which is superharmonic on X and tends to 0 as (z,t) — b.
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Hence, if U is a neighborhood of b € B in R™"*1, then Rx\yKs(z,t) — 0 as
(.’L‘, t) - bs 80 RX\UKb # K.

As stated before, this paper links fine convergence with certain types of geometric
convergence at points of B. These regions will now be defined.

For each b= (b',b,,0) € H and a > 0,
P(b;a) = {(z,t) e R* xRy : |z — (¥, b,)|* < at}
is called the parabolic region with aperture a and vertex b. For any 6 > 0,
P(b;a,6) = P(b;a) N{(z,t): t < 6}

is called a truncated parabolic region.

For each b = (¥/,0,s), > 0,5>0,6 >0,
P(ba: B) = {(z',zn,t): 0< at — ) < |z — (V/,0)> < a™2(t - 5),z, > B2’ - V'|}
(here a < 1) is called the parabolic region with vertex b and aperture o : (.

P(b;a: B,6) = P(bya: B)N{(z,t): |z — (¥,0)] < 6}
TP(b;a: B) = {(z',Tn,t): [t—s| < a|z— (¥,0)|2, z, > B|z’ — |} is the two-sided-
parabolic region with vertex b and aperture o : .
TP(b;a:B,6) =TP(b;a: B)N{(z,t): |z — (¥/,0)| < é}.

A real-valued function f on X is said to have parabolic limit A at b € B if f
converges to A within parabolic regions with vertex b.

As in [10], the parabolic filter at b, P(b) = {E C X: for each P(b;) there exists
8 > 0 such that P(b;7,8) C E} describes parabolic convergence at b.

2. Semifine and parabolic limits for arbitrary functions. Asin [10], the
semifine limit is introduced and its existence is shown to be a consequence of the
existence of the parabolic limit for any function on X.

From now on fix 0 < vy < 1.

DEFINITION 2.1. (i) For each b € B, m € N define

(z,t): |z — (¥,b,)] < 4™, 0 <t <~2™}, if b= (V,bn,0) € H,
Rm(b) = 4 {(z,t): |z — (V,0)] < 4™, 0<t—3s<~y*™, z, >0},
ifb=(V,0,s) e V.

Im(0) = Ry (b) \ Rm+1(b).
Jm(b) will be denoted by J,, when the context determines b.
(ii) A set E C X is said to be semithin at b € B if there exists (z,t) € X;" such
that limy, oo REny,, Ks(z,t) = 0.
(iii) For each b € B, §(b) = {E C X: X \ E is semithin at b} is the semifine
filter at b. For any function f, semifine lim f(b) denotes the limit of f along $(b).

THEOREM 2.2 (cf. [10, PROPOSITION 2.4]). For each b€ B, P(b) C S(b).
PROOF. If b = (¥, b,,0) € H define up,(z,t) = me W (z,t;y,0)dy, where
Bn={yeR™": 4™*2 < |y — (/,bn)] <™ '}.

Then as in [10, Proposition 2.4, inf j_ u,, = inf;, u; > 0 for all m. Since Kj(z,t) <
W (z,t; (b/,bn),0), the same estimates can be repeated here.




690 B. A. MAIR
Now, if b= (¥,0,s) € V, define
Frn={y=(,0,p): [y V| <y™ 1, |p—s| <4*m=1},
B = F \ Frya, tm(s,t) = /Bm K, (z,t) dy,

and consider the transformation
(2, Znyt) = (Y D( —¥) + b,y Vg, 4~ 2m-D (g _g) 4 3).
Then inf;,_ um, = infy, u3 > 0. Now
Ky(z,t) < Czn(t — s)T "D/ 2z — (¥,0) "
for all (z,t), and (z,t) € J,, implies either Y™+ < |z — (¥/,0)] < v™ and 0 <
t—s<v*™ or|z— (¥,0)] < 4™ and v2(m+1) <t — s < 4?™. Hence
Ky(z,t) < Cy~ DM+ min{(t — s)~Y2|z — (¥, 0)],
(t = )%z — (', 0)|7F, zale’ - |71}

Let 0 < e < 1and X\ E € P(b). Then there exists mg such that for m > my,
(z,t) & P(b;€% : €2) for all (z,t) € EN Jy. Then for m > mg and (z,t) € EN Jp,
Ky(z,t) < Cy~(m+1)(m+)ey, (2,1). Fix (z,t) € X; such that t — s > 1, then

U (2,t) < CZn(volume of By,) = Cym+D(m=1)g
Hence Rgnj, Ky(z,t) < Ce, and so E is semithin at b.
3. Nonsemithin sets.

PROPOSITION 3.1 (CF. [10, PROPOSITION 3.1]). Let {(ym,tm)} converge
to b € H within P(b; ). Then for any B> 0, Uge_,{(z,tm) € X: |z—ym|? < Btm}
18 not semithin at b.

PROOF. Let y; m denote the sth coordinate of y,,, and fix (z,7) € X. Then there
exists mg such that for all m > myg, t,, < and /Btm < bn/4 < bp/2 < Yn,m. Put
Epn ={(z,tm) ER™ xRy : |Z — ym|? < Btm}-

Then E,, C X for all m > my, and it suffices to prove that (J,,> ., Em is not

semithin at b. It is easy to see that Kp(z,ty) > CtM? for all (z,tm) € Em,
and Rg,, 1 dominates the solution to the Dirichlet problem on the semi-infinite slab

{(z,t) € X: t > t;} corresponding to the characteristic function of D,,, = {y €
R": |y — ym|? < Btm}. Then

S —ul2
Ren1(57) 2 Clr—tm) ™2 [ exp {‘ %ﬁ') } {1 B (‘—fi”t" )} w

m

and easy estimates give

ENE -n/2 b
l}ﬂl&f t."“Rg, 1(z,7) > 0.

Hence, RE,,. Ky(z,7) > C > 0, which implies that E is not semithin at b.
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PROPOSITION 3.2. Let {(yl,Yn,m,tm)} be a sequence of points in P(b;a : B)
converging to b= (b/,0,8) € V. For each m, let

Ep = {(z,tm + y?;,m) € X: 0Yn,m < |T — (Ypn) 0)| < VYn,m, [T’ — ypu| < 620},
where 0 < 0 < v(1+6%)~Y2 and a+w > 0. Then |Jx_, Er is not semithin at b.

PROOF. Fix a point (z,7) € X;", and for each m let T, = tm + wy? ,,, and
Dy, ={z: (z,T,n) € Ep,}. Then for sufficiently large m, s < T, < r and

REml(z,r)Z/ G(z,r;z,Tp) dz.
D

Now, put v; = v(1 + 62)~1/2, Then |z’ — yl\| < 60Yn.ms OYnm < Tn < V1¥Yn,m,
implies z € D,,. Hence, Rg,, 1(z,r) dominates

C Iym - z|2 + Cl/,z,,m n-1 /Vlyn,m ZnZn
(wwwﬂ”m{‘ P CLY S E e =y

which dominates
CYntnYam {1 — exp (——Uzr"y"’"'> } :

-3
Hence

lsnnlglof y;’g:,“"l)ﬁEml(z, r) > 0.
Now, for all £ € Dm, C7y2,, < Tm — 8 < CY2 1y OYnm < |2 — (U, 0)] <
(1 +62)1/2x,i, and |z — (¢/,0)| < Cyn.m. Hence, Ky(z,Tm) > Cynon™™, and so
liminf,, o RE,, Kp(z,7) > 0.

4. Harnack inequalities. In [10], a Harnack inequality in which the limiting
behavior of the Harnack constant is known was obtained for positive solutions of
the heat equation on an infinite slab. Similar results are obtained in this section for
solutions on the semi-infinite slab. The following technical results will be useful.

LEMMA 4.1. (i) For any p > 1,
ly = b1 = p~ |z = b]* > (0~ 1) Mz — y/?

for allb,z,y € R™.
(ii) If p > 1 and a < pB, then pB(1 — e=2*P) > a(1 — e~B*) for all A > 0.

PROOF. The inequality in (i) is equivalent to
plo — Dly — b + plz — y> > (p — 1)|z — b].

This follows from the triangle inequality and the fact that p(p — 1)y% + p6% >
(p—1)(y+6)? for all 4,6 € R.

PROPOSITION 4.2. (i) For each p > 1, there ezists 0(p) > 0 such that for any
nonnegative Borel measure yu on H andt > 0,

/mmwwwzam/mmoww

if |z —y|? < (p—1)2t and p~'yn < T, < pyn. Furthermore, lim,,16(p) = 1.
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(i) For each 0 < p < 1, there exists p(p) > 0 such that for any nonnegative
Borel measure u on H and t > 0,

[ Kota ) du®) < o(0) / Ky(y,t)du(b) if |z — 4[> < p~'(1 - o)

and pyn < Tn < p~ly,. Furthermore, lim,_,1 p(p) = 1.
PROOF. Let p > 1 and b € H. Then, by using Lemma 4.1,
Ko(z,8) > p~ "+ 2 exp((1 - p) /4) Ks(y, 1)-
The result in (ii) follows from (i) by interchanging z and y, replacing t by pt, and
setting p(p) = {8(p™")} .

PROPOSITION 4.3. (i) For each 0 < p < 1 there exists 61(p) > 0 such that for
any nonnegative Borel p on'V and r > 0,

[ Kolerr+ pl1 - o2 du(t) 2 036) [ Kolur) dut

if p%yn < |2 — (¥',0)| < yn, |2’ — | < (1 - p)zn. Furthermore, lim, ., 61(p) = 1.
(i) For each p > 1 there exists p1(p) > 0 such that for any nonnegative Borel p
onV andr >0,

/ (2,7 — plp — 1)a2) du(b) < 1(p) / Ky(y,7) du(b)

if yn < 2= (¥',0)| < pY%yn, |2’ —y'| < (p— 1)yn. Furthermore, lim,_,1p1(p) = 1.
PROOF. Let b= (¢¥,0,3) € V,s<t, s <r. Then
Ko(2,t) _ Zn_(nt2)2 { 1-7 <|y—(b',0)|2_ o 2)}
Kb(y) ’l') - ynT exp 4(t _ T) T lil! (b sO)l )
where 7 = (r — 8)/(t — 3).

To prove (i), put t = 7 + p(1 — p)y2 and assume the conditions on z and y in (i)
are satisfied. Then 0 < 7 < 1, and so

ly ¥ 2 — b2 > I N )
— >

-7 = 1-7 ™™
Hence,
Ko(z,t)/Ko(y,7) 2 {p/(L+ (1 - p))*}/24(),
where
_ \(n42)/2 5 1 =22
P(A) = Aln+2 2ep{4p(l—p)[ 5 (1 p)]}, for A > 0.
Then A +2(n+2)p(1-p)A -1
yoy = 2D Ly

Put

A ={(n+2)%*(1-p)%+ 1}/* = (n+2)p(1 - p).
Then

B(A) > v(A1) 2 AT 2 exp (_1_4—’)_,,> , forall A>0.
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Put

(o) = {2V sz gy (10
1\pP) = 1+(1_p)2 1 P 4P .

To prove (ii), put t = r — p(p — 1)y2 and assume z and y are as in the state-
ment of (ii). Put w = 1+ (p — 1)2. Then p~/2z, < y, < w'/?z,, 7 > 1, and
Ku(z,t)/Ky(y,7) < p*/?x(7), where

x(r) = r("“)/zexp{‘l—p—(;l:—ﬁ [p(p— 1%+ (1 - %) - 1] } ’

for 7 > 1. Then x/(7) = 0 implies 72 — 2p(p — 1)(n + 2)wr — w = 0. Put
1= p(p—1)(n + 2)w + {p%(p — 1)*(n + 2)%w? + w}¥/2
Then x attains its supremum at 7;. The result in (ii) follows by putting ¢1(p) =
1/2
p/2x(7).

5. Semifine and parabolic limits. The precise Harnack inequalities obtained
in §4 will be used here to prove the equivalence of semifine and parabolic limit at
each point of By = B\ (R"~!x {0} x {0}) for positive solutions of the heat equation.

THEOREM 5.1 (CF. [10, THEOREM 6.2]). Let u > 0 be a solution of the
heat equation on X having parabolic cluster value \ at b € By. Then

semifine liminfu(b) < A < semifine lim sup u(b).
Consequently, for any b € By,
fine limu(b) = A = semifine limu(b) = A <> parabolic limu(b) = A.

PROOF. Let b = (¥,bn,0) € H. Since [;, Ky(z,t)du(y) — 0 continuously on
H (cf. (15, p. 72]), it suffices to consider u(z,t) = [ Ky(z,t) du(y) for some Borel
measure 4 on H. Assume furthermore that A < co. Then there is a sequence of
points {(Ym,tm)} in a parabolic region P(b;a) converging to b such that for all
6 > 0, there exists M(6) such that A — § < u(ym,tm) < A+ 8 for all m > M(6).
For each p > 1 and m € N, define

Em,p = {(z’ ptm): 'I - ym|2 < (P - 1)2t7n}'

Now, choose mo > M(6) such that p*tm, < (bn/2)? < y?,, for all m > mo. Then
P Ynm < Tn < pYnm if [T — ym|?> < (0 — 1)*t;,. Hence by Proposition 4.2,
u(z,t) > 0(p)u(Ym,tm) > A —26 for all m > mg and (z,t) € E,, p, for some p, since
8(p) — 1. Therefore u > XA — 26 on the set |J,,>,,, Em,p, Which is not semithin
at b, by Proposition 3.1. Hence A < semifine limsupu(b). The other inequality is
proved in a similar manner.

To complete the proof in case b € H, consider A = co. Fix p > 1 and let
{(ym,tm)} converge to b in P(b;a) and u(ym,tm) — oo. Then for any § > 0,
choose M(6) such that w(ym,tm) > 6[0(p)] ! for all m > M(6). Now, choose
mo > M(6) as above. Then u > é on a set which is not semithin at b.

Now assume b € V N By. It is easy to show that [, K,(z,t)du(y) — 0 con-
tinuously on V' N By. Hence it suffices to consider u(z,t) = [ Ky(,t)du(y) for
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some Borel measure p on V. Let {(ym,tm)} converge to b in P(b;a : 8) such that
UW(Ym, tm) — A

Emp = {(z,tm +p(1 - p)yﬁ,m): Pl/zyn,m <z = (¥ 0)| < Ynym,
|z’ — ym| < (1= p)zn}.

Then Proposition 4.3 implies that u(z,t) > 01(p)u(ym,tm) for all m € N and
(z,t) € Epp. Now, p{1+(1-p)?} < 1 and a+ p(1 - p) > 0. Hence Proposition 3.2
implies that J,,>,,, Em,p is not semithin at b.

For each p > 1, m € N define

Frp = {(Z,tm — p(p = VY2 1) Ynm < 1T = (Yhns 0)| < 0 %y m,
[z — ym| < (p— 1)zn}.

Then u(z,t) < p1(p)u(Ym,tm) for all (z,t) € F, ,. Now, there exists pp, 1 < pg <
2, such that 1 < p < po implies 1+ (p — 1)?2 < p and @ — p(p — 1) > 0. Hence,
Proposition 3.2 implies that | J Fr,, is not semithin at b if 1 < p < po. The
proof is completed as above.

Next, an example of a positive solution is given which has neither fine, semifine,
nor parabolic limits at any point of B\ By. Hence there is no advantage in trying
to extend the above result to points on B\ By.

EXAMPLE 5.2. Let u be the solution represented by Lebesgue measure restricted
to H. Then

mZmo

2 zn/2V1 2
u(z,t) = ﬁ/o e~ dr.

For each 0 < 7 < 1, let . be such that (2/y/7) [y e " dr = 7. For each € > 0
and A > 0, |u(z,t) — A| > € iff 7 < u(z,t) < w, where 7 = max(A — ¢€,0) and w =
min(\ + ¢,1) iff 27Vt < z, < 2wv/t. Hence, by Proposition 3.2, {(z,t): |u(z,t) —
Al > €} is not semithin (hence not thin) at each b € B\ By. Also, it is easy to see
that u does not have a parabolic limit at points on B\ By.

6. Parabolic and fine limits almost everywhere. In §5 it was proved that
for positive solutions semifine and parabolic limits are equivalent at each point of
By. This section shows that fine and parabolic limits are equivalent except on a
set of measure zero for positive solutions.

LEMMA 6.1. Let E C B and W C X be such that for eachb € E, W contains a
truncated parabolic region with vertez b. Then X \W 1s thin at almost every b€ E.

PROOF. Let E; = ENH and E; = ENV. As in the proof of [10, Lemma 5.1],
it suffices to assume that E; and E; are compact, dist(Ey, V) > 0, dist(Ey, H) > 0,
Wi D Upeg, P(b;e: 6), and Wa D Upep, P(bi7: v) N {(2,1): zn < 6}

Now, define G; = (X\W1)N{(z,t): t < 6} and G2 = (X \W2)N{(z,t): z, < 6}.
Then, it suffices to prove that G, is thin at a.e. b € E,;. To do this, let u; be the
solution of the Dirichlet problem on X corresponding to the characteristic function
of E;. Then for any 0 < A < 1 and ¢ = 1,2, the set F;(\) = {(z,t) € X: ui(z,t) <
A} is thin at a.e. b € E;. Let D; = {b € E;: (z,t) € P(b;a)}, ¢ = 1,2. Then
(z,t) € G; = E; C B\ D;, Ky(z,t) > Ct—™? if b € Dy, and Ky(z,t) > Cz, ™tV
if b € Do, where C is independent of (z,t) and b. By assuming that dist(Wy,V’) > 0,
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it follows that the volume of D; > Ct™/2. Also, in case of D3, choose a = 7 : v
such that 72(1 4+ v=2) < 1; then

{(¥,0,8): (1 + v~ )22 <t —s <7122 2, > V|2’ —V|} C Ds.

Hence the volume of Dy > Cz?*!. Consequently, u;(z,t) <1-C < 1.
The main result of this section can now be obtained by suitably modifying the
proof of Theorem 5.2 in [10].

THEOREM 6.2. If f has parabolic limit ) (b) at each b € E, then fine lim f(b) =
¥(b) for a.e. be E.

7. A local Fatou theorem. Theorem 9.2 in [10] already gives a Carleson-type
local Fatou theorem for sets which touch the horizontal part of the boundary B.
So to establish the analogue of Theorem 9.2 of [10] here, one only needs to consider
the vertical boundary V.

By using Theorem 1.1, Moser’s Harnack inequality (cf. [12]), and the nonthin
set constructed in [9], the next result can be proved by an obvious modification of
Theorem 4.2 in [9)].

THEOREM 7.1. Let b € V and u > 0 be a solution of the heat equation on
TP(b;7 : 6,p). Let @ > 7 and B > 6. If u has limit O along the fine filter ¥(b)
restricted to TP(b;a : B), then u(z,t) — 0 as (z,t) — b within TP(b;a : ).

LEMMA 7.2. Let ECV and W C X be such that for each b € E, W contains a
two-sided parabolic region with vertex b. Then for a.e. b€ E, W contains two-sided
parabolic regions of arbitrary aperture with vertez b.

PROOF. It suffices to assume that dist(E, H) > 0 and W = (J,c gz TP(b;a : 3, 6)
for fixed a,3,6 > 0. Choose mg such that 1/mg < §. Fix v,p > 0. For each
m > my, define E,, = {b € E: TP(b;v : p,1/m) C W}. Let D be the set of
points of strong density of E. As in [10, Lemma 9.1], it suffices to prove that
D C Upnsme Em- If b = (¥,0,5) & Ep, for m > my, there exists a sequence
{(m,tm)} contained in TP(b;v : p) \ W such that |z, — (b',0)| < 1/m.

Define

Fr = {(y,) O,P)Z Ip - tml < aa:;‘:,m, |yl - .’E;nl < ﬂzn,m}-
Then F,, N\ E = & for all m > mg. Now, (Tm,tm) € TP(b;v : p). Hence [ty — s| <
v(1+ p?)z2 ,, and |z}, — b'| < pZn,m. Therefore, y = (y',0,p) € F,, implies that

Ip—s| < [a+v(1+p?)z2,, and |y’ — b'| < (B+ p)Tn,m. Hence the rectangle Fy,
is contained within another rectangle of comparable volume having center b.

THEOREM 7.3 (CF. [10, THEOREM 9.2]). Let E C B and W be an open
subset of X which contains a region W, for each b € E where Wy 1s a parabolic
region with vertez b for each b€ ENH and Wy, 13 a two-sided parabolic region with
vertez b for each b€ ENV. Let u be a solution of the heat equation on W which s
esther upper or lower bounded on Wy, for each b € E. Then u has finite two-sided
parabolic limits a.e. on E.

PROOF. It suffices to assume E compact C V N By, a, 3,6 fixed and W, =
TP(b;a: B,6) for all b € E, W connected and u > 1 on W. By suitable truncations
of W by horizontal planes, it is seen that condition (*x) in [10, p. 592] is satisfied
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by W. It is also clear that there is a constant 7 > 0 such that the plane z,, = 7
intersects W, for all b € E. Let A = W N {(z,t): z, = 7}, and let I, denote
Lebesgue n-dimensional measure on A.

Define the measure r on X by r = u~!l,. Then r is supported on W and
s =r|w = r. Clearly, r(X) < 0o, and the functions 1 and u are s-integrable. Also,
r is a reference measure on W and on X (cf. [10, Theorem 9.2]). For each b € By,
define Q(b) = [ Ky dr as in [10]. Then 0 < Q(b) < 0o, and Q is continuous.

Define Q: By — B,(X) = {u > 0: u is minimal solution, [udr = 1}, by
Q(b) = Q(b)"'Kp. Then Q is continuous and injective. It does not seem that Q is
a homeomorphism (cf. [10, Theorem 9.2]); however, the representing measure for
the constant function 1 on X can still be related to Lebesgue measure on By as
follows.

Let v be the measure on By defined by dv(b) = Q(b)db. Then v(By) =
5, Q(b) db = r(X) by Fubini. Let v; = v 0 Q™. Then

/ k(z,t) duy (k) = / Ky(z,8)db= 1.
B, (z) Bo

Hence v, is the representing measure for 1 on B,(z). Now, from Lemmas 6.1 and
7.2 there is a set E; C E such that E \ E; is of Lebesgue measure zero, X \ W is
thin at every b € E;, and for each b € E;, W contains two-sided parabolic regions
of arbitrary aperture with vertex b. The proof is completed as in [10, Theorem 9.2
by using Theorem 7.1; and the reduction theorem and the local fine limit theorem
in [10].
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