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THE DIVERGENCE THEOREM!
W. F. PFEFFER

ABSTRACT. We define a well-behaved multidimensional Riemann type in-
tegral such that the divergence of any vector field continuous in a compact
interval and differentiable in its interior is integrable, and the integral equals
the flux of the vector field out of the interval.

1. Introduction. The existence of a derivative which is not Lebesgue integrable
was probably the main driving force behind the work of Denjoy (1912) and Perron
(1914) who, independently and by different means, defined an integral which inte-
grates the derivative of any differentiable function. A corresponding local result in
higher dimensions should be the integrability of the divergence of any differentiable
vector field. It is remarkable that among the many higher dimensional generaliza-
tions of the Denjoy-Perron integral produced during the last 70 years, none lives up
to this requirement; we quote [K2 and Mc]| as the most recent examples. Notable
exceptions are the papers [M; and M| of J. Mawhin, which came to the author’s
attention only after the major bulk of this work had been completed. However,
Mawhin’s integrals lack some standard properties one normally expects of any in-
tegral; e.g., the integrability over each member of a finite division of an interval
does not imply integrability over the whole interval (for more details see 7.2 and
7.3, and also the “Added in the proof” section).

Elaborating on the ideas of Henstock and Kurzweil (cf. [H3 and K;]), we define
a Riemann-type integral over m-dimensional compact intervals which has all the
usual properties of integrals, and for which a very general divergence theorem holds
(Theorem 5.4). For nonnegative functions the integral coincides with the Lebesgue
integral, and for m = 1 it is equal to the Henstock-Kurzweil integral of [Hg] and
hence also to the classical Denjoy-Perron integral (see [LW]).

Our results are achieved by employing partitions of a Vitali type. Since the
regularity of an interval is by no means a hereditary property, the Vitali condition
cannot be applied directly (as in [M; and Mj]). Rather, we have to consider a
relative Vitali condition with respect to a finite family of planes parallel to the
coordinate axes. Roughly speaking, an interval A is regular relative to a plane H
intersecting A if AN H is absolutely regular in H and the diameters of A and AN H
are equal. In the figure below neither A nor B is absolutely regular, but A is regular
relative to H while B is not.

As the use of intervals precludes all but trivial formulations of the Stokes theorem
(see 6.2), global results are not accessible in the present setting. On the other hand,
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[ ] H

it seems that a reasonably general Stokes theorem for piecewise linear manifolds
can be obtained by our method if convez linear cells are used instead of intervals.
Such a change is nontrivial and leads to problems of a different nature than those
discussed in this paper (cf. 6.3). Whether a satisfactory Stokes theorem can be
established for differentiable manifolds was an open problem when this paper was
written. Since then two different solutions have been obtained independently in
[JK and Pj].

The present paper is organized as follows. After some preliminary definitions and
lemmas in §2, the integral is defined in §3, where its basic properties are proved.
84 deals with the relationship to the Lebesgue integral and resulting convergence
theorems. The divergence theorem is proved in §5. In §6 a modest proposition
about the change of variable is established. §7 is devoted to an informal discussion
of some alternative definitions of the integral.

2. Preliminaries. By R and R we denote the sets of all real and all positive
real numbers, respectively. All functions in this paper are real-valued, and the
constant functions are tacitly identified with the elements of R. Often, a function
on a set A and its restriction to a set B C A are denoted by the same symbol. The
algebraic operations, partial order, and convergence among functions on the same
set are defined pointwise.

Throughout this paper, m > 1 is a fixed integer, and R™ denotes the m-
dimensional Euclidean space. If z = ({1,. .., &) is an element of R™, we let |z| =
max{|&1],...,|&m|}. In R™ we use exclusively the metric induced by the norm |z|.
The distance between a point £ € R™ and a set E C R™ is denoted by dist(z, E).
If E C R™, then E°, OE, d(E), and |E| denote, respectively, the interior, bound-
ary, diameter, and outer measure of E. We note that when no further specification
is given, the words “outer measure”, “measure”, and “measurable”, as well as the
expression “almost all”, always refer to the m-dimensional Lebesgue measure in
R™.

Let k be an integer with 0 < k < m — 1. By a plane, or more precisely a k-plane,
we mean a k-dimensional linear submanifold of R™ which is parallel to k distinct
coordinate axes. If E is a subset of a k-plane and k > 1, we denote by |E|; the
k-dimensional outer Lebesgue measure of E. If E C R™ is finite, then |E|o denotes
the number of elements of E.

An interval is a nondegenerate compact rectangle in R™, i.e., the set A =
[T~ ,las, bi], where ai,b; € Rand a; < b;, i =1,...,m. If by —a; = -+ = by — am,
then the interval A is called a cube.
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Let A be an interval and let ¥ be a family of planes. The absolute regularity
of A is the number r(A) defined by r(A4) = |A|/[d(A)]™ (cf. [S, Chapter 4, §2,
p. 106]). Clearly, 0 < r(A) < 1, and r(A) = 1 if and only if A is a cube. The
regularity of A relative to ¥ is the number r(A; ) defined as follows: if ¥ = &, then
r(A; ¥) = r(A); if ¥ consists of a single k-plane H, then r(A4; ¥) = |[ANH|,/[d(A)]*
whenever AN H # ), and r(A; ¥) = r(A) otherwise; finally, if ¥ # O is arbitrary,
then

r(A; X) =sup{r(A;{H}): H € ¥}.

2.1. For any interval A the following conditions hold:

(i) If X is a family of planes, then r(A) < r(A; ¥) < 1. In particular, r(A4; ¥*) <
7(A; ¥) for each family ¥* C X.

(i) If H and H* are planes, H* C H, and AN H* # O, then r(A,{H}) <
r(A,{H*}). In particular, r(A;{H*}) = 1 whenever H* is a O-plane.

Indeed, if k and k* are, respectively, the dimensions of H and H*, then

|4l _ |ANH]|k[d(A)]™*

WEnaE =T e A
( k—k*
<MnA [ ;(;[1‘;](;4)] = r(A; {H")).

We say that intervals A and B overlap whenever A° N B° # . A diwvision of
an interval A is a finite family of nonoverlapping intervals whose union is A. A
partition of an interval A is a set {(A1,1),...,(Ap,zp)} such that {Ay,...,A4,}is
a division of A, and z; € A;, 1 =1,...,p.

2.2. DEFINITION. Let P = {(A1,z1),...,(Ap, Zp)} be a partition of an interval
A, let € and 6 be functions on A, and let ¥ be a family of planes.

(i) If d(Ai) < 8(zi), e =1,...,p, we call P §-fine.

(i) If r(As; H) > e(zs), ¢ =1,...,p, we call P an (g, X)-partition.

By the above definition we control the size and shape of the intervals of a par-
tition. Part (i) is due to Henstock, Kurzweil, and McShane; part (ii), which plays
an essential role when m > 2, is new (cf. [Mg, Definitions 5 and 9]). The family
of all 6-fine (g, ¥)-partitions of an interval A is denoted by P(A;e¢, ¥;6). In view
of 2.1(i), we have P(A;e, ¥;6) C P(A;e*, ¥*;6*) whenever ¢* < g, ¥ C X*, and
6 < 6.

We close this section by proving a pivotal proposition about the existence of a
6-fine (e, ¥)-partition.

2.3. LEMMA. Let A be an interval and let € < 1. Then there is a division D
of A such that r(D) > ¢ for each D € D.

PROOF. If A =[[",[a;,bi], let ¢; =b; —a;, 1 =1,...,m, and choose an a > 0
so that [(1 — a)/(1+ @)]™ > e. Find integers p; > 1 with |(c1/¢;)(pi/p1) — 1] < @,
and set

m
. Cy .
Ajygm = H [ai +JizT:,ai + (5 +1)

1=1

C;
Y24
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where 3; = 0,...,p; — 1 for ¢« = 1,...,m. Clearly, the intervals A;, ;. form a
division of A, and if ¢x/px = max{c1/p1,-..,Cm/Pm}, then

- (1) (2) T 2)

1= 1=1

Z <1_—£> > €.
1+
2.4. PROPOSITION. Let A be an interval. Then P(A;1—6,3;6) # O for each
62 A — R+.

PROOF. Let B be the family of all intervals B C A with P(B;1 - §,J;6) = @,
and assume that A € B. Using 2.3, find a division D; of A4 such that d(D) < 2! and
r(D) > 1-2! for each D € D;. If for every D € D, thereisa Pp € P(D;1-6,3;6),
then contrary to our assumption, P = Jpcp, Pp belongs to P(A4;1-6,J;6). Thus
some D; € D; belongs to B. Using 2.3 again, find a division [» of D; such that
d(D) < 272 and 7(D) > 1 — 272 for each D € D, and as before show that
some Dy € D belongs to B. Proceeding inductively, we construct a decreasing
sequence {D,} in B with d(D,) < 27" and r(D,) >1-2"",n=1,2,.... Now if
{zo} = hey Drn and 277 < §(zo), then {(Dy,,z0)} belongs to P(Dny; 1-6,;6),
a contradiction.

2.5. COROLLARY. Let ¢ and é be functions on an interval A, and let ¥ be a
family of planes. Then P(A;e, ¥;6) # O whenever € <1 and § > 0.

Except for §7, we shall use (e, ¥)-partitions only when ¢ is a constant function
with 0 < € < 7, and the family ¥ is finste. It will be convenient to call a regulator
each pair (e, ¥) where ¢ € (0, 3] and ¥ is a finite family of planes.

3. Definition of the integral and its basic properties. If f is a function
on an interval A, then for each partition P = {(A1,z1),...,(Ap,zp)} of A we set

p
o(f,P) =) _ f(z:)|Ail-
i=1

3.1. DEFINITION. Let f be a function on an interval A. We say that f is
integrable on A if there is a real number I with the following property: given a
regulator (&, X), we can find a §: A — R such that |o(f,P) — I| < € for each
P € P(A;e, X;6).

It follows from 2.5 that the number I of the previous definition is determined
uniquely by the integrable function f. It is called the integral of f over A denoted
by [, f- The family of all integrable functions on A is denoted by R(A). It is clear
that each function f on A which is integrable in the sense of [Mc, §1.6] belongs to
R(A), and that [ , [ is equal to the integral defined in [Mc, ibid.]. Moreover, the
two integrals coincide when m = 1. Some motivating remarks regarding Definition
3.1 are given in §7.

3.2. PROPOSITION. If A is an interval, then R(A) is a linear space, and the
map f — [, f s a nonnegative linear functional on R(A).

The proposition is a direct consequence of Definition 3.1.
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3.3. LEMMA. Let f be a function on an interval A. Then f € R(A) +f and only
if given a regulator (¢, ¥), there 1s a §: A — Ry such that |o(f,P) — o(f,Q)| <€
for each P,Q € P(A;e, X;6).

PROOF. As the converse is obvious, suppose that f satisfies the condition of the
lemma. For n =1,2,..., we can find §,: A — R, such that |o(f, P) — o(f,Q)| <
27" for every P,Q € P(A;3,J;6,). Replacing each 6, by min{éy,...,6,}, we
may assume that 6 > 6, > ---. Using 2.5 to select a P, € P(4;3,3;6,), we
obtain a Cauchy sequence {o(f, P,)}. Let I = limo(f, P,), and choose a regulator
(6,X). Then there is an integer k with 2% < ¢/3 and |o(f, Px) — I| < ¢/3, and
there is a §: A — R, such that § < & and |o(f,P) — o(f,Q)| < €/3 for each
P,Q € P(A;e, X;6). Use 2.5 to select a Q € P(A; %,@;6), and observe that this Q
belongs to P(4; ¢, ¥;6) N P(A; §,D;6). Thus for each P € P(A;e, ¥; 6), we have

|U(f,P)—I| < Ia(f,P)—U(f,Q)|+|0'(f,Q)—U(f,Pk)I+IU'(f,Pk)—Il
<e/3+27F+¢/3 <k,

and so f is integrable.

3.4. PROPOSITION. Let f be a function integrable on an interval A. Then f
13 tntegrable on each subinterval of A.

PROOF. Let B be a subinterval of A, and let (&, ¥) be a regulator. By 3.3, there
isaé: A — Ry such that |o(f, P*) —o(f,Q*)| < € for each P*,Q* € P(A;¢, X;6).
Choose intervals By,...,B, so that {B,By,...,B,} is a division of A, and use
2.5 to find S; € P(Bi;e,¥;6), ¢ = 1,...,n. Now if P,Q € P(B;e,X;6), then
P*=PUl, Siand Q* = QU S: belong to P(A;e, ¥;6). Hence

IU(f,P) _a(faQ)l = |U(f’P‘) _U(faQ‘)l <§g,
and the proposition follows from 3.3.

3.5. LEMMA. Let B and D be overlapping intervals, and let X be a finite
family of planes such that HN H* € ¥ for each H H* € ¥ with HNH* # J. If
D cUX and DNH # D for each H € ¥, then r(B; X) < r(BN D; X).

PROOF. Let ¥p be the family of all planes in {H € ¥: BN H # &} which are
minimal with respect to the inclusion. It follows from 2.1 that r(B; Xo) = 7(B; ¥).
Let B = [[i%,la:, b, D = [T~ [, Bi], and let H € ¥o. By symmetry, we may
assume that

H= {(fl,,fm) eR™: €i=Ci,’i'—" 1,...,’9}

where 1 < k < m and ¢; € [ai,bi] N [a;,B:), © = 1,...,k. Suppose there is a
Y= (cla <o o3ChyNk+1,y- - - ’777n) in (B_D)nH Then k < m and n; € [aj’bj]_[aj7ﬂj]
for some j > k. With no loss of generality, we assume that 7, < a;. As ¥ is finite
and 0D C |J¥, the plane H* = {(&1,...,&m) € R™: & = a;} belongs to X,
and since H N H* # &, so does HN H*. Now H N H* g H and the point
(€1y--+yChyOky1,--.,85-1,05,8541,...,8m) belongs to BN H N H*; for aj < n; <
a; and B° N D° # & implies a; < b;. This contradicts the minimality of H, and
we conclude that BN H = BN DN H. Consequently, r(B; Xo) < r(BN D;Xp) <
r(BN D; X).
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3.6. PROPOSITION. Let f be a function on an interval A, and let D be a
division of A. If f € R(D) for each D € D, then f € R(A) and fAf YpenIpf-

PROOF. Choose a regulator (¢, ¥) so that Jpcp 0D C |U¥ and HNH* € ¥ for
each H,H* € ¥ with HNH* # Q. Let n: A — R be such that n(z) < dist(z, H)
for each H € ¥ and for each z € A — H. In particular, if D€ Dandz€ A - D,
then n(z) < dist(z, D); for 8D C |JX. Now given D € D, find a ép: D — R4
so that 6p < n and |o(f, P) — [}, f| < €|D|/|A| for each P € P(D;e, X;ép). For
z € A set

6(z) = min{ép(z): D € D, z € D},
and select a P € P(A;e,¥;6). Let (B,z) € P, D € D, and B°ND° # Q.
Since § < 71, we see that t € D and BN H = & for each H € ¥ with z & H.
Thus B meets only those planes from ¥ which meet D, and so by 2.1(i) and 3.5,
r(BND;¥X) > r(B; X) > €. It follows that

Pp={(BND,z): (B,z) € P, B°ND° # J}
belongs to P(D;e, X;6p) for each D € D. As o(f,P) = ) pcpo(f, Pp), we have

€
P - X [ 1< X |otrpo)- [ 1] <15 X ipl=e.
DeD DeD D DeD
4. The relationship to the Lebesgue integral, and its consequences. If
E C R™ is measurable, we denote by L(E) the family of all functions f on E for
which the finite Lebesgue integral (L) [i, f exists.

4.1. PROPOSITION. Let A be an interval. Then L(A) C R(A) and [, f =
L) [, f for each f € L(A).

PROOF. Let f € L(A) and € > 0. There are functions g and h on A which
are, respectively, upper and lower semicontinuous, and such that ¢ < f < h
and (L) [,(h —g) < €/2. Find a 6: A — R, so that g(y) < g(z) + ¢/2|4]
and h(y) > h(z) — ¢/2|A| for each z,y € A with |z — y| < §(z). Now let
P = {(A1,71),...,(Ap,zp)} be a é-fine partition of A. By our choice of 6 we
have

© [ o= 550 < o@lAl < @Al < hiao)iAd

4]
€|A;]
< [ m+ 5
and since (L) [, 9 < (L) [, f < (L) [, h, we obtain
felad-@ [ 1| <35+ [ #-0)

1=1,...,p. Consequently,
~w f‘

el - | 1

/(h 9) <e.
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We conclude that f € R(A) and [, f = (L) [, f.

4.2. COROLLARY. Let f and g be functions on an interval A, and let f(z) =
g(z) for almost all z € A. Then f € R(A) +f and only if g € R(A), in which case

Jaf =149
As f — g isin L(A), the corollary follows from 4.1 and 3.2.

4.3. LEMMA. Let f be a function integrable on an interval A, and let (e, X) be
a regulator. Then there 1s a 6: A — R, such that

P

>

1=1

felad- [ fl<e

for each {(A1,z1),...,(Ap,2p)} n P(A;€, X;0).

PROOF. Find a 6: A — R4 so that |o(f,P) — [, f| < €/3 for each P €
P(A;e, ¥;6), and choose a partition {(Al,:vl), ,(A,, zp)} in P(A;e, X;6). We
may assume that f(z;)|4i| > [, ffor i =1,...,k, and f(z:)|A| < [, f for
1=k+1,. ,p,where0<k<p By34a.nd25 therea.reP € P(A;;e, X; 6) such

that |o(f, P; fA fl<e/3p,i=1,...,p. Since
P
Py ={(A1,1),...,(Ar,m)}U |J P,
i=k+1

k
P_ = {(Ak+1,%k41),-- -, (Ap, zp) } U U P

belong to P(A;e, X;6), we have

o(1,Pe)- [ 1= Z ()l Adl - f] zkH[a(f,Pi)—fA‘_f]
>§ f(zi)IAil—/A‘f ke

and similarly, using P_, we also have

>3

i=k+1

f(z:)|Ail =

Ip'

wl ™

Therefore

>

=1

<E.

f@lad- [ 1

{3

Let F be a function of subintervals of an interval A, and let £ € A. Following
[S, Chapter 4, §2], we say that F is derivable at z if a finite lim[F(B,)/|Bn|]
exists for each sequence {B,} of subintervals of A such that z € B,,n=1,2,...,
limd(B,) =0, and inf r(B,) > 0. If all these limits exist, then they have the same
value, denoted by F’(z) and called the derivative of F at z.
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4.4. PROPOSITION. Let f be an integrable function on an interval A, and let
F(B) = [g f for each interval B C A. Then for almost all z € A the function F is
derivable at ¢ and F'(z) = f(z).

PROOF. We employ the technique introduced in [LW]. Let E be the set of all
z € A such that either F is not derivable at z, or F'(z) # f(z). It follows directly
from the definition of F’(z) that given z € E, we can find an a(z) > 0 such that
for each 3 > 0 there is an interval B C A with z € B, d(B) < 8, r(B) > a(z), and
[[F(B)/|B|] = f(z)| > a(z). Fix an integer n > 2, and let E,, = {z € E: o(z) >
1/n}. Choose an € € (0,1/n] and use 4.3 to find a §: A — R, such that

P €

D 17l Ail = F(A)| < —

i=1
for each {(A1,21),...,(Ap,2p)} in P(A;€,;6). Let B be the family of all intervals
B C A such that 7(B) > ¢, d(B) < §(zp) for some zg € BN E,, and |f(zg)|B| —
F(B)| > |B|/n. It is easy to verify that B covers E,, in the sense of Vitali. Thus by
[S, Chapter 4, Theorem (3.1)], there are disjoint intervals By, Bo, ... in B such that
|En—Ure; Bk| = 0. Using 2.5, it is easy to see that each {(By,zg,),...,(Bs,zB,)}
is a subset of some P € P(A;e,d;6). Thus

Y 1Bl <n Y |f(z8,)|Bkl - F(Bi)| < ¢
k=1 k=1

for s =1,2,..., and consequently

Sf:lBkl <E.

k=1

oo
E.n | Bk
k=1

The arbitrariness of ¢ implies that |E,| = 0. As E = [Joo, En, we also have
|E| =0.

4.5. COROLLARY. Fach integrable function on an interval A is measurable.
The corollary follows directly from 4.4 and [S, Chapter 4, Theorem (4.2)].

IEnl =

4.6. PROPOSITION. Let f be a function on an interval A. Then f belongs to
L(A) +f and only if both f and |f| belong to R(A).

PROOF. If f and |f| are integrable, then by 4.5, |f| is Lebesgue integrable.
Moreover, by 4.1 and 3.2,

@© [ 17 =tim(L) [ min(lfln) = tim [ min(lflm) < [ 171<-+o0,

and so |f| € L(A). From this and 4.5, we see that f € L(A). The converse follows
from 4.1.

4.7. COROLLARY. Let f be an integrable function on an interval A. If |, gf=0
for each interval B C A, then f(z) =0 for almost all z € A.

It follows from 4.3 that |f| € R(A) and [, |f| = 0. Hence the corollary is a
consequence of 4.6 and 4.1.
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4.8. COROLLARY. Let {fn} be an increasing sequence of integrable functions
on an interval A, and let lim [, fn < +o0o. If f = lim f,, then f € R(A) and

fAf =limfAfn'

Using 3.2 and 4.6, we can apply the monotone convergence theorem for the
Lebesgue integral to the sequence {f, — f1}. Then the corollary follows from 4.1
and 3.2.

4.9. COROLLARY. Let fn, g, and h be integrable functions on an interval A,
and let g < fo < h,n = 1,2,.... If f = limf,, then f € R(A) and [, f =
lim [ 4 fn

Using 4.6, 4.1, and 3.2, it suffices to apply the dominated convergence theorem
for the Lebesgue integral to the sequence {f, — g}.

We say that a sequence {B,} of intervals converges to a set E C R™ whenever
EcCB,,n=1,2,..., and each open set G C R™ containing E contains B,, for all
sufficiently large n’s.

4.10. PROPOSITION. Let f be an integrable function on an interval A, let
B C A be an interval, and let H be a plane with BN H # . If a sequence {By}
of subintervals of A converges to BN H, then lim || B, f=0.

PROOF. In view of 4.2, we may assume that f(z) = O for every z € BN H.
Choose a regulator (g, &) so that H € £, dB C |J¢&, and EN E* € € for each
E,E* € £ with ENE* # J. By 4.3, thereis a §: A — R such that

f@ial- [ 1

i

P

)

=1

<€

for every {(A1,21),...,(Ap,zp)} in P(A;¢, £;6). With no loss of generality, we can
assume that §(z) < dist(z, E) for each E € £ and for each z € A — E. Now given
a sequence {B,} of subintervals of A converging to BN H, we consider two cases.

(i) Let H = {z} be a 0-plane, and let G = {y € R™: [z —y| < §(z)}. If B, C G,
then {(Bn,z)} is a subset of some P € P(A;¢, £;6), and we have Ian fl<e.

(ii) Let H be a k-plane with k > 1. Using 2.4 for m = k, we can find a é-fine
(e, D)-partition {(Cy,z1),...,(Cs,zs)} of the k-dimensional interval BN H. Let
n = min{é(zy),...,6(zs)} and

G={yeR™: dist(y,BNH) < n}.
If B, C G, then using our choice of é, it is easy to construct a é-fine partition Q =
{(D1,41),.-.,(Dq,yq)} of By so that {y1,...,y4} C {z1,...,%s}, and D;NBNH

is a face of C; whenever y; = z;. From the choice of € it is not difficult to deduce
that Q € P(Bp;¢,€;6). Thus by 2.4, Q is a subset of a P € P(4;¢,£;6), and we

have
q
HEDY

<eE.

21,

The next corollary follows from Propositions 3.4, 3.6, and 4.10. We omit its
tedious but straightforward proof.
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4.11. COROLLARY. Let f be an integrable function on an interval A, and let
{Bnr} be a sequence of subintervals of A such that Uz~ ; Noer Bn = MNhes Uney Bn.
If B is the closure of gz (azy, Br, thenlim [ f = [g f if B is an interval, and
lim [ f =0 otherwise.

5. The divergence theorem. Throughout this section, we assume that m > 2.
By z - y we denote the usual inner product of z,y € R™, and we set ||z|| = /z - z.
However, notwithstanding the introduction of the Euclidean norm ||z||, the metric
in R™ is still that induced by the norm |z|.

If H is a k-plane, £k > 1, and E C H is measurable with respect to the k-
dimensional Lebesgue measure in H, we denote by (L) [ f the k-dimensional
Lebesgue integral of f: E — R (provided it exists). If A is an interval, then using
the (m — 1)-dimensional Lebesgue integral, we can define the fluz of a vector field
v: A — R™ across 0A in the direction of the exterior normal n as the surface
integral (Lm—1) [, v n (provided it exists).

The word differentiable is used in the sense of [R, Definition 9.11]. Thus dif-
ferentiability of a function implies its continuity and the existence of finite partial
derivatives, which need not be continuous. The 7th partial derivative of a differen-
tiable function f is denoted by 0;f, i =1,...,m. If v = (f1,..., fm) is a vector
field on an interval A, we call a divergence of v any function g on A such that
g9(z) = Y7~ difi(z) for each z € A° at which v is differentiable. Each divergence
of a vector field v is denoted by V - v.

In the following three lemmas we assume that A is an interval, and that v: A —
R™ is a vector field such that a finite (Ly,—1) f; v-n exists for each interval B C A.

5.1. LEMMA. Let v be differentiable at x € A°. Then given € > 0, there 15 a
6 > 0 such that

V -v(z)|B| - (Lm_l)/an -n| < ¢|B]

for each interval B C A with z € B, d(B) < §, and r(B) > ¢.

PROOF. It suffices to prove the lemma for v = (f,0,...,0). Let z = (1,...,&m)
and y = (n1,...,Mm) be in A. By our assumption there is a function w on A such
that limy_,, w(y) = 0 and

£ - 1) = S 005 () + (@)l — &),

=1

Now given € > 0, find 6§ > 0 so that |w(y)| < €2/2m whenever |y — z| < 6. Let
B = [a,b] x C be a subinterval of A such that z € B, d = d(B) < 6, and (B) > ¢.
For any t = (72,...,7m) in C, set f%(t) = f(a,t) and f%(t) = f(b,t). Then

o) = 1) = [£(6,8) = f(2)] + [f (=) = f(a,1)]
= 01f(z)(b - a) + w(b, 1) (b — &1) + w(a,t)(é1 — a)

+[w(bt) — wla,t)] Y (7 - &),
1=2
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and so
2
2m
€

2 m
P = -0 f@b-a) < = (b-a) + =D I — &l
1=2

2 1 2
smd[§+(m—l)] < e%d.

From this we obtain

(Lm_l)/anm— V~v(a:)|B|’

= | @) 1= 1= W) [ 0170100

) agm _ 2 1Bl .
< %d|Clm—1 L d™ =¢ +(B) <¢g|B|.

5.2. LEMMA. Let v be continuous at = € A, and let H be an (m — 1)-plane
containing x. Then given € > 0, there is a § > 0 such that

(Lm_l)/an-n

for each interval B C A with z € B, d(B) < 6, and r(B;{H}) > ¢.

PROOF. Given € > 0, find a 6§ > 0, so that ||v(y) — v(z)|| < €2/2m whenever
y € Aand |y —z| < 6. Now if B is a subinterval of A, z € B, d(B) < §, and
r(B;{H}) > ¢, then

’(Lm—l)/an ‘n

< ElBﬂH|m_1

52
< % |¢9B|m_1

= |(Cnos) [ o= (a)m
3B

— 2|BnH|m"‘1 <

=€ B <¢|BNH|m-1-

5.3. LEMMA. Letk be an integer, 0 < k<m—2,andleta: Ry - R, be a

decreasing function with (L;) fol a < +00. Further, let H be a k-plane containing
a point z € A, and suppose that

lv(y) — v(z)|| = Ola(lly - zl)|ly — =||k*+2~™]
as y approaches x. Then given € > 0, there is a § > 0 such that

l(Lm_l)/ ven
3B
for each interval B C A with z € B, d(B) < 6, and r(B; {H}) > «.
PROOF. Given € > 0, there are M > 0 and 9 > 0 such that
lv(y) - v(2)]| < Meo(lly - =|)ly — =] *+*~™
for each y € A with 0 < |y — z| < 7. Set N = 4x™~2m(k/2)+10f and find 6 > 0

so that § < 7 and (Ll)f:‘/ma < €2/N. Let B be a subinterval of A, z € B,
d=d(B)<é6,and r(B;{H}) >e. f Q= {y€R™: ||z — y|| < dy/m} and E is an
(m — 1)-plane containing z, then the integral

I=(Uns) [ ally=al)lly - 2+ dy
ENQ

< e’d(B)™!

<elBNH|g
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is independent of the choice of E; for both (2 and the integrand are invariant with
respect to rotations about z. Since the integrand in I is a decreasing function of
ly — x|, we have

o

=) [ oot

< M(Lin_) /a _ally=alplly - ol/*+*-™ dy < 2mM.

Changing to spherical coordinates about z in E, we see that

dv'm
I<2n™ (L) / a(t)t* dt
0

< 2™ 2(dy/m)*(Ly) / M e S

and hence
BN H|g
| / v-n 2'—
s [ (B3 ()

We are now in a position to prove the divergence theorem.

<eld*=¢ <elBNH|.

5.4. THEOREM. Let S_1 =0, and fork=0,...,m—1, let Si be a countable
unton of k-planes. Let v be a vector field on an interval A, and suppose that the
following conditions are satisfied:

(i) v s differentiable i A° — Sp,_1;

(ii) v s continuous in A — Sp,—2;

(iii) for each x € A — Sk, k = —1,...,m — 3, there is a decreasing function
az: Ry — Ry such that (Ly) fol 0y < 400 and

lv(y) = v(@)l| = Olez(lly — =l lly — =]+~

as y approaches .
Then (Lm—1) f[5,v - n ezists, V-v € R(A), and [,V -v= [5,v-n.

PROOF. Let H be an (m —1)-plane and let z € ANH. By (ii), the vector field v
on AN H is measurable with respect to the (m — 1)-dimensional Lebesgue measure
in H; for |H N Spy—2|m—1 = 0. By (iii), there exist M > 0 and 8 € (0, 1] such that

o)l < o] + Io(s) - v(2)]
< ”'U(:l:)" + Maz(”y - x")"y — 23"2_""

foreachye€ AwithO< |ly—z|| < B U Q= {ye H: |ly—z| < B}, then using
spherical coordinates about z in H, we see that

1
(L) /n as(lly = 2l ly = 2>~ dy < 20™3(L1) /0 0z < +00.

It follows that (Lm-1) [4~qllvl < 400, and since AN H is compact, we also
have [, vl < +oo. Thus a finite (Lm—1) [,5v - n exists for each interval
B C A, and the common assumption of Lemmas 5.1-5.3 is satisfied. In particular,
(Lm—1) f34 v - n exists and it is finite.
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Choose a regulator (e, ¥) so that 3A C |J ¥ and HNH* € ¥ for each H,H* € }
with HNH* # &. For k=0,...,m — 1, let S = {H},HZ,...} be a countable
family of k-planes whose union is Sk, and let § = UZ:I Sk. Replacing the S¢’s by
larger countable families of k-planes, we may assume that the following conditions
hold:

(a) ¥C S;

(b) Sk—1 C Sk, k=0,...,m—1;

(c) HNH* € § for each H,H* € § with HN H* # &.

There exists a 6: A — (0, 1] having the following properties:
(d) 8(z) < dist(z, H) for each H € ¥ and for each z € A — H;
(e) if z € A° — Spp—1, then

V-v(z)|B| - Lm-1) [ v-n
aB

for each interval B C A with z € B, d(B) < §(z), and r(B) > ¢ (see 5.1);
(f)ifz€ HP — Sk—1,k=0,...,m — 1, then §(z) < e27"~1/[|V - v(z)| + 1] and

i

for each interval B C A with ¢ € B, d(B) < 6(z), and r(B;{Hg}) > € (using
5.2 when k = m — 1, and 5.3 otherwise). Now let d = max{d(A), 1}, and select
a P={(A1,21),...,(Ap,zp)} in P(A;e, ¥;6). We prove the theorem by showing
that

< ¢|B|

<e2 " BN HPx

a(V-v,P) —(Lm_l)/aAvm

<ed™(1+m).

To this end, let

o = 'V-v(xi)lA,-l —(Lm_l)/ v
BA;

fori=1,...,p, Xn = {Z1,...,Zp} — Sm—1, and X2 = {z1,...,2,} N (HP — Sk-1)
fork=0,...,m—1landn=1,2,.... If z; € X,,, then by (a), (b), and (d), z; € A°
and r(A;) = r(A;; X) > ¢; for A,N|UX = . Thus by (e),

Z o <€ E |A;| < €Al < ed™.

2 €Xm 2;€Xm

Let z; € X2. By (b), z; is contained in no plane from Uf____ll S;, and thus by (c),
each plane from U;.':kl §; containing z; contains Hp. In particular, each plane from
} containing z; contains Hy. Choose an H € ¥ so that r(A;; {H}) = r(Ai; H). If
AiNH = @, then by 2.1(i), r(As; {HP}) > r(Ai) = r(As; {H}). If AiNH # O, then
by 2.1(ii), again r(As; {Hg}) > r(Ay; {H}); for by (d), £ € H and hence H C H.
Thus we always have r(A;; {H}) > r(A; ¥) > ¢, and applying (f), we obtain

Y. i< Y Vo)l |4 0 HER[A(A)™ % + 277714 0 HE e}

a:,'GX,"' z.EX,';
<e2™ > |ANHP <e2 M ANHP
fl:.'GX,'c"
< e27"[d(A)]* < e27md™,
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for [d(A;)]™F < [6(z:)]™* < é(z;). In conclusion,

0A
p m—1 oo
SYa= ) w+d D)
=1 T, EXm =0 n=1 I,‘GXL‘

k
[o0)
<ed™ (1 + mZ 2‘") =ed™(1+m).
n=1
It appears worthwhile to formulate separately an important special case of The-
orem 5.4 when Sg = --- = §,,_1 = .

5.5. COROLLARY. Let v be a continuous vector field on the interval A which
is differentiable in A°. Then V-v € R(A) and [, V-v = (Lm-1) [, v 7.

5.6. REMARK. We proved Theorem 5.4 and Corollary 5.5 only for m > 2.
However, their validity for m = 1 is well known (see, e.g., [Mc, §1.4, p. 27]). It is
also easy to see that, modulo some obvious adjustments, our proof applies to this
much simpler case too.

5.7. EXAMPLE. Let m = 2 and I, = [27""1,27"], n = 0,1,.... Using a
standard technique (see, e.g., [Mu, 1.3]), we construct continuously differentiable
functions ¢, on R so that the following conditions are met:

(1) 0< ¢dn <1, 0n(t)=0fort < (4/3)27 "1, and ¢n(t) = Lfor t > (5/3)27"1;

(ii) there is an & > 0 such that [; ¢, > a2™" forn = 0,1,.... Given (¢,7) in
R?, let f(&,1) =0ifn <0, f(¢,n) =n?sin if n > 1, and

F(&,m) = ¢n(n)n?sin 8¢ + [1 — ¢n(n)ln® sin 8™ +1¢

ifn e I,,n=0,1,.... In essence, f is obtained by a smooth deformation of
the function n2sin8”¢ on the strip R x [(5/3)27™~1,(4/3)27"] to the function
n?sin8"+1¢ on the strip R x [(5/3)27"72,(4/3)2~""1]. It is easy to see that f is
differentiable in R2. Thus applying 5.5 to the vector field v = (f,0) in the interval
A = [0,27] x [0,1], we see that 0, f is integrable on A, and [ 401f = 0. However,
we show that the integral fol 01f(€,m) dn does not exist for almost all ¢ € [0, 2n],
and hence the function 8 f is not integrable on A in the sense of [Mc] (see Chapter
6, ibid.). Indeed, if fol 01 f(&,m) dn exists, then by [Mc, Chapter 1, Ex. 5],

1 [o o}
/0 3, f({,n)dn=nzzo /1 81 £(€,m) dn

=S o [ roatnin-cossne -8 [ o= gulalldn -costric)
= I
d

n n

0
Since by (i) and (ii),

n 2 n+1 211 _
8 /1,." bn(n)dn + 8 /n[l ¢n(n)] dn

n

| R

,

> g / 7P bu(n) dn > 872" 1)2027" =
In
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n = 0,1,..., and since by [KN, Chapter 1, Theorem 4.1], the sequence {8"¢} is
uniformly distributed mod 27 for almost all £ € [0,27], it is easy to see that the
above series diverges for almost all ¢ € [0, 2.

5.8. REMARK. The previous example shows that the Fubini theorem is false
for the integral defined in 3.1. This is, of course, not a reparable deficiency of our
definition, but rather the unavoidable price one must pay for making the divergence
of each differentiable vector field integrable.

NOTE. The Fubini theorem is used in two principal ways: as a test for non-
integrability by showing that the iterated integrals have different values, and as a
means of calculating integrals whose existence has been already established. For
our integral, the former use is lost without any compensation; however, the loss
of the latter deserves the following comment. Unlike for the Lebesgue integral,
there are no easy existence criteria for nonabsolutely convergent integrals such as
the Denjoy-Perron integral. Thus even when Fubini’s theorem holds, we do not
know a priori whether it can be applied. On the other hand, using the divergence
theorem, we can often conveniently evaluate an integral as the flux of a suitably
chosen vector field.

6. Change of variable. Let ¢: A — R™ be a map of an interval A. We say
that ¢ is admaissible if it is continuous, and if there is a division D of A such that
the restriction ¢ | D is affine for each D € D. Clearly, among all such divisions of
A there is a unique division Dy which is maximal with respect to refinements. For
D € Dy, the usual determinant of the affine map ¢ | D is denoted by det(¢ | D).
Given z € A, we set (detd)(z) = det(¢ | D) if z € D° for some D € Dy, and
(det ¢)(z) = 0 otherwise.

6.1. PROPOSITION. Let A be an interval, and let ¢: A — R™ be an admissible
injection such that ¢(A) i3 again an interval. If f is an integrable function on ¢(A),
then f o ¢ - |det @| is integrable on A and [, fo - |det¢| = f¢(A) f.

PROOF. In view of 3.4 and 3.6, we lose no generality by assuming that ¢ is an
affine map of R™. Since B = ¢(A) is an interval, there exist a = (a4, ..., o) and
b= (Bi,.-.,Bm)in R™ such that []~, a; # 0, and ¢(z) = a-z+b for each z € R™.
In particular, ¢ maps intervals onto intervals, and k-planes onto k-planes. Let a =
[T~ a; and p = |a|/|a|™. By 4.2, we may assume that (det ¢)(z) = o for each z €
A. Choose a regulator (g, X), and let ¥* = {¢(H): H € ¥}. Then (pe, ¥*) is also a
regulator, and we can find a §*: B — R so that |o(f,Q)— [ f| < pe foreach Q €
P(B;pe, %*;6*). Set 6 = (6* 0 )/|a| and select a P = {(A;,z1),...,(Ap,Zp)} in
P(A;e, ¥;6). Now it is easy to check that Q = {[#(A1),d(z1)],- .-, [#(Ap), #(zp)]}
is in P(B;pe, ¥*;6*), and hence

p
a(f°¢-|det¢|,P)—/Bf’= Zf°¢(xi)lallx4i|—/3fl
=1

> riete oA - [ 1

a(f,Q)-/}Bf| <pe<e.

We show next that for m = 2, admissible injections cannot be replaced by
piecewise linear injections in Proposition 6.1.
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6.2. EXAMPLE. Let m =2, A =[-3,3] x [-3,3], and for n = 1,2,..., let
An =[3.27"7 1 27 [27n 97

and
n _ [2—n—l, 2—n] X [3 . 2—n—l, 2—n+1].

Given z € A, set f(z) = £22"*1)/n if £ € A7, and f(z) = 0 otherwise. Finally,
let zo = (0, 0)

We claim that f € R(A) and [, f = 0. To see this, choose 6;: A — Ry,
k = 1,2,..., so that &(zo) < 27%, and if x € A — {xo}, then &(z) < |z| and
0k(z) < dist(z, A%) for each A% which does not contain z. Now if P is a Ox-fine
partition of A, then it is not hard to show that

lo(f, P)] =E{/Df: (D,z) € P, :c;é:co} < -k-’°+—1

There is a piecewise linear bijection ¢: A — A such that ¢ restricted to C =
[0,v/2] x [0,+/2] is the rotation by —m/4 about xo. Defining det ¢ in the obvious
way, we claim that f o ¢ - |det ¢| is not integrable on A. Indeed, if it were, then
by 3.4 and 4.2, f o ¢ would be integrable on C. However this contradicts 4.6; for
f0¢>00nCand (L) fC op=> 2 (1/n) =

6.3. REMARK. It is clear that examples 31m11ar to the previous one can
be constructed for any m > 1. It follows that except for m = 1, the integral
we have defined is tied to the affine structure of R™. Fortunately, it appears
that by using conver linear cells instead of intervals, we may be able to modify
Definition 3.1 so that the resulting integral is invariant with respect to piecewise
linear homeomorphisms, and still integrates the divergence of every differentiable
vector field. As the regularity relative to a plane is meaningless for convex linear
cells (e.g., it may be arbitrarily small for a simplex whose absolute regularity is
1/m), we have to proceed along the lines suggested in [P1]. The details will appear
elsewhere.

7. Discussion. In the previous sections, we showed that our definition of the
integral yields satisfactory results. However, there is no obvious reason why a
different, possibly simpler, definition would not produce as good results as those
we have obtained. Thus it seems much in place to provide some motivation for
Definition 3.1, which is too complicated to be self-motivating. We shall do this
indirectly, by presenting various modifications of Definition 3.1 and pointing out
(often without proofs) their consequences. As obtaining the divergence theorem
has been the principal task of this paper, we shall consider only those modifications
for which Theorem 5.4 remains valid.

We begin with a modification leading to the GP-integral of Mawhin (see [Mgz,
Definition 9]), and show by example that Proposition 3.6 does not hold for this
integral.

7.1. If f is a function on an interval A, then I(f, A) denotes a unique number
with the following property: given € > 0, thereisa §: A — R such that |o(f, P)—
I(f,A)| < € for each P € P(A;e,;0).
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7.2. EXAMPLE. Let m = 2, A = [0,1] x [0,1], B = [-1,0] x [0,1], and
forn = 1,2,..., let AT = [3.27""1,277+1] x [0,272"] and A" = [0,27%"] x
[3-277=1,2=n+1] Given z € AUB, set f(z) = £23"*!/nif z € A%, and f(z) =
otherwise. Finally, let zo = (0,0).

Clearly I(f,B) = 0, and we claim that also I(f,4) = 0. To see this, choose
€ > 0 and an integer k > 1 with k/(k? + 1) < €. Next find §: A — R so that
6(x0) <27%" andif £ € A — {zo}, then 6(z) < |z| and é(z) < dist(z, A%) for each

% which does not contain z. Now if P € P(A;¢e,J;6), then it is not dlfﬁcult to

check that
wMPw4Zj/fwa@eRz¢m}

ch+k
<

=211
n-—k2+l k +1

On the other hand, given §: AU B — Ry, find an integer £ > 1 so that
2-k+1 < §(z0), and let Co = [0, 2-5+1]x[0, 2%+1] and Dy = [2-2k—2—F+1 2-2K]x
[0,27%+1]. Now it is easy to find partitions P = {(Co, zo), (C1,%1), - ( Co,¥p)}
and Q = {(Do,zo) (D1,21),...,(Dq,24)} in P(AU B;1,;6) such that a(f, P) =
L’L_ fC f 0 and

l\')li—'

q 2k—
(=3[ f- g%

It follows that I(f, AU B) does not exist.

7.3. REMARK. Ifin 7.1 we replace P(A;¢,d;6) by P(A;r(A),d;6), we obtain
a modification which is similar to the RP-integral of Mawhin (see [Mg, Definition
10] or [My]). For this integral neither Proposition 3.6 nor Proposition 3.4 hold.
This can be seen as follows. In the notation of Example 7.2, given z € A, set
g(z) = £n23™+1 if z € A%, and g(z) = O otherwise. Then observe that g is
integrable on A but not on AU B or [0, 3] x [0,1]. It is immediate that the same
happens when the actual RP-integral is used.

7.4. REMARK. Example 7.2 indicates that (e, ¥)-partitions are unavoidable.
However, there is a natural alternative which would allow replacing (e, ¥ )-partitions
by (e,J)-partitions and yet keep Proposition 3.6 valid. Namely, call a partition
{(A1,21),...,(Ap,zp)} special if z; is a vertez of A;, ¢ = 1,...,p, and then use
only special partitions in Definition 3.1. Unfortunately, given an interval A, the
author has not been able to establish whether there exists an € > 0 such that
P(A;€,D;6) contains a special partition for each §: A — R..

NOTE. Say that a function f on an interval A is I*-integrable whenever there
exists a division D of A such that f is I-integrable on each D € D, and set I*(f, A) =
Y pep I(f, D). 1t is easy to verify that the value of I*(f, A) does not depend on
the choice of D, and that Proposition 3.6 is valid for the integral I*. A serious
shortcoming of this simplistic restoration of Proposition 3.6 is the complete failure
of Proposition 4.10. Indeed, in Example 7.2, the squares

B, = [2—211, _ 2—n+1, 2—2n] X [0’ 2—n+1]’
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n=1,2,..., converge to g, and yet
lim I*(f, Bn) = lim I(£,[0,27%"] x [0,27"*1))
21 n+l 1
=2 E ST <7y

k=n
As it stands, Proposition 4.10 fails also for the integral I, however, the following
weaker version of it remains correct. If f is an I-integrable function on an inter-
val A and a sequence {B,} of subintervals of A converges to an {z} C A, then
lim I(f, By,) = 0 whenever inf r(B,) > 0.

7.5. If f is a function on an interval A, then f; f denotes a unique number
with the following property: glven a regulator (¢,¥) and a: A — Ry, there is a
6: A — Ry such that |o(f, P) — [ f| < ¢ for each P € P(4;a, X;6).

The next lemma shows that the modification of 7.5 coincides with Definition 3.1,
ie, [f=].

7.6. LEMMA. Let f be an integrable function on an interval A, and let (¢, ¥)

be a regulator. Then given a: A — R, there i1s a 6: A — R such that |o(f, P) —
J4 f| < € for each P € P(A;a, X;6).

PROOF. By 4.3, there are 6,: A — R such that
> |f@lad- [ 1
i=1 A

for each {(A1,21),...,(Aq,zq)} in P(A;1/n,¥;6,), n = 1,2,.... The interval A
is a disjoint union of the sets £y = {z € A: a(z) > 1} and E, = {z € A: 1/n <
a(z) <1/(n—1)},n=2,3,.... For z € A set §(z) = 6n(z) if z € E,,, and choose a
P = {(B1,y1),---,(Bp:¥yp)} in P(A; e, X;6). By 2.5, each P, = {(B;,4:): ¥ € En}
is a subset of some Q € P(A;1/n, X;é,), and clearly P = Uﬁ=1 P, for some integer
k > 1. Consequently,

o(f,P) - /4

q
<eg™™m

7.7. Fixan a: R™ — (0,1). If f is a function on an interval A, then I, (f, A) and
I.(f,A) denote unique numbers with the following properties: given a regulator
(¢,X), there is a §: A — Ry such that |o(f,P) — Io(f,A)| < € for each P €
P(A;a,X;6) and |o(f, Q) — I.(f, A)| < € for each Q € P(A;1 -6, X;6).

The integrals I, and I, are well behaved, although it is not clear whether they
satisfy Proposition 6.1. Obviously, I.(f, A) exists whenever I,(f, A) exists, and
I,(f,A) exists for each f € R(A). However, it is not known which of these impli-
cations, if either, can be reversed.

To see some more sophisticated modifications, we cast Definition 3.1 in the form
of a variational integral (see [Hy]).

Let A be an interval. A superadditive functionin A is a function F of subintervals
of A such that F(B) > Y pp F(D) for each interval B C A and each division D




THE DIVERGENCE THEOREM 683

of B. Replacing the sign > by =, we obtain the definition of an additive function
in A. If f € R(A), then by 3.4 and 3.6, the function B — [ f of subintervals of A
is additive; we denote it by [ f.

7.8. DEFINITION. Let ¥ be a family of planes, let f and ¢ be functions on
an interval A, and let F' and M be functions of subintervals of A. We say that
M is an (e, ¥)-magorant of the pair (f,F) if there is a §: A — Ry such that
|f(z)|B| — F(B)| < M(B) for each interval B C A with z € B, d(B) < é(z), and
r(B; H) > e(z).

Note that if M is a superadditive (e, ¥)-majorant and € < 1, then 0 < M <
M(A). Indeed, by Corollary 2.5, each interval C C A has a é-fine (g, ¥)-partition
{(C1,21),...,(Cp,zp)}, and hence

M(C) > ) M(Ci) > Y |f(2:)ICi| — F(Ci)| > 0.
=1 =1

From this and the superadditivity of M, we see that M < M(A).

7.9. PROPOSITION. Let f be a function on an interval A. Then f € R(A) +f
and only if there is an additive function F' in A such that for each regulator (¢, ¥)
the pair (f,F) has a superadditive (g, X)-magorant M with M(A) < €; in which
case F = [ f.

PROOF. Suppose that an additive function F in A satisfying the condition of the
proposition exists. Given a regulator (¢, ), find a superadditive (e, ¥)-majorant
M of (f, F) with M(A) < ¢, and choose the corresponding §: A — R.. Now let B
be a subinterval of A, and let P = {(By,z1),...,(Bp,zp)} be in P(B;e, ¥;6). In
view of the note following Definition 7.8, we have

lo(f,P) - F(B)| < > |f(x:)|Bi| - F(By)|
=1

P
<) M(B)<M(B)<e.
i=1
It follows that f € R(B) and [g f = F(B).

Conversely, suppose that f € R(A) and let F = [ f. Given a regulator (¢, ¥),
use 4.3 to find a 6: A — R, so that |o(f,P) — F(B)| < €/3 for each interval
B C A and each P € P(B;e, ¥;6). This is possible, for by 2.5, P is a subset of
some Q € P(A;e, X;6). Now for every interval B C A, set

G(B) =info(f,P) and H(B)=supo(f,P)

where the infimum and supremum are taken ever all P € P(B;e¢, X;6). By 2.5 and
our choice of §, we have F —¢/3 < G < H < F+¢/3. Thusif M = H - G,
then 0 < M < 2¢/3 < €. Let B be a subinterval of A4, and let a« > 0. By
3.4, there is a P € P(B;¢, X;6) such that F(B) — a < o(f,P) < F(B) + a.
Consequently, F(B) — a < H(B) and G(B) < F(B) + a, and by the arbitrariness
of e, also G(B) < F(B) < H(B). Next assume that z € B, d(B) < §(z), and
r(B;¥) > €. then {(B,z)} belongs to P(B;e, X;6), and so G(B) < f(z)|B| <
H(B). Therefore |f(z)|B| — F(B)| < M(B), and we see that M is an (g, ¥)-
majorant of (f, F'). It remains to show that M is superadditive. To this end, let
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{C1,...,Cx} be a division of an interval C C A, and let P, € P(C;;¢,¥;6), 1 =
1,...,k. Then P = Uf=lPi belongs to P(C;e, X;6) and o(f, P) = ZLI o(f, P).
Hence G(C) < Zi;l o(f,P;) < H(C), and by the arbitrariness of the P;’s, also
G(C) < ¥, G(C;) and H(C) > Y%, H(C:). The superadditivity of M follows.

Observe that, in the respective notations of the proofs of Proposition 4.1 and
Theorem 5.4, the following holds:

() It P(B) = (L) ] and
c|B)
M(B) = 5+ [ (b=

for each interval B C A, then M(A) < € and M is an additive (0, J)-majorant of

(f,F).
(ii) If G(B) = (Lm—1) o5 v-n and

m—1 oo
N(B)=¢ <|B| +> 3 27BN H,'c‘|k>
k=0 n=1
for each interval B C A, then N(A) < ed™(1+ m) and N is an additive (o, ¥)-
majorant of (V - v, G) for each a > 0.

Proposition 7.9 together with the above observations suggest the following mod-
ifications of Definition 3.1.

7.10. If f is a function on an interval A, then J(f) denotes a unique additive
function in A such that for each regulator (g, ¥) the pair [f, J(f)] has an additive
(e, ¥)-majorant M with M(A) < e.

7.11. If f is a function on an interval A, then J,(f) and J,(f) are unique additive
functions in A with the following properties: given a regulator (g, ¥), in A there
exist a superadditive function M, with M,(A) < € and an additive function M,
with M,(A) < € such that for each a > 0, M, is an (e, ¥)-majorant of [f, Js(F)]
and M, is an (a, ¥ )-majorant of [f, Jo(f)]-

The integrals J, J,, and J, are well behaved; however, it is unclear whether
their definitions can be translated back to those of a Riemann type. An argument
similar to the proof of Lemma 7.6 shows that no new modifications are obtained
from 7.10 and 7.11 by considering (3, ¥)-majorants with nonconstant £.

For an interval A, denote by J(A), J;(A), and J,(A) the families of all J-, J,-,
and J,-integrable functions on A, respectively. Then J,(A) C J;(4) N J(A) and
JL(A)UJ(A) C R(A), and the corresponding integrals coincide on the intersections
of their respective domains. Whether any of the families J(A), J;(A), J.(A), or
R(A) are equal to each other is unknown.

If B and C are intervals in R* and R!, respectively, then following the proof
of [H4, Theorem 1], we can show that J(B) ® J(C) C J(Bx C) and J(f ®g) =
J(f) - J(g) for each f € J(B) and g € J(C). While the same holds for J,, it is
not clear whether this is also true for J, or for our main integral defined in 3.1.
The differences between integrals defined by means of additive and superadditive
majorants are discussed in [Hz).

ADDED IN PROOF. The deficiency in the additive properties of Mawhin’s in-
tegrals (see [M; and M3]) has been corrected in [JKS|. However, the divergence
theorem (Theorem 3) proved in [JKS] is still substantially weaker than our Theo-
rem 5.4.
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