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NONLINEAR OBLIQUE BOUNDARY VALUE PROBLEMS
FOR NONLINEAR ELLIPTIC EQUATIONS

GARY M. LIEBERMAN AND NEIL S. TRUDINGER

ABSTRACT. We consider the nonlinear oblique derivative boundary value
problem for quasilinear and fully nonlinear uniformly elliptic partial differen-
tial equations of second order. The elliptic operators satisfy natural structure
conditions as introduced by Trudinger in the study of the Dirichlet problem
while for the boundary operators we formulate general structure conditions
which embrace previously considered special cases such as the capillarity con-
dition. The resultant existence theorems include previous work such as that
of Lieberman on quasilinear equations and Lions and Trudinger on Neumann
boundary conditions.

1. Introduction. In this paper we are concerned with oblique, nonlinear elliptic
boundary value problems of the general form,

(L.1) Flu) = F(z,u,Du,D*u) =0 in (),
(1.2) Glu] = G(z,u,Du) =0  on 91,

where () is a bounded smooth domain in Euclidean n-space, R™, and F and G are
real valued functions on the domains ' = I x R x R® x S*, [V = 901 x R x R™.
Here S™ denotes the n(n + 1)/2 dimensional linear space of n X n real symmetric
matrices, and Du = (D;u), and D?*u = [D;;u] denote the gradient and Hessian
matrix of the real valued function u. By a classical solution of (1.1), (1.2) we shall
mean a function u € C'(Q7) N C?(0) satisfying equations (1.1), (1.2) in a pointwise
sense.

Letting X = (z, 2,p,7), X' = (z, 2,p) denote points in T',T’, we shall adopt the
following definitions of ellipticity and obliqueness for functions F, G differentiable
with respect to r, p respectively. Namely, the operator F' is elliptic at X € I if the
matrix F, = [F¥] = [0F/9r;;] is positive at X; while the operator G is oblique at
X" eI if x = Gp, = Gy - v is positive at X', where + is the unit inner normal to
1. Letting A, A denote the minimum and maximum eigenvalues of F,, we shall call
F uniformly elliptic with respect to some subset U C I if the ratio A/) is bounded
on U.

We shall treat here uniformly elliptic operators F' and oblique operators G sub-
ject to certain natural structure conditions. For the operators F' these conditions
were introduced by Trudinger [30] as an extension to fully nonlinear operators of
the natural conditions of Ladyzhenskaya and Ural’tseva [14] for uniformly elliptic
quasilinear operators. Letting u, o, 41, 42 denote nondecreasing real functions, we
may express these conditions as follows:

F1: A < Au(|z]) (Uniform ellipticity);

F2: |F(z,2,p,0)| < Auo(|2])(1 + |pI?);
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F3: (14 |p|)|Fol, |F2], |Fa| < M (l2))(1 + |pl? + [7]);
F4: (1+ |r])|Frzl, (1 + |r])|Frzl, (1 + [r[)| Frpl, [Fopl, [Fpel,
1Fpzl, |Fazl, |zl | Faz| < Au2(]2| + |pI)(1 + [r]);

F5: F., <0 (that is, F is concave with respect to r),
for all X = (z,2,p,r) € I'. Unless otherwise indicated the arguments of all functions
occurring above are (z,z,p,r). For oblique boundary operators G we formulate
corresponding conditions:

G2: |G(z,2,0')| < xuo(|2))(1 + P']);

G3: (14 |pl)|Gyl, |G2l, |Gl < xpa(]2))(1 + |pl),
for all X’ = (z,2,p) € 1 x R x R", where p’ = p — (p- )7 is the tangential
projection of p and the normal vector field v and boundary function G have been
appropriately extended to I x R x R™.

The conditions G2, G3 embrace a large class of boundary value problems includ-
ing quasilinear oblique derivative problems of the form

(1.3) Glu] = b(z,u) - Du + g(z,u) =0 on 99,
and the capillarity boundary condition
(1.4) Glu] =~ Du — g(z,u)\/1+ |Du|? =0 on 91,

where the contact angle, § = arc cosg, between the graph of u and the cylinder
40 x R in R™*1 is prescribed. Problem (1.3) is oblique when b -~ > 0, while
problem (1.4) is oblique for |g| < 1.

The method of continuity, as presented for example in [9], reduces the classical
solvability of the boundary value problem (1.1), (1.2) to the establishment of a
priori estimates in the Banach space C2%(Q) for some o > 0, for solutions of a
family of related problems. For boundary value problems subject to the above
natural structure conditions, we shall prove the following estimate.

THEOREM 1.1. Let () be a bounded domain in R™ with boundary ) € C* and
suppose that F € C?(T), G € C%(I) satisfy the structure conditions F1,F2,F3,F4,
F5,G2,G3. Then if0 < a < 1 and u € C?(Q) is a solution of the boundary value
problem Flu] =0 in Q, Glu] on 90, we have the estimate

(1.5) lu|2,0;0 < C,

where C depends on n, i, po, 1, 42, @, supq |u|, Q0 and all the second derivatives of
the functions F and G.

As an example of the application of Theorem 1.1, we have the following existence
theorem.

COROLLARY 1.2. Let O, F and G satisfy the hypotheses of Theorem 1.1, to-
gether with the conditions

(1.6) sup F, <0, supG, <0.
r r

Then there exists a unique classical solution u of the boundary value problem Flu] =
0 in Q, G[u] =0 on 80 with u € C>*(N) for all a < 1.

Theorem 1.1 and Corollary 1.2 are new, even in the quasilinear case where they
extend previous work of Lieberman [18]. In this case solvability of the boundary
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value problem (1.1) arises from only C'({]) estimates. Whereas the Dirichlet
problem had been extensively studied for quasilinear equations [9, 14], the study
of oblique boundary value problems had primarily focussed on conormal derivative
problems for divergence form equations, such as the capillarity problem (7, 14, 17,
32].

The C%*(f)) estimate of Theorem 1.1 is the culmination of several component
estimates of lower order which are established separately in the different sections
of this paper. In particular, in §2, we derive global Holder estimates for solutions
of (1.1), using a modification of the weak Harnack inequality [29]. In §3 we treat
gradient bounds, obtaining gobal gradient estimates under the structure conditions
F1, F2, F3, G2, G3, analogous to those for the Dirichlet problem [30]. Holder
estimates for derivatives are deduced in §4. These had been previously obtained
for quasilinear equations by Lieberman [18] using different methods. In §5 we
treat global bounds for second derivatives. Here the approach splits naturally
into two stages. First is the derivation of one-sided estimates for pure tangential
derivatives which has features in common with the Neumann type problems for
the Bellman equation treated by Lions and Trudinger [27], as well as earlier work
on the Dirichlet problem [25, 11]. The second stage is the estimation of the pure
normal second derivatives which involves substantially different arguments from the
more standard devices, used for example in [27]. In §6 we finally reach the global
Holder estimates for second derivatives, employing a different and more general
argument to that of [27], which like the first derivative estimates in [18] is based
on conormal divergence structure inequalities. In the last section, we discuss the
application of the preceding estimates to the boundary value problem (1.1), (1.2),
where an alternate approach to the method of continuity, due to Lieberman [16,
19|, may also be used.

To conclude this introduction we remark that many of our estimates remain
valid under more general structural hypotheses than F1, F2, F3, F4, F5 and certain
extensions will be at least indicated in the course of this paper. In particular a mild
nonuniformity may often be achieved by expressing structural conditions in terms
of the Bernstein function £ = F*J pip;, and its second order extension &, given by
oy =F9 rikT;k- Also all notation, unless otherwise specified, will follow the book
[9].

We wish to express our thanks to P.-L. Lions whose contribution in [27] stim-
ulated our joint investigations. This research was carried out while we were both
visiting Indiana University in the Fall of 1983 and we thank in particular Roger
Newton and Bill Ziemer for their encouragement and hospitality as well as our
home institutions for supporting our leave programmes.

2. Weak Harnack inequalities and Hé6lder estimates for solutions. Our
Holder estimates will all be derived from the weak Harnack inequality, Lemma 2.1
below. Its proof uses the corresponding interior estimate of Trudinger [29, Theorem
9] (which is based on estimates of Krylov and Safonov [13]) and a comparison
argument inspired by a result of Krylov [12, Lemma 2.1]. The latter was used by
him to obtain boundary Hélder estimates on second derivatives of solutions of the
Dirichlet problem.
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In order to state our result conveniently, we introduce the sets
B* ={z € R"||z| < 1,z" > 0}, BY = {z e R"||z| < 1,2" = 0},
G(p,R)={|z'| <R,0<z" <pR}, G'(p,R)={|2'| <R,pR < 2" < 3pR/2}

for positive p and R, where z = (z’,z") = (z!,...,2""!,z"). We denote by a*/,
1,j = 1,...,n, the components of a positive S™ valued function on B* satisfying
(2.1) ¢l < a¥gig; < Algf®

for all ¢ € R™ and some positive functions A, A; and we denote by 8 = (8%,...,6")
an R™ valued function on B° with " > 0.

LEMMA 2.1. Letu € C1(BTUB®)NC?(B*) satisfy the differential inequalities
(2.2) Lu = a" D;ju < A(uo|Du|? + ®) in BT,
(2.3) Mu='D;u< ™ on B°

for nonnegative constants ug, ®,% and suppose there are nonnegative u and My
such that
w<Mo, AMA<p inB*, ||/B"<p on B

Then there are constants k and p depending only on u and p and C depending also
on oMo such that if R € (0,3) and u >0 in G(p,2R), then

1/
1
24 R — u’ SC( inf u+R?®+R >
24 (|G'(p, 2B Joripam ) oty v

PROOF. Note that by considering 4 = (1 — e™#0%)/ug in place of u, we may
assume that ug = 0. With this assumption, we show that for p = 1/4npu, we have

. = i < i 2 .
(2.5) A Gl(l;l,gR) u< 4Gg;l,f;i) u + 16(pR)*® + 4pRy

The desired result then follows by combining this inequality with the interior weak
Harnack inequality

1/k
1
2.6 —_— u® < C( inf u+R2(I>) s
(26) <|G'(p,2R)| &/ (p2R) ) o)

which follows from {29, Theorem 9] by means of an appropriate chaining argument.
To prove (2.5), we set

G =G(p,iR), G?=0GfnB°, i=1,2,
and introduce the functions
w; = 4(pR)? — (z")?, w2 =2pR - 2",
ws =2 — (z")2/4(pR)? — z"/2pR + |7'|*/ R2.

Clearly w; > 0 in GJ for 1 = 1,2,3, and a simple calculation shows
Lw; < —-2), Lwy <0 in G;,
Muw, <0, Mwy; < —-8" on Gg.
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Moreover we have
Lwz < A(—p~2+4(n—1)u)/2R?<0 in GF,
Mw; < 8™(—p™' +8u)/2R <0 on G,
by virtue of our choice of p, and
w3 >4 ondGin{z|=2R}, w3<3 onGy.
Thus the function w = u + dw; + Yws + Aws /4 satisfies
Lw<0 inGf, Mw<0 onG), w>A ondG}\GY,

s0 the maximum principle implies that w > A on G§ and hence w > A on G7.
Therefore

3
i 2 “A>
Gg’l’fR)u+4(pR) (I>+pR¢+4A_A,

which proves (2.5). O
For future reference we give a simple modification of the preceding lemma.

LEMMA 2.2. Letu e CY(BTUB®)NC?(B™) satisfy the differential inequalities
2.7 Lu < M(po|Du|? + ®(2™)*"1) in BT,
(2.8) Mu< ™) on B°
for some nonnegative constants o, ®,7 and o € (0,1). Suppose (2.1) holds. Then

there are constants k,p,C as in Lemma 2.1 with C now depending also on o, such
that if k € (0,1) and u > 0 in G(p,2R), then

1/
(2.9) (l, u") <C < inf u+ R™fe® + Rw) (G" = G'(p,2R)).
IG' Jor G(p.R)
PROOF. We proceed as in Lemma 2.1 except that here
wy = [(2pR)* — (2")*%]/a(1+ ). O

A simple consequence of Lemma 2.1 is a new Holder estimate for solutions of
linear oblique derivative problems which is the analogue of the Ladyzhenskaya-
Ural'tseva estimate [14, Chapter 10] for solutions of conormal derivative problems.
For this result, (a*/) is a positive S valued function on {2 satisfying (2.1) and S is
an R" valued function on 912 such that 8-+ > 0 on 9.

THEOREM 2.3. Let 0 € C? and let u € C1(0) N C?(N) satisfy
(2.10) |Lu| < A(uo|Du|? + @) in Q, |[Mu| < B -~ ondN
and suppose that

lul < Mo, A/A<p inQ, |B|/B-y<pu ondQ.

Then there are positive constants a depending on p, oMo, n and C depending also
on ®,, Q) such that

(2.11) o = sup 1B =W
z,yeN I yla
z#Y
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PROOF. By virtue of [30, Corollary 11] it suffices to prove the Holder estimate
only at 91}, that is we must show that for all € 9 and sufficiently close y € (1,

lu(z) — u(y)| < Clz —y|*.

By means of a suitable change of variables (which increases u by a factor of at most
2), we reduce to the case (1 = B*, 901 = B and we may assume that y € G(p, 1)
with p as in Lemma 2.1. For 0 < R < % and p as before, we set

mr= inf u, Mg= sup u, G(R)=G'(p,R),
G(p,R) G(p,R)

and apply Lemma 2.1 to the functions u — m4g and My — u to obtain

1/k
1
. u— ~ < C(mg - + R%® + Ry),
( IG(2R)| G(2R) ( m4R) ) (mR M4R d))
1 1/k
—— Mg — u)” < C(Msr — Mg + R*® + RY).
(IG(2R)| G(2R)( 4R ) ) ( 4R R ¢)

Adding these inequalities yields
Mysr — mar < C(Myp —myr + mp — Mg + R* + R)

from which the estimate follows by a standard argument (see [9, Theorem 8.22]). O

We remark that Lemma 2.2 can be used to relax the regularity hypothesis on (2
to 00 € C1¢ for some 6 € (0,1). Also we could have employed the full Harnack
inequality [29, Corollary 10], instead of the weak Harnack inequality (2.6), to derive
the Holder estimate (2.11). However this will not be possible when we come to the
Holder estimates of derivatives.

The Holder estimate for solutions of the boundary value problem (1.1), (1.2) is
now a simple consequence of Theorem 2.3.

THEOREM 2.4. Let 80 € C? and let u € C*(Q?) N C%(Q) be a solution of
(1.1),(1.2) with |u] < My in Q and F1,F2,G2 holding. Then there are constants
a = a(n, My, p, o) > 0 and C = C(n, My, i, o, ) such that

(2.12) [u]a;n < C.
PROOF. Using the mean value theorem, we can write (1.1) in the form
F¥(z,u, Du, s)D;;u+ F(z,u,Du,0) =0 in Q
for some s = s(z) € S™, and (1.2) in the form
(Gp(z,u,q) - v)(Du-v) + G(z,u,D'u) =0 on O

for some ¢ = q(z) € R™ with D'u = Du— (Du-~)y = q¢ — (¢ 7). Thus the
hypotheses of Theorem 2.3 are fulfilled with

a¥ = Fii(z,u,Du,s), A= [y + B* Dlu/|D'ul|Gy(z, u,q)

for some (3*(z,u, Du) satisfying |3*| < po. O
It is interesting to compare Theorem 2.3 and its proof with Krylov’s boundary
Hoélder estimate [12, Theorem 4.1] (as simplified by Caffarelli). Indeed if we assume,
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instead of (2.3), the Dirichlet boundary condition u = 0 on B? in Lemma 2.1, then
using the replacement functions

"2 we =0, ws=z,(1-2,/20R+ |2'|?/R?),

and p = 1/8nu, we obtain a weak Harnack inequality for the ratio v = u/z",
namely

A . .
(2.13) <|Z"_| . v > <C (G%,r)l’%)v+ R<I>) (G' =G'(p,2R)).

As before we need only apply the interior weak Harnack inequality (2.6) to the
function u, observing that in G’(p, 2R) we have u/3pR < v < u/2pR. Accordingly,
by the proof of Theorem 2.3 (and the boundary Lipschitz estimate [9, Theorem
14.1], for any function u € C°(B* U B%) N C?(BY) satisfying the differential in-
equality (2.10) in B+ together with « = 0 on B, |u| < My, we obtain the Holder
estimate

(2.14) 0scgt v < C(Mo + ®)R*,

wy = 2pRz™ — (z

where a and C are positive constants depending on n, 4, and uoM. We shall use
estimate (2.14) in §6. An extension, along similar lines to Lemma 2.2, is given in
(22].

To conclude this section we remark that conditions F2 and G2, which are used
in Theorem 2.4 and elsewhere in this paper to write the problem (1.1), (1.2) in a
quasilinear form, may be replaced by more general conditions. When ) and x are
bounded away from zero, they follow naturally from F1, F3, and G3. Otherwise we
may, for example, replace them by the conditions

(2.15) F(z,z,p,7) =0, G(z,2,p',pn) =0
for some 7 = 7(x, 2,p), Pn = Pn(z, 2,p') satisfying

7l < mo(l2l) (1 +1pI?),  1Bnl < mo(l2])(1 + [p'])
(see [17, Lemma 2.1; 18, Lemma 4.2]).

3. Gradient bounds. In this section we prove various gradient bounds for
solutions of the boundary value problem (1.1), (1.2) under hypotheses F1, F2, F3,
G2, G3 as well as other closely related hypotheses. The method of proof combines
ingredients from the authors’ previous works [18 and 30|, although for computa-
tional reasons we employ a construction analogous to that in [2 and 4] (instead of
the change of dependent variable in [30]) and locally flatten the boundary. The
main new technical difficulty in the present situation arises from cubic terms in the
gradient, introduced through differentiation of the boundary condition (1.2).

Throughout this section we shall abbreviate F* = F,, G* = Gp, and use the
differential operators § = D, + |p|~2p- D, § = p- D,. We begin with a local
gradient estimate to illustrate the general argument. This estimate was proved in
a slightly different form in [30] via a change of dependent variable (see also [2]).

LEMMA 3.1. Letu € C3(Q)NCY(N) be a solution of Fu] = 0 in Q and suppose
there are nonnegative constants y, pu1, M such that for any € € (0,1),

(31) Alpl? <u€,  IplIRl 6F < EL€ + c&a/lpf?
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for |p| > M. Then there are constants C and 6 depending only on n,u, and p,
such that if B = Br(y) s any ball in Q) and a = oscpu < 0, then

(3.2) |Du(y)| < Ca/R+ M.

Further the estimate (3.2) remains valid if B 1is replaced by B N ) for any ball
B = Bg(y) withy € Q and |Du| < M on QN B.

PROOF. Without loss of generality we can take y = 0, and assume o < %ul and
€ =20y in (3.1). For B € (0, ) set
n=(1-|z[>)/R*)? My =supn|Dul?, M, =supu,
Br Bgr
u* = exp(u — Myp)/a, w = n|Du|? + fMyu*.
As in [30, (4.7)], we apply the operator DxuDy to the equation F[u] = 0 to obtain
FYDijw + B*Dyw = | Dul*{F*” Dyn — (2/n)F¥ DinD;n — F*Din — n8F}
+ (8/@)Myu* {F*Dyu — (2/n)F¥ DinDju + F D;ju}
+2n& + Bo 2 Myu* €,
where B* = F* — (2/n)F%“ D;n. Moreover a simple calculation gives
|Dn| < 4n*/%/R,  F“Dyn > —4F"%/R? > —4nAR?.

From these estimates and the structure conditions (3.1), it follows that, on the set
where |Du| > M,

FY9D;;w + B*'D;w
> £{—4nuR~? — 32nuR~% — 2¢'/2|Du|/aR — n|Du|?/(2)
— BMyu* /202 — 88Myu*u/(an*/?| Du|R)
— B2MEu*np/(20%n|Dul?) + BMyu*/a?}
+ &{~8u1an'/?/(R|Dul) — 2u10m — 2u1 Myu*B/|Dul® + 3n/2}.
Now we use the inequalities 3 < % and u* < 1 to infer that M; < w < n|Du|? +

M /2 at a point o where w attains its maximum, that is, n|Du|? > M; /2. Hence
at o,

F9Dyw > €{—(4n +32)u/R? — 2M;"*/(aR) — My /a}
+ (u*B/a®)E{-8uaM}’?|R — BnuM, + M,/2}
+n€a{—8prc/ (RM]'?) — 201 — 4Bps + 3/2).
Clearly the coefficient of & will be positive if
(16p1a/R)? < My, o <1/4u1,B < 1/8uy,

and the coefficient of (u*3/a?)€ will be positive if (16uc/R)? < My, B < 1/8np.
Hence for o < 1/4p11, B = min{1/8u1,1/8nu}, and My > 16(p1 + p)(e/R)?, we
have, since u* > e~ ! > 1/3,

F9Dw > E{BMy/240® — (4n + 32)u/R? — 2M;"? /(aR) — My /a}.
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Therefore we have F*/ D;jw > 0 at zg if

(3-3a) a<8=1/[C(n)(p+ p1)]
and
(3.3b) M; > (Ca/R)?, C =C(n)(n+ p1)-

Since F* D;jw < 0 at a maximum of w, it follows that
M; < max{(Ca/R)?,M?} fora<¥,
where C and 6 are given by (3.3). O
Let us note that (3.1) follows from the easily verified conditions
(3.1) Alp? < pé, bl |l 6F < (€ + (A&2)?)
and that (3.1)’ follows from F1, F3.
Futher, Lemma 3.1 continues to hold for u € W29(f2) when ¢ > 2n (¢ > n
if (3.1)" is valid). In this case we replace the differentiation of Flu] = 0 by a
differencing. Setting
AMu(z) = [u(z + he;) — u(z))/h,
where e; is the standard tth unit vector in R®, h > 0, we obtain for
WhpL =1 E(Agh)u)Z + ,BMl,hu*,

the differential inequality
FijDijwh + BiD,"wh > —e(h)wp, on By = {Z € Brlwp, > %supwh} R
Bg

where [|e(h)||Ln(Bg ) — 0 s h — 0, provided M, > max{(Ca/R)?, M?}, a <0,
with C and 6 given by (3.3). Since || B*||,, is bounded uniformly with respect to h,
the Aleksandrov maximum principle [9, Chapter 9] provides the desired estimate
for wy, if h is small enough.

Our next step is to bound the tangential derivatives of u near a flat boundary
position. To this end we set

p,= (Pl:---,Pn—l), Dl= (Dl,‘-'sDn—l),
ct= Fijrikrjk’ éor =D, + lpll2p, - Dy,

where here and in the following lemma, we adopt the convention that the index k
only goes from 1 to n — 1. We also recall the definitions of B and B° from §2.

LEMMA 3.2. Letu € C?(Bt UB®) NC3(B*) be a solution of

(3.4) Flu]=0 1n B*, Glu]=0 on B°.

Suppose that there are nonnegative constants u, p1, uz2, e, M such that
(3.5) ol |Gy, 67G < palplx,

(3.6) Alp? < ué,

(3.7) Alrl, Ipl |Fpl, 6F, 67 F < p2f +7C?/Ip'|* 4f F(X) =0,
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whenever |p'| > M. Suppose also that there is a continuous increasing function w
with w(0) = 0 such that

(3.8) lu(z) — w(0)] <w(|z]), |Du(z)| <w(|z|)/z™ for all z € BT.
If also Ty s sufficiently small (depending only on p1), then
(3.9) |D"w(0)| < C(n, p, p1, 2, By, M, w).

Before proving this lemma, we discuss condition (3.7) which is only required to
hold when F(X) = 0. Unlike the proof of the interior gradient bound, the present
proof uses a control of Dy,u in terms of D;;u (for ¢ + j < 2n), which can only be
obtained via the equation. For our proof, condition (3.7) is the correct form of this
control. We note here that F1 and F3 imply that the quantities in the left-hand
side of (3.7) are bounded by AC(n, u, u1)(|r| + |p|? + 1) while F1 and F2 imply that

1/2
ITnnISC(n,M)( > (Tij)2) +po(1+1p*) if F(X)=0

i+7)<2n

and hence, where |p| > 1,

1
[l < 5C(n, 1, o) ([EC?/ P2 + €).
Therefore (3.7) holds in the uniformly elliptic case for any &, with

M2 = C(n’ s Ko, “l)(l + 1//72)
PROOF OF LEMMA 3.2. Let R € (0,1) be a constant at our disposal and set
Bf ={z€B*||¢| <R}, B} ={zeB°lz <R}

My =supu, w' =|D'ul?, M; =supnu/,
By By

where 7 is as in Lemma 3.1. With a3 > 4 and a3 > 0 constants to be chosen, set
u* =expar(u— M), v=(1+|Dul®)/?, w=nuw 4+ Mu*/a; + azMvz".
We then determine R from a;,az, M, and w so that R < 2/M and
ar(Mp —u) <1, o2vz™ < 1/4 in Bf.

If M; < R™2, then the estimate on w’(0) is clear once we have determined a; and
az. We now determine suitable a; and a2 so that M; < R~2. Suppose now that
M; > R~? and let 7o be a point in B, where w attains its maximum. As before
nw'(zo) > M; /2 and, in particular, n(zo) # 0.

If z2 = 0, then by applying the operator DxuDj to the equation Glu] = 0, we
obtain G*D;w' = —2(6rG)w’. Therefore for w' > M2, we have

G'Dw = (G*'Din)w’ — 2n(67G)w’ + M1u*6G + aaMyvy
> x[~pmw'|Dy| — 2p1nw’| Du| — p1 M1 |Dul + ez My | Dul]
> x[—4p1n*w’ /R — 3u1 M1 | Du| + a2 M;|Dul]
> xM1|Du|(=Tp1 + az2).
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Hence G*D;w > 0 at z¢ if ag = 7u; because w'(zo) > M1/2 > M2. Therefore w
cannot have a maximum on BY if My > R=2 and ap = Tp;.
If 2§ > 0, then a direct calculation yields
D,w = nD;w’ + w'D;n + Miu*Du + ale(anDiquj + v6'™"),
Dijw = w’D,'jn + Dijw' + D;w' in + 27)D,~jkuDku + 2"]D,‘kiDjku
+ ayMiu*DauDju + Myu*Diju
+ aaM; (2" Dijmur™ + 2" Dimug™* Djsu + 6i"Djmuv’" + Dippur™6™),
where v = Du/v and ¢™* = (6™° — v™v®)/v. Moreover, differentiating Flu] = 0
with respect to z™ gives
F9D;jmu = —F'Dimu — FyDpu — Fry
so, with B® as in the proof of Lemma 3.1, we have
FYDiw+ B'Diw = oy Myu* € + 2C? + a3 My 2™ F¥ D;pug™ Djsu
+ (FDijn — (2/n)FY DinDjn)w’ — (2/n)M1(u*F¥ DinDju + aguF*"D;n)
+ M1((2/n)022™ F¥ DinDjmuv™ — 202 F*™ Dipuv™ + uw* F Dy ju)
+ M1(a20F™ + u*8F — aguz™|v|26F) + (F*Din — 2067 F)wr.
We now proceed as in Lemma 3.1, using conditions (5.3) and the inequalities |v| < 1,
(g¥) > 0 to obtain
F9D;jw+ B'Diw > (a1 — c(n, p, p2)) M1 € + (2 — ¢(0a)ag)nC2.
Recalling that oy = Tu;, we see that the right-hand side of this inequality will
be positive if 7z, is sufficiently small (depending only on u;) and o is sufficiently
large. With these choices for a; and as, w cannot have a maximum where z" > 0
and therefore M; < R~2. O
As before, Lemma 3.2 is also valid for W29 (g > 2n) solutions of (3.4), and (3.7)
will usually be inferred from
3.7 Alrl, ol | Bl 6F, 67 F < pa(€ + (AC?)?) if F(X) =0.

We also note that our estimate on |D’u| was achieved without first estimating the
ratio |Du|/|D'u|, as was done in [18].

Now we combine the preceding lemmata to bound the full gradient of solutions
of (1.1), (1.2) in arbitrary smooth domains.

THEOREM 3.3. Let 30 € C3 and let u € C*(0) N C3(N) be a solution of
(1.1), (1.2) with |u| < M in Q and suppose that F and G satisfy conditions F1,F2,F3,
G2 and G3. Then

(3.10) sup |Du| < C(n, M, p, uo, 11, Q).
Q

PROOF. First we estimate |Du| on 3. To this end we consider a point on 912,
which we may take to be the origin, where |Du| attains its maximum over 911.
Since the form of our hypotheses is unchanged under any C® change of coordinates
(although the values of the constants will change), we may also assume that QNB; =
B* and 82N By = BO. 1t then follows from G2 that

|Dnu(0)] < po(1 + |D'u(0)])
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and hence we need only estimate |[D’w(0)|. This estimate is immediate from Lemma
3.2 since (3.5) follows from G3, (3.6) follows from F1, (3.7) follows from F1, F2,
and F3, and (3.9) follows from Theorem 2.3 and Lemma 3.1.

This estimate for |Du| on 3, and another application of Lemma 3.1 give the
full estimate. O

Again we can relax the regularity of u to W29 (¢ > n). Also the conditions on F,
and F; can be relaxed to a one-sided estimate on a suitable linear combination of
these derivatives corresponding to 6 F and érF in the transformed domain. We shall
discuss presently a version of this one-sided bound without performing a change of
coordinates. The gradient estimate near 9{) may also be effected without a direct
use of the interior estimate, Lemma 3.1, although such an approach seems more
complicated.

So far our gradient estimates have all been local in character. This localness was
used crucially to make certain terms small by virtue of our modulus of continuity
estimates. We now consider an alternative approach which avoids the modulus
of continuity estimates by strengthening certain of our structure conditions. This
alternative approach has several other attractive features. It allows us to obtain
global estimates directly under the strengthened structure conditions and it does
not use a flattening of the boundary. In this last respect, it can be used to give an
explicit version of the one-sided estimates on combinations of F, and F, which were
used in the proof of Theorem 3.3. Also we are able to obtain gradient estimates
which are independent of the ratio |G,|/x; the utility of this will be shown in an
example.

For our alternative approach, we define

Y ={z € 0: d(z) = dist(z,00) < 7},

where 7 > 0 is so small that d € C3(Z), which is always possible if 90 € C3. We
then set Dd = + in ¥ and note that

h=1  +'Di¥ =+4'Djs'=0 inZ
and that this + is a C? extension of the normal field on 1) into . We also define
¢? =89 —~'y), Dj=¢"Dj, D'=(Di,...,D,), p;=cp;,
§' =D +|p'|7%' - Dz — 3p'|pip; D(c*?) - Dp.

Note that 6’ = ér near a flat boundary portion. Further discussion of §’ can be
found in [18, §4] (where there is a minus sign missing in the definition of ¢; on p.
59).

THEOREM 3.4. Let 0Q € C? and let u € C%(Q) N C3() be a solution of
(1.1), (1.2) with

(3.11) (1+|Du))d< K, |u/<Mp inZ.

Suppose F and G satisfy the conditions

(3.12)  Alr|,8F,Ip||Fp| < m& + B C/IP'?, 8'F < Hlpl€ +7,C?/1p|?
for F(X) =0, |p|>M,z€X, and

(3.13) —8G,6'G < a(|pl)lplx
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for |p'| > M, where @ 1s a decreasing function with lim;_,oo B(t) = 0. If @, 1s
sufficiently small, then

(314) SléplD,U| < C(K, M’ M%Ev”’laﬁ'la”)'

PROOF. Let a; > 4 and a2 < 1/4K be constants at our disposal and set
w' = |D'ul?> = ¢ DiuDju, M; =supw’, u*=expai(u— M),
€
w=w'+ Mju* /oy + agMyvd,

where v = (14 |Du|?)/2, as in Lemma 3.2. If M; < 4(K/7)? +2M?, we are done.
Thus we may assume that M; > 4(K/7)? + 2M? which implies that w cannot
achieve its maximum over ¥ where d = 7. Thus w > M;/2 and |D'u| > M at a
maximum point zg. If g € 91), then

G*Dyw(zo) > Myvx(az — 28(|1D'u(z0))),

s0 w cannot have a maximum on dQ if My > (B~ (02/2))?.

If zo € ¥, we obtain an expression for F* D;;w + F*D;w, all of whose terms can
be estimated as before with two exceptions:

4FY DikuDj(ck"‘)Dmu = —4F9 DikuDjuDj’YkD’U/ .y —4F% D,-ku'yij'y"'Dmu

> —C(Qu(ECHV? - C(Q)wi/*A|D?y|
and -
2F”D,-j(ck"‘)Dkquu > -C(N)ué.

Hence, if a2 <1 and 1 = (M, /2) < 1, then
F9Dyw+F'Dyw > {—C(Q, g, p1,n) (@2 +B+u") + e1u” }M1 € +{2—c(2)B; }C2.

By first choosing o sufficiently large, then a2 < u* and then 7z, small, we see that
w cannot reach its maximum in ¥ if 7(M;/2) < u*. As before this leads to the
desired estimate. 0O

We remark that, by virtue of the proof of Lemma 3.1, the form of the interior
gradient estimate given in (3.11) is a consequence of a slight strengthening of (3.12),
namely,

(3.12) ol |1Fp| < i€ + . &/Ip%,  6F <E(pl)€ + B, &2/ Ip|%.

Moreover we can take 7 in (3.12)" and (3.13) (but not (3.12)) to be a constant if
we have a modulus of continuity estimate for u. By using the ideas of the proof of
Theorem 3.4, we can prove Theorem 3.3 without flattening the boundary, in which
case F3 and G3 can be relaxed to

(3.15) |pl |Fpl,6F,6'F < maA(1 + |pf* + |r[),

(3.16) Pl 1Gpl,6'G < pax(1 + p])-

Also, we can replace —6G by 8G in (3.12) by a simple modification of the proof, and
if () = O(1/t) in (3.13) (but not necessarily in (3.12)), then any interior gradient
estimate can be substituted in (3.11). In this case, we take w = w' + Mju* /oy +
az Mid with a3 a sufficiently large constant and 7 < 1/4as.
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As an application of Theorem 3.4, we consider the contact angle boundary con-
dition (1.4) with constant contact angle, i.e.,

Glu] =~-Du—¢(1+|Du|?)’2=0 on 0

for some constant ¢ € (—1,1). By direct calculation, we have

Gp=7-6(1+1p)"/?p, G.=0, G,=(D¥)pj,

x=1—¢p-v/(1+pI*)*?, §G=p-v-9lp|*/(1+]|p*)'?,

§'G = Diy’pip;/Ip'1* — (v = #(1 + Ip|*) ~*/p) - D(c¥)pip;/2lp'|?

= xDiv pip; /0.
It is readily checked that
Di¥pip; <C(Q)P? i3,
and that _
6Gu] = ¢(1 + |Du|?)"YV? if Glu] = 0.

Therefore G satisfies (3.13) with & independent of ¢ if —1 < ¢ < 0. Hence if F
satisfies (3.12), we obtain a tangential gradient estimate on the solution of (1.1),
(1.4) for such ¢, which is independent of the contact angle. A similar argument
gives a uniform tangential gradient estimate for 0 < ¢ < 1. Thus we obtain a
tangential gradient estimate for solutions of (1.1), (1.4) which does not depend on
the contact angle if that angle is constant. An analogous result for the capillarity

equation
Flu] =divv +nH(z,u) =0 in

where H € C'((1 x R) and H, < 0, was given by Simon and Spruck [28].

Finally we show that the regularity of ) can be relaxed to Q2 € C%% for some
a € (0,1). In this case, it follows from the methods of [20] that there are positive
constants €, €1,€2,C; and a function p € C%%(Q2) N C3(12) such that

ed(z) < p(z) < d(z), |D3p(z)| < Cip(z)®~! forall z €

and |Dp| > €, on the set where p < €. For ¢ a nonnegative C3(R™) function
with support in the unit ball and fR,. ¢ = 1, we extend the normal field ~ to some
boundary neighbourhood ¥ by

Ae) = [ Dila - pla)2)o(c)
If ¥ is sufficiently small, then |Dd(z) — Dd(y)| < C2(Q)|z — y| in X, and hence
|[v(z) — Dd(z)| < / |Dd(z — p(z)z) — Dd(z)|¢(2) dz < Cap(z) for z € X.
Rn

Also we have
¥Di(@) = [ [Digd(a = pla)2)y? = Dipla)y Dy dle = pla)2)2416(2) ds
and a similar expression for 4:D;47(z), so |4/ D;+?|, |y*Di¥?| = O(p). In the same
way, we can show that |D~|,|v*D2~*| = O(1) and |D?4| = O(p>~!). Hence
4F DyeuD;(c*™) Dy > —C(Q) (u[€ C¥Y2A| D?ulw}/? + A|D?u|pv),
2F% Dy;(c*™) DyuDpu > —C(Q) € + Awy/2vp>~1].
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We now set
w=w + (Mi/o1)u* + aaMyv(p+ p' /(1 + @)

and look at a point g € T where w attains its maximum. As before, we can
arrange for zg € ¥ if M, is sufficiently large. But then, at zo,

F‘jDi,~w > acg Myvp*~! — c(Q)Aw;/zvp“_l,

which is positive if M; is large enough. This contradiction leads to the desired
estimate in Theorem 3.4 and a similar analysis, using a suitable change of variables,
applies in Theorem 3.3.

4. Holder estimates for first derivatives. Holder estimates for the first
derivative of solutions of the boundary value problem (1.1), (1.2) follow from the
boundary weak Harnack inequality, Lemma 2.1, in much the same way as the corre-
sponding interior estimates are derived from the interior weak Harnack inequality
in [30]. Since we may assume at this stage that the gradient has already been
bounded, we formulate our result under hypotheses corresponding to F1*, F3* in
(30].

THEOREM 4.1. Let 90 € C3 andu € C3()NC?(QN) be a solution of (1.1),(1.2)
with |u| + |Du| < K in Q. Suppose that F and G satisfy the struciure conditions:

(4.1) A<l

(4.2) F(z,2,p,0) < poA;

(4.3) |Fpl, (14 |r) 78|, (14 [7)) 8 Fa| < paA(1 + [r]);
0 .

(44 X2, GL|gE|<mbo  i=1o i1,

for all X € T with |2| + |p| < K, where u,po,u1,B0 are positive constants and
0 < 1. Then there are positive constants a and C depending on n, u, po, p1, K, 0,
and ) such that

(4.5) [Du]a;0 < C.

Note that condition (4.2) is implied (at least for an equivalent problem) by either
A being bounded away from zero or F(Xy) = 0 for some X € I'. Condition (4.4) is
simply a quantification of the fact that G € C!(I") is oblique. Similarly conditions
(4.1), (4.2), and (4.3) automatically hold for guasilinear elliptic F with coefficients
in C1(? xR x R").

PROOF. Because of the interior estimate [30, Theorem 5.1] (which clearly ex-
tends to positive § < 1), it suffices to prove a Holder estimate only at boundary
points. By the usual flattening of (2 near a point y, which we can take as the origin,
we thus reduce our consideration to the half-ball B¥ = {z € R" | |z| < 1,2, > 0},
with boundary condition (1.2) holding on the flat portion, B = {z € R" | |z| <
1,z™ = 0}. As in [30, Lemma 7.2], we introduce functions of the form

wi=w,i=iDlu+ev’ (0<e<),

n—1

where | = 1,...,n— 1 and v/ = |[D'u|? = Y7 |D;ul?. By differentiation, we

obtain

—2¢C? + F9D;jw* + F*Dyw* + 26v/6F + (F,Dyu + Fy) = 0.
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Using the mean value theorem and conditions (4.1) and (4.2), we can then estimate
from equation (1.1) itself, as in the discussion following Lemma 3.2,

1+3<2n

1/2
(4.6) IDnnuISnu( ) (Dz‘j“)z) + o-

Now by the ellipticity of F,

ZF’D,kuDJku>A Y (Dyju)?

1+j<2n
and hence using the condition (4.3), we obtain the differential inequalities
(4.7) —-FYD;jwt < \C(|Dw*|? + 1),
where C = C(n, p, o, p1,0, My1,€). Furthermore, by differentiation of (1.2), we
have on B9,
(4.8) |G*D;w*| < xC
for C = C(n,u1,M;). We now choose p in accordance with Lemma 2.1 and for
0<R<g,set

wi —W,R— sup wit
G(p,R)

where as in §2,
G(p,R) = {|z'| < R,0 < 2" < pR},
(R) =G'(p,R) = {|'| < R,pR < 3" < 3pR/2}.

Applying Lemma 2.1 to the functions WfR — wt, we thus obtain

1/
1
e WL, — wE)e < C{W% —WZ + R},
(G(2R) G(zR)( 4R )) Wir - W + R}

where k = k(n,u) > 0 and C depends on the same quantities as in (4.7). Let us

now set
n—1

w(R) =Y oscgp,r) Diu
=1

and sum the above inequalities over all of the functions wif. With € chosen suffi-
ciently small, in particular ¢ = 1/10nM;, we then deduce (similarly to the interior
quasilinear case of Ladyzhenskaya and Ural’tseva described in [9, Chapter 13])

w(4R) < C{w(4R) — w(R) + R},

and hence by the standard argument [9, Lemma 8.23], we obtain for the tangential
gradient D'u = (Dqu,...,Dp_1u),

(4.9) oscgy D'u < CR®

for all R < 1, where C and « are positive constants depending on n, u, uo, p1, M1, 2.
A Holder estimate for the full gradient at the boundary follows readily from (4.9).
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For, using the boundary condition (1.2) itself, we may infer (4.9) for D, u restricted
to BY, that is

(4.10) oscgy Du < CR?,

where B}, = {|z'| < R,z, =0} and C and o depend on the same quantities as in
(4.9). But then the corresponding estimate in Bf; follows by applying the boundary
weak Harnack inequality [9, Theorem 9.27] to the differential inequalities (4.6) for
the functions

w* = +Dyu + ¢|Dul?, l=1,...,n,
used in the interior case [30, Theorem 5.1]. Combining the resultant estimate,

(4.11) oscpt Du < CR®

with the interior estimate [30, Theorem 5.1] then yields the global estimate (4.5). O

We remark that the use of the boundary weak Harnack inequality [9, Theorem
9.27] can be replaced by elementary barrier considerations. Alternatively we can
proceed directly from the tangential gradient estimate by more elaborate barrier
arguments as in [22, §5]. By using the function p, described at the end of §3, to
effect the boundary flattening and using Lemma 2.2 in place of Lemma 2.1, we see
that Theorem 4.1 remains valid for 8Q € C%", n € (0,1), with the constants C and
o depending also on 7. Further, the difference quotient argument described after
Lemma 3.1 shows that u need only lie in W29(QQ) for some q > (2 — 8)n. Also it is
evident that the condition on F, and F, in (4.3) can be relaxed to

(4.12) F.,F, = 0(|T|2) asr — oo

in which case we must take ¢ > 2n. In the case of two variables we may take 6 = 1
in Theorem 4.1 and simply let w = Dju in its proof.

5. Second derivative bounds. Now we obtain bounds on the second deriva-
tive of solutions of the boundary value problem (1.1), (1.2). In the interior of (2,
these follow from [30, Theorem 6.1] so again our main concern is with estimates
near the boundary (although we provide an alternative derivation of the interior
bound). The boundary estimate proceeds in two stages. First we obtain one-sided
bounds on the pure tangential derivatives and then two-sided bounds on (essen-
tially) the pure normal derivatives. The mixed derivatives are estimated through
the boundary condition and then the equation itself can be used to bound all the
derivatives. The tangential estimate is based on the method of §3 as well as Krylov’s
idea [11], already used in [27], of introducing new independent variables; moreover,
the dependence of the estimates on various quantities must be displayed explicitly.
The normal estimate is also more complicated here than in [27] although our un-
derlying philosophy is to treat the boundary condition (1.2) as being essentially the
condition 4 - Du = 0. A new idea here is to use a boundary gradient estimate for
the solution of a Dirichlet problem with C1:* boundary data similiar to those given
in [10, 15].

We begin by using Krylov’s technique to give an alternative proof of a variant of
the interior second derivative bound in [30, Theorem 6.1] (see also [30, Theorem
7.5)).
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LEMMA 5.1. Letu € C4(Q) be a solution of Flu] = 0 in Q with |u|+|Du| < K
wm (). Suppose that F satisfies the structure conditions:

(5.1) A<k

(52) IF(:L', 2, D, 0)| < NO’\a

(5-3) ITI |Fp|,|Fz|’IFx| < Nl)‘lr|2§

(5.4) 7x,v) = 2F_ xvy;
)T axax,

< paMIrPlg1% + Irl lal® + (Il Ir] + lal)|s[}

for all X = (z,z,p,r) €T with |z| +|p| < K, |r| > M and for allY = (y,w,q,s) €
R™ x R x R™ x 8™ where § = (y,w) and u, wo, 41, 42 and M are nonnegative con-
stants. Then there are constants C and 0 depending only on K, M,n,pu, o, i1
and pg such that if B = Bgr(y) C Q and a = oscg D'u < 0, where D'u =
(Dlu, ey Dn_lu), then

(5.5) supnr|D*u| < Ca/R+ po + M,

B
where nr(z) = (1—|z —y|2/R?)2. Further, the estimate (5.5) remains valid if B is
replaced by BN ) for any ball B = Br(y) with y € Q and |D?*u| < M on 90N B.

PROOF. For £ € R", set ug = - Du, Y = g{, ug, Dug, D?u¢), w = w(z, £) =
Diju(z)eer, n(z,€) = 1 — |z[*/R? — [€]*, My = suppg,yp, 1w, and My =
supg,x B, NRW. Without loss of generality we can assume that y = 0, Du(y) =0
and a < 1. We then set

n—1
(5.6) w=nb+M'[20%, ' =) |Deul’.
k=1

Our first step is to relate My and M,. Maximizing over ¢, we have
D¢(nd) = —2€*0 + 2nDijué’ =0,

and hence

(5.7) §'% =nDyué’, |E*=n, nr=4¢*

and therefore My = M, /4. Furthermore it follows from (5.1), (5.2), that for each
z €,

(5.8) |D?u(z)| < (n— 1)u sup &+ po + M,
lél=1

so that the estimate on ng|D?u| follows from an estimate on 1\7!2. We now observe
(see [30, (6.3)]) that

F9D;% = —-F(X,Ye) — F'Dyb — F,,
so with B? given by B* = F* — (2/n)F% D,n, we have
FDijw+ B'Dyw = o~ 2MC? — nF + @(—F,n + F'Din — F9D;;n)
(5.9)

—a™2M, (sz’ + F,Diu+ %FijDinDjkuDku) ,
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where summation over k£ runs from 1 to n — 1. In order to control the third
derivatives of u occurring in ¥ on the right-hand side of (5.9), we set

AY = —\uav/1+ K2|¢| | D?ulsign(D;jue)
so that by (5.4),
F < —249Dyjug + Mia(2 + K?)|€[%| D?uf?

for |D*u| > M. Using the remaining structure conditions (5.1), (5.2), (5.3) in
(5.9), together with (4.6) and the definition of o, we then obtain for |D%u| > M
and nW > M3 /2, the differential inequality

) ) - 1 1 1
F5Djjw + 20 A" Dijmu€™ > MyC?{ — - Cy | 1+ —— + —
z]w n J u€ 2 {a2 1 ( aRM2 (RM2)2)}

where C; is a constant depending on n, K, M, o, u1 and pg. Moreover if My >
3Ci1a/R, a < 1/4/2C1, we have

F9Djjw + 20A" Dijmut™ > MC?/202.

Since we are maximizing with respect to x and ¢ we introduce some appropriate
notation. Namely, we write D; ., for 8/9¢*,1 = 1,...,n, and we let 0,7 be indices
running from 1 to 2n. We need to show that if M2 > Ca/R and a is sufficiently
small, then G°"D,,w > 0 for some positive matrix [G°"]. By calculation

2 N
Ditnjw= - MWE — 26 Djb + 2nDijmu’,
Ditnjinw = —2(E Djmul™ + Dimu€™¢?) — 265 + 2nD;ju,

so if

~

F’:-”:, c=11=7,
G"=(AY, o=iT=j7+noro=j5+n,7=1,
Gé°", o,7>n,

for some positive C:', then
G°"Dyrw = FY Dijw + nAY Dyjmut™ — AY DinDjpué™ — %A‘j {iDjw
+ %A‘f &(Dym)i + a—inAif ¢ D;xuDu + G(~8 — 2ni + Aw).

We now choose G to make [G°7] positive; in particular we take G = Y |A%|2/.
Consequently at a maximum point (zo, £) of w, we have Dw = 0 and therefore

~ 1 1
oT > L3 S i
G Dyrw > MzC {W 02(1+a - )}

provided our previous restrictions apply, where now C» depends only on n, K and
2. Finally we deduce G°"D,,w > 0 at (2o, &) for M2 > Ca/R, a < 0 if C and
0 are chosen appropriately in terms of the indicated quantities in the statement of
Lemma 5.1, which is thus proved. O

We remark that conditions (5.1), (5.2) in Lemma 5.1 are precisely (4.1), (4.2)
in Theorem 4.1 but that (5.3) is more general than (4.3). Condition (5.4) is the
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corrected version of condition F4* in [30] (which is clearly incorrect as presently
written). If we replace D'u by the full gradient Du, which is adequate for our
purposes here, then the condition (5.2) becomes superfluous [30, Theorem 6.1].
However the argument given above is useful in the present context as our one sided
tangential situation boundary estimates are proved by adjustments analogous to the
first derivative situation in §3. Moreover with D’u replaced by Du, and C? replaced
by &2, the above proof extends to embrace nonuniformly elliptic equations, subject
to the more general structure conditions

(5.1)/ Alr[? < pés;

(5.2) F(z,2,p,0) < poA(z, z,p,0);

(5'3)/ |"'| |FP|’FZ7|FSB| < N1£2;

(5.4) F(X,Y) < p{A(IrP1gl? + Ir] la®)AM) 2 (7] Ir] + Igl)Isl}-

Furthermore if p; (except for the F, bound) and ps are sufficiently small, the
estimate (5.5) does not require a restriction on @ = oscg Du. It is also evident
from the proof of Lemma 5.1 that conditions (5.3), (5.4) (or (5.3)’, (5.4)’), need
only hold for r;jy;y; > M|y|? rather than |r| > M as asserted and |F,| may be
replaced by F,. These observations are also applicable to the study of obstacle
problems.

The pointwise relation (5.8) between the maximum and minimum eigenvalues
of the Hessian [D?u| plays a crucial role in the proof of Lemma 5.1. For our tan-
gential second derivative estimates, the corresponding relation, which is no longer
pointwise, is not proved so readily because & ranges over a smaller set of directions.
To overcome this difficulty we prove (in Lemma 5.3) estimates on other derivatives.
For now, however, we assume the appropriate analogue of (5.8). When we consider
tangential derivatives, as in the next lemma, we shall identify R*~! with the set
{€ € R™|¢™ = 0}. We also recall the definitions of B} and B% from §3.

LEMMA 5.2. Letu € C3(BTUB%)NC*(B™) satisfy Flu] =0 in B¥, Glu] =0
on BT with |u| + |Du| < K in Bt and for R € (0,1) set

Mf(R)= sup nrDyu€'€/|€)’,  Ma(R)=supnr|D?u|.
B} xRn-1 B},

Suppose there are constants us and M(R) such that

(5.10) My(R) < psM7 (R) + M(R)

and that there is a continuous increasing function w with w(0) =0 for which
|D'u(z) — D'u(0)| < w(|z|), |D%*u(z)| < w(|z])/z" forze€ B*.

Suppose also that F satisfies the structure conditions (5.1), (5.2),(5.3),(5.4) with

) = B* while G satisfies

l oG

(5.11)

2G
< P
S H1X, BX,BX]

for all X = (z,2,p), with x € BY, |2| + |p| < K and Y € R?™*1. Then there are
constants Ry € (0,1) depending only on K, p, o, p1, 2, 43, n,w and C, depending
also on R and M(R), such that for each R € (0, Ry|, we have

(5.12) MF(R)<C.
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PROOF. For ¢ € R*1, a1, az, R positive constants, define v/, , W and M, as
in Lemma 5.1 (with the supremum in the definition of M2 now over B x {|¢| =
1,£™ = 0}). Then set

ﬁ=77+0121\:12:c"|£|2, w =W + oy Mav'
and choose Ry so small that
apz"B|¢|72 < L, oy (v)V2< v <1
forz € B, 0 < |€] <1, and let R € (0, Rp]. At a maximum of w, it is readily
seen that 7w > M2/2 and that
(5.13) Daut® = (1+ agMyz™|€¢|~)we* fori=1,...,n—1,
7= [€* + a2 Maz™|€]| 2,

son/2 < |¢? < 3n/2.
Now if My > R~! + M(R), then, as in Lemma 5.1, there is a constant ag
depending on K, u, uo, ti1, 42, i3, n, a2 such that for a3 > ag we have

FijD,'jw + 217AijD¢jk’u,€k > (01/2)M2C2

at a maximum of w. Since

1 g .
Dynrutt = ~Fom { )" FiDijpué* + FiDyugt + F,(Du- €) + F, - E}
i+j<2n

we may, by suitable redefinition of A%, assume that A®™ = 0. By increasing
a; as needed, we then infer that w cannot attain its maximum where z" > 0 if
M; > 1/R + M(R).

We now consider a boundary maximum for w. On B% x R"*~!, we have

GiD,"w = (G’Dm)tb + nGiDi’lI) + a1MQGiD,‘v' + a2M217)|§|“2x.
Since G*Dyv' = —G,v' — Gy, Diu, and B|¢|~2 > M2/2 > 1 it follows that
G'D;w > (e — C(K, p1,n)) M| ¢|"2x + G* Db

provided Mz > R~! + M(R). We now differentiate the equation G [u] = 0 twice in
the tangential direction £ to obtain

(5.14) GiDikufk +G.Du- £+ G- E =0,
(5.15) g . .
— G' Dt = G Digut* Djmut™ + 2G% Digut® (Du - €) + 2G%, - £Djrut*
+ G2 (Du- €)? +2(Gap - €)(Du- €) + Gy £°€ + G0

Now from (5.14) and the first structure condition in (5.11), we have

D] < iy (Z IDixugk] + (K + 1)I£I)

<n

while from (5.13) we have

agMaz™|€| ™4 < 2aamiz™|€|7* < 1.
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Combining these inequalities with (5.15) and the second structure condition in
(5.11) (together with the estimate n% < 1 < 1?), we therefore infer that

nG'Dih > —C(K, py, pa, n)n?|€|2x.

Consequently .
G'Dyw > (a2 — C)M;_lblfl_zx >0

for ag = C and thus w cannot attain its maximum on B® x R"~!, and the lemma
is proved. 0O

Of course, by virtue of the condition (5.10), we infer immediately a bound on
nr|D?u| and, in particular, on |D?u(0)| under the hypotheses of this lemma. By
means of a more careful analysis of its prcof we can improve the form of the estimate
on M. In particular, if the condition (5.4) is strengthened to

(5.16) F(X,Y) < paX(Irl lg1” + 131 Is])

(so that F becomes jointly convex with respect to p and r), then the hypothesis
(5.10) can be dispensed with, and the estimate (5.13) is independent of u3 and
M(R). We also note here that the condition (5.11) is merely a one-sided quantifi-
cation of the statement G € C2.

To complete our second derivative estimation, we need to establish (5.10). As a
preliminary result, we derive a bound on G*D;,u, which is the correct analogue of
D, ,u for the nonlinear boundary condition. Because of the nonlinearity of G the
method of [27] is inadequate here and in its place we employ a subtle argument
based on the boundary gradient estimates on [10 and 15].

LEMMA 5.3. Letu € C?(BtUB®)NC3(B™) satisfy Flu] =0 i BT, Glu] =0
on B%, |u| + |Du| < K, and for R < 1, set

M(R)=  swp  nalDgug'el/lel.

BONBr xXR™~

Suppose F satisfies the structure conditions (5.1),(5.2), (5.3) with Q@ = B while G___

satisfies

YiY; > —paBolY|?

3G 8*G
(517) X > IBOa |GI’ Ia_xvz < ﬂlﬂOv 3X16X]

for all X = (z,2,p) withz € BY, |2| +|p| < K, and all Y € R?*"*1. Then, if o and
81 are positive constants satisfying o < 1 and

|D'u(z) — D'u(y)] < le — " for all z,y € B,
there exists a constant Ro € (0,1) depending only on 0,61,n,u, and p1, such that
for any R < Ry and arbitrary € > 0, we have
1

(5.18) % sup nrRG'Dinu < eM'(R) + Ce
o

where Ce depends on €,0,61, R, K, i, o, p1, b2, M and n.

PROOF. With Rp to be determined and R < Ry fixed, we choose y € B° so
that G D;,u attains its maximum over BO at y. Setting w = (g + [it)nr, where
9(z) = G(',u(z), Du(z)), 9(z) = |D'u(z) — D'u(y)|? and fi is a constant to be
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determined, we shall apply a barrier argument to estimate the normal derivative of
w at y. First we observe that, for 7,7 = 1,...,n — 1 and = € B}, we have

|Di(nr(z)[Dsu(z) — Dju()])| = |Dinr(z)[D;u(z) - D 'u(y)] +nr(z) Diju(z)|

46‘ |x Yo+ M' < 7 LYe

if 4R < 1. Since g =0 on B, it therefore follows that
w(z) < fi(nr|D'u — D'uly)|) ng """
< ﬁan(l/R + Ml)r612-r|z _ y|2o+1'—a1'

for z € B}, and any 7 € (0,1). In particular for 7 = (4 — 70)/(4 — 40), 0 < 4/7, we
have 20 + 7 — o7 = 1+ 0/4 and hence

(5.19) w(z) < jiCy1(61,m, R,0)(1 4+ M')"|z — y|1+o/4
for z € BY. We now need a suitable differential inequality for w on B which we
get by estimating F*? D;jw. First from the structure conditions (5.17), it follows
thet F'Dijg > —C(K, p1, p2,m)BoA(1 + | D?ul?),
|Dg| < C(K, p1,m)Bo(1 + | D?ul),
so utilizing (5.1), (5.2) (or rather the consequent bound (4.6)), we obtain
FDij(nrg) > —BPo(nrC? + R™?)
where 7z depends on K, u, uo, 1, p2,n and M. Furthermore by (5.1), (5.2), (5.3)
FD;;v = 2C? — F*Dyu(Diu — Diu(y)) — F.8 — Fi(Diu — Diu(y))
> 2C% — (2612 — yl” + (61]e — y17)?)ua (|1 D?uf? + 1A
zg@—
if R is chosen sufficiently small, in terms of n, u, uo, p1, 61 and o. Since |F* D;v| <
2(AC?)Y/2, we infer that
FD;;(nrd) >nrC? — CR7ZA
and therefore for i = 7By, we have
FijD,'jw > —C2A
where Cy = C2(K, p, po, p1, 42,1, M, R). Next we set ¢(z) = |z — y|'t9/4, and

note that ¢ € C°(B};)NC2(B}) and | Dg| + (™)1 ~°/4|D2| < & for some constant
® = ®(n, o). Hence for

W= ¢ +4u(1 +@)(z" ~ (z")'*7/4) /o,
we have FD;;w < —A in B};. Finally we set
= (AC1(1+ M')" + C2)Bo

and note that w =0 on dBgR N Bt, w > 0 in B*. Hence
F9D;j(w—p*w) >0 in BE,
w—p*w<0 ond(BrNBT)
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so the maximum principle implies that w < p*w in B;’t'. Therefore, in particular,
D,w(y) < p*D,w(y). Upon computing D,w(y), we see that
(5.20) Dyw(y) < C(1+ M) S.
Now using the fact that v, D, %, and g vanish at y, we obtain
an(y) = nR(GiDinu + GzD‘nu) (y)
> nrG*Dinu(y) — p1 K fo.

The desired estimate follows from (5.20) and (5.21) by recalling the choice of y and
noting that for any 6 > 0, we have (1+ M)™ < C(r,0)+0M'. O

Note that the above proof uses the Holder continuity of Du in a crucial way,
whereas only continuity is required for Lemmas 5.1 and 5.2. The hypotheses of
Lemma 5.3 may be weakened slightly in that A can be replaced by F™" in (5.1) and
Ar|? by & in (5.3). Note also the second derivative conditions in (5.11) and (5.17)

involve opposite inequalities. Intersecting (5.11) and (5.17) yields the structure
condition

(5.21)

oG 0*G .
. = < < =1,...
(5.22) IGl,'axil < pix, |6Xin' < p2X, ,3=1,...,2n+1,

for all |2| + |p| < K, which simply quantifies the hypothesis G € C%(I"). To see
this, we observe that (5.22) implies |0 log x/3X;| < u2 for |z| + |p| < K, and hence
supx < C(n, K, diam Qa N?) inf X

so that (5.17) holds with By = inf x and appropriate u1, p2.
It is now a simple matter to infer our second derivative estimates.

THEOREM 5.4. Let 90 € C* and let u € C3(02) N C*(N) be a solution of the
boundary value problem (1.1),(1.2) with |u| + |Du| < K in ). Suppose that F and
G satisfy the structure conditions (5.1),(5.2), (5.3), (5.4), and (5.22). Then for any
g€ (0,1),

(523) sup 'D2u| S C(K) M, Ko, U1, U2,N, 0, Qa M, [Du']o;ﬂ)'
Q

Furthermore 1f (5.3) is replaced by (4.3), we have

(524) Slép|D2U| < C(Kv My oy K1, 42, T2, Qa 0, M)

PROOF. From the last statement in Lemma 5.1, a standard flattening of the
boundary argument, and the remarks following Lemma 5.3, it follows that we need
only verify (5.10) under the other hypotheses of Lemmas 5.2 and 5.3. Moreover if

we set . 2
My = sup (&nrDijug'¢)/|¢I",
BOxR"
M, = sup (£nrDiu€'€')/|EP,
BOxRn-1
then (5.8) will imply (5.10) provided we show that
(5.25) My <Ci+(1+e)M, +eM.

for all € > 0, where C} is a constant depending on ¢ and the quantities in (5.23).
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To prove (5.25) we choose y € B® and ¢ € R™ with [£| = 1 so that
M = nr(y)Diju(y)€'€’.
Now if we define vectors ¢ and ¢ by ¢" =3™ =0,
G=€-Gx, T=ENE+E),  i=L.n-1,

then ¢, |x¢| < C(p1) and Dyul'é? = D;juc’¢? + Dijug*G? + ((€™)2G'/x)Dinu
so that

(5.26) M; < M, + D;jug*G? + Cy + eM/, +eM”,
where Cs is the constant of Lemma 5.3. Since ¢™ = 0, we have
Dijug'G? = =G, Du -3 — Gy - < C(u1)[glx < C(w)-

Inserting this estimate in (5.26) gives (5.25). This proves the estimate (5.23). The
last assertion in Theorem 5.4 then follows by combination with Theorem 4.1. O

We close this section by pointing out that the regularity hypotheses in Theorem
5.4 can be relaxed. First, similarly to the situation in §3, we need only assume
0N € C3 for some o > 0. Moreover, all the results in this section remain valid
for u € C%(N).

To verify this last assertion, we first use standard difference quotient arguments
[9, §86.4 and 17.5; 1, §11] along with the L? estimate [1, Theorem 15.1] to infer that
u € W39(Q) NW,29(Q) for all ¢ > 1. This regularity clearly suffices for Lemmas
5.1 and 5.3. In Lemma 5.2 we replace w by

Wh(z, €) = [u(z + h€) + u(z — hE) — 2u(z))/h2.

The argument of Lemma 5.2 is then modified according to the discussion after
Lemma 3.1, taking into account that @ — @ in W19,

Note that for n = 2, Lemma 5.3 and the gradient estimates of Von Wahl [33],
directly imply (5.23), (5.24) with § = 1 for 8Q € C? and without the second
derivative condition (5.4).

6. Holder estimates for second derivatives. We arrive now at the final
stage of our series of estimates. Assuming that we have bounded u along with its
first and second derivatives, we estimate the Holder norm of the second derivatives.
In outline, the derivation of this estimate is similar to that of the second derivative
bounds in §5. A partial estimation of pure tangential derivatives is accomplished
by a modification of known methods for estimating all pure second derivatives for
the Dirichlet problem [9]. On combination with a full estimate on the quantities
G'D;;u, ( = 1,...,n), we deduce the complete bound for D?u. A new complication
is that our one-sided estimate involves the behavior of the second derivatives in a
neighborhood of the boundary, while initially the two-sided estimate is valid only
on the boundary. This difficulty was overcome in [27] by conversion to a divergence
structure situation. Here we proceed under more general hypotheses by using the
Schauder interior estimates, although the elimination of the hypothesis (6.3) below
would be of some interest. As the nontangential derivative bounds can, unlike
the case in Lemma 5.3, be dealt with independently of the one-sided tangential
derivative bounds, we consider them first.
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LEMMA 6.1. Letu e CY}(BTUB®)NC*(B™) be a solution of F[u] = 0 in B,
Glu] = 0 on B, with |u| + |Du| + |D?u| < K in Bt and suppose there are positive
constants a < 1 and By such that, for @ = BT, F and G satisfy the structure
conditions

(6.1) A<px  |Fp|,|Fel, [Fa| <
0%F : _ _
(62) s Y < uaATP + 1ol + (7 + la)el)
10F
(6.3) ‘—— < p3;
oG 0%G
. n> 3. el . .
(6.5) G(0) = &'

for all X eTk ={(z,2,p,7) |z € O, |2| +|p| + |r] < K} and for allY = (§,q,3) €
R™*1 x R™ x S™. Then there are positive constants n depending only on n and p
and C depending also on K, n,a, p, puy, po, 43 such that for any R <1

(6.6) 0scp+ D;,u < CR", i=1,...,n
PROOF. Let us define, similarly to the proof of Lemma 5.3,
0(2) = 9(¢',2") = 5 G(@', ula), Du(a)
and set a¥ = F" /), L = a¥ D;;. Then
|Lg| < C(K,n,u1,p2) in BT, g=0, on B°.

It then follows from Krylov’s boundary Holder estimate [12, Theorem 4.1], in par-
ticular inequality (2.14) in §2, that there is a constant n = n(n, u) € (0, 1) for which
the function v, given by v(z) = g(z)/z", satisfies

(6.7) 0sCp+ v <CR" foral R<1,

where now C depends on K,n,pu;,us and u. Next we observe that the interior
second derivative Holder estimate [30, (6.16)] implies that for a further constant
e = ¢(n, u) € (0,1), we have | D?u|}. 5, < C whence by condition (6.3)

laij|;€;B+ + nglze;B‘*’ < c

where now and henceforth C depends on K, n, u, 1, 42, 43 and a, and the interior
norms are as defined, for example, in [9, Chapter 4] or [30, §2]. Now we can apply -
the Schauder interior estimate [9, Theorem 6.2] to conclude, in particular, for any
ball B; = Bg(y) with B2 = Byr(y) C Bt and any 5 € (0, 1],

68) R-"(Dalyiz, + [Dalos, < C Floloz, + ).

The combination of (6.7) and (6.8) readily yields a local boundary estimate
(6.9) [Dgl,,. B}, <C,
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where 7 = n(n, u) € (0,1) [24] (see [9, Theorem 8.29]); however for our immediate
purposes we need only use the gradient bound on (6.8) to deduce for any point
y€Bf,R= 1y,

1
|Dg(y)| < C (1—2 sup |g|+ R) <Clyl"
Br(y)

by (6.7), provided we normalize v(0) = 0. Writing
ﬂoDig = G"D;pu + (Gj - 6j"Gn)D¢j’u, +G.Dyu+ Gy,

the desired result then follows from the conditions (6.3), (6.4). O

Note that since F € C?, X is automatically in C%! and also by virtue of the
discussion preceding the statement of Theorem 5.4, the conditions (6.4) may be
replaced by the hypotheses

o6 26| |06 o'
Bp dz oz 3X,;Xj
while the condition (6.5) may be achieved through a linear coordinate change:

' — ' — z"G*(0)/G™(0), 1< n,z" —z".

For equations in two variables, Lemma 6.1 (without the restrictions (6.2), (6.3))
follows from Morrey’s Holder estimate [9, Theorem 13.4] and, when adjoined to
the corresponding interior estimate [9, Theorem 17.11], it implies a global second
derivative Holder estimate which we return to later in this section. In the general
n-dimension case there are n(n—1)/2 > 1 second derivatives not directly controlled
via Lemma 6.1. To get appropriate control over these other derivatives we modify

the proof of [30, Theorem 6.1] using our boundary weak Harnack inequality, Lemma
2.1, and in this way obtain the global Holder estimates.

THEOREM 6.2. Let u € C3(02) N C*(Q) be a solution of the boundary value
problem (1.1),(1.2) with |u| + |Du| + |D?%u| < K in Q, and suppose that F and
G satisfy the structure conditions (6.1),(6.2),(6.3),(6.4)'. Then there are pos-
ttive constants n = n(n,u) < 1, C1 = C1(K,n,u, u1,u2,us3,a,Q) and C; =
Ca(K,n, p, py, p2,diam Q) such that:

(610) [Dzu]n;ﬂ < Cl;
(6.11) - [D%u)y,ar < Co[dist(€Y,80))~"
for any Q¥ Ccc 1.

PROOF. The Evans-Krylov interior estimate (6.11) is contained in [30, Theorem
6.1] so that we need only estimate the Holder norm near Q) which we may assume
has been locally flattened with (6.1), (6.2), (6.3), (6.4) holding. Now for (z,¢) €
Bt x R™~1, with |¢| = 1, we set h(z, {) = D;;ué*¢’ and note that by appropriate
adjustment of u, we may assume without loss of generality that 0 < h < 1. Asin
Lemma 6.1, we see that for any such &, the function h satisfies

(6.4) < px, ) < p1x; < pax,

—FijDijh < AC E |D¢jku| +1

1+j<2n
k<n
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Now let ¢1,...,&nm be unit vectors including e;, (e; + €;)v?2, ¢,5 = 1,...,n — 1,
where e;,...,e,_1 denotes the canonical basis in R*~1. Set

M
hi(z) = h(z, &), k=1,...,.M, =) (k) a7 =F9/)
k=1

and for € € (0,1) to be chosen later, set
wi = hy + v/, k=1,...,M.

If we write E = {£1,...,€Mm}, then we obtain (similarly to the interior case (30,

(6.7)])

—-a“¥D;jwp <@ in B, -G, -Dwr <W;,; on B°

for @ = C(K,n,u, p1,p2, M)/e? and @1, = C(n, K, p, w1, p2, M)(1 + €). Thus we
are in a position to apply the weak Harnack inequality, Lemma 2.1. To do this we
set, for R < 1, p=1/(4np),

Zr=G(p,R) = {|z'| < R,0 < 2" < pR},
G' =G'(p,R) = {|7'| < R,pR < =" < 3pR/2}
and, fors=1,2, k=1,..., M,

sR sR

M
W = supw, M,Ss) = sup h, mfc") = }i:nf hgr, Ww'(sR)= Eoscz,k hk.
sR k=1

Applying Lemma 2.1 to the functions W,£2) — wy, we infer that there are constants
C and « depending only on n, u such that

1/
(R-" /G W - wk)'°> <ow® -w® + BR? + iy R).

Noting that
WD — w2 M2 — M 2eKu 2R),
W}gz) _ W’SI) < MIS2) _ M,El) +2¢KW'(2R),
we infer that

1/
(6.12) (R‘” /G I(M,E”—hk)") < Ci(M® - MY + Kew'(2R) + BR® + 5, R)

for some C; = Cj(n,pn). Next we conclude from Lemma 6.1 that

(6.13) oscg+ Dinu < T, R?

for some 8 = O(n,p) and 7, = Hy(a, K,n, pu, p1, 42, u3). We now connect (6.12)
and (6.13). By the Motzkin-Wasow lemma (9, Lemma 17.13], there are positive
constants A\*,A*, N and unit vectors ¢1,...,¢n depending only on n and g, and
functions ok, k = 1,..., N, with A* < o < A* such that

a? =) il
k=1
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moreover, we can take these vectors to include e; and (e;+e;)/v2 fori,j =1,...,n,
1 < jJ, where e; is the sth standard basis vector and ¢y = e,. We now choose
M=N-1land,fork=1,...,N -1, we set

€ = ¢k/Iskl;

gk = gk(z) = h(z, &) = [ck[*hk + 26F 6k|6E Djnu + (6F)? Drnu,
k= gk — 6k [* P,

gN = gn = h(z,¢n) = Dnnu.

Since 0 < |¢] < 1 for k < N, it follows from (6.14) that

(6.15) |gk(z) — Gk(y)| < 412R? for z,y € G’k =1,...,N.

Now setting, for s = 1,2,

(6.14)

N
Gy =supgr, g7 = infg, w(sR)= ) oscs,q gk,
Zsr Zor k=1

we conclude from (6.12), (6.14), and (6.15) that

1/
-
GI

< C1Kew(2R) + Co(n, u)(GP — GV + TR? + 1, R + T RY).

The desired Holder estimate (6.11) now follows from this inequality in the same
way that [30, (6.15)] follows from [30, (6.9)]. O

We remark that it follows from linear regularity considerations, or in particular
[23, Theorem 6], that the estimate (6.11) is valid for all » < 1 with constant C;
depending in addition on . We also note that the regularity hypotheses in Theorem
6.2 can be relaxed. First of all, by virtue of Lemma 2.2, we need only assume that
00 € C34 for some 6 > 0 and, as in §5, u € C?(01). More significantly, by invoking
the regularity technique of [31] with variable directions, it suffices to only assume
u € CHI(N).

The combination of Theorems 2.4, 3.3, 4.1, 5.4 with Theorem 6.2 now yields
the global estimate, Theorem 1.1, asserted in the introduction. Furthermore by
virtue of our previous remarks concerning the two variable case, we may eliminate
all dependence on the second derivatives of F' in this case, so that Theorem 1.1
holds for F € C!(T') (even C%!(T')) satisfying F1, F2, F3 with 4Q € C3. The
assumptions on the boundary data may also be relaxed but this aspect shall be
postponed for a further investigation.

7. Existence results. Various existence theorems, such as Corollary 1.2, may
now be deduced from the estimates of §§2 to 6. ‘We shall present separately the
quasilinear and fully nonlinear cases as the existence theorems for the former only
require C1® estimates. Moreover our first existence result below for the case of
a quasilinear equation with a quasilinear boundary condition follows directly from
the Leray-Schauder theorem, familiar from the corresponding Dirichlet problem.
For the cases of quasilinear or fully nonlinear equations with general nonlinear
boundary conditions, the nonlinear method of continuity or some related technique
must be used to prove the basic existence theorems although the Leray-Schauder
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theorem can then be used to remove those hypotheses introduced for purely func-
tional analytic reasons. Various of these problems with fully nonlinear boundary
conditions will be discussed.

We begin by recalling the a priori solution bounds from [18, Lemmas 3.1, 3.2]
which we formulate here for fully nonlinear equations. Throughout this section we
shall assume that the boundary value problem

(7.1) F[u] = F(z,u,Du,D?*u) =0 in Q, Glu] = G(z,u,Du) =0 in AN

is elliptic on I' and oblique on IV so that A and x are positive wherever they are
defined.

LEMMA 7.1. Let 0 € C? and nonnegative p € C%(Q1) satisfy Dp = ~ on 0.
If there are nonnegative constants My and my such that

(7.2) 2F(z, z, Dw, D*w) < 0,

(7.3) 2G(z,2,Dw) <0

for all|z| > My and w = —(sign z)mqp, then any solution of (7.1) obeys the estimate
(74) [ulo;2 < Mo + milplo;a.

PROOF. We only prove the upper bound for u; the lower bound is proved
in a similar fashion. Set v = vg — myp, where vy is a constant chosen so that
sup(u —v) = 0, and let o be a point in 1} where u = v. If zy € 1), then

G(zo,v0 — m1p(Z0), —m17v) = G(zo,u(xo), Dv(zo)) > G(z0, u(Zo), Du(zo)) =0
so we must have
vo < Mo + myp(zo) < Mo + ma|plo.
If z¢ € ), we have
F(zo,v0 — m1p(z0), —Dw(zo), —D*w(z0)) = F(zo,u(z0), Du(zo), —m1D?p(x0))
> F(zo,u(z0), Du(zo), D*u(z0)) = 0,

so that again vg < My + my|plo- Combining these two cases with the obvious
inequality u < vy completes the proof. O

It is a simple matter to construct p € C2({1) with Dp = ~ on 30} whenever 9Q €
C2. An interesting feature of the above proof is that no monotonicity assumptions
with respect to z are made on F or G. Note also that (7.2) and (7.3) are modelled
on the linear problem

Au—u=f(z) inQ, Du-~=g(z) ondN.
An estimate of |u|o based on the linear problem

Au= f(z) in 1, Du-y—u=g(z) on ],

is also possible. For this case we recall [18, Lemma 3.1] (in its obvious fully non-
linear form).
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LEMMA 7.2. Suppose there is a nonnegative constant u; such that
(7.5) (sign 2)F'(z, 2,p,0) < pa A(1 + |p])
for allz,z,p € 1 x R x R™, and a nondecreasing function My such that
(7.6) (sign2)G < 0 for |z| > Mo(|p|)
and (z,2,p) € A x R x R™. Ifu e C1(0) N C?(Q) is a solution of (7.1), then
(7.7) ulo;a < C(p1, Mo, €2).

All of our existence results will be stated using Lemma 7.1, the corresponding
formulations based on Lemma 7.2 being left to the reader. The following regularity
result, taken from [23], will also be employed throughout this section.

LEMMA 7.3. Let 00 € C%* for some a € (0,1) and suppose that F € CH*(T),
G € CH*(I"). Then any solution u € C?*(Q1) of (7.1) automatically lies in C>*(00).
For quasilinear F we need only F € C%(T).

Lemma 7.3 follows from the intermediate C**(0) estimates of [21] for solutions
of linear problems with C*({2) coefficients in C%* domains. Let us now deal first
with the quasilinear case.

Quasilinear equations. We first consider the quasilinear problem

Q[u] = a¥(z,u, Du)D;ju + a(z,u, Du) =0 in 0,
G(z,u,Du) =0 on 01},

for the special case when G is also quasilinear, that is,

(7.9) G(z,z,p) = b(z, 2) - p+ g(z, 2),

where b* and g are real valued functions on Q2 x R.

THEOREM 7.4. Let 90 € C** for some o € (0,1) and a¥/,a € C1(IxRXR™),
b*,g € C1*(00xR) and suppose that the following structure conditions hold for all
(z,2,p) € A xR x R", some positive function A on (I x R x R™ and nondecreasing
functions u, po, 41 on R:

(7.8)

(7.10) aiiig; > MEP for all ¢ €R™
0] < u()%; lal < pollz)AC + IpP);
(7.11) (1+ o) laf], la], o] < ()

(1+IpDlagl, lazl, laz| < pa(lz)A(L + [p[?).

Suppose also that b-~ > 0 on 91 x R and that (7.2),(7.3) hold. Then the problem
(7.8),(7.9) has a solution u € C%>(11).

PROOF. For § € (0,1) to be chosen, define a map T': C14(11) x [0,1] — C14(1)
by letting u = T'(v,0) be the unique C%%%({1) solution of the problem

o(a”(z,v, Dv)Diju + a(z,v,Dv) +v—u) + (1 —0)(Au—u) =0 in(Q,
b(z,v) - Du+ og(z,v) =0 on oM.

It follows from [9, Theorem 6.31] that T is well defined, that u = T'(u, o) implies u €
C%>(11), and that u = T'(u, 1) if and only if u is a C**(f?) solution of (7.8), (7.9).
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A standard argument, similar to the one in (9, §11.4], shows that T is compact,
and the boundary point lemma implies that T'(v,0) = 0 for all v € C%%(01). Thus
the Leray-Schauder fixed point theorem in the form [9, Theorem 11.6] reduces the
solvability of (7.8) to the establishment of uniform C':%({) estimates for the fixed
points of T(-,0). These fixed points are all solutions of

Qolu) =0Qu+ (1 —0)(Au—u) =0 in(Q,
Golu] = b(z,u) - Du+ og(z,u) =0 on 91,

and Q,, G, satisfy the hypotheses of Lemma 7.1 with the same m; as in the hy-
potheses of this theorem and My replaced by max{ My, m1|Ap|o}. Next conditions
(7.11) imply that F1 and F3 hold for F = Q, while in addition the quasilinear
structure gives F2. Also G2 and G3 are automatically satisfied for G, because of
the quasilinearity of the boundary condition. It therefore follows from Lemma 7.1
and Theorems 2.3, 3.3, and 4.1 that any solution of u = T'(u, o) obeys the estimate
|ul1,5,0 < C for some constants C and § € (0,1) independent of u and o. Using
this 6 in the definition of T completes the proof. O
Note that (7.2) will hold for any positive m; if
lim (Slgn z)a(z, 2,p)/A(13, Z,p) =—-00
| 2] =00

uniformly on bounded subsets of {2 x R™ while (7.3) will hold for the operator (7.9),
for any positive my, if

Jim (sign2)g(z,2)/b(z,2) 7 <0

uniformly on 8. Moreover we need only assume a¥,a € C%1(Q1 x R x R™), and
if also only b,g € C%({Y x R), then a simple approximation argument yields a
solution u € C18(1) N C%B(Q) for all B € (0,1). When the boundary condition
is not quasilinear, even if the differential equation is, the Leray-Schauder approach
is no longer immediately applicable. In its place we use the nonlinear method of
continuity [9, Theorem 17.30].

LEMMA 7.5. Let o,6 € (0,1) and 80 € C?*. Suppose that a*,a
€CHO xR xR"), GeCH(AN xR x R™), a¥,a,ap,a, € C5(A x R x R™),
Gp, G, € C1¥(30 x R x R™) and that (7.10) holds together with

(712) a¥ =0, a,<0 nQxRxR", G, <0 ond0xRxR".

Then, if for some ¢ € C3(Q1) and some B € (0,a) the set E = {u € C*A(Q)) |
Qlu] = oQ[¥] in Q, Glu] = oG] on 8N for some o € [0,1]} is bounded in C1(17),
the boundary value problem (7.8) has a unique solution u € C>%(11).

PROOF. From [9, Theorem 17.30] and Theorem 4.1 we obtain the unique solv-
ability of (7.8) in C%A(f) and hence in C%%({1) by virtue of Lemma 7.3. O
"~ The smoothness assumptions on @ and G may in practice be weakened through
approximation (see also the discussion after Corollary 7.7). Functions 1 can also
generally be chosen to satisfy G[¢)] = 0 on 91 (see [19, Theorem 2]). We can now
prove an existence theorem for quasilinear equations under the natural structure
conditions.
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THEOREM 7.6. Let 80 € C?“ for some oo € (0,1). Suppose that a'’,
a € CYQ1 x R x R™) satisfy the natural conditions (7.10),(7.11) while G €
CL(01 x R x R™) satisfies G2, G3, that 1s

IG(z,2,0")| < wo(lz)x(L+1p) (@ =p—(p-)V);
(1+ [p)|Gpl, |G:|, 1G=| < pa(l2])x(1 + |p))-

Then if (7.2), (7.3) hold for some My and my, the boundary value problem (7.8) has
a C%2(0) solution.

PROOF. This time we define a map T: C%(11) x [0,1] — C?((?) by letting
u = T(v,7) be the unique C%*(11) solution of

7(a”(z,v, Dv)D;ju + a(z,v,Dv) + v —u) + (1 = 7)(Au—-u) =0 inQ,
7(G(z,v,Du)+v—u)+ (1 —7)Du-y=0 on oM.

We must first show that T is well defined. Assuming temporarily that G satisfies
the smoothness conditions of Lemma 7.4, we apply Lemma 7.4 to (7.14) with ¢ =0
and fixed (v,7) € C?((1) x [0,1). The set E corresponding to (7.14) is bounded in
C'(Q) by virtue of Lemma 7.1 and Theorems 2.3, 3.3, because A > 1 — 7. Hence
T is well defined on C?(1?) x [0,1). To see that T is well defined for 7 = 1, we
observe that (7.14) has at most one solution if 7 € [0,1] and that for fixed v,
the functions T'(v,7) are uniformly bounded in C**(Q) for 7 € [0,1] and hence
T(v,1) = lim,; T(v,7). It then follows from Lemmas 7.1, 7.3 and Theorems 2.3,
3.3, and 4.1 that T is compact, and an argument similar to that in Theorem 7.4
completes the proof. 0O

By further approximation of the boundary function G (for example by means of
mollification), we may further reduce the smoothness of G in Theorem 7.6.

(7.13)

(7.14)

COROLLARY 7.7. Suppose all the hypotheses of Theorem 7.6 hold except that G
is only assumed in C% (1 x R x R™) (with (7.13) holding for the weak derivatives
of G). Then the boundary value problem (7.8) has a C1B(TY) N C?*(Q) solution for
some 3> 0.

More generally we can conclude, in the absence of conditions (7.2), (7.3) in
Theorem 7.6 and Corollary 7.2, that the problem (7.8) is classically solvable if
the family of fixed points of the problems (7.14) is a priori bounded in C°(f).
Other families may also be substituted. An important feature of Theorem 7.6 is
its applicability to problems which are not uniquely solvable (cf. [9, Chapter 17;
14, Chapter 10; 16, 19|, etc.). For example, let f € C!(R) and g € C1*(R)
satisfy f(2) = g(z) =0 for |z| < 1, —f(2) = g(2) = 2/|2| for |z| > 2. Then all the
hypotheses of Theorem 7.6 are satisfied for the problem

Au+ f(u)=0 inQ, Du-y+g(u)=0 ondQ

provided 8Q € %, and any constant in the interval [—1, 1] solves this problem.

Note that Theorem 7.6 extends Theorem 7.4. Also Theorem 7.6 includes [18,
Theorem 2] provided we rewrite conditions (7.11) in terms of the operators § and
¢’ from §3. As a special example we consider the problem

Qu=Au—u=0 in(, Glu] = Du- v+ g(z,u)(1 + |Du>)*/> =0 on o0
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A straightforward calculation shows that the hypotheses of Theorem 7.6 are satisfied
if g€ CH*(80 x R) and

sup lim g¢(z,2)signz < 1.

a0 |z|—oo
Using [18] we would need more smoothness of g,d(}, and, more significantly, the
inequality g, < 0.

Before moving on to fully nonlinear equations we digress to point out that the
conditions G,,Gp € C1(11 x R x R™) in the statement of Lemma 7.5 may be
removed at the outset by applying the method of continuity argument with the
weighted Holder space Hé;ll,_ﬁ )(Q0) from [8] in place of C*A (1Y) and the intermedi-
ate Schauder theory of [21] in place of [9, Theorem 6.31]. A key observation here is
that a solution u € Hy, 5~ (Q) of Q[u] = 0Q[u], Glu] = oG[y] will lie in C2A(T2).
The weighted Holder spaces can also be used to replace the assumption 1 € C3(0)
with ¢ € H§_2_B ). in which case [8, Theorem 2.5 and 19, Theorem 2] shows that
1 can be chosen to satisfy G[¢)] = 0.

Fully nonlinear equations. For fully nonlinear equations, we combine the
method of continuity [9, Theorem 17.28], Theorem 6.3 and Lemma 2.3 to obtain
the following result.

LEMMA 7.8. Let 91 € C* and suppose that for some a € (0,1), we have
F € C%(T), G € C>*(I") with F concave with respect to the r variables. Suppose
also that A extends to a positive function on I’ and

(7.15) F,<0 onT, G, <0 onl.
Then if for some ¢ € C4(Q) the set
(7.16)

E ={ucC**Q) | Flu] = oF[Y] in Q, Glu] = cG[sb] on N for some o € [0,1]}
1s bounded in C%((1), the problem

(7.17) Flul=0 A, Glu] =0 on 9N

has a unique solution u € C%*(1).

Standard linear theory improves the solution in Lemma 7.8 to lie in C34({7) N
C42(Q) for all § € (0,1) and moreover I € C*+* implies u € C**(07). Although
the hypotheses of Lemma 7.8 are easily weakened to conform with those in Lemma
74 (e.g. N € C3°, F € C?, F,,F,,F, € C"*), this greater generality makes
the statements of resuslts much more cumbersome. Therefore we leave it to the
reader to supply refined versions of our theorems. We are now in a position to
prove Corollary 1.2.

THEOREM 7.9. Let 00 € C*4, F € C*(T), G € C?(I") and suppose that F
satisfies the structure conditions F1-F5, that s
(7.18) A <p) |F(z,2p,0)| < por(1+p|>),
(7'19) |Fp|’|Fz|,|Fz| < ll'l’\(1+ |pl2 + lrl),
(7.20) |Frp|’|Frz|a|Frz| < p2A,
|FPP|’ lez|a |sz|! |Fzz|? |Fz:c|’ IF:m:l S /"'2’\(1 + |T|)’ F'rr S 0,
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in T, where po = po(|2]), p1 = pa1(|2]), p2 = pa(|2| + |p|) are nondecreasing, and
G satisfies G2,G3, that is (7.13).
Suppose also that

(7.21) sup F, <0, supG, <0.
r r/

Then the boundary value problem (7.17) has a unique solution u € C>%(Q) for all
a€(0,1).

PROOF. When F € C%%, G € C%2, and ), x are bounded away from zero, the
result follows easily from Theorems 2.3, 3.3, 4.1, 5.3, 6.3 and Lemmas 7.1 and 7.8.
The general case may then be achieved through approximation by boundary values
of the form

Flul+eAu=0 in Q, Gelu]+eDu-y=0 on 90,

for sufficiently small ¢ > 0, where 0, = {z € (1 | d(z) > €} and F; and G, are
appropriate mollifications of F and G on I x R x R™ x 8" and 1 x R x R",
respectively. O

Next we observe that the condition (7.21) can be relaxed through a procedure
analogous to that in Theorem 7.6 with, instead of (7.14), the problems

7{F(z,v,Dv,D%*u) +v—u}+ (1 -7)(Au—u) =0 inQ,
7{G(z,v,Du) +v—u}+(1—7)Du-y=0 on 0.
We thus obtain the following generalization of Theorem 7.9.

COROLLARY 7.10. Let 89 € C*, F € C*(T), G € C*(I") and suppose that
(7.13),(7.18),(7.19),(7.20) are satisfied and that (7.2),(7.3) hold for |2| > Mo and
some my > 0. Then problem (7.17) has a solution u € C**() for all a < 1.

(7.22)

Our estimates are also applicable to problems involving Bellman operators al-
though in this case we cannot make assertions on the regularity of solutions as
strongly as before.

THEOREM 7.11. Let 852 € C*4, let {Fx} be a sequence of operators with Fy €
C?(T) for each k and let G € CO*((Tx R x R™). Suppose that (7.13),(7.18), (7.19),
(7.20) hold for Fy,G with pjuo, p1, 2 ndependent of k and also

(7.23) sup F . <0, supG, <0.
T,k T

Then the problem
(7.24) Flu] = ix’gf Filul=0 nQ, Glu=0 ondQ

has a unique solution u € C%%(Q) N C1*(Q) for some a € (0,1). Moreover if
G e CH1(f1 x R x R™), then u € CH1(0N).

PROOF. The operator F in (7.24) may be approximated through mollification
as in the case of the Dirichlet problem [9, §17.5] and the operator G approximated
as for Corollary 7.7. The first assertion of the theorem then follows from Theorems
2.3, 3.3, 4.1 and the interior estimates in Theorem 6.2 while the second assertion
depends also on Theorem 5.4. O
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We remark that the condition on d{) in Theorem 7.11 can be relaxed by approx-
imation to 8} € C?* for some 8 € (0,1) (with 90 € C38 to imply u € CH1(11)).
The conditions (7.23) may also be generalized as in Corollary 7.10, with a possible
loss of uniqueness. It is also interesting to note that the boundary condition G in
Corollaries 7.7, 7.10 embraces Bellman type conditions of the form

(7.25) Glu] = iIkI:f (or sup> Gklu] =0 on 99,
k

where Gy € C?(I") satisfy (7.13), (7.23) uniformly in k.

For equations in two variables, our remarks at the end of §§4, 5, and 6 show
that condition (7.20) can be dispensed with in Theorem 7.9, Corollary 7.10, and
Theorem 7.11 with the operators F, Fy only required to lie in C%(T).

Finally we point out that the existence Theorems 7.9, 7.11 themselves can be
used to relax global smoothness hypotheses in our estimates through appropriate
modification of the boundary value problems which cause the given solution u to
become unique. In particular we find that Theorem 4.1 holds for u € C*((1)NC?(0)
whence u € C1:%(0) and by virtue of Lemma 5.1,

sup d2~!|D?%u(z)| < oco.
z€N

By modifying the proofs of Lemmas 5.2, 5.3 (similarly to Lemma 2.2) we then
deduce Theorem 5.4 also for u € C1(f2) NC?%((1). In this case we may create a new
boundary value problem with unique solution u by suitable truncation of G and
replacement of F' by

F= F(z,u(z),p,7) + A(u(z) — 2)

for sufficiently large A. As a result, Theorem 1.1 will be valid for arbitrary classical
solutions.

Supplementary remarks (January, 1986). Since this paper was submit-
ted for publication in 1984, there have appeared further developments [39, 40]
which lead to improvements of our second derivative estimates and the consequent
existence theorems for fully nonlinear equations. In particular it was shown by
Trudinger [40] that condition (6.3) is not necessary in Lemma 6.1 and Theorem
6.2 so that the global estimate (6.10) is independent of p3. It then follows that the
second derivative bounds in Theorem 5.4 may be alternatively deduced through the
interpolation argument of [30, 41] and moreover that if G € C1}({ x R x R")
in the Bellman existence result, Theorem 7.11, then the solution u € C*%(0) for
some o > 0, depending only on n and u. But the hypotheses of these results may
be even further reduced by adaptation of the perturbation argument invoked by
Safonov [39] for the Bellman Dirichlet problem. As a result, the condition (6.2)
in Theorem 6.2 (and subsequently, by interpolation, condition (5.4) in Theorem
5.4) may be replaced simply by the concavity of F with respect to ». This shows
that the natural condition F4 can be dispensed with altogether, both here and in
the Dirichlet problem [30]. Also the assumed boundary smoothness can be re-
laxed to 00 € C%B, G € CA(01 x R x R™) for some B > 0, with the Holder
exponent 7 in Theorem 6.2 depending additionally on (. Taking account of these
developments, we see that in our final existence result, Theorem 7.11, we need only
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assume A} € C%P for some B > 0 with the structure condition (7.20) reduced to
the concavity condition, F,, < 0 and when G € C1A(1 x R x R™), the solution
u € C>*(1)). Further details will appear in the lecture notes [42].

To conclude these remarks we also mention related recent work of Lieberman
[835] and Lieberman and Korevaar [34] on gradient bounds for nonuniformly ellip-
tic quasilinear equations, Nadirashvili [38] on Holder estimates and Madjarova [37]
and Lieberman [36] on the two variable case. Also despite the fact that our tech-
niques in §5 can be replaced by interpolation, they are nevertheless important as
they extend to embrace nonuniformly elliptic equations or obstacle problems where
second derivative Holder estimates are not feasible; (see for example [40]).
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