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UNICITY OF A HOLOMORPHIC FUNCTIONAL CALCULUS
IN INFINITE DIMENSIONS

JOSE E. GALE

ABSTRACT. L. Waelbroeck gives a holomorphic functional calculus for Ba-
nach algebras and analytic functions on Banach spaces. The properties of
this calculus extend the well-known properties for the case of several complex
variables. In this last situation, W. Zame has obtained a theorem of unicity
where the famous condition of compatibility is dropped. We obtain a theorem
analogous to Zame’s for Waelbroeck’s calculus restricted to a certain algebra of
germs of functions. We consider Banach spaces whose topological duals have
the bounded approximation property. Also, results of the same kind as above
are given for bornological algebras.

Introduction. Let A be a commutative Banach algebra with identity. Put
A® =J{A"n=1,2,...}. If a = (a1,...,an) € A", o(a) is the compact subset
of C™ which is the joint spectrum of o in A. Let O(o(c)) denote the algebra of
germs of analytic functions on o(a). We shall identify a germ and a function which
represents it. If 1 < n < m, m,, denotes the projection map 7, n,:C™ — C".
Since o(a’) = Tpm(o(a)), where o/ = (a1,...,8n,8n+1,---,0m) € A™, the dual
mapping of 7.y, is a continuous homomorphism 7},,,: 0(c(a)) — O(o(a’)). If we
denote by z = (21,...,2,) the points of C", Z; denotes the coordinate function
Zi{(z1,...,2n) = 2z, t = 1,...,n. By a functional calculus map for o we mean a
unital homomorphism ¢: O(o(a)) — A such that p(Z;) = a;, for: =1,2,...,n. As
is well known, the “holomorphic functional calculus” (h.f.c.), developed by Shilov
(14], Arens and Calderén [4], and Waelbroeck [16], provides a continuous functional
calculus 6,: O(o(c)) — A. The properties of this calculus can be stated as follows.
Let AA be the space of nonzero, complex-valued homomorphisms of A.

STRONG FORM. There exists a map a — 6, which associates with each a in
A a unital continuous homomorphism 0, : O(o(a)) — A such that

(1) 0(Zi) =a; =1,...,n), if a = (a1,...,ar) € A",

(i) If1 <n <m, and ¢/ = (a1,...,8n,8n41,---,am) € A™ then 0,(f) =
0o/ (f o },y) for each f € O(o(a)).

The family of unital continuous homomorphisms {0: a € A%}, subject to con-
ditions (i) and (ii), s unique.

COROLLARY (WEAK FORM). If 6, is as above,
Oa(f) aa = fo(1,...,4n)lana
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for each f € O(o(e)); that is, 0a(f)" (1) = f(a1(n),-..,an(u)) for each p € AA
(if b€ A, b denotes the Gelfand transform of b).

Certainly, for fixed a € A", it is better to be able to ensure unicity for the homo-
morphism 6, alone rather than for the whole family {65: 3 € A™, n=1,2,...}, but
for a long time, it seemed impossible to drop the undesirable condition (ii) in the
strong form if some kind of unicity was desired. In [18] a great step is given in this
direction by showing that, if the weak form is assumed, condition (ii) is redundant.
After Zame’s paper, the theorem of h.f.c. can be stated as follows.

THEOREM (18, p. 83]. If o = (ai,...,as) i an n-tuple of elements of A,
then 04 1s the unique continuous unital homomorphism of O(o(a)) into A such
that 0,(Z;) = a; for each i, and 0,(f)"|aa = f o &|aa for each f € O(o(a)).

The existing literature in the setting of h.f.c. is very large. For example, the
functional calculus as a part of the theory of automatic continuity can be seen in
[9]. An extension to bornological algebras of the h.f.c. in several variables is made
in [1 and 11]. The hfc. for A-valued analytic functions is studied in [3] and
[12]. We are interested in analytic functions on Banach spaces. L. Waelbroeck has
built an h.f.c. for a Banach algebra and for analytic functions on a Banach space
E (see [8, 17]). In [13 and 15|, the authors independently extend this calculus
to vector-valued analytic functions. Waelbroeck obtained a theorem of unicity
(§1) containing conditions of compatibility analogous to (ii) for continuous linear
mappings T: E — F (F Banach).

The purpose of this paper is to investigate if conditions such as Zame’s may
be given, ensuring the unicity of the homomorphism, without assuming the com-
patibility conditions on the T’s. Affirmative results are obtained if we consider a
Banach space E whose topological dual E’ has the bounded approximation prop-
erty (b.a.p.), and if we restrict the morphism of Waelbroeck to the subalgebra
Owub(o(a@)) of O(o(a)) (definitions in §1). Chidami [8] extends the Waelbroeck
morphism for bornological algebras and spaces. We also give unicity results of
Zame type in this last case as an application of the result for Banach spaces.

Because it occurs in other areas of analysis in infinite dimensions, the approxi-
mation property is suitable for this problem.

1. The unicity of the homomorphism of Waelbroeck. We refer to [17] as
the basic text for the statement of Waelbroeck’s h.f.c. If K is a compact set of E,
we define

d(z,K)=inf{||z - y|:ye K}, B,={z€E:d(z,K)<r}

for each r > 0, Oy(B,) = {f: B, — C analytic and bounded on B,}. The algebra
of germs of analytic functions on K, O(K), is the inductive limit of the algebras
Oy(B,). The topology of uniform convergence on B, is considered on O(B,) and
the corresponding inductive limit topology on O(K).

Let A and E be as above. AQF denotes the completion of the projective tensor
product of A and E. We note that if E = C"*, AQE = A™. For o € ARE, o =
Y n>08n ® Tn, With 3 S o llanl| [|zal] < 00, an € A, zn € E (n=0,1,2,...). If
i€ AA, we put &(u) = _,50n(1)zn. The set o(c) = &(AA) is a compact set
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in E. If T:E — F, F a Banach space, is a continuous linear mapping, we define

T[a]=2an®T:cn€A®F,
n>0

and if w € E', 0,(w) = w[a]. Moreover, for each continuous homogeneous polyno-
mial of degree k, we put

Ou(pk) =prlo] = Y Pr(Tnyse s Tny)an, - Ony,
MN1,...4Nk
where Py is the continuous polar symmetric k-linear form of pi. The construction
of Waelbroeck extends 04(f) for every f € O(o(a)). The strong theorem may be
stated as follows.

THEOREM A. There ezists a unique map o — 0, which associates to each
a € ARE a continuous unital homomorphism 6, of O(o(a)) into A, such that

(i) 6(p) = pla] for each continuous homogeneous polynomial on E.

(ii) For each Fredholm operator T:E — F, F a Banach space, and for each

f € 0(a(T[e]), 0a(f o T) = br(e)(f)
The weak theorem is the following.
THEOREM B. Under the preceding conditions, 0,(f)"|aa = fo é&|aa-

We observe that, for w € E’, §4(w) = 3,50 w(2n)an € A may be considered as
the o(A’, A)-continuous and linear mapping on A’ given by

(@) (1) = 3 w(zn)u(an),

n>0

for each u € A’, and thus we can write 6, (w) = w o @, where «a is considered as a
mapping of A’ into E.

DEFINITION (1.1). Let U be an open set of E. A function f:U — C is said
to be weakly uniformly continuous on the bounded sets of U (w.u.b. on U) if, for
every € > 0 and every bounded subset B of U, there exist § > 0 and a finite set
® C E' such that |f(z) — f(y)| < € for all z,y € B with |w(z) —w(y)| < § (Vw € ).

We denote by Owub(U) the algebra of all such functions which are also analytic.
For U = E interesting properties of these functions can be seen in [19]. For
o € AQE, let K = o(c) and let B,, r > 0, be as above. Each f € Owub(Br)
is bounded on B, [6, p. 197]. Thus, Owub(B,) is contained in Oy(B,), and it
is closed for the topology of uniform convergence on B,. Let Owub(c(a)) be the
locally convex inductive limit of Owyb(By). The homomorphism 6, restricted to
Owub(o () provides an h.f.c. that verifies

(I) 6a(w) =wo a, for each w € F',

(I1) 6a(f)"aa = f o @laa for each f € Oyun(o(a)).

In all of §1 we suppose that the dual E’ has the b.a.p. Then, it is known that
there is a constant C > 0 such that, given ¢ > 0, K a compact subset of E, and
L a compact subset of E’, there exists a finite-rank continuous linear operator
P:E - E, ||P|| < C, with |[|P(z) —z|| < e (r€ K) and |[wo P —w|| < & (w € L)
[6, p. 197]. We shall prove that in this situation conditions (I) and (II) determine
a unique 6,
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LEMMA (1.2). Let f: B, — C be w.u.b. on B,. Givene >0, 0 < s <r, there
18 a finite-rank continuous linear operator P:E — E, ||P|| < C, such that

sup |f(z) - (fo P)(z)|<e  (t=s/C).
TEB;

PROOF. According to Definition (1.1) there exists a finite set ® in £’ and § > 0
such that if |w(z) —w(y)| < é (z,y € B,), |f(z)—f(y)| < €. Also, thereis P:E — E
as above, verifying ||y — Py|| <r —s (y € K), and || wo P —w|| < §/M (w € ®),
where M = sup{||z||: ¢ € B:}, since E' has the b.a.p. Then,

d(P(z), P(K)) < ||P(z) - P(y)l| < Cllz -yl
for every y € K. Thus, d(Pz, P(K)) < Cd(z, K). Therefore, if z € By,

d(Pz, K) < d(Pz, P(K)) + sup ||Py - y|| < C=
veK C

+r—s=r,

whence Pz € B,.

Finally, |w(Pz) — w(z)| < |lwo P —wl| ||z]| < 6M/M =6, and |f(z) - f(Pz)| <
e. QE.D.

Let ©: Owub(0()) — A be a continuous unital homomorphism satisfying p(w) =
w o« for each w € E', and o(f)"|aa = f o &|as. Let P:E — E be a continuous
linear operator of finite rank, and let k be the dimension of P(E). We identify
P(E) to be C*. We write P(z) = (Py(z),..., Px(z)), where P; € E' ( =1,...,k).
Then

Pla] = (E Pi(zp)an,. .., Z Pk(zn)an) € AQP(E) = A*.
n>0 n>0

Let b; = 3,50 Pi(zn)an € A (j = 1,...,k). We define pp: O(0(P[a])) — A by
op(g) = p(go P) for each g € O(c(P[a])). The homomorphism pp is well defined
since o(P[a]) = P(o(c)) [17, p. 128], and it is unital and continuous. Moreover,

pp(Z;) = p(Z; o P) = p(Pj)

=) Pi(za)an=b;, (=1,...,k),
n>0

and for g € O(o(P[a])), u € AA,
©p(9) (1) = p(go P)"(1) = (9o Po&)(p)

=(goP) (E &n(u)xn) =g ( (Z P(zn)dn) (u))
n>0 n>0

=lgo (b, .., be))(w)-

According to Zame’s theorem, it follows that pp = 6,
the unique h.f.c. corresponding to (b1, ..., bx).

b)> Where (5, b,) is

.....

THEOREM (1.3). Let A be a commutative Banach algebra with unity. Let E
be a Banach space whose dual has the b.a.p. Let o € AQE. Then there exists a
unique continuous unital homomorphism 0, of Owub(o(c)) into A such that

(1) 6p(w) =woa for eachw € E'.
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1) 8a(F)" | aa=fod | an Jor each f € Owun(a(@)). (65 is the restriction to
Owub(0(a)) of Waelbroeck’s morphism.)

PROOF. Let ¢ be a morphism verifying (I) and (II). Let f € Owub(o(a)).
There exists r > 0 such that f € Oyub(By). Given ¢ > 0, let 0 < s < r, and
t = s/C. Both 6, and ¢ are continuous on Oyyub(B:), whence there is § > 0 so
that sup,cp, |g(z)| < 6 implies that ||6.(9)|| < /2, |l©(9)|| < €/2. By application
of Lemma (1.2) there exists P: E — E, ..., ||P|| < C, such that fo P € Oyub(Bt),
and sup,¢p, | f(z)—(foP)(z)| <e. Thus, |6a(f-foP)| <¢/2, |p(f-foP)| <¢/2,
and |p(f) — 0a(f)| < €+ |©(f o P) — 04(f o P)|, but due to the observation which
precedes the theorem, o(f o P) = 0, (f o P). It follows that |o(f) — 0 (f)| < € for
every € > 0; hence p =0,. Q.E.D.

2. Unicity for bornological algebras.

Part 1. Let E be as in §1. Now, A denotes a commutative complete multiplica-
tively convex bornological algebra [11], named pseudo-Banach in [1], with unity
e. Essentially, A is the algebraic inductive limit of Banach algebras {A;}ic1, A =
lim A;, and its bounded sets are those contained and bounded in some A;. Many
algebras of functions, of germs of functions, of operators, the p-Banach algebras,
the topological algebras with continuous inverse are of this kind.

The space of characters of A, AA, is the projective limit of {AA;};c;. For
a=(ai...,a,) € A" we put I(a) = {i € I:ay,...,a, € A;}. The set

o(e) = {a1(u), ..., an(p): p € AA}

= {(zl,...,zn) eC™ Z(ak — 2xe) is not invertible }
k=1

is the spectrum of . If oi(a), ¢ € I(a), is the spectrum of o relative to A;, we
have o(a) = (V;e(o) 9i(@). This fact and techniques of Arens-Calderén permit

us to construct a bounded functional calculus 8, = lim @, of O(c(a)) into A. In

O(o(a)) the usual bornological structure is considered, and 62, is the h.f.c. for A;
(for these questions, see [1 or 11]).

By A®E we mean the completion of the bornological projective tensor product
of A and E (see [10]). We know that AQE = li_n}AdéE, since E has the b.a.p.
(see (10, p. 263]). If & € ARE,a = 3_,500n ® T, € A;QF, then &(u) =
> >0 8n (1) ® T, is defined in this way for each u € AA. In general, one obtains
the relation o(a) C ;e I(a) 9i(@), but not the equality. According to this, Chidami
(8] uses the arguments of Waelbroeck [17], instead of those of [1 or 11], to construct
a bounded functional calculus, and he proves a strong theorem as Theorem A of
§1 (the definitions of p[a] and T[c] are made considering a € A;®E for some
i € I(a)). We note that o(a) = (;cy(a)9i(a) for every E with the b.a.p. To
see this, let P:E — E be a finite-rank continuous operator. If ¢ € I(a), 1 €
I(P[e]), whence o(Ple]) C N;er(q) oi(Ple])- I (21,...,24) & 0(P[a]) there exists
bi,...,bn € A such that ) p_,(ax — zke)bx = e, where (a1,...,an) ~ Pla] €
P(E). If B € AQE, 1 € I, are so that P[8] ~ (by,...,bs), and P[a},P[d], a €
Ai,®F, we obtain (z1,...,2,) & 0i,(P[a]). Thus, o(P[a]) = Nic1(a) 9i(Pla)).
Also, o(P[a]) = P(o(e)) [8, p. 56].




506 J. E. GALE

Now, let = € (\;cy(a)0i(a). Then P(z) € 0;(Ple]) for each i € I(a) and
P(z) € o(P[a]) = P(o(e)). If z & o(a), there is € > 0 such that ||y — z|| > ¢ for
every y € o(a). We choose P so that ||Pz—z|| < €/2, supye,(q) lly — P(¥)l| < €/2.
Since P(z) € P(o()), P(z) = P(yo) for some yo € o(c). Therefore ||yo — z|| <
|lyo—Pyol|+||Pz—z|| < &, which is a contradiction. In short, o(@) = ;c1(q) %i(2)-

We may use the former equality to define a homomorphism 6,: O (o (a)) — A sim-
ilarly to the bornological case of several variables. To sum up, if f € O(o(a)), f €
O(oi(e)) for some 7 € I(c). Then we define 8,(f) = 6% (f), 6% being the Wael-
broeck homomorphism for A; and E. By descending to finite dimensions as in
Waelbroeck’s method, the independency of the foregoing definition with respect to
the choice of the index ¢ may be proved without difficulty. Also, we observe that
0. is exactly Chidami’s morphism, since it verifies the conditions of compatibility
in the theorem of unicity 8, p. 57]. Now, we may state the

THEOREM (2.1). Let A be a pseudo-Banach algebra, A = lim A;, and let E

be a Banach space whose dual E' has the b.a.p. If o € ARE, there erists a unique
bounded unital homomorphism 0y: Owub(0(@)) — A such that (I) Oo(w) = woa
for each w € E'; (I) 0,(f)"aa = foaraa for each f € Oyup(o(e)); (III)
if pi 18 the restriction mapping p;: O(o:(a)) — O(o(e)), then for each i € I(a),
Oa(pi(f)) C Ai.

PROOF. It is enough to prove only the unicity. Let ¢ be a morphism verifying
(D), (ID), (III). Let ©*: Owub(0:(a)) — A the morphism defined by ©*(f) = p(pi(f))-
This, in turn, verifies conditions (I), (II) of Theorem (1.3), whence p* = 6%, More-
over, for each f € Owub(0(c)) there is ¢ € I(a) such that f € Owub(0i(@)). It
follows that o(f) = ©*(f) = 04,(f) = 6a(f). QE.D.

REMARK. Condition (III) of Theorem (2.1) is not quite good, but it asserts the
unicity of an individual homomorphism 6, for a fixed e, and, moreover, it has an
intrinsic character, i.e., relative to the internal structure of A instead of the external
character of the compatibility condition.

Part 2. As in part 1, A denotes a pseudo-Banach algebra with A = lim 4;.
Throughout, E is a complete convex bornological vector space (b.v.s.), ie., a
bornological inductive limit of Banach spaces { E;}jcs such that E’: have the b.a.p.
for each j € J. Examples are D(Q), € (), Dx (), S(R™), ¥(2), ¥(K) (usual nota-
tions in the theory of distributions) and, in general, any nuclear b.v.s. (in this case
those E; are Hilbert spaces). This kind of b.v.s. is not unusual in the literature.
For instance, Colombeau and Perrot [7] use this property to prove classic theorems
about convolution equations extended to the bornological setting. We shall make
use of the identity ARE = lim AQE;. This is true if each A; has the bounded ap-

proximation property, for example, [10, p. 263]. With 7E we denote the topology of
“M-fermeture” on E [8, p. 11]. Let U be a rE-open set in E. A mapping f:U — C
is said to be G-analytic on U if for each z € U, h € E, 27 ![f(z + zh) — f(z)] con-
verges as z tends to zero. The mapping f is said to be locally bounded on U if
for each z € U and B bounded subset of E there is € > 0 such that f(z + ¢B) is
bounded. If f is G-analytic and locally bounded on U, f is called analytic on U.
Let O(K) denote the algebra of germs of analytic functions on K, whose bornol-
ogy is defined as in the Banach case. (The subset K of E is strictly compact; i.e.,
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it is contained and compact in some E;.) For o € AQE we put J(a) = {j € J:a €
A®E;}. We define o(a) = 07(a) for every j € J(a), 07(c) being the spectrum of o
in E;. Let m;: E; — E be the canonical injection and 6, the homomorphism of part
1 for A and E;. In [8], Chidami shows that the homomorphism 8,: O(o(a)) — A
defined by 8,(f) = 6%(f om;), f € O(a(a)), is bounded and it satisfies the natural
properties of an h.f.c.

The result which can be stated about the unicity is practically a tautology. We
may improve it by adding the condition that each E; is reflexive. The usual b.v.s.
satisfies that. Thus, we assume it.

Let E* be the bornological dual of E. The restriction mapping E* — E; (Fed)
has dense image [2, p. 171]. Let U be a 7E-open set of E. The function f:U — C
is w.ub. on U if the restriction of f to U N E; for each 57 € J is. This definition
is equivalent to the one similar to Definition (1.1), where the elements of E' are
changed by those of E*, since E” is dense in E’. By considering Owub(0()), as is
obvious, the proof of the following proposition is easy.

PROPOSITION (2.2). Let A,E be as above. If o € AQE, there exists a unique
bounded unital homomorphism 0,: Owub(0(a)) — A which verifies (i) 0, (w) = wo
a for each w € E%, (ii) 0, 1s factorizable by a bounded unital homomorphism
Owub(0? (a)) — A satisfying (I1), (III) of Theorem (2.1) for some j € J(a).

If one tries to apply Zame’s method directly to establish his theorem for arbitrary
Banach spaces, strong technical difficulties are found. This is why we have used
the approximation property and the algebra Owub(K) to apply the known result
for C™. Even for spaces with the approximation property the following question
remains open: Are conditions (I) and (II) in Theorem 1.3 enough to ensure the
unicity of Waelbroeck’s morphism?

A negative result would create a difference between this case and the morphisms
whose domains are algebras of analytic functions in several variables.

ADDED IN PROOF. After this note was submitted the author learned of [19]
where H. Putinar improves Zame’s result by removing condition (I) in the theorem
stated in our introduction. Using this result of Putinar we can delete condition (I)
in each of our unicity theorems and proposition.
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