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DEFORMATIONS OF COMPLETE MINIMAL SURFACES
HAROLD ROSENBERG

ABSTRACT. A notion of deformation is defined and studied for complete minimal
surfaces in R® and R?/G, G a group of translations. The catenoid, Enneper’s
surface, and the surface of Meeks-Jorge, modelled on a 3-punctured sphere, are
shown to be isolated. Minimal surfaces of total curvature 47 in R?/Z and R?/Z?
are studied. It is proved that the helicoid and Scherk’s surface are isolated under
periodic perturbations.

Let M be a submanifold of a Riemannian manifold N and let T,(M) be a tubular
neighborhood of M in N of radius . A C'-¢ variation of M in N is a submanifold
M, C T,(M) which is a graph over M and is &-C'-close to M. This means M is
pointwise e-close to M in each fibre of T,( M) and the tangent planes as well. We are
interested in complete minimal submanifolds M of N (abbreviated c.m.s.) and Cl-¢
variations which are also c.m.s.’s, and henceforth we always assume M and M, are
c.m.s.’s. We say M is isolated if for some & > 0, the only e-C!-variations of M differ
from M by an ambient isometry of N. In this paper we shall study this question
when N is R? or a translation space: R> modulo a group of translations.

A flat plane in R? is isolated. This follows immediately from Bernstein’s theorem:
a function of two variables on R? whose graph is a c.m.s. is linear. We shall prove
Enneper’s surface, the catenoid, and a certain 3-punctured sphere, discovered by
Meeks and Jorge, are isolated in R3. We prove the helicoid and Scherk’s surface are
isolated under periodic deformations, i.e., the helicoid of total curvature 47 in R>
modulo one translation is isolated in this translation space and Scherk’s surface of
total curvature 47 is isolated in R*> modulo two translations. This Scherk surface is
conformally a 4-punctured sphere and the helicoid a 2-punctured sphere.

We shall study minimal submanifolds of translation spaces. Many of the tech-
niques developed by R. Osserman can be adapted to this context and yield
information about periodic minimal surfaces in R>. For example, we classify c.m.s.’s
of total curvature 4w in translation space. In R3, Osserman has proved the catenoid
and Enneper’s surface are the only c.m.s.’s of total curvature 47. We obtain an
analogous classification in R?/G. In §VI, we describe these surfaces for G = Z.

We study c.m.s.’s M of finite total curvature in translation spaces. We prove a
deformation (i.e., an e-Cl-variation) M, of a finite total curvature c.m.s. in a
translation space is also of finite total curvature, and is conformally a compact
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Riemann surface M, punctured in a finite number of points. The Gauss map g, of
M, and the analytic differential w; of the Weierstrass representation of M;, extend
to a meromorphic function g, on M, and a meromorphic differential @, on M,. The
degree of g, is the same as the degree of g, the extended Gauss map of the
unperturbed surface M. This reduces the study of deformations of finite total
curvature M to the study of pairs (g, @) on M, with relations between the poles of g
and the zeros of @ and other relations coming from closeness in space and residue
conditions. In general, this study seems difficult.

The Gauss map g of a nonflat c.m.s. of finite total curvature in R> can miss at
most 3 points of the Riemann sphere S [4]. It is not known if 3 is sharp. Osserman’s
proof shows that g can miss at most 4 points for a nonflat c.m.s. of finite total
curvature in a translation space. Four is sharp as Scherk’s surface shows. This has
already been observed by Gacksatter [1]; he calls such surfaces abelian (Lawson calls
them algebraic [2]). We show the Gauss maps of deformations of these surfaces have
the same image. Xavier has proved the Gauss map of a c.m.s. in R3 can miss at most
7 points (unless it is flat) [6]. It is not known if 7 can be reduced to 4.

We would very much like to know if the helicoid is isolated in R®. We prove in
§VII that certain deformations of the helicoid do not exist. It seems plausible that
any c.m.s. conformally parametrised by C is isolated.

We originally proved the catenoid is isolated in collaboration with Remi Lan-
gevin. Discussions with Mike Beeson, Bill Meeks, Rich Schoen and Dennis Sullivan
have been very helpful in the preparation of this paper.

Some remarks are in order concerning the definition of an isolated surface. When
trying to understand something, it is natural to study a neighborhood of the object
in question. Complete minimal surfaces are particularly mysterious (alas, their
deformations as well). Weierstrass introduced a deformation of minimal surfaces
(known to specialists as the Weierstrass deformation) and this has certainly proved
useful. The one parameter family of (locally) isometric surfaces joining the helicoid
to the catenoid can be realised as a Weiertrass deformation. However, the conver-
gence here is analogous to the manner by which a family of circles can be made to
converge to a line; certainly no circle is in a tubular neighborhood of the line of
fixed radius. It seems natural to consider neighborhoods defined by tubular neigh-
borhoods of a fixed radius. C!-close is perhaps superfluous but our techniques
require this for the time being.

When this paper was written, we had no example of a c.m.s. in R* which was not
isolated. Subsequently, the author, in collaboration with E. Toubiana, found such an
example. In principal, our paper describing this example is in the same issue of the
Transactions as the present paper. Robert Bryant has brought to our attention that
this deformable example occurs in his paper on higher critical values of the Willmore
functional (preprint). He was not studying deformations but his examples are very
interesting in the context of deformations.

I. The Weierstrass representation in translation spaces. Let M be a minimal
surface in R®. M admits local parametrisations X: D — M, D an open subset of C
and X a conformal map with harmonic coordinate functions; such parametrisations
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are equivalent to minimality. Write z = u + iv, X(z2) = (x4(2), x5(2), x5(2)). X
conformal means X, L X, (X, means partial derivative with respect to u) and
| X, = || X,]l. Harmonicity means (32x,)/(0u?) + (0%x,)/(dv*) =0, k= 1, 2, 3.
Let ¢,(z) = (3x,)/(du) — i(dx,)/(dv), so that ¢, are analytic in D, (i) ¢3 + ¢3 +
3 = 0 and (ii) |¢,|% + |¢;)* + |¢3)* # 0. Clearly if we are given analytic functions
¢, in D, satisfying (i) and (ii), then we obtain a parametrised (by D) minimal
surface by defining x,(z) = Re [} ¢,(2) dz, z, € 12, k =1, 2, 3. The forms ¢,(z) dz
do not depend on the local parameter, i.e., if X:D — M is a conformal map with
harmonic coordinate functions, then ¢,(z)dz = ka(Z)dZ, z — 7 the change of
coordinates. So a minimal surface determines three global analytic forms ¢,(z) dz
satisfying (i) and (ii). Moreover the forms have no real periods on M since the
coordinate functions are single valued on M. Conversely, if we are given three forms
on M satisfying (i), (ii) and the period relations, then we obtain a conformal
minimal immersion M 2 R? by integration, i.e., x, = Re[¢,(z)dz. Changing the
base point in the integral changes the immersion by a translation. Now (assuming M
is not a flat plane) the data: three analytic forms on M satisfying (i) and (ii) are
equivalent to a pair (g, w), where g is a meromorphic function on M to S, w is an
analytic differential (i.e. an analytic one-form) satisfying: the poles of g are precisely
the zeros of w and the order of a pole of g is one half the order of this zero of w.
The relation is

1 .
¢ = 5(1_82)“” w=¢, —ip,,
or
_ 1 2 - %
9= 5(1+8%e, 8= 6 - e,
93 = gw.

Thus a minimal surface M in R? is determined by such pairs (g, w), provided the
residue conditions are satisfied for the ¢,, i.e. they have no real periods on M. This
is the usual Weierstrass representation of minimal surfaces in R3. We mention that
the metric on M is given by ds = A|dz|, where A = (1 + |g|?)|w|/2, and g is the
Gauss map.

Now let G be a group of translations of R?> and let N = R3/G, p:R*> —> N the
projection. Let M be a minimal submanifold of N and M, be a connected
component of p~!(M). Let (g;, w;) be the pair associated to M, via the Weierstrass
representation. Since parallel translation in R leaves invariant the normals, and g,
is the Gauss map of M,, g passes to a meromorphic map g: M — S. Notice that the
forms ¢}, on M,, k =1, 2, 3, also pass to the quotient. To see this, let p € M,
Y € G and £: D — M, be alocal parameter at p. So

axy dxj

¢lk(2)d2 = (W - la—v) dz

in D. This does not depend on the local parameter at p, so to check that
#'.(p) = ¢ (y(p)) we can choose any local parameter at y( p). Weuse y - £: D — M,
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as a local parameter at y( p). Then

& (1(p)) = ax}((ayu(p)) _I.M(gv(p)) &

Since vy is a translation, the partial derivatives are the same at p and y( p). Thus w,
passes to an analytic differential w on M. Thus M also has a Weierstrass representa-
tion (g,w) and the poles of g correspond to the zeros of w with the proper
multiplicities as before. However, the coordinate functions x, = Re (¢, need not be
single valued on M. Many examples will be given in §VI; periodic minimal surfaces
in R? are the most interesting. Any minimal surface in R? yields a minimal surface
in R?®/G by projection, however periodic minimal surfaces may be simpler in the
quotient. Infinite total curvature may become finite, e.g. the helicoid in R?/Z and
Scherk’s surface in R?/Z2,

II. Finite total curvature. Let G be a group of translations of R> and let
M C R?/G be a c.m.s. of finite total curvature. Then there is a compact Riemann
surface M and M is conformally equivalent to M punctured at a finite number of
points p,,..., p, [2l. We observe that (as in R®) the pair (g, ) extends to a
meromorphic map g: M — S? and a meromorphic differential & on M. To see that
g extends to M, notice that the total curvature of M is the area of its spherical image
under g, counted with multiplicity; hence each value is assumed at most a finite
number of times; cf. [1]. Now M is finitely connected and each end of M is
conformally a once punctured disc. The puncture cannot be an essential singularity
of g since then g would take on values infinitely often in a neighborhood of the
puncture. Therefore g extends to a meromorphic map at the puncture, thus to M.
Now the analytic differential w also extends to a meromorphic differential on M,
having a pole at least of order one at each puncture (Scherk’s surface in R3/Z?
shows that the poles need not be of order 2 at the punctures as in R>).

Let D be a punctured disc, representing an end of M, D = {z € C/0 < |z| < 1}
and the puncture is the origin. Write w = f(z)dz, f analytic in D. Then the metric
on M in D takes the form ds = A|dz|, where A = |f|(1 + |g|?)/2. We can assume
the origin is not a pole or zero of g (by eventually making a preliminary rotation of
M and replacing G by the conjugate group). Then completeness of M implies
J,1f(2)||dz| = oo for every path y tending to the origin. Then f has a pole at 0, at
least of order one [4]. Thus w also extends to M.

111 Deformations of finite total curvature surfaces. Let M, be a c.m.s. in R*/G
and let M be an ¢ deformation of M,. Orthogonal projection of M to M, is a
quasiconformal homeomorphism. Thus if M, is conformally parametrised by C then
so is M, e.g. the helicoid, catenoid and Enneper’s surface. This idea applies to finite
total curvature minimal surfaces and we discuss this now.

Suppose M, is of finite total curvature, so that M, is conformally equivalent to a
compact Riemann surface M, punctured at a finite number of points p,,..., p,. We
claim that the same holds for deformations M of M. First we shall prove that M is
also conformally a compact Riemann surface M punctured at r points (M is
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homeomorphic to M,). Let E, be an end of My; E, is conformally a once
punctured disc and g, extends across the puncture. Let E be the corresponding end
of M; we need to prove E is also conformally a once punctured disc. After a
preliminary rotation of M, (hence of M and G) we may assume g, has no poles in
E,, nor g in E. An open subset A of C is called hyperbolic if 4 admits Green’s
functions, or equivalently, if log(l1 + |z|?) has a harmonic majorant in A4 [4];
otherwise A is called parabolic. Clearly an open subset of a hyperbolic set is
hyperbolic. Now g, and g are open maps, hence g(E) is hyperbolic since g,(E) is
contained in the complement of a closed disc (which is hyperbolic) and g(E) is close
to go(E), hence g(E) is an open subset of a hyperbolic set. Therefore it suffices to
prove:

LEMMA. An end of M, whose spherical image is hyperbolic, is conformally a once
punctured disc.

PROOF. Let E = {z € C/0 < r <|z| <1} and ds = A|dz| be the induced metric
in E. We know, by completeness of M, that for all paths z(¢) in E such that
lim,_,,|z(¢)| = r, we have [, ,,ds = co. Thus by [4], we have r = 0 provided we can
find a harmonic A(z) such that log A(z) < h(z) in E. Here is how we find A(z). We
know A = |f|(1 + |g|?)/2, and since g(E) is hyperbolic, there is a harmonic 4, on
g(E) such that

log(l +|g(z)|2) < ho(g(z)) forze€E.

Now A < A = L|f|e"o8CD 5o

2
logA < log|f|" + ho(g(2)).

Since g has no poles in E, we have f(z)# 0 in E. Thus h(z) = log|f(z)|* +
hy(g(z)) is a harmonic majorant of log A in E and r = 0.

Now to prove M has finite total curvature it suffices to prove g extends to M [2].
Let E be a punctured disc end of M. If the puncture were an essential singularity of
g, then g would take on almost every value in a neighborhood of the puncture.
However g(E) is contained in a small disc of S since it is close to the image of the
unperturbed end. Thus the puncture is a removable singularity.

Next we shall prove the degree of g: M — S is the same as the degree of g,:
M, — S. Suppose the degree of g, is /, so that the preimage of a point of S is /
points of M, counted with multiplicity. Let z € S be a regular point of g, so that
86"'(z) consists of / points k,,...,k, and each k; has a disc neighborhood D,
mapped homeomorphically onto a disc neighborhood D of z. We choose z so that
no k; is a puncture of M,. Let D be the disc on M obtained by orthogonal
pI‘OjCCthl‘l of D; onto M. For ¢ suff1c1ently small, g(8D ) can be made close enough
to go(aD) so that gD contains z. Hence each D contains one preimage of z and
deg g > deg 8o- Now consider F = M, - U 11ntD Since g, F is far from z, we
can make g(M —-U/ j=1int D) disjoint from z for small perturbations. Hence

deg g = deg g,.
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IV. Some isolated minimal surfaces. Robert Osserman has proved that Enneper’s
surface and the catenoid are the only c.m.s.’s in R of total curvature 47 [4]. Now we
know that a deformation of a finite total curvature c.m.s. has the same total
curvature since the Gauss maps have the same degree. Therefore Enneper’s surface
and the catenoid are isolated. For completeness we prove directly that these surfaces
are isolated.

The Weierstrass representation of Enneper’s surface M, is (g,, w,), where M, is
parametrised by C, g,(z) =z, w, = dz. Now if M is a deformation of M,, the
conformal type of M is also C and M is given by a conformal immersion X: C - M
with harmonic coordinate functions. The limiting value of the normal to M at its
unique end is the same as that of M,, ie. (0,0,1), so g(o0) = oo and after
reparametrising M by composing X with a Moebius transformation S — S, leaving
oo fixed, we may suppose g(z) = z (since g: S — S is a bijective meromorphic map
leaving oo fixed, so of the form az + b). Now w is an analytic differential on C with
no zeros or poles and w extends to a meromorphic differential on S. Therefore
w = cdz for some ¢ € C. It is a remarkable fact that for ¢ = ¢”® the surfaces
(g(z) =12z, w =dz} and {g(z) = z, w = cdz} are congruent in R?; they differ by
rotation by /2. So for general ¢ € C, g(z) = z, w = cdz differs from {g(z) = z,
w = dz} by a rotation followed by a homothety. Hence for M we must have ¢ = 1
and M = M,.

Next consider the catenoid M,. M, can be described by a conformal embedding
Xo: S — {0,000} = R? with go(z) = z, wy = dz/z% Let M be a deformation of M,,.
M is also conformally a 2-punctured sphere so we have a conformal embedding X:
C — 0 —» M with harmonic coordinate functions. The values of the Gauss map g are
the same as g, at the punctures 0, oo, thus, after reparametrising, g may be taken to
be g(z) = z. Now w is a meromorphic differential on S with no zeros in C, and
analytic in C, hence w = cdz/z* for some ¢ € C and integer k. We have ds = A|dz|
= |w|(1 + |g|?)/2. By completeness of M at 0 we have k > 0 and by completeness
at oo we have k < 4. A residue calculation shows k # 1. Indeed, if kK = 1, then
Res(¢,0) = ¢/2 and Res(¢,,0) = ic/2. Since x; and x, are single valued on M we
conclude c is both real and pure imaginary, hence ¢ = 0, a contradiction. A similar
residue calculation shows k # 3. So w = cdz/z% Now x, = Re[?cdz/z is single
valued so Res(¢,,0) = ¢ must be real. Thus M differs from M, by a dilation and
since they are close in space we have ¢ = 1. Therefore M is a catenoid.

Meeks and Jorge have discovered interesting examples of finite total curvature
c.m.s.’s which are modelled on an n-punctured sphere [3] for any integer n. The
Weierstrass representation of this surface is g(z) = z""!, w = dz/(z" — 1), where
M = S punctured at the n roots of unity. For n = 2, this gives a catenoid (rotated
from our previous discussion). In general, this surface is immersed and has n
embedded “catenoid type” ends.

THEOREM. The c.m.s. My: go(2) = 2%, wy = dz/(z® — 1), is isolated.

PROOF. Let M be a deformation of M,. M has total curvature 8; the Gauss map
M — S is a rational map of degree 2. So g(z) = R(z)/S(z), R and S polynomials
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and maxdeg{ R, S} = 2. Since three punctured spheres are all conformally equiva-
lent, we can parametrise M by S — {1, a;, a, }, a, the cube roots of unity. We know
g takes the same values as g, at the punctures, so g(1) = 1, g(a;) = a,, g(a,) = a,.
There are five cases to consider: 1. g is a polynomial of degree 2; 2. R is constant
and degS =2; 3. degR =2 and degS=1; 4. degR =1 and degS = 2; and 5.
deg R = deg S = 2; this is the difficult one. Let w = P(z)dz/Q(z), P, Q poly-
nomials.

1. Clearly g(z) = z? since g takes the prescribed values at 1, a;, a,. We know w
has zeros (in M) only at the poles of g so P(z) is constant. Moreover co is a regular
point of M so a zero of w of order 4. It follows that degQ(z) = 6. In R3, itis a
general fact that w has a pole at each puncture (where g takes a finite value) at least
of order 2 [4]. Therefore

o= cdz
(z- 1)2(2 - “1)2(2 - 0‘2)2

for some ¢ € C. Now x, is a single valued function on M and a calculation of
Res(¢;,1) shows c is real. Therefore M differs from M, by a dilation and since they
are e close we have c = 1, M = M,,.

We leave case 2 to the reader.

3. A calculation yields g(z) = (z2 — a?)/(-a%z + 1) for some a € C, a # +1.
Hence the zeros of w are precisely the points 8 = 1/a* and oo and each is of order
2 since they are simple poles of g. Thus P(z) = c¢(z — B)* and degree Q(z) = 6.
Since w has poles at least of order 2 at each puncture, we have

=c(z=B)’ /(22 - 1)

We will prove this is impossible by doing the residue calculations at z = 1. Since x;,
x, are single valued functions on M we have [ & = /ngz, where y = {z/|]z — 1| =
.2}. These equations yield:

(1) B(1=-B)=2(1-B)1+B).

Now x; single valued on M means gw has real residues. A calculation at z = 1
yields ¢(1 — B) is real. Combining this with (I) we conclude 8 = 1 + B or ¢(1 — B)
= 0. Both are clearly impossible.

4. We have g(z) = (az + b)/(z — a)(z — B). The equations g(1) = 1, g(&;) = aj,
g(a,) =a), implya=0o0rB=0,and a=1-aB, b =2aBf — a — B. This gives
g(z) = 1/z which contradicts deg Q = 2.

Finally we must treat case 5, deg R(z) = deg S(z) = 2. Let a, B be the poles of g,
i.e. the roots of Q. An easy calculation shows

g(z) = (aBz? + z —(a + B))/(z — a)(z = B).

Clearly a, 8 are not cube roots of unity so w has double zeros at @ and 8 and no
others. Also w has poles at the punctures at least of order 2 hence deg Q(z) > 6.
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Since oo is not a zero of w, we have deg Q(z) = 6 (deg P(z) = 4). Hence

2 2
L= -8)
(z2-1)

We now list the residue calculations, and we leave the calculations to the
courageous reader. The x,, x, well-defined functions are equivalent to [w = [wg?
on all loops.

Equations (I) and (II) are this integral equation at z = 1 and «; respectively:

(1 c(1 - a)1-B)1-aB)=-c(1-a)1-B)(a+B+ap),

(1)

c(a, — a)(a; — B)(a; — aB)e; = _E(&Eal +a —(& + E))(&E"‘l +(& + E)a2)~
We use related equations obtained as follows. Expand g(z) and w = f(z)dz in

power series at z = 1:

g(z) = g(1) +g'Mw +o(w?),  fi(z) = (1) + fi(l)w + o(w?),

where
z=c(z—a)2(z—B)2 nd w=2z-1.
M ey
Then
o= £0- )= 310+ B 4 o) (25w + o(w?)
= _Il(l)wﬂ +0(1)
and

x; = Re [ ¢, = -Re(£i(1)g'(Dlogw + o(w)),
so x, single valued implies f,(1)g’(1) is real, i.e.
e(1 —a)(1 - B)(2ap — 1 +(a+ B))

is real. A similar calculation with ¢, = if(1 + g2)/2 shows f,(1)g’(1) + f{(1) is pure
imaginary, and this easily implies ¢(1 — a)(1 — B)(1 + a + B) is pure imaginary.

The x, residue condition at z =1 is ¢(1 — a)(1 = B)(1 + « + B) is real. Thus
c(1—a)1 - B)1+ a+ B)=0, hence « + B = -1 since neither a or 8 is 1 and
c#0.

Now consider ¢, near a,. We have

o=t = (M5 + K8 4 o) 0, + g+ o(u),

where u =z —a,, h(z)=c(z - a)(z — B)*/(z — 1)’(z — a,)®. Then since
Res(¢;,a;) is real we conclude: h(a;)g’(e;) + h'(a;)a, is real. This yields
c(a; — a)(a, — B) is pure imaginary. Now substitute this last relation into (II) and
use the fact aBa, + a; + 1 = (a; — a)(@; — B)a, to obtain 2a, = aB + af. This
is a contradiction and completes the proof of the theorem.
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V. The image of the Gauss map.

PROPOSITION. Let M, be a periodic minimal surface in R® having a fundamental
domain of finite total curvature (nonzero) and let M be a deformation of M, periodic
for the same group. Then the Gauss maps of M and M, have the same image, the
complement of at most 4 points.

ProoF. Considering the quotient spaces and §III, we know deg g, = deg g and g,
g, have the same limiting values at the punctures. Therefore g,(M,) = g(M). Now
the proof follows Osserman’s argument [4]; cf. [1]. We rotate M (and conjugate G)
so that g takes finite nonzero values at the punctures and each pole of g is simple.
Let q,,...,q, € S be the points missed by g, s0 g7*{q;,-..,4,} € { p1»---, P, }. Let
N = deg g and at p; let g assume its value with multiplicity 1 + a;. Then

K-N<g 2(1+aj)=r+ Y a;.
j=1 Jj=1
Let © = g’(z) dz and n = the total order of branching of g = # zeros of . Ata
simple pole of g, © has a double pole so #poles of & = 2N. By Riemann’s relation:
2N -n=2-28,
S = the genus of M. Now Y’ _1a; is the order of branching at p,,..., p,, hence
< n. Thus

K-N<r+ Y a
j=1

j<r+n,

and since n = 2(N + S — 1) we have
(D K-N-r<2(N+S-1).

Now w has a pole at each puncture p; of order v, (by completeness), so by
Riemann’s relation:

r
Y v, — #zerosof w =2 — 28,
j=1

SO
r

(11) r< Y v,=2-2S+2N.

J
Jj=1

Combining (I) and (II) we have K < 4.

VI. The total curvature 47 minimal surfaces in R>/Z. Consider N = R*/Z as R?
modulo one vertical translation and let M C N be a c.m.s. of C(M) = the total
curvature of M = 4. The helicoid is an example and the projection of the catenoid
and Enneper’s surface are others. We will now describe how such M are obtained in
general and exhibit new examples of periodic minimal surfaces in R?, invariant
under a vertical translation.

Let (g, w) be a Weierstrass pair associated to M. Since g: M — S is bijective we
know M is conformally a K-punctured sphere. We observe that K < 4. First
perform a preliminary rotation of M (and conjugate G) so that g takes finite
nonzero values at the punctures. Then g has one simple pole in M and no others in
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M. Riemann’s relation for w is: #poles of w — #zeros of w = 2. Completeness of
M implies w has poles at the punctures, and we know #zeros of w = 2, hence
#poles of w =4 and K < 4. Therefore M had at most 4 punctures before we
rotated. Now we consider each case K = 1, 2, 3, 4.

When K = 1, M is parametrised by a conformal map X:C — M with harmonic
coordinate functions and X lifts to a conformal map X: C — R*® which parametrises
a c.m.s. M. The Gauss map of M is also injective so C(M) =4« and M is a
catenoid or Enneper’s surface. Thus M is the projection of one of these surfaces.

Consider now K = 2. We parametrise M by C* = C — 0 so 0 and oo correspond
to the punctures. Suppose first that g has a pole at co. We can reparametrise M by
composing X with a Mobius transformation leaving 0 and oo fixed so that
g(z) = z + a for some a € C. Now w is a meromorphic differential on S, analytic
on C* and having a pole at 0, and no zeros in C. Therefore w = cdz/z" for some
integer n > 1 and ¢ € C*. The metricon M is

ds = Lln(l +|z22 + 2az + a?|).

2|z
By completeness of M we know that [, ds = co for every path y tending to co. This
clearly implies n < 4.

Let us first look at n = 1,80 g(z) = z + a, w = cdz/z. We have
6, = %(1 -z - 2az - a?), ¢,= ;-—cz(l + 22+ 2az + a?),

o, =c(z+a)dz/z.
The coordinate functions x, = Ref¢, and x, = Re[¢, are single valued on M,
hence the residues of ¢, and ¢, at O are real. This implies c¢(1 — a?) is real and
c(1 + a?) is pure imaginary. It is natural to ask that

Xy = Refqb3 = Re(c+ cafdz/z)

be multivalued on M (otherwise the surface exists in R*) hence the residue of ¢, at
0 should have a nonzero imaginary part; i.e. Re(27aci) # 0. Hence the conditions
c(1 — a?) real, ¢(1 + a?) imaginary and Re(aci) # 0 determine all minimal surfaces
in R?/Z of the type considered. For example, take ¢ = 1, a = i. We obtain

4

ir2

x;=Re(z +ilogz).

22
X, = Re(logz - = = iz),

To obtain the lifting M of M to R® we use the conformal covering map e:
C—-C-0and

X -
C > McR?

el lP
X
C-0 - M
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so the coordinate functions %, of X are given by %,(z) = x,(e?) and § = g(e?),
& = (e°)*w. Hence M is the surface parametrised by

eZz
)?l(z)=Re(z— 2 —ie*’),

%,(z) = Re(% - ez),
%3(z) = Re(e* + iz).

Writing z = u + iv, we obtain

2u,
. e“¥“cos2v .
X=u- + e“sinv,
. e*sin2v .
Xp=-——g  —e'siny,

X, = e'cosv — v.

Notice that replacing v by v + 27 and keeping u fixed, changes X; by -27 and
leaves X,, %, fixed. Thus M is a periodic surface, invariant by the vertical
translation by 2.

Next consider n =2, so g(z) =z + a, w = cdz/z>. Letting T denote the unit
circle in C we have

/ll¢1 = —ac2mi, frtbz = —acm.

Since x,, x, are single valued on M we have ac is real and pure imaginary, thus
a = 0. Notice that [;.¢; = 2mic, so if this surface is to exist genuinely in R*/Z we
must have Im(c) # 0. Now a calculation yields:

=

L = —rcosvcoshu + ssinvsinhu,

=
|

, = —scosvsinhu — rsinvcoshu,
X3 =ru—sv,

wheére ¢ = r + is, z = u + iv. For r = 0 this is a helicoid and for s = 0 a catenoid.
Forc=e"% 0<0< /2, we obtain the usual deformation of the helicoid into its
associate surfaces. Whenever s # 0, the surface is invariant by vertical translation by
2m; changing v by 2« does not change %,, X,.

The case n = 3 is impossible since then ¢, = —27ic and [ ¢, = —27c; there-
fore ¢ would be both real and imaginary, hence 0.

To complete the study of two punctures it remains to consider the case when g
takes a finite value at co. We reparametrise M by C — 0 so that

az+b
g(z) = z+d’

so that g has a simple pole at -d. We know w = (P(z)/Q(z)) dz, where P has a
double zero at —d if d # 0 and Q can vanish only at 0. Suppose first that d = 0 so
w = cz™dz for some integer m. If m > 2, then ¢,, k = 1, 2, 3, are analytic at 0, so
M is parametrised by C and we know by the previous case what M is, the projection
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of a catenoid or Enneper’s surface. Suppose m = 0. Then calculating residues of ¢,
and ¢, at 0 and using the fact that x,, x, are single valued we conclude abc is real
and imaginary, hence a = 0 or b = 0. Clearly b # 0 since g is injective, hence
a = 0. The residue of ¢, at 0 is cb so Im(cb) =0 if x; is to be multivalued;
otherwise M is the projection of a catenoid since Res(¢,) = Res(¢,) = 0, so M lifts
to R3, parametrised by C — 0 and of total curvature 47. A calculation yields

X = Re(—g—(ez + bze"’)),

- ic _:
x2=Re(2(e — b% )),
%3 = Re(cbz).

These are the “associate type” surfaces of the helicoid (the helicoid is ¢ = i, b = 1).
Now suppose g(z) = b/z, w = czdz. Then Res¢; = —cb?/2 and Res(¢,) = ich?, so
cb? is real and imaginary, hence b = 0 which is impossible.

Next we study d # 0. Since g is analytic at 0, w must have a pole at 0 by
completeness of M. Also w has a double zero at —d since g has a simple pole there.
So w = c(z + d)*dz/z" for some c € C — 0 and n > 1. We have

c(z+d)ll az+b

ds = |dz|.

Completeness at oo implies n < 4. If n = 1, then calculating residues of ¢,, ¢, at 0
yield c(d? — b?) is real and c(d? + b?) is imaginary (using the fact that x,, x, are
single valued). We want x; to be multivalued which yields Im(cbhd) # 0. Such
surfaces are easily realised, e.g.,d*> = b? and ¢ imaginary. When n = 2 the analogous
calculations yield ¢(d — ab) real, ¢(d + ab) imaginary and Im(c(b + da)) # 0. For
n =13, c(1 — a?) real, c¢(1 + a?) imaginary and Im(ac) # 0; e.g., a = 1, ¢ imagin-
ary. This completes the study of two punctures.

We will not treat the 3- and 4-puncture case in detail; we will make some general
remarks and give some examples. Consider the 3-puncture case. Since there is only
one conformal structure on a 3-punctured sphere, we may parametrise M by
S — {8,,0,,0,}, where 6, are the cube roots of unity. Now g(z) = (az + b)/(z + d)
and we suppose d # —0,, k = 1,2, 3. Then w has a double zero at —d and a pole at
each d,, so

= (e(z +d)’)/((z = 0)"(z = 6,)" (2 - 6)").
Since o is a regular point of M and w is not zero there we have n, + n, + n; < 4,
so there are several cases to consider (we will not do it). In order that M exist, one
must choose a, b, ¢, d so that the residues of ¢,, ¢, are real at each puncture and
the imaginary parts of the residues of ¢, at each puncture must generate a nontrivial
cyclic group. If we assume oo is a pole of g, the situation is simpler. Then
g(z)=az + b and

w=(cdz)/((z = 6,)" (2 = 6,)"(z = 8,)").

Now oo is a regular point of M, so letting u = 1/z, w(u) must have a double pole at
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0. This yields n, + n, + n; = 4. One can analyse this situation completely. For
example taking a =1, b =0, ¢ real and n, = 2, n, = n, = 1, a (tedious) calcula-
tion shows this surface exists in R>/Z.

When M is a 4-punctured sphere, the conformal structure may change. One can

check the following example exists:
cdz

(z=1)(z-i)z+1)(z+1i)’
MisS —{1,-1,i,-i}.

g(z) =z, c=4i, and w=

Can every conformal structure be realised? Let z, € C and g(z)=az + b, w =
cdz/(z — zo)(zy + 1029 — i)(zy + i). Can one choose a, b and ¢ so that M = S —
{z9.—1,i,-i} exists?

VII. Some isolated periodic surfaces.

PROPOSITION. Let M, be the usual helicoid in R>: §y(z) = +ie*, &, = e *dz.
Then M, is isolated among complete minimal surfaces invariant under vertical transla-
tion by 2.

PROOF. Let M, be the projection of M, to R*/Z, so that C(M,) = 4, M,isa
2-punctured sphere and g,(z) = iz, w, = dz/z%. A deformation M of M, invariant
under vertical translation by 2« gives a deformation M of M, in R3/Z. M is also
conformally a 2-punctured sphere and the Gauss map g of M is bijective. We
parametrise M by C — 0. The limiting values of g and g, are the same at the
punctures 0 and oo so we can parametrise M so that g(z)=iz. Now w is a
meromorphic differential on S with no zeros in C — 0 and a pole at 0, hence
w = cdz/z* for some ¢ € C, k > 1. The metric on M is

as = 4L (14 12)
| 2]
so by completeness of M at oo we have k < 3. If k = 1, then ¢, = c(1 + z2)/2z
and ¢, = ic(1 — z%)/2z. Hence Res(¢,,0) = ¢/2 and Res(¢,,0) = ic/2. Since x; =
Re ¢, x, = Re[¢, are single valued functions on M, c is both real and imaginary,
so ¢ =0, a contradiction. A similar reasoning shows k = 3 is impossible, and
w = cdz/z>.

We have Res(¢;,0) = —c2m so Re(c) = +1. Now lift M to M c R? by the
conformal covering e’ C —» C — 0. This yields g = g(e?), @ = (e’)*w and a
calculation shows (writing ¢ = a + ib)

X, = acosvsinhu — bsinvcoshu,
X, = bcosvcoshu + asinvsinhu,

%, = —(bu + av).

Considering the trace of M in the plane %, = 0 it is clear that b = 0 since M is a
deformation of M,,.! Thus M is also a helicoid.

! The surface is a homothety of an associate surface of the helicoid and is not embedded for b # 0.
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PROPOSITION. The surface M,:g,(z) = z, w, = 4idz/(z* — 1) (modelled on S
punctured at the 4th roots of unity) is isolated in R*/Z.

PROOF. Let M be a deformation of M,. The total curvature of M is 47 so g is
bijective. Since g at the punctures misses precisely the 4th roots of unity 1, -1, i, —i,
g is a conformal equivalence between M and S — {1,-1,i,-i} = S,. Hence we may
parametrise M by S, so that g(z) = z. Then w is a meromorphic differential on S
with no zeros in C and poles at {1,-1,i,-i}, so

= cdz
(z=D)"(z+1)"(z =i)"(z+ )"

w

Since oo is a simple pole of g, it is a double zero of w, hence n; + n, + n; + n, = 4.
Thus w = cdz/(z* — 1). We have the residue at ¢, at each puncture is +c/4, and
since M is invariant by vertical translation by 2=, the real part of wic/2 = + 2, i.e.
Im(c) = +4. Now Res(¢,,i) = ic/2 and x; is single valued on M so c is pure
imaginary. Hence M = M,,.

Similar arguments apply to other 47 total curvature minimal surfaces in transla-
tion spaces; e.g. Scherk’s surface, g(z) = z, w = 2dz/(z* — 1), is isolated in R®/G,
G the group generated by translation by (2,0, 0) and (0, 27, 0).

We have a partial result concerning deformations of the helicoid which are close at
00.

PROPOSITION. Let M be a deformation of the helicoid M, satisfying:

1. M is parabolic,

2. M is transverse to every horizontal plane x, = constant,

3. the curve M N {x; = constant} makes a bounded angle with My N {x; =
constant }, the bound independent of the plane x, = constant.

Then M is a helicoid.

PROOF. Let 0: M — R be the angle which the curve M N { x; = constant} makes
with the vector (1,0, 0). A priori, ¢ is a local function on M but since M is simply
connected and M is transverse to every horizontal plane, we can extend o to a
continuous (unbounded) function on M. It is a general fact that o is a harmonic
function on M [5]. Now M is a minimal surface so x, is also a harmonic function on
M. Therefore x; — o is a harmonic function on M which is bounded by condition 2.
But by condition 1, M is conformally parametrised by C, so x; — ¢ is constant.
Hence for x, = constant we have ¢ = constant, i.e., M N {x; = constant} is a
straight line. Therefore M is a helicoid.

REMARKS. 1. If & is small enough, then M is certainly parabolic since the
orthogonal projection is a quasiconformal homeomorphism and M, is conformally
parametrised by C.

2. It is elementary that for any minimal surface M there is a positive function
e(x) on M such that any deformation of M which is &(x)-close to M, is equal to M.
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