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In differential geometry conditions of integrability frequently occur, but

in the cases usually investigated only the first of these conditions has to be

considered. In 1922t Eisenhart and Veblen gave a necessary and sufficient

condition that a geometry of paths be a Riemann geometry by using a

new method of treating the conditions of integrability of higher order.

Recently Veblen and Thomas have generalised this method in these

Transactions^ and succeeded in giving a very elegant treatment of

linear equations of the form

and of linear equations of the form

V^...^ = o
for p = 2.§

Now the conditions of integrability have been the subject of a great

number of investigations, especially by Lie, Bouquet, Mayer, Bourlet,

Delassus and Riquier, and in these papers the problem is solved for very

general forms of systems of differential equations. The methods used by

these authors, however, are not directly applicable in the case of covariant

equations as used in differential geometry, as they are too general and

not in covariant form. Therefore it must be possible to establish a method

in covariant form for the treatment of covariant equations much more

simple than these general methods, and more convenient for use. In the

first part of this paper (pp. 442-453) we deal with equations of the form

the right side being a function of xv and vxx...i   only, containing no deri-

vatives of vx^.-x •   The general solution of these equations, if existing,

* Presented to the Society, September 11, 1925.

fProceedings of the National Academy of Sciences, vol.8 (1922),  pp. 19-23.

% Vol. 25, pp. 551-608.
§We use in this paper the notations of the author's Der Ricci Kalkül, Berlin,

J. Springer, 1924; cited in the sequel as K. K.
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depends always on a finite number of arbitrary constants. The conditions

of integrability and their treatment are given in covariant form. The

linear case, including as a special case the first equation of Veblen and

Thomas, is treated more in detail in a separate section. In the second

part (pp. 453-473) we deal with equations of the form

the right side having the properties mentioned above and P being any

operator linear homogeneous in the permutations of the p-\-l suffixes

y,Xx ■■■ Xp. The treatment of such equations is possible by using the

author's development of arbitrary quantities of degree p 4-1 in series of

indivisible quantities. By using this development and a general theorem

of Lie we find the necessary and sufficient condition that the general

solution depend on a finite number of arbitrary constants. This condition

being satisfied, the conditions of integrability and their treatment can be

given in covariant form. The linear case, including as a special case the

second equation of Veblen and Thomas, is treated more in detail in a

separate section.

The case in which the general solution involves arbitrary functions is

not dealt with in this paper.

A. On covariant equations admitting a solution

FOR THE  FIRST  DERIVATIVES

1. The conditions of integrability.   In this chapter we consider

covariant equations of the form

(LI) V^tV-.A, = iv^...^;        fi,Xx,...,lp — ai,---,a„,

wuXf'l, being a quantity, depending on xv and v^...xp only, not containing

derivatives of v^...^; V^ is the operator of covariant differentiation, defined

by the equation*

dvi ...i      1'--'P

(1.2) ^vkr..ip = '      '+ 2   rlp »A,...i^.Ir^+I«.i,f
oxr xc

the parameters r% being once for all given as functions of x . In (1.1)

only lower suffixes appear, but all properties derived in this chapter hold

also for quantities with higher and lower suffixes.

* Signs of summation are always omitted when they belong to Greek suffixes, but never

when they belong to Latin ones.
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Temporarily we make use of suffixes u, v, w, taking all values from 1

to N= nv, and write

Va,., .a,     = Vi,

(1.8)
Vo,...o,aa = v2, etc.,

so that (1.1) is equivalent to

dvu

da?
(1.4) T^'- : Wfiu    (u — l,-",N;i* — ai,---,a»).

We recapitulate briefly some well known properties of these equations.*

The solutions of (1.4) satisfy the equations

dx v      dvv 9ar v      dvv

which do not contain any derivatives of vu and may therefore be put in

the form

(1.6) Fx(vi,---,vN) = 0        (»-=1,...,#(J)).

If  (1.6)   is  identically  satisfied,   viz. for   all  the  values  of  vu>   then

(1.4) is completely integrable.   In this case if W^ are functions   of x",
o

vu, regular in the vicinity of some arbitrary given values x", vu,  there
o

exists one and only one system of solutions vu, regular in this region and
o

taking the values vu for x" = x". Hence if (1.4) are completely integrable,
0

the general solution depends on a finite number of arbitrary constants.

If equations (1.6) are not identically satisfied, there will be some of

them, say N—A7', independent. Then, by (1.6), N—N' of the variables vu

are functions of the other A' and of x". Without loss of generality we

may assume that these variables are vn'+i, • • -, vjf. Then (1.6) is equi-

valent to

(1.7) VN'+s = fs (Vl, - - -, VN')      (s =  1, • • -, N—N*).

Substituting the values of vn'+s from (1.7) into (1.4) we get from the

first N' equations N' new equations

* Bouquet, Bulletin des Sciences Mathématiques et Astronomiques, vol.3

(1872), pp. 265-274; Mayer, the same Bulletin, vol.11 (1876); Mathematische An-

nalen, vol. 5 (1872), pp. 448-470; Bourlet, Annal es de l'École Normale Supérieure,

ser. 3, vol. 8 (1891), supplément, pp. 1-63.
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(1.40 iz¿=wía (« = i,.-.,Aa
oxr

in which W' contains only vi, ■ ■ -, vn-• The other Ar—N' equations (1.4)

lead to N—-N' equations containing only vx, ■■■, vn-  and no derivatives:

(1.6') Fi(vx, ...,VN<) = 0       (s = 1,.. -, N-N').

The conditions of integrability of (1.4') are obtained by substituting the

values from (1.7) into (1.5). Hence the equations (1.4') are then and only

then completely integrable when (1.6') is satisfied identically.

If equations (1.6') are not identically satisfied, there will be some of

them, say AT' —A7", independent. Then, by (1.6'), N' — N" of the variables

can be eliminated, giving rise to the equations

(1.4") t5-==WA (b = l,...,N"),

(1.6") Ft"(vi,--.,vN") = 0    (t = 1,...,N'—N"),

W"b containing only vx, ■■■, vs". The equations (1.4", 6") can be treated

in the same way as (1.4', 6'). Proceeding in this way we may arrive at

a completely integrable system of N* equations,

(1-4*) |™ =   W;c (c =  1,--;N*),

W^c containing only vx,---,vn*, and N—N* equations, expressing the

other N—N* variables as functions of vx, ■ ■ -, vn*:

(1.8) Vi=Mvl,...,vw)     (d = N* + 1,..-,N).

In this case the general solution of (1.4) depends on a finite number of

arbitrary constants. But it is also possible that we may arrive at a

number of independent equations between vx, ■ ■ -, vn greater than A7. Then

(1.4) is inconsistent.

2. The covariant form of the conditions. We will now derive a

covariant form of the conditions of integrability, much more convenient

than the form deduced in the preceding section. To this purpose we

consider once more the process leading from (1.4,6) to (1.4', 6'). (1.4')

and (1.6') are algebraic consequences of (1.6) and the first derivative of (1.6),
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if in these latter equations ovu/oxP is replaced by W„„. (1.6') is then

and only then identically satisfied, when (2.1) is an algebraic consequence

of (1.6). In the same way (1.4") and (1.6") are algebraic consequences

of (1.6), (2.1) and

(2.2) -K ^* = 0,
dx~   dxw

if in this latter equation all derivatives dvll/dxfi are replaced by Wuu and

(1.6") is identically satisfied when (2.2) is an algebraic consequence of (1.6)

and (2.1). The process comes to an end when one of the equations derived

from (1.6) by differentiation is an algebraic consequence of all preceding

ones, or, when the number of independent equations between the vu becomes

greater than N.

Considering the solution of (1.4) in this way we are now able to put

the condition of integrability of the covariant equation (1.1) equivalent

to (1.4) into a covariant form.    (1.6) is equivalent to

(2.3) ^  Zi ^¡H¡tyL   w¿. • • •Ax-i "W. • • • K  ~   M/«* "Vi]A< • • • h

when on the right side always first derivatives of v^.,.1 are eliminated

by means of (1.1).   If we make use of the quantity

{¿A) Mfn/Hii---iP —  ¿*  hi<~ihL   Ali-.klt-ikx+i...Xpi

(2.3) can be written

(2.5) \ B'^i,...\p '   "p v„t...„,= V^ m^ji,...>.p.

The present investigation requiring a great many of suffixes we will use

an abridged notation, writing Xp instead of Xp ■ ■ ■ Xq+i, Xq being the next

suffix of the A-series occurring explicitly in the same term. So vk stands

for %...a„ vxtwkq(p>q) for vkp...xq+l ?%...*,, % «% (p<q) for vj^...^

«V..kJ1+l, and \7x„t%(p>î) for Va,...¿?+, wlit...xl=\ V^_,• • • Va,+1 wk,...xt•
This convention will be followed throughout this paper.   Then (2.5) becomes

By covariant differentiation  of (2.6),  always eliminating first derivatives

°f vuir, we &et an infinite series of equations of the form
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(2-7) Sm. + ^Á'X =0 (y = 2,3,-. •),

where the quantities S are functions of xv and vVp, not containing derivatives

of vv . The first of these equations is (2.6) written in another way. Hence

this equation is equivalent to (1.6). The first and second equations (2.7)

are equivalent to (1.6) and (2.1), the first three equations (2.7) are equivalent

to (1.6), (2.1) and (2.2), etc. The equations (2.7) containing only vi and

no derivatives, either are inconsistent, or there exists a number q, so that

(2.7g+i) is an algebraic consequence of the preceding equations. Then the

same holds for (2.7g+2) etc.

We have therefore proved the following theorem:

The first condition of integrability of the equation

u) y„ vlp = WfO,

where tv^ contains only x" and vxp and no derivatives, is found by covariant

differentiation and alternation of (A):

(Bx) i B¡¿¿' Vyp = V[/Bl u^jkp.

The other conditions are found by covariant differentiation of(Bx), eliminating

every time all derivatives of vk :

(By-i) SMp + !¿¿"' vVp = 0 (y = 3, 4, • • •)•

The quantities 8 contain only xv and vi_ and no derivatives of u¿ . Either

the system (B) is inconsistent, or there exists a number q, such that (P2+i)

is an algebraic consequence of (Bx, • ■ -, Bq). In the first case (A) admits

no solution; in the second case (Bq+2) etc. also are algebraic consequences

of (Pi, • • •, Bq) and the general solution of (A) depends on a finite number

of arbitrary constants.

3. The linear case.   When iv„kp contains vkp only linearly, (1.1) takes

the form*

(3.1) Vu^ = u^p-\-u'H,[pp vVp,

0 . . v
Upip and u^ containing only xv and neither vxr nor derivatives of vi.p.

The conditions of integrability are

* The case in which the right side of (3.1)  reduces to zero is treated by Veblen and

Thomas, these Transactions, vol.25 (1923), pp. 584 ff.
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(3.2) Tflyxp 4- T¿¿¿'v„p = 0                (y = 2, 3, • • •),

where

m V7       °                       •   •   "p °

0 °                                  ,.    0
/T7 __    C7            m             1     171'   "f

pj, — í-KMp   — Vr^ tt^j^    4-ttr^ii,)    «„,]«,  ,

(h+¿p ^fh+i     fh^p      '      tht-p    Uf*y+i"p                \U  = ~   ¿, O, • • •).

(3.3)

0

Now we assume that the first q equations (3.2) admit a solution vk -   Then

every solution of these equations has the form

(3.4) vx„ = vi  + a vx„ H-4- « vi ,
S

s

where a, - - -, «   are  arbitrary parameters,  functions  of xv,  and where
1 s

1 s
vx , • • •, vx form a fundamental set of solutions of the reduced system (3.2),

viz. the system deduced from (3.2) by setting «„^ = 0. In the reduced

system all quantities T with a suffix 0 vanish. Further we assume that

the (q -f l)th equation (3.2) is an an algebraic consequence of the preceding

ones. When the system (3.2) is algebraically consistent there certainly

will be a number q with these properties.

Replacing vx by vx in the first q equations (3.2) we have by differentiation

(3.5) ^T^+iV^T^l+T^ V(u"v = 0    (y = 2f...,a + l).

Subtracting these equations from the second to the (q-\-l)t\i equations (3.2)

(inclusive), we have, by (3.3),

(3.6) T'pj? (nmVp+ u^; k- Vw I,) =0      (y = 2, • • •, q -f 1).
Hence

„, / 0 |       • • «p 0 n    °    I
«   \tW/T-tWf   % —VuîvJ,

where aw is any arbitrary vector, is a solution of the reduced equation (3.2).
1 s

Therefore, v¿ , - - -, v¿ being a fundamental set of solutions of the reduced

equations (3.2), there must exist an equation of the form

0 . . ,/    0 r-7     ° 1'vi'S06      6
(3.7) Vi+'H  v,, — \/flvxp^2,PunP-
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a
In the  same  way we  prove,  putting v¿ ,   a = 1, • • •, s,  in the reduced

equations (3.2), the existence of equations of the form

(3-8) u^p   v,. — \f¡tvJ¡f = 2LiPlAVxr.

By differentiation and alternation of (3.7, 8) we obtain

i   TT-j       » ,    r-7 •  • Vr   i       , .  .   Vf   r-j       i ...  Vf  i

(3.9)     * V[»upV,+ Vl»vf>V*  V"v+UM^\   v»]»r—lR«,td,  %

= 2 ( V[w prf np+ 2 Pfr V,,,] v,p   (e = {¿I \ = ¡J; i = 0, 1

and these equations pass by means of (3.2, 3, 7, 8) into

,—,     ia      ,   x-i ¿6     ba

(3.10) V[w p^4-2>[o, Pfl] = o    (t = o, i,..., *).

Now we will prove that the general solution of (3.1) has the form (3.4),

and that the parameters  a, ■ ■ ■, a  can be found by the integration of
1 s

a completely integrable system.   In order that (3.1) be satisfied by (3.4) it

is necessary and sufficient that

1,....« l,-.-,s l,--,s

(3.11)     V„ Uk   + 2 ( Vya «) ̂ ,+ 2 <* Vp % = »pi   + 2^ « »ui/' V
a a a    a 1 a    a

..  v    0

I,-' -,S nft        i V "i* V "•>•
—J b xS  .,—7      .a •vS      ab    b

or, because of (3.7, 8),

(3.12) — '2   Pf % + 2 ( V^ «) ̂  - 2 " Pa % = = 0,
6 ' o r a        " a,b   a     r      p

or
i,.-.,«

v—j Qa vi       ba

(3.13) Vi« = Pk+Z« Pi-
a b    b

The conditions of integrability of (3.13) are

(3.14) Vfp PX] + ZJ  !>[>* A] + 2 « | V[jU j»Aj + J£  ^ ^jj = 0,

and these equations are identically satisfied in consequence of (3.10).

Hence, the integration of (3.1) is reduced to the algebraic solution of (3.2)

and the integration of the completely integrable system (3.13).  In the following
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sections of this chapter we give some applications to problems of differ-

ential geometry.

4. Conformai transformations of a Yn*   The equation

(4.1) 'gift — tgfyt

gives a conformai transformation of a Yn with fundamental tensor g^.

The transformed curvature affinor is

(4-2) 'K¡¿" = K'^'x" — g[m[i sfl]ß] gK",
where

(4-3) s^x = 2 Vp sx— Sp .^ + i s({ sa gfd,

(4.4) 4 = Vi log tf.

The transformation of P^ = P^ " is given by

(4-5) 'KflX = P^+ l{(n-2) v + V^M-

If P^ vanishes the F„ is often called an "Einstein space". The transformation

>r P>¿,

LpX = — Kpk + 2(n —1) ^^ '    Z = ^ ^ '

1

n —2

of the tensor L^

(4.6)

is more simple:

(4.7) t^-5-'¿«í=   -^hrAj-
4

^        n —2 ^     S^'

It is well known that the F» can then and only then be transformed con-

formally into an Bn   if the conformai curvature affinor defined by

4
(4-8) C<aph> — -S^r—n_2 #[«[/! ̂ /i]"]

vanishes.t

Now we will deduce the necessary and sufficient conditions in order

that aVn can be transformed conformally into an Einstein space. By (4.7)

we have

(4.9) 2 Vp sÀ—sfl sÁ 4-1sK sa g^i =  w_2 P^,

an equation of the form (1.1).

* Cf. for the formulae (4.1-8), R. K., pp. 168 ff.

t Mathematische Zeitschrift, vol. 11 (1921), p. 83.
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The first condition of integrability is

v'"r i       i ai        2       _      \
Ku,fik    $•> — %u \— Ï9m]X s« s   4- n_2 L(o]k]

(4.10)

+ s"9k\p,\hV] s« — \gm\a SfiS? 4- n_2 Lto]<x( = J{Zl2  M> ̂ H*'

or, because of (4.8),

(4.11) C^x"»^ -~2-V[l0Lu]x.

By differentiation, using (4.9) to eliminate V„ sx we get the second condition

( V[{ C'jpx] j sv 4- C^x " (\si sy—Isa sa giv 4- —-S L&)

(4.12) 4

Proceeding in this way we obtain an infinite series of equations. Now

these equations may be inconsistent, (4.9) admitting no solution. Or there

exists a number q, such that the (g'-j-l)th equation is an algebraic con-

sequence of the preceding ones. Then the same holds for all higher

equations and (4.9) admits a general solution depending on a finite number

of arbitrary constants.

We may also investigate the possibility of conformai transformations

leaving K^x invariant. Then L^ is likewise invariant and (4.9) is reduced to

(4.13) 2 V^ sx-Sfi sx + %sa 8a 9(¿ = 0.

Introducing the vector

(4.14) s'x = s~2sx;       s2 = sttsa,

(4.13) passes into the simpler equation

(4.15) V^sJ = — ifff¿,

of the form (3.1).
The first condition of integrability    f (4.15) is

(4-16) ^"4 = 0.

The other conditions are
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IKw/ikS = 0>

ï V,| K^ç— 1 Vj| Pcpl, — ï Vf, P,u^| =  0 ,

etc.   The conclusions are drawn in the same way as in the earlier case.

We remark that for n>2, g^x sp]a] vanishes only when sßx = 0.

Hence by (4.2) the deduced conditions are for n>2 also necessary and

sufficient in order that the conformai transformation leaves K^x" invariant.

5. Geodesic   transformations  of  an An.*   Every geodesic trans-

formation, viz. a transformation of the fl   leaving invariant the geodesic

lines, has the form

(5.1) TvÁfl = rvXfl + Avx p^ + Ap px,

Pà being an arbitrary vector, function of xv.   The transformed curvature

affinor is given by

(5-2) 'P(,YÜ" = E'^x" — 2p[wfl] A\4-2A\mp^k,
where

(5-3) ppi =  VpPi — PpPA.

The transformation of E^x = P«^" is given by

(5-4) 'B^x — Bpn + nppx—pty.

The transformation of the tensor P„¿:

(n»—1)PH = nBflx + E¥,

BpX = —nPpi + Plp,

'Ppk = Pfik—Pfik-

It is well known that the An can then and only then be transformed

geodesically into an En, if the projective curvature affinor, defined by

(5.7) K¿" = E^xV-2PM4 + 2A[loPríx,
vanishes.t

* Cf. for the formulae (5.1-7), E. K., pp. 129 ff.
f Weyl, Göttinger Nachrichten (1921), pp. 99-112.

(V{   K^)s'v

\    V,J KMpX )       S'y

\ Vf,« KwuX   )  S',,

(5.5)

is more simple:

(5.6)
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First we will deduce the necessary and sufficient conditions in order

that an AH can be transformed conformally into an An with B^x = 0. By

(5.3) and (5.6) we have

(5.8) V^ px—Pp px = Puh

an equation of the form (1.1).

The first condition of integrability is

(5.9) \ B('„'fl'x" pv — P[WiU] Px—P[ft P<„]k =  V[((J P^jx,

or, because of (5.7),

(5-10) Plùd   P„ = 2'%,PiU]x-

By differentiation,  using (5.8) to  eliminate   \7uPk,   we  get  the   second

equation,

(5.11) ( V{ Pila 1 Py + K,¡d " (PS Py 4- P<„)  =  2 V5  V[w Pu] X.

Proceeding in this way we obtain  an infinite series of equations.    The

conclusions are drawn in the same way as in the preceding section.

Secondly we consider the possibility of geodesic transformations leaving

Bpx invariant.    Then P^x is also invariant and (5.8) passes into

(5.12) ^px-p^pn = 0.

In consequence of this equation px is a gradient vector:

(5.13) px =  Vxp.
Introducing the vector

(5.14) p'x = em» Pi,

(5.12) passes into the simpler equation

(5.15) VuP'x = 0

of the form (3.1).

Hence, a eodesic transformation leaving invariant P,t/¡ exists only in an

An  admitting  a  constant vector.    The  first  condition  of integrability  of

(5.15) is

(5.16) Kü/p'x^O.
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0,

0, etc.

The conclusions are drawn in the same way as in the earlier cases. We

remark that P[u>/¿] A\ -f A^0) p^x vanishes only when p^x — 0. Hence by

(5.2) the deduced conditions are also necessary and sufficient in order that

the geodesic tranformation leaves E'J'x   invariant.

B. On covariant equations which are linear homogeneous

in the first covariant derivatives

6.  Properties of permutational operators.    We consider systems

of equations of the form

(6.1) PVnVxp = wfXxr ($=1,...,*),

where the quantity iv^ = w^.-.x, is a function of xv and vVp — v,,p...n

only and does not contain derivatives of vv , and where the operators P

are homogeneous linear functions of the (p 4-1)! permutations of the p-\~ 1

suffixes plp..-Xx with constant coefficients. So for p~2 a system of

this form is, for example,

« V„ vxx |iV,^ + c Vi vxu = w„xx,

(6.2) ^ ^ 2
e V^ vXx +/ V; Vpx — w^x.

First we have to deduce some purely algebraic properties of the operators P.i

These operators form an associative algebra with (#4-1)! units, which is com-

posed of k different subalgebras with s\, ■ ■ •, c| units, e\ 4- • • ■ 4- e\ = (p 4-1) \ ■

k is the number of different solutions of the equation x-\-y-\-zJ\-.-.=p-\-l;

x, y, z being positive integers. E. g., for p = 5, k = 11 and the subalgebras

have 1, 25, 81, 100, 25, 256, 100, 25, 81, 25, 1 numbers, respectively. The
numbers of two different subalgebras annihilate each other by multiplication,

and the units eM„ of any subalgebra with f¿ units may be chosen in such

a way that
i

la o\ iil eux,  V = w
(6.3) em. eWx = \ ,    u, v, tv, x = 1, • • •, e{.

I   0 , v -f w

•The conditions (5.17) were first deduced by Eisenhart and Veblen, Proceedings of

the National Academy of Sciences, vol.8 (1922), pp. 19-23.

t Cf. R. K., Abschn. VII.

The other conditions are*

\^«S Bufi\) Px
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The number k and the different subalgebras are uniquely determined, and
i '    i

the same holds for the k sums ZiUeuu of the idempotent numbers eu«.

These sums are the moduli of the subalgebras, their sum being the modulus I
i

of the algebra itself. The numbers euu are called chief-units. They are

not uniquely determined. They form a chief-series of the subalgebra and

this chief-series can be chosen in an infinite number of ways. A chief-

series of the algebra is built up by k chief-series of the k subalgebras,

each chief-series chosen in an arbitrary way.

The rules of multiplication of the numbers of a subalgebra are the same

as the rules of first transvection (erste Überschiebung) of the mixed affinors

of the second degree in c< variables.   Hence the operator P can be written*

(6.4) zlPCir' ;       «¿, n = 1, • • •, si;       * = 1, • • -, k,
i

or, briefly, P'J, where « and y take only values from 1, • • -, N, N = £iei>

belonging to the same subalgebra.   With this notation the properties of

the operators P can be easily deduced from the well known properties

of the affinors Ptt'  in a point of an Em.

N linearly independent contravariant vectors eY of the EN being given,
«

every affinor Pj can be written in one and only one way in the form

(6.5) p;r = ûa<?.
ß

y
From the vectors ua there will be some, say r, linearly independent.   If we

It

denote them by pa, u == 1, •••, r, there exist r vectors qr, such that

(6.6) P'/ = 'Srkqy-
u u

r is the rank of P; this number is the sum of the subranks rx, ••-, rk,

belonging to the k subalgebras. rx, • • •, r* are invariants of P. So are

the Er and the En-r determined by the alternate products q"1 • • • q7^ and
1 r

1 r
P[at • • • Par], called the post-region and the pre-region of P. The vectors pa

and qy are not uniquely determined, but the set pa is, when the set qY is

given in Er, and vice versa.

* In this formula «i and y, do not stand for a¡... b, and y¡- - -y¡.
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The operator P is then and only then idempotent when, for some choice

of the set ptt, qy,

(6.7) paq   =\0)U^V; u,v=l,--.,r.

Then (6.7) holds for every choice of pa or qy. To every idempotent

operator E belongs its conjugate operator E = I— E, which is also idem-

potent. The pre-region of E is the post-region of E' and vice versa.

Pre- and post-regions of an idempotent operator have no  directions in

common.   P being idempotent, pa qy is a chief-unit for every u, hence an
u

idempotent operator of rank r is a sum of r chief-units, rx from the first

subalgebra, r2 from the second, etc. The chief-units themselves are not

uniquely determined, but the sums of the chief-units belonging to the same

subalgebra are.

To every operator P belongs an infinite number of idempotent operators

having the same pre-(post-)region as P. Having written P in the form (6.6),

we have only to choose in an arbitrary way N— r covariant vectors
»■+1 N X r
Pa, ■ • ',Pcc linearly independent of each other and of pa, - - -, p„, and form

the reciprocal systempy, ---,py, so that
i s

(6 8) va »   ==ß'u==v

Then

(6.9) E'J ='2rpaPr
u u

is an idempotent operator with the same pre-region as P. In the same

way we form an idempotent operator F, having the same post-region as P,
1 N

using N—r vectors qy, • • •, qy and the reciprocal system qa, - - -, qa.  From
r+l N

the definition of E and F we have

(6.10) EP = P;       PF = P,
and

Kr = ZNKßUqßpr,

(6-11)

u u

Hence, E and F can be obtained from P by post-(pre-)multiplication with

an operator of rank N.
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Now we are able to consider the question when it is possible to write

a quantity ivux   in the form

(6.12) wflXp = PuuXp.

Operating on (6.12) with E we have, by (6.10),

(6.13) EWflXf = wflXp.
An equivalent to (6.13) is

(6.14) E'wflxp=0,

E'   being  the   conjugate  to   P.    But,   by  using  the  reciprocal  system
1 N
q<i, •••,qa we have, in consequence of (6.13) and (6.11),

(6.15) "H = E«' "H
X,...,NU

= p'J 2 iß i «h-
Thus  (6.13)  or  (6.14)  is  a necessary and sufficient condition that tv„xp be

a residt of the operation P.
X

Hence, if E is an idempotent operator, having the same pre-region as
x x

P in (6.1), and P' is the conjugate operator,

(6.16) P'^=0 ($ = l,...,*)

are the first conditions of integrability of the system (6.1).

We now prove the following theorem:

A consistent system  of equations of t/ie form (6.1) is equivalent to only

one equation of that form* x 2

We consider the first two equations of (6.1).   If the ranks of P and P
1 2

are r and r,  and if the post-regions of these operators have s directions

in common, these equations can be written in the form

2upa<? v^%= Wuv

{G,17) ^   "   \ V7Zuraqr V„% = wux,
y+x        u       r    p '   p

X 2

r — y = s, t—y = r.

* The  algebraic equivalent  of this theorem was first deduced by Weyl,   Kendiconti

del Circolo Matemático di Palermo, vol.48 (1924), p. 32.
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Completing the sets p„, qy and ra in an arbitrary way to sets of N linearly

independent vectors and forming the reciprocal sets py, qa and ry, (6.17)

is equivalent to

2u î« q7 Vu vkp = zlu qa p7 Wpkp,

(6.18)

(6.20)
«„,<—, U „      2 1

If

1 U 1 U

e ir

2« {?« /  V„ »A    =   2U la ** "H>
y+1 u        ^ 1 «       r p '

In order that these equations be consistent it is necessary and sufficient

that

L py «w, = ?« ''3' «h        (M = y+i, • • -, »•);

(6.19) L^ ¿H = 0 (« = r+1, • • -, N);
u

qarywflxp = 0 (« = 1, ..., y, t + l,..., N).

In the case of consistency (6.18) is equivalent to

Qa Py V„ vx, = qa f Wuip (» = 1, • • -, r);
u u

Qa Py V„ vir = q« ry w,lk (u = r + 1, . •., t),
u u

or
i

t r t

(6.21)       £u L qy V„ »i   = 2U L P^ «H + 2» Qa ry w^,
1 U r        P 1 M^'l U rV

r+1

q. e. d.   Proceeding in this way it can be proved that all equations (6.1)

are equivalent to only one equation.

It may be remarked that the post-region of the  operator in the left

side of (6.21) is the smallest region that contains the post-regions of both
1 2

P and P. In the same way the operator in the left side of the equation

equivalent to all equations (6.1) has a post-region that is the smallest one

containing all post-regions of the operators P. We call this region the

combined post-region of the operators P. The sum of the dimensions of

the combined pre-region, constructed in the same way, and the combined

post-region is in general not equal to N.

Suppose now that an algebraic equation is given of the form

(6-22) Pu^vke = w/Üp,

29
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Up and w^Xj, being known quantities. The left side of this equation can in

one and only one manner be written in the form

i 2 2 P+1p+X

(6.23) Pup vx,, = <f utl vxp + C<puF vkp +-\- C   y u^v^,

X p+X 2 P+1
where y>, • • •, <p operate only on Xx, ■ • -,XP and C, ■ ■ -, C are the cyclical

operators transforming pXx ■ ■ ■ Xp into Xx. ■ ■ Xpp, X2 ■.. XppXx, etc.   The

operators operating only on Xx . ■ ■ Xv form an associative algebra with p !
i p+i

units. In this algebra the operators SP,---, <p have a combined post-

region and we can form an idempotent operator U having this same post-

region. Let U' be the conjugate operator of U. Then x^ being any quantity

of degree p, we have identically

(6.24) Pu? U'xxp = 0.

On the other hand every solution of Puflvxp = 0 has the form U'x^.

Therefore, we have only to consider such, solutions of (6.22) as satisfy

the equation
(6.25) UV*, = vx,.

These solutions being known, every other solution can be found by adding

U'xx , xx  being an arbitrary quantity of degree p.

7. Determination of the characteristic number of a permu-

tational operator. In the preceding section we have seen that every

operator has a definite rank. Now we will determine the number of

linearly independent components of a quantity Pvxq, v^ being an arbitrary

quantity of degree q and P a homogeneous linear function of the q\ per-

mutations of Xx ... Xq. We call this number the characteristic number of P

and denote it by (P). In some simple cases the characteristic number

can easily be found.* If for instance P alternates (mixes)t the first t suffixes,

leaving the other suffixes unchanged, we have obviously

(7.1) (P)=(")n«-<

and

(7.2) (P) -f + í"1) »-'
* Comp. p. 459, note *.

f By alternating we get for instance from v ,

V[*W = "3T(^+ V+V-l- vxpX~vXxfi-v^
and by mixing

%¥> = "3T iv*¥+>*+W+V + %" + V*} •
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respectively. In the general case it would be theoretically possible to

determine the non-vanishing determinants of the matrix of the components

of Pvi . In practice this method is far too laborious. But we can find

the desired number in a very easy way, making use of the author's deve-

lopment of a covariant quantity in a series of indivisible quantities, viz.

quantities that have no linear covariant with a smaller number of com-

ponents. These indivisible quantities correspond to the chief-units of the

algebra of permutational operators, and in consequence it is possible to

write any quantity as a sum of indivisible quantities, using an arbitrary
1 n

chosen chief series I, - - -, I. By using this chief-series we obtain the

development

(7-3) Pvx, = (I-r--- + I)Pvli.

Now among the N indivisible quantities, obtained in this way, some may

be zero, and others may be each other's covariants. If r is the rank of P,

just r of them are not zero and independent.   The characteristic number
a

of one of the remaining r operators IP is the same as the characteristic
« «

number of I, because Ivkq has no linear covariants with a smaller number
a

of components. But (I) can easily be found, because it is possible to choose

the chief-series in a very simple way.* The process is shortened by the

circumstance that all chief-units, belonging to the same subalgebra, have

the same characteristic number. So we have only to determine the sub-

ranks r, • • •, r and the characteristic numbers belonging to each of the k

subalgebras.

The method just indicated can be considered from another point of view.

The equation

(7.4) Pvit = 0
being equivalent to

(7-5) Fv^ = 0,

where F is an idempotent operator with the same post-region as P, (P) and

(F) must be equal. Now F can be written (p. 455) as a sum of chief-units,t

and so we have only to determine the characteristic numbers of these

chief-units.  Each of the indivisible quantities belonging to these chief-units
a

is a linear covariant of one of the terms IPvx  obtained above, but the

* Also a general formula can be used deduced by I. Schur in an investigation on the

theory of the linear homogeneous group (Dissert. 1901, p. 51). Comp. H. Weyl, Mathe-

matische Zeitschrift, vol. 23 (1925), p. 300.

t These chief-units were first used hy Weyl in an investigation concerning the theory of in-

variants, Rendiconti del Circolo Matemático di Palermo, vol. 48 (1924), pp. 29-36.

29*
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chief-units contained in F do not belong in general to the artificial chief-series

we made use of. This way seems to be a shorter one, but in practice it

is not so easy to determine the r chief-units belonging to F and so the

use of the artificial chief-series must be recommended.

We give some examples, which will be used later on.

Example 1. Let XA be an operator, alternating the first x suffixes

Xq ■ ■ ■ Xg-x+i and y+iM, x-\~y = q, an operator mixing Xq and the last q—x

suffixes Xg-X, ■ ■ -, Xx. Then a number XA y{-xMis a chief-unit of an artificial

chief-series as used above. Also y+xMxA\s chief-unit of another artificial chief-

series, frequently used. For q<6 all chief-units of artificial chief-series

have such a form, though there may be more than one region for alternating

or mixing.*    The characteristic number of XA y+xM and y+iMxA is

(xAy+xM) = (y+xMxA)

(7,6 - Ui)cí?)-u2)r:+íl)+-+<-iMn+r1)-
The first term in this series is (x-xAy+xM), x-xA alternating x—1 suffixes

and y+xM mixing the other y 4-1, the second is (X-2A y+2M) etc.

Example 2. Let XM be an operator mixing the first x suffixes Xq... Xg-X+1

and y+xM the operator used in Example 1. By using the above mentioned

second chief-series we find that (xMy+xM) is equal to (xMyM), yM mixing

only Xx+X. ■ ■ -, Xy.   Hence we have

(7.7) (xMy+iM) = (xMyM) = (n + ^_1) f + ^-1)-

8. A theorem of Lie. Given a system of partial differential equations

with n independent variables xv and an arbitrary number of dependent

ones.    There are three cases:

1. The equations are inconsistent.

2. The general solution depends on a finite number of arbitrary constants.

3. The general solution contains arbitrary functions of xv.

An example of the first and second case is the equation

(8.1) V^ Vx = 0,

having in general no solution and in special cases a general solution

depending on a finite number of arbitrary constants. An example of the

third case is the equation

(8.2) Vr^Vfl = 0,

* For n > 6 at least one chief-unit in every subalgebra has such a form.



1925] INTEGRABILITY   CONDITIONS 461

having the general solution

(8.3) vx = Vxp,

p being an arbitrary scalar function.

The equations being consistent, Lie* has proved that the following con-

ditions are necessary and sufficient for the second case:

1. There exists a number s, such that every derivative of order s may

be expressed as a function of the lower derivatives, and that the same

does not hold for every derivative of order s — 1.

2. By differentiating and eliminating the system can be put in such a form

that, by differentiating all equations once, and eliminating all derivatives

of order s +1, no equation can be obtained that is not a consequence of

the equations of the system.

Let us inquire in which cases the first of Lie's conditions holds for an

equation of the form

(8.4) P%vx, = u>ftlf,

where wukp is a function of xv and v^ only, not containing derivatives

of vx .    If U is an idempotent operator in Xx •-• Xp only, belonging to P
P °

as defined in § 6,   U' the conjugate of U, vk  any solution of (8.4), and

s;   an arbitrary quantity of degree p, then

(8-5) % + U'sx,

is also a solution of (8.4), because P annihilates U'. Hence the general

solution of (8.4) depends for U^I not on a finite number of arbitrary

constants, when no other assumption is made. In consequence we consider

only solutions of (8.4) satisfying the equation

(8.6) Uvxr=vÁp.

According to § 6 the first condition of integrability of (8.4) is

(8-7) E'uWp = 0,

E' being the conjugate of an idempotent operator having the same pre-

region as P. This condition being satisfied, (8.4) can then and only then

be solved for Vu vxr when the number of components of the left side is

equal to n(U).   Now this number is equal to (P).   Hence, if (P) = n(U),

* Theorie der Transformationsgruppen, I, Chapter 10.



462 J. A. SCHOUTEN [October

(8.4) can be put into a form already considered in Chapter I. Supposing

now (P)<n(U) and differentiating (8.4) we have

(8-8) ^^ = V^«-ftV

The number of components of PV^p^ and V^w^, being n(P) and n*(Z7),

(8.8) cannot be solved for V^ v^.   From (8.8) we obtain, however,

(8.9) PVW vxp = V^ w^if-kPB^"' vVp,

and in this equation the number of components of P V^,) vxp is equal to

(P2M), 2M being the operator mixing the suffixes PiPi. The number of

components of V^,) vXp being dMU), the solution of (8.9) for V^,) v^ is

then and only then possible when (P¡M) = dMU). In this case the

right side of (8.9) containing only vXp and first derivatives, V^ v^ and

therefore also V^ v^ can be expressed as a function of v^ and first

derivatives, so that the first of Lie's conditions is satisfied for s = 2.

When (PiM) < dMU) we have, by differentiating (8.8),

(8.10) P V^ vXp = V^, «kV

Now, because of the identity

(8.11) + $P[p*tH]fh — $P/h\wh\

2 P^Iihih] + iPlptft,]^

every quantity p^ can be written as a sum of p^ and several quantities

all alternating in two neighboring suffixes. Making use of this property

and bringing   all   terms alternating in two  neighboring suffixes to the

right, reducing them to first derivatives by means of B^'/', we obtain

an equation of the form

(8.12) P*M V* % = V* WfXlX*+ *** VVVv*

+ T^">Vaivyp

containing only derivatives up to the second on the right. In this way

we can proceed, always reducing the difference of V^ v^ and V^) v^

* In this equation the abridged notation is not used.
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to derivatives of the order x—2 with the aid of B'J'x". Then it may

occur that for x = q, (PqM) = (qMU). Then V(,t?) vkp and therefore

V^ % can De expressed as functions of the lower derivatives, so that

the first of Lie's conditions is satisfied for s = q. In the other case

such an expression can never be found and in the case of consistency (8.4)

must have a general solution containing arbitrary functions.

We give some examples.

Example 1.

(8-13) V^!);,]^«;^;      t^p;

P is the operator alternating the suffixes fiXx. - ■ Xt and U is the operator

alternating Xi-.-Xt.   The characteristic numbers are, according to § 7,

(^)-'-'{(:)("+r1)-(¡"1)(:í)+-+(-«'(n+rír1)}.
(8.14)

(jw-Hßf+ir1)},
so that always

(8.15) (PXM)<(XMU).

Hence, (8.13) is inconsistent or the general solution contains arbitrary

functions.

Example 2.

(8.16) V(ilt Vit)Xp = ivpxp;       t<p;

P is the operator mixing the suffixes (iXx- - ■ Xt and U mixes Xx... lt. The

characteristic numbers are, according to § 7,

(8.17)

Whence

(8.18)

(,ifc/) = ^-'(n+J-1)(n+^-1).

(PXM) <UiU),        x< t,

(PXM) = (XMU),        x=t+l.

Hence, the derivatives of order t +1 can be expressed as functions of

the derivatives of lower order, and therefore the first of Lie's conditions

is satisfied for s = t-\-l.
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9. The  second  of Lie's  conditions  for  covariant  equations.

Considering the case that the first of Lie's conditions is satisfied, we start

with (8.4), (8.9), (8.10) and the higher equations, deduced as explained in

the preceding section:

(9.1) P^vXp

PxM V^ vXp

(9.2)

PqM Vft ^

(9.3)

The last equation, containing on the right side only derivatives up to the

(q — l)th, being solved with respect to V^) vXf, we arrive at an equation

of the form

(9-4) ^qvXp = QllgXp,

Q^^ containing only derivatives up to the (q — l)th.   By differentiating

(9.4) and alternating we have

(9-5) è BU)flqXp "'    * Vttg_, v^ = V[w Q^^a,.

The qth. derivatives on the right being eliminated using (9.4), this equation

contains only derivatives up to the (q — l)th. Hence it can be no algebraic

consequence of (9.4). Differentiating (9.5) and eliminating always the

gth derivatives by means of (9.4) leads to an infinite series of equations

containing derivatives only up to the (q — l)th.   Now either (9.1), (9.2),

(9.5) and the equation obtained in this way are algebraically inconsistent,

or they are algebraic consequences of a finite number of them. In the

latter case we know by a general theorem proved by Delassus* that if

one of the equations deduced from (9.5) by differentiation and elimination

is an algebraic consequence of the preceding ones and (9.1), (9.2) and (9.5),

* Annales de l'Ecole Normale Supérieure, vol.13 (1896), p. 449.

X

=  V^m^+T^ >vVr

+ ijU",r' VBltv, + ...

+ T¿,°~tr' Vtti_t tv,

(x = 2, - •

I    m- • <*i-iVp   V7
T J-u,Xp va,-i hvp-

i);
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then all following equations have the same property. Hence it is not

necessary to consider these equations. In this latter case the second of Lie's

conditions is satisfied because there is no other way of differentiating and

eliminating of the sth derivatives than the way just shown.

Summing up, we have the following theorem:

A system of covariant equations of the form

P V„ vxp = Wpx,, (£ = 1, • • •, e)

is equivalent to one equation of that form.,

PVflvxp= WpXr-

The equation being consistent and U being an idempotent operator in X¡ - ■ ■ Xp

belonging to P, the general solution depends then and only then on a finite

number of arbitrary constants, when there exists a number q such that the

characteristic numbers of the operators PqM and qMU are equal:

(PqM) = (qMU).

If for every x

(PXM)<(XMU),

the general solution contains arbitrary functions of x".

10.  The  linear  case.    When  w^ is a linear function  of  vkp the

equations (9.1) and (9.2) take the form*

(10.1) P V,, vxp = u^x, + u¡¿¿' vVp,

0 ¡C v

PXM V^ vkp =  V^ »<„.^+ u^'xP ' v,

x . . a, r,

+ W/U, '  " V«, !Vf +

T" Uf4Xp VCx_, v,,p

(x = 2,---,q — l);

* The case in which the right side of (10.1) is zero, p = 2, and P is the operator

mixing the suffixes ^A^j, is treated by Veblen and Thomas, these Transactions, vol. 25

(1923), pp. 599 ff.
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PgMSJftqVxp  =   V^M^^ + M^""^

(10.3) 4-M?;;;^v«1%+---

where all quantities u are functions of íc'' only, not containing vx or derivatives

of v^. The last equation contains only derivatives up to the (q — l)th on

the right.   The solution of the last equation for qM\//Uqvxp gives rise to

an equation of the form
o ,,

%,% = U^Xp-\- U^'xp "v„p

(10.4) + %Cl"'Vttl *,,+ .. .

containing only derivatives up to the (q—l)th on the right. By diffe-

rentiation and alternation of (10.4) and elimination of the ath derivatives

by means of (10.4) we get an equation of the form

01 1 1
y    }jlv"]v'v   4- V' ' ; "lVp V v   +■■■

+^,í;,-i"pv«í_1^=o.

Differentiation of this equation and elimination of the gth derivatives by

means of (10.4) leads to an infinite set of equations of the same form

V 4- V' ' ' "p       4- V' ' ' ttl"r \7    .    4-
(10 6)     <ö«u^p      "V«^   Vvf "■    msflixp      v«ilVp-r

+ t9;Xa,-l,'P Vc?_, v„p = 0     (y « 1, 2,. - •)•

In all the preceding equations of this section quantities with a suffix 0

vanish for u^ = 0. The quantities U and V in (10.4) and (10.6) are

connected by the equations

01 ° ° It Vy _   V7      TT _  TT TT'      ' ' Pl—l't

..    .Vf _^j .        . .Vf . .      . .       Vf .        . ■ ßq-iYf

(10 7) ^ W[<aUrífl,-i^       "i   U[<»\ßi-iyr\     Uto\th-i*T '

..   .a,Vf   __  V7    TT'     '        •"»"PI     Ac"  TT'     '       • "m-lVr

(í= 1, •••, 2—1;  A=o, z<q— 1;  ¿ = 1, * = g—1);
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V-,      , = VtF     í       -4-ZA»       F   •   p«-i»r í(l)yflqkp V£'U)y[lqkp I     ^J/Jj-iJ'p r U)y[lqkp >

(10.8)

•C-1: ■ ■ ; "? = v, f ' ; "p -i- m:  • "p f ' ; Ä-iy'
'    £u>yfXqAp v|   r Myßqkp I     ^i/Sj-iJ'p ' (Oyflqkp )

U+1..   .  . a,r„_^-,   ».   .  . ß,^ «, -^.    .  . «,_,^

K      ̂ U)yflqkp " V£     V  <Oy¡J,qX¡, T"   A-Í '   (¡>yjj,qkp

"T Ulß^y, ¥0)yfiqkp

(y=l,2,---;     e = l,---,q—l).

Now we regard the equations (10.1), (10.2) and the first í equations (10.6)

only from the algebraic point of view as equations for the determination

of the unknown quantities vxp, V^v^, • • -, V^,^. These quantities must

also satisfy the identities

X/fl*\ß,fl,]tl,-.l   Vkp      —      ̂ fl^Pflyfl.kp' "    V«,.,^

(10'9) ^iV^P^"' v^,<v
x = 2,---,q — l; y = 2,---,x; e — y—1).

We assume that (10.1), (10.2), the first t equations (10.6) and (10.9) admit
0 0 0

a solution vxp, v^, •• -, v^^. Then every solution of these equations

can be written in the form

0 1 S

(lo.io)       vHXp = VA+ f V-U-\~1vth*,     (y = if • • -, q—i),

where *;„ ̂  , • • •, v„,( , y = 1, • • •, q — 1 form a fundamental set of solutions

of (10.9) and the reduced equations (10.1), (10.2), (10.6, first t equations), viz.
o

the equations found by setting wU/j = 0, and «,-••,« are arbitrary functional
r p Is

parameters. Further we assume that the (¿+l)th equation (10.6) is an

algebraic consequence of (10.1), (10.2), (10.9) and the first t equations (10.6).

When the system (10.1), (10.2), (10.6), (10.9) is algebraically consistent,

there will certainly be a number t with these properties.   Setting in the

first t equations (10.6) vxp — vxp, V^ v^ = v^ etc., we have by dif-

ferentiation

vjtw,+( v^^xi s+ ( vÄ*r*) krp+ • • •

(lo.ii) + ( Vi^*-**) £„_,„+ k¿£ v8 lp+ - - -

+ V¿¿£t-1"' V{ vtt9_lVp = 0 (y = 1, .* -, t).
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Now the second to the (t + l)th equation (10.6) can be put into the form

X7 V -i- TT T/ Pi-i/p

+       i     VjT^^'' +       ü'{ßt_iyrVf       V'0,yuX      '" y'|      »K,

(10.12)

4- ( V7 V'  ' ' ''':,''''    4- 77"      ' "'^ $"  ' ' /?»-l3'i'
l    \ V| 'lo^fifXp "T" u£ßq_,yp ' Wy¡J,qXp

+¿r k^v i %>>+ ■••
"T  \   ̂ lvtOyfiqXp "T  uSßq_,yp ' IOyfl,Xp

2/
in consequence of (10.8).   Setting in (10.12)

= !,-••,«,

Ap Ap Ï

V^, % = i;^ etc.

and subtracting (10.11) from the so obtained equations we have

v.   .   .   ypIO V7     °    \    j LIT-    •   •   «?-«"W° V7    ° i

(10.13) +h^la'-tr' (Ûça,_tVp+ V¿^J*' vn + • • •

+ ̂ í_,;/'-,^V.r,-v?%_,J = o.
Hence the quantities

«*(««,—V$y,

ao.14) • • •••_;•

«4^«,-.^+ ̂ ¿»«-v«/'^^ "• + DsUi'   "' wA-.yp— V¿ *„,_,J,

where a* is an arbitrary vector, form a solution of the first t reduced

equations (10.6). We will now prove that these same quantities also

satisfy (10.9) and the reduced equations (10.1), (10.2).

Because of (10.9) the equations (10.1, 2, 3) are equivalent to equations

of the form

p Vu vx  = V,t «„ x + W' i ''" v„ -\-
(lO.lo)

+ WFj;*->"' V«^ S = 0    (a = 1, - - -, q),
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where
x-\-X X

v,lfcxXp V{    ''¡uxAp     >

(10.16)
HüT*-V,  W^-' + A? W¿*~»,
\\r" * u*vp_ Attx  tit' ' tt*—ir»

(x = !,•••,a—1;   j/ = !,•••,»—1).

0 0
Substituting i^, «^ etc. in the first q—1 equations (10.15) we have by

differentiation of the first q — 2 equations

p ve 5M - v^ «M + ( ve #^") i, + w;xy' v6 £,,+...

(03 = l,...,i —2).

Subtracting   these   equations   from the second to the (q — l)th equation
oo

(inclusive) obtained from (10.15) by substituting vi , vUlx   etc. we have in

consequence of (10.16)

P(v^~ V| V/tjJ = W¡tjp "" (v&— V{ ?;„„) H-

(10.18) ,   *. • «,_in> ,o r7 °        w i o\
+ WMix„         (tW> vp— V{ t>0_, „ )   (a: = 1, • •., q—2).

Differentiating the (q—l)th equation (10.15) after having substituted vx etc.

in it, we have

p v. vu lX = Vj„ , »„ ¿ + ( v, "wi ,; "') S„ + 9#; ,i * v Í +...
»       lUq—lAP *f*?—1       f*lAp     '       * S f*q—lAp        '        "p     ' f*q—l^p S       "p     '

(10.19) (       y     . „,_,„ \ o y.     . 0

or, in consequence of (10.16),

P V5 »^.¿,—V^_, »^"^W-ii»** ""p
0

»-p

«'..   . «,„„ o       y.   . „ o

(10.20) „ „.

= V- ■ "" v« v 4- • • • 4-*#■ ; "*-*"" v- 5
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Now the qth equation (10.15) is equivalent to (10.4).    Hence

(10.21)
vfy, _, M/tlAp + TT^_, ¿p    tvp + • • • + Wfa_t xp »«^ „.p

p{u^kP+ui^-k;p lp+- - - + i^;*-1"' «^ J.

Hence (10.19) is equivalent to

-P\C/ïi*g_,^+ Uçfi^Xp "vyp-\-h U{H_x'xpq~llrvaq_lVp— Vçv^^xJ

(10.22) gi      _ 0 si     . « r/ o

From (10.18) and (10.22) it follows that the quantities (10.14) satisfy the

reduced equations (10.1, 2), q. e. d.

Substituting vx etc. in (10.9) we obtain

0 _  i V7'   7?" • ß*-i»'p °
(10.23) VLW'K-vfc   —   *  V/"s MfyXp *V-1 Vp

(x = 2, ••-,?—1;   jf = 2,'",í¡   « = y—1),

where on the right side V is a real differential operator equivalent to V
0     v_.    0

for B but a symbolic one for v,  VL vaM¡xp   being a symbolic notation
o

for Vpa^x,,, i — 0, • • -, x.   Differentiating the first q — 3 equations (10.23)

for some fixed values of y we have

V{ v^^^u^Xp = i V? V^ ü'fr'x"'   '" va_irr

(10.24) 2 «*-»»>•
4- i V{ V^ Ä^ *;„,_, Vp

(aj = 2, •-., q — 2; y = 2, • • -, ar, z = y — l)

1 2 q 2     0

where V differentiates only B¡lyx\a'~lt'v and Vonly i^«,.,^.  V5 »,„„*,_, „„ is
0 ■   i,

woi to be replaced by v^ax_lVp, V being a real differentiation, not a

symbolic one. Subtracting these equations from the second to the (q — l)th

equation (10.23) (inclusive) for the same value of y we obtain

0 0

V£ VlLm fu., uJ !/._. .i,,Vlp*\lhPm]Pl-llp      '   V£   Vf*z\lhPAP'-lK

2 >  a

= *(V5'-vf)V¿2^

««-1 >V

«,-i»V   0

¡Arc J-*l*,Ap Va,-lVp-
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Differentiating the (q — 2)th equation (10.23) for some fixed value of y

we have

(10.26) Vs v^l[fhflt]ftM_lXf = 4 V8V^_, E-Xptt-^ vat_lVp.

Now from (10.4) we deduce

V^.,^]^., vXp = \ V^, B^ "    ' VCi_, ivt

o .

(10.27) = P^^^/.j^^^ + P^^^j^^'^-I-

hence it follows that
0

ï/"?-i[/«y/'J/i*-i^> == o>
(10.28)

^-.^¿.-»i,"'''* = 0     (* = !,..., 2—2, a —1),

and that there exist such relations between the quantities U and P in (10.27)
o

that for every set of quantities vv , etc. which satisfies (10.9) the following

equation holds:

«t-\Vp    °

iV^,     R'ßyXp

(10.29) = m      r      ,       j4-77Í'    r'V     i"*¿   4-

I      TT.«í-l^P     0

From (10.26) and (10.29) we get

^ïjU»-!O»,«*],"«-1 <iP "T UîPt-i IrhP']jf**-i^P      *V, "r * *'

(10.30)       + ü^r^^j^i *'    * ̂ "p — V{ v^fcf^^ji,

From (10.25), (10.27) and (10.30) follows that the quantities (10.14) satisfy

also the equations (10.9), q.e.d. Hence these quantities satisfy the equations

(10.9) and the reduced equations (10.1, 2) and (10.6, first t equations). The

same can be proved in like manner for the quantities
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7{ %) '«? («(i, V{ ï;,)

(10.31) , ,a w  « .

(a= 1, ...,*).

A fundamental set   of solutions   of the reduced equations   (10.1, 2) and
1 s

(10.6, first t equations) being vx , • • -, vx , etc., there must exist equations

of the form

-   ib   b% r—j    x ^i   %b    b

v%Vf       — V{iv,        =  Z/ !»{«„,,

(10.32) VS «»-»»'? vj Vttq_iVp --   ^   P$vccq_tve>

TT I     TT'"        '   yp   * I I     7T"        '   ßl-T-Vv   l \~l     *

L--.S ^   i

ni *        j 1, * = 0\

By differentiation and alternation we get from (10.32)

i i 1'---'s ib

V[, »g^,,, — V[, Vg vtttVp = 2 ( V[, p(]) vaxVp -\-
6

1,

+  2 P[i V,] vax„r   (x = 0,-'.,q — 2);

i vr, h]Ki^Vp -f- ( V[, d^;») 4+• • •+( vb ̂ v^;/-1^) ^

+(VrAi) 0^*+ • • • + ( Vi/WpP ui^;/"-^- Vb Vg v„

= 2 (V[, k]) %_,,„ + 2 i>[i V,] %_, „„.

Because of (10.32), (10.7) and (10.5), we get from (10.33)

i,.--.«        .,    . i,.--,*.     .   .

(10.34) ¿t   V[, jög »^ + ¿, % Pg f«,*,      (x — 0, •. -, q — 1).
6,c
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Hence

._,    ia ^-4   to     ba

(10.35) Vr.iV] + -f 1>[« J>d = ° (* = 0,1, • - -, s).

Now we will prove that the general solution of (10.1) has the form

0 1 s

(10.36) vx, = vkp + a vXp 4-h « %>

and that the parameters a can be found by the integration of a completely

integrable system. In order that (10.1) be satisfied by (10.36) it is necessary

and sufficient that

V".s 1,'ss . V--,s

(10.37) V„ vx, +  2 ( Vu «) % +  2? « V^ ̂  = vux + 2> V„,
a a aa aa

or, because of (10.32),

(10.38) -2lV^+ Z (V„«)i^- Z «iV% = o»
a a ab     a

or

(10.39) Vi« = ft+  2,   «Px-
a b      b

These equations having the same form as (3.13) are completely integrable.

Hence the integration of (10.1)  is reduced to the algebraic solution of

the system (10.1, 2, 6, 9) and the integration of the completely integrable

system (10.38).

Delft, Holland.

so


