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ON THE WEIL-PETERSSON CONVEX GEOMETRY

OF TEICHMÜLLER SPACE

SUMIO YAMADA

Abstract. The family of conformal structures that can be realized on a given
topological surface constitute the Teichmüller space of the surface. It is known
to be simply connected and finite dimensional when the surface is of finite type.
We will equip the Teichmüller space with a particular Riemannian metric, the
Weil-Petersson metric, and investigate the convex geometry induced from the
resulting distance function. In particular, we illustrate that the Weil-Petersson
geometry offers a synthetic view of the so-called augmented Teichmüller space,
through the theory of the CAT(0) space. Additionally, we will consider the
Weil-Petersson metric defined on the universal Teichmüller space, where each
finite-dimensional Teichmüller space is isometrically embedded. In conclusion,
we formulate a question concerning the synthetic Weil-Petersson geometry of
the universal Teichmüller space.

1. Introduction

A phenomenon particular to two dimensions is

“A Riemannian surface is a Riemann surface.”

Namely for any Riemannian metric defined on a two-dimensional manifold, there
exists a one-dimensional complex structure c, that is, a collection of charts

{(Uα, zα) | zα = xα + iyα ∈ C}α∈A

with holomorphic changes of variables, such that on each chart (Uα, zα), the Rie-
mannian metric is represented as g = λ(zα)(dxα ⊗ dxα + dyα ⊗ dyα), λ > 0. This
fact, called the existence of isothermal coordinates, was established by Korn and
Lichtenstein (see C. Morrey’s paper on the Beltrami equation [32] for references).
Consequently the study of two dimensional manifolds provides a meeting point for
complex analysis, Riemannian geometry, and conformal geometry. The approach
we take in this article is that of the deformation theory of Riemannian metrics,
in place of the historically more orthodox approach based on the single variable
complex analysis.

In what follows, let Σ be a closed surface, orientable, without boundary of genus
equal to or greater than one, even though much of what we discuss remains valid
for surfaces with punctures. The uniformization theorem of Poincaré and Koebe
says that the universal covering space Σ̃ of a closed Riemann surface Σ is, for
g = 1, R2, and for g > 1, the upper half plane U ⊂ R

2. To put it differently, each
Riemann surface can be unformized by a constant curvature metric G. Indeed G
is a representative of the conformal class c = [G], and the Riemannian manifold
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(Σ, G) is realized as Σ̃/Γ, where Γ is a discrete subgroup of the isometry group of

Σ̃ acting on it properly discontinouously.
Now, let M be the space of smooth metrics defined on Σ and let MK ⊂ M be

the space of constant curvature metrics. Here when g = 1, we consider the flat (the
sectional curvature KG ≡ 0) metrics on the torus with unit volume

∫
Σ
dμG = 1.

When g > 1, we will consider the hyperbolic merics (KG ≡ −1) defined on Σ.
We first define DiffΣ to be the set of orientation preserving diffeomorphisms,

while Diff0Σ is the set of diffeomorphisms homotopic to the identity Id : Σ0 → Σ,
constituting the identity component of DiffΣ, which is a normal subgroup. This
subgroup is, in two dimensions, contractible, an important result shown by C. Earle
and J. Eells [13].

Now the Teichmüller space for the surface Σ of genus g ≥ 1 is defined as the
space of equivalent classes of constant curvature metrics,

Tg = MK/Diff0Σ,

where G1 ∼ G2 ⇔ G2 = φ∗G1 (φ ∈ Diff0Σ). We will omit g of Tg unless it is
needed in the context. The domain surface Σ0 of the identity map specifies the
homotopy markings of the target surface Σ.

We remark that the moduli space of Σ is defined to be

Mg = MK/DiffΣ.

The group DiffΣ/Diff0Σ is called the mapping class group, or the Teichmüller
modular group, and it acts on T discontinuously. It is shown by Dehn and Lickorish
that the mapping class group is generated by the Dehn twists of the surface Σ.

We discuss historical aspects of the developement of the Teichmüller space.
Firstly the equivalent but more traditional definition of Teichmüller space is a set
made up with equivalence classes [f ] of diffeomorphisms f : (Σ0, [G0]) → (Σ, [G])
where [G] stands for the conformal structure represented by a Riemannian metric
G. Here [f, (Σ, [G])] and [g, (Σ, [G′])] are defined to be equivalent if g ◦f−1 : Σ → Σ
is homotopic to a biholomorphic map h : (Σ, [G]) → (Σ, [G′]). We note that in this
definition, hyperbolic metrics are not needed.

We further introduce two more definitions of Teichmüller space. Let p be a base
point on Σ0, and let A1, B1, · · · , Ag, Bg be simple closed curves based at p, chosen
so that the complement of the curves on the surface is homeomorphic to the 4g-gon
in the plane. Now, the fundamental group of Σ based at p is generated by the
homotopy classes [A1], [B1], · · · , [Ag], [Bg] with the single relation

Πg
j=1[Aj ][Bj ][Aj ]

−1[Bj ]
−1 = Id.

Namely {[Aj ], [Bj ]}πj=1(Σ, p) is the standard generator system Sp of π1(Σ, p), also
called the homotopy marking of Σ. By making the definition independent of the
choice of the base point p (using inner automorphisms defined by a continuous curve
from p to p′), the space of equivalent classes of homotopy markings is defined.
Now a Riemann surface Σ and a homotopy marking Sp = {[Aj ], [Bj ]}gj=1 on it

constitute a pair (Σ, Sp). Two such pairs (Σ, Sp) and (Σ′, S′
p′) are defined to be

equivalent if there exists a biholomorphic map h : Σ → Σ′ and the homotopy
marking {h∗[Aj ], h∗[Bj ]}gj=1 is equivalent to S′

p′ on Σ′. The equivalent class [Σ, Sp]

thus defined is considered as a point in Teichmüller space. Here h∗ : π1(Σ, p) →
π1(Σ

′, p′) is the push-forward map defined by h∗[(γ)] = [h(γ)].
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By fixing a reference homotopy marking {[Aj ], [Bj ]}gj=1 on Σ0, for each point

[f, (Σ, [G])] in the Teichmüller space a homotopy marking {f∗[Aj ], f∗[Bj ]}gj=1 is as-

signed. Namely the equivalent class [{f∗[Aj ], f∗[Bj ]}gj=1] of the homotopy markings
represents an element of the Teichmüller space. Each equivalent class is called a
Teichmüller surface by A. Weil. Once again, we note that hyperbolic metrics are
not needed for this definition. That these three definitions coincide can be checked
(see [23] for example).

Incidentally, instead of the induced push-forward map h∗ : π1(Σ, p) → π1(Σ
′, p′),

one can consider the push-forward map h∗ : H1(Σ,R) → H1(Σ
′,R) which is defined

by h∗[(γ)] = [h(γ)], where [γ] stands for the homology class of the simple closed
curve γ ⊂ Σ. Now regard two maps f1, f2 : Σ → Σ′ equivalent if the induced
maps (f1)∗ : H1(Σ,R) → H1(Σ

′,R) and (f2)∗ : H1(Σ,R) → H1(Σ
′,R) coincide.

In contrast to the Teichmüller surface defined by the homotopy equivalence, Weil
defines the Torelli surface to be the equivalence class of the homology markings.
The space consisting of Torelli surfaces is called the Torelli space of Σ.

Weil describes in his 1958 paper [47] (the English translation of Bourbaki seminar
notes [46]) “Perhaps the most remarkable of Teichmüller’s results is the following:
when provided with a rather ‘natural’ topology, the set Θ of all classes (here it means
[f, (Σ, [G])]) of mutually isomorphic surfaces is homeomorphic to an open cell of real
dimension 6g−6.” Also in the same paper, he points out the correspondence between
the harmonic Beltrami coefficients and the holomorphic quadratic differential, using
the Kodaira-Spencer deformation theory of conformal structures, and the Serre
duality. Using the linear space structure, a Hermitian metric is defined and is now
called the Weil-Petersson metric. At the end of the article, Weil poses the following
questions: “This raises the most interesting problems of the whole theory: is this
a Kähler metric? had it everywhere negative curvature? is the space Θ, provided
with its complex structure and with this (Weil-Petersson) metric, a homogeneous
space? It would seem premature even to hazard any guess about the answers to
these questions.”

Fifty years after Weil’s article, we would like to come back to the remarkable fact
of Teichmüller’s, and reexamine the meaning of it from the view point of convex
geometry induced by the Weil-Petersson metric. In doing so, we will try to answer
the questions posed by Weil with the current state of our understanding. Inciden-
tally it is far from being reasonable to hope to cover the Teichmüller theory as a
whole in this article, and even the subject of the Weil-Petersson geometry is too
wide to be synthetically treated in what follows. The Weil-Petersson metric is a
Kähler metric, and hence on the Teichmüller space both the Riemannian geometry
and the symplectic geometry coexist and interact naturally. Recently on the sym-
plectic side, there has been much development led by Mirzakhani [31] and others,
which unfortunately will not be touched upon in this article. The readers interested
in this aspect should refer to the lecture notes of Wolpert’s [53]. Additionally, the
author has recently written a survey article [59] on the Weil-Petersson geometry
which contains a technically comprehensive treatment on topics introduced here.

The author would like to thank the referees whose comments have been helpful.

2. The deformation space of constant curvature metrics

Let Σ be a closed surface, orientable, without boundary of genus g ≥ 1 and let
M be the space of the smooth metrics defined in Σ. The space M has a natural



162 SUMIO YAMADA

L2-inner product structure:

〈h1, h2〉L2(G) =

∫
Σ

〈h1(x), h2(x)〉G(x)dμG(x),

where hi is a symmetric tensor of (0, 2)-type on Σ which specifies a deformation G+
εhi of a Riemannian metric G. The integrand above is using the local coordinates
of Σ,

〈h1(x), h2(x)〉G(x) =
∑

1≤i,j,k,l≤2

GijGkl(h1)ik(h2)jl = Tr
(
(G−1 · h1) · (G−1 · h2)

)
,

where (Gij) is the inverse matrix of the (Gij), A ·B is the matrix multiplication of
A, B, and TrA is the trace of A, namely A11+A22. In particular when one chooses
a local coordinate system around p so that Gij(p) = δij , the integrand becomes
〈h1(p), h2(p)〉G(p) = Tr(h1 · h2).

With respect to the L2-inner product, the Levi-Civita connection is uniquely
determined by the fundamental theorem of Riemannian geometry. Indeed, for
trace-free (TrGh = Σi,jG

ijhij = 0) locally constant deformation tensors h1, h2,
the covariant derivative becomes

Dh1
h2 = −1

2
h1 ·G−1 · h2 −

1

2
h2 ·G−1 · h1 −

1

4
〈h1, h2〉G(x)G.

This formula allows tensorial calculations on the space M of smooth metrics, in
terms of two-by-two matrix multiplications.

Now we consider the tangent vectors to the Teichmüller space T = MK/Diff0Σ
(K = 0,−1). Firstly we consider the condition for a deformation tensor h preserving
the curvature:

d

dε
K(G+ εh)

∣∣∣
ε=0

≡ 0.

This can be written as a linear partial differential equation of elliptic type, defined
on the surface Σ,

−(G +K)TrGh+ δGδGh = 0,

and this equation is called the Lichnerowicz equation. Here δGh is the divergence
of h, locally written as

∑
i hij;i with respect to the geodesic normal coordinates at

its center.
By denoting the left hand side of the Lichnerowicz equation by LGh, we define

the Lichnerowicz operator LG : TGM → R. The tangent space TGMK to the space
of constant curvature MK is then expressed as KerLG ⊂ TGM.

On the other hand, each point in the Teichmüller space is an equivalence class of
constant curvature metrics under the pull-back action of the diffeomorphisms. In
order to obtain the tangency condition to the Teichmüller space, we need to specify
the directions L2-perpendicular to each diffeomorphism fiber. Let us consider a one
parameter family of diffeomorphisms

φt : Σ → Σ (t ∈ (−ε, ε), φ0 = IdΣ,
d

dt
φt|t=0 =: X)

and the resulting pull-back metrics φ∗
tG. The t-derivative of the pull-back metrics

at t = 0 is the Lie derivative of G in the direction of X, namely

d

dt
φ∗
tG

∣∣∣
t=0

= LXG.
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With respect to a geodesic normal coordinate system at p, we have G(p) = δij ,
Γk
ij(p) = 0, and LXG(p) = Xi:j(p)+Xj;i(p). By integration by part, or equivalently

by the divergence theorem, we have

0 = 〈h, LXG〉L2(G) =

∫
Σ

∑
i,j

hij(Xi:j +Xj;i)dμG = −2

∫
Σ

∑
i,j

hij;iXjdμG

for every smooth vector field X ∈ X(Σ). Hence the condition characterizing the
L2-perpendicularity is δGh = 0.

Therefore the necessary and sufficient conditions for a deformation tensor h ∈
TGM to be curvature preserving and to be L2-perpendicular to the diffeomorphism
fibers are

LGh = 0, δGh = 0.

Now LGh=−(G+K)TrGh+ δGδGh=0 together with δGh=0 is −(G+K)TrGh
= 0. When K = −1, TrGh needs to vanish, and in the K = 0, together with the
volume normalization

∫
Σ
dμG = 1, TrGh also is identically zero. Hence the two

conditions are equivalent to

TrGh = 0, δGh = 0,

and such an h is called a traceless transverse tensor, a TT tensor for short. TT
tensors were originally investigated in general relativity by a number of people
including Calabi, and Fischer and Marsden [17]. Here we note that the quotient
map Π : M−1 → M−1/Diff0Σ is a Reimannian submersion with respect to the
L2-inner product, and that for a tangent vector v ∈ TxTg and for a point G ∈ M−1

in the fiber Π−1(x), there exists a unique lift h of v. Thus the tangent space TxTg
is identified with the TT tensors of TGM where Π(G) = x.

Now we are ready to define the Weil-Petersson metric, namely it is the L2-metric
on M restricted to the traceless transverse tensors.

Historically the Weil-Petersson (co)metric originally proposed by Weil is the
Petersson pairing between two holomorphic quadratic differentials Φ = φ(z)dz2 and
Ψ = ψ(z)dz2, where z is the complex coordinate of the Riemann surface (Σ, [G]):

〈Φ,Ψ〉 :=
∫
F

φ(z)ψ(z)ρ(z)−1dzdz.

Here the Riemann surface of genus ≥ 2 is identified with a hyperbolic surface
(Σ, G) = H2/Γ for some Fuchsian group Γ ⊂ SL(2,R). We recall that the cotangent
space T ∗

GT consists of holomorphic quadratic differentials on Σ, as a consequence
of the Serre duality. The Petersson pairing is between the automorphic forms of
weight −4, F is a fundamental region of the Fuchsian group Γ, and ρ(z)|dz|2 =
4|dz|2/(1− |z|2)2 is the area form of the Poincaré metric on the unit disc.

The identification between the real part of the Hermitian metric on the space of
holomorphic quadratic differentials and the L2-inner product between a pair of TT
tensors is given explicitly by

h11 dx⊗ dx+ h12 dx⊗ dy + h12 dy ⊗ dx+ (−h11) dy ⊗ dy ←→ (h11 − ih12)(z)dz
2,

where the coordinate system for the TT tensor is the geodesic normal coordinates
at p and the coordinate system for the quadratic differential is the isothermal co-
ordinates around p. Such a situation can be arranged by setting the point p to be
the origin of the Poincaré disc [59].
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The imaginary part of the Hermitian metric specifies a symplectic form, and
Ahlfors [3] showed that it is a Kähler form with respect to the natural complex
structure on the space of the holomorphic quadratic forms.

2.1. The Teichmüller space T1 of torus and its Weil-Petersson metric.
The investigation of the Weil-Petersson metric started in the field of automorphic
forms equivariant under the action of the Fuchsian group acting on the upper half
plane. However, it is instructive to look at the case when the Riemann surface is
a torus: the deformation theory is that of deforming the square lattice defined on
the Euclidean plane R

2.
Incidentally the Teichmüller space T0 of the sphere is a point, as there is only

one conformal structure, namely that of the standard metric [G0].
We begin by defining T2

0 to be the standard torus obtained by taking the quotient
of the xy-plane by the square lattice Γ0 = {(m,n) ∈ R

2 | m,n ∈ Z}, and we write

R
2/Γ0 = (T2

0, G0),

where G0 is the resulting flat metric. Then we consider the space of flat metrics
with unit area, which we denote by M0. Now we characterize each element G of
M0 by using it as a target metric for the harmonic map from T2

0. According to
the existence and regularity results of harmonic maps by Eells and Sampson [16],
within the homotopy class of the identity map Id : T2

0 → T
2 there exists a smooth

harmonic map u : (T2
0, G0) → (T2, G). Here the group S1 × S1 acts on (T2, G)

isometrically and the diffeomorphism group Diff0T
2 acts isometrically by the pull-

back action. Thus the harmonic map u is not unique. However, the pull-back
metric u∗G defined on T

2
0 is uniquely determined [59].

Next the Bochner-Weitzenböck formula [14] applied to the energy density of the
harmonic map u : (T0, G0) → (T2, G) gives

G0

1

2
‖du‖2 = ‖∇Edu‖2.

Here E is the fiber bundle T ∗T2
0⊗u∗(TT2), G0

is the Laplacian for G0 (a negative
operator) and∇E is the covariant derivative on the fiber bundle E naturally induced
from the map u and the Riemannian metrics G0, G. By integrating the equality
over T2

0, one can conclude that the harmonic map u is totally geodesic ∇E(du) ≡ 0,
and hence u is an affine map. The resulting pull-back metric is of the form

(u∗G)ijdx
i ⊗ dxj =

∂uα

∂xi

∂uβ

∂xj
Gαβdx

i ⊗ dxj ,

which is locally constant as a tensor. By identifying the flat torus T2
0 with [0, 1]×

[0, 1] ⊂ R
2, u∗G specifies an inner product on R

2. By representing the inner product
using the standard xy-coordinates as a 2 × 2 matrix (u∗G)ij , the determinant is
normalized by det[(u∗G)ij ] = 1, as each flat metric G in M0 is of unit volume.

We recall that the orientation preserving isometry group for the metric G0 = δij
is SO(2); the space of all pull-back metrics u∗G can be described as

{G =

(
g11 g12
g12 g22

)
: g11g22 − g212 = 1}/∼ = SL(2,R)/SO(2),

where the equivalence ∼ is defined by the isometric action of SO(2) on G0. The
identification comes from variations of the standard bilinear form associated with
G0, by the change of variables: G0(Av,Aw) = G(v, w) with A ∈ SL(2,R). We have
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so far seen that the Teichmüller space T1 and the hyperbolic plane H2 are the same
as differential manifolds.

Next we compare the two spaces as Riemannian manifolds. Recall that the
tangent space TGT1 consists of TT-tensors on (T2, G). Now with respect to a
geodesic normal coordinate system at p, namely Gij(p) = δij , Gij,k(p) = 0, the
TT conditions for a deformation tensor h are nothing but the Cauchy-Riemann
equations for (h11 − ih12)(z), where we use the convention z = x1 + ix2. The space
of holomorphic quadratic differentials on a torus (T2, [G]) is trivial, that is, the
space is isomorphic to C. Hence each quadratic differential (h11 − ih12)(z) dz

2 is
locally constant. By identifying the torus with a parallelogram of unit area in R2,
the flat metric Gij and the deformation tensor hij are both globally represented
by constant matrices. In this setting, the Weil-Petersson L2-pairing between two
deformation tensors h and k becomes∫

T2

〈h(x), k(x)〉G(x)dμG(x) = GijGklhikhjl.

Here the pairing can be seen as the Lie algebra inner product defined by Tr(ĥ · k̂),
between ĥ := Gijhik and k̂ := Gklhjl which are elements of sl(2,R). Therefore
the Weil-Petersson inner product is recoginized as the left-invariant metric on the
symmetric space SL(2,R)/SO(2).

Hence we have concluded that the Teichmüller space T1 equipped with the Weil-
Petersson metric is isometric to the hyperbolic plane H

2.
The affine map u : (T2, G0) → (T2, G) is the Teichmüller map, that is, a map

which minimizes the complex dilatation among all the maps from the Riemann sur-
face (T2, G0) to (T2, G), within a fixed homotopy class. Indeed, on the Teichmüller
space T1, the Weil-Petersson geometry and the Teichmüller geometry (the geometry
according to the Teichmüller metric) coincide (see [5]). One further comment is that
knowing the isometry between (T , gWP) and H2, the issues Weil raised are all affir-
matively answered; namely the Weil-Petersson metric on T1 is Kähler, negatively
curved, homogeneous, and metrically and geodesically complete.

3. Teichmüller’s theorem

Having seen the torus case, we now move on to the higher genus Teichmüller
space Tg with respect to the Teichmüller metric, which illustrates one way of gener-
alizing what we have seen for the torus case. For a detailed exposition, the reader
should refer to standard material such as [23, 33]. First we denote the space of
holomorphic differentials on the Riemann surface Σ by QD(Σ). That φ is a holo-
morphic quadratic differential on Σ means that for some set of charts {(Uj , zj)}
on Σ, there is a set of holomorphic functions {φi(z)} each of which is locally de-
fined on zj(Uj) ⊂ C, and for a pair of intersecting charts (Uj , zj) and (Uk, zk), the
transformation law φk(zk) = φj ◦ zjk(zk)[z

′
jk(zk)]

2 is satisfied. Here the notation

zjk := zj ◦ z−1
k is used. We write this transformation law as

φk(zk) = φj(zj)(dzj/dzk)
2,

and hence use the invariant expresson φ = φ(z)dz2. Recognizing Σ as H/Γ with
the Fuchsian group Γ ⊂ SL(2,R), QD(Σ) is the set of automorphic forms for Γ with
weight −4.



166 SUMIO YAMADA

On the other hand, we specify an affine map w = f(z) on R2 defined by

f : x+ iy �→ Kx+ iy,

for K ≥ 1. The number K is called the dilatation of f . Note that

Kx+ iy =
K + 1

2
z +

K − 1

2
z,

and by setting k = (K − 1)/(K + 1) the pull-back metric of the Euclidean metric
|dw|2 of the w-plane by the map f is conformal to |dz+kdz|2. Under a holomorphic
change of coordinates z = h(ζ), |dz + kdz|2 is conformal to

∣∣∣dζ + k
(h′)2

|(h′)2|dζ
∣∣∣.

In this setting, observe that φ := (h′)2 behaves as the holomorphic quadratic dif-
ferential. We express the complex structure of the pull-back metric by (k, φ).

We now come back to the higher genus case. When a locally affine quasi-
conformal map f : (Σ0, [G0]) → (Σ, G) satisfies the Beltrami equation

fz = μfz,
(
μ := k

φ

|φ|
)

with respect to some local complex coordinate z, we call f a formal Teichmüller
map for (k, φ), and μ the complex dilatation, or the Beltrami coefficient of f .
By introducing the L1 norm ‖φ‖1 =

∫
Σ
|φ(z)|dxdy to the elements of QD(Σ), we

consider the unit ball

QD1(Σ) = {φ ∈ QD(Σ) | ‖φ‖1 < 1}.
Teichmüller [40] showed that QD1(Σ) and Tg are homeomorphic for g ≥ 2, by
making an explicit correspondence between (‖φ‖1, φ) and (Σ, [G]). The Riemann-
Roch formula implies that QD(Σ) is homeomorphic to C

6g−6. It follows that
Tg ∼=homeo

R
6g−6. The proof of this result essentially uses the geometry of the

Teichmüller distance function, formulated in terms of the sup-norm ‖μ‖∞ = k of
the Beltrami coefficient μ:

dT ([G1], [G2]) = inf
f∼Id

logK(f).

Here the inf is taken over the quasi-conformal maps f : (Σ, [G1]) → (Σ, [G2])
homotopic to the identity map (or some fixed homeomorphism Σ → Σ) and K(f)
is the maximum value of the dilatation K(x) over Σ for each f . This value is indeed
achieved by a map f12 which is a collection of affine maps pasted together. While
in the case of a torus the affine map sending the domain lattice to the target lattice
was itself the Teichmüller map, in the higher genus case the surface (Σ, [G1]) needs
to be divided into a collection of rectangles which is determined by the holomorphic
quadratic differential φ associated with the quasi-conformal map f12.

4. Intrinsic geometry of Teichmüller space using harmonic maps

4.1. Hodge-type decomposition of deformation tensors. Having known that
the Teichmüller space Tg (g ≥ 2) is homeomorphic to the open ball of 6g − 6
dimension, we will investigate the Weil-Petersson geometry of the space. In [54],
the author introduced a Hodge-type decomposition to the tangent space to the
space of smooth metrics defined on Σ. In the previous section, we have seen that
the tangent space to the Teichmüller space consists of symmetric (0, 2)-tensors
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which belong to the intersection of the kernel of the differential operator LG and
the kernel of the divergence operator δG.

Indeed the characterization of the TT tensors is a consequence of the following
L2-decomposition theorem.

Theorem 4.1 (L2-decomposition [54]). The tangent space TGM to the space M
of smooth metrics on Σ, at a hyperbolic metric G, has the L2-decomposition

TGM = TGT ⊕ TGDiff0Σ⊕ (TGM−1)
⊥

( = [KerLG ∩KerδG]⊕ [Imδ∗G]⊕ [ImL∗
G] ),

and a tensor h ∈ TGM can be uniquely decomposed as

h = TT(h) + LXG+ L∗
Gf.

Here L∗
G is the L2-adjoint operator of the Lichnerowicz operator LG, and δ∗G is the

L2-adjoint operator of the divergence operator δG. Furthermore, the vector field X
is the unique solution to δGδ

∗
GX = − 1

2δGh, the function f is the unique solution to
LGL∗

Gf = LGh, and TT(h) is the uniquely determined trace-free transverse tensor.

We use the term “Hodge-type” when the two differential operators LG and δG
both form elliptic operators LGL∗

G, δGδ
∗
G which are self-adjoint, and with trivial

kernel, and when each mutually orthogonal component is described as the image
and the kernel of LG and δG. These characteristics closely resemble the Hodge
decomposition of the differential forms, using the differential operators d and d∗.
Needless to say, in this analogy the TT tensors, which are canonically identified
with holomorphic quadratic forms, correspond to the harmonic forms.

The first two components of the L2-decomposition TGT ⊕TGDiff0Σ constitute the
tangent space TGM−1, which in turn is identified as KerLG. We note that M−1 ↪→
M is an embedding and the natural projection π : M−1 → M−1/Diff0Σ is a
Riemannian submersion. Hence the differential of the map Dπ : TGT ⊕TGDiff0Σ →
TGT sends the horizontal directions consisting of the TT tensors isometrically,
while the vertical directions TGDiff0Σ are identified as KerDπ. From a standard
property of Riemannian submersions it follows that given a Weil-Petersson geodesic
σ(t) : [a, b] → T in T , and a point in the fiber π−1(σ(a)), there exists a unique
horizontal lift σ̂ : [a, b] → M−1 in M−1. Here σ̂′ is a TT tensor and σ̂ is itself a
geodesic in M−1 with respect to the L2 metric.

4.2. Weil-Petersson geodesic equation. In what follows, we identify the Weil-
Petersson geodesic σ in T and its horizontal lift σ̂ in M−1, and use the following

notation σ̂(t) = Gt, σ̂
′(t) = Ġt. That Gt is a geodesic in M−1 is the same as

saying that the geodesic curvature of the path vanishes in M−1. The tangent
space TGM−1 consists of the tensors in the first and the second components of the
L2-decomposition. The geodesic equation is

DĠt
Ġt = PGt

(DĠt
Ġt),

where PG : TGM → (TGM−1)
⊥ is the projection to the third component of the L2-

decomposition. Together with the condition that Ġt is TT (TrGt
Ġt = 0, δGt

Ġt =
0), the Weil-Petersson geodesic is completely determined.

Now we recall the explicit form of the Levi-Civita connection D:

Dh1
h2 = −1

2
h1 ·G−1 · h2 −

1

2
h2 ·G−1 · h1 −

1

4
〈h1, h2〉G(x)G.



168 SUMIO YAMADA

Using the formula, one obtains the second time derivative of Gt.

Theorem 4.2 ([54]). The Weil-Petersson geodesic Gt (with arc-length parameter

‖Ġt‖L2(G) ≡ 1) has the following acceleration in M:

d2

dt2
Gt

∣∣∣
t=0

(x) =
(1
4
‖Ġ0‖2G0(x)

+ α(x)
)
G0(x) + LZG0(x).

Here Z is a vector field on Σ, and the value of α(x) is given by

−(G0
− 2)−1‖Ġ0‖2G0(x)

(x)/2,

which is a strictly positive number for each x ∈ Σ.

We remark that the behavior of the Weil-Petersson geodesic is governed by an
integral kernel −(G0

− 2)−1, a characteristic of the Weil-Petersson geometry, in
the sense that it is non-local as the geometry is defined by the L2-quantities.

4.3. The Weil-Petersson convexity of energy functional. Instead of track-
ing the varying conformal structures by Teichmüller maps used in the proof of
Teichmüller’s theorem, we can track the varying corresponding hyperbolic metrics
by harmonic maps. Given a continuous map Φ : (Mn, g) → (Σ, G) from an n-
dimensional closed manifold M to a hyperbolic surface Σ, a series of results by
Eells and Sampson [16] Al’ber [4], and Hartman [22] collectively imply that there
exists a unique smooth harmonic map u : (Mn, g) → (Σ, G) in the homotopy class
of Φ provided that the image of u is not a point or is not contained in a closed
geodesic. Also known (Eells and Lemaire [14], Koiso [27]) under the situation where
the uniqueness holds is the smooth dependence of u on G. Recall the basic fact
that given a metric G on Σ and a diffeomorphism φ, φ : (Σ, φ∗G) → (Σ, G) is
an isometry, and so is φ−1. Hence for a harmonic map u : (M, g) → (Σ, G), the
composite map φ−1 ◦ u : (M, g) → (Σ, φ∗G) is also harmonic. Putting these obser-
vations together, the Dirichlet energy E(u) = 1/2

∫
M

|du|2dμg of the harmonic map
u : (Mn, g) → (Σ, G) homotopic to Φ is a well-defined functional whose independent
variable is [G] ∈ M−1/Diff0Σ. Namely we can define a functional

E : T → R

by setting E([G]) := E(u).
Here when φ is an element of DiffΣ but not of Diff0Σ, φ−1 ◦ u is no longer

a harmonic map homotopic to Φ. This fact illustrates that the moduli theory of
harmonic maps is more compatible with the Teichmüller space M−1/Diff0Σ, rather
than the moduli space M−1/DiffΣ.

The author showed [54] the following convexity result.

Theorem 4.3. The energy functional E is Weil-Petersson convex.

Here the Weil-Petersson convexity on T means that for any arc-length parame-
terized Weil-Petersson geodesic Gt, d

2E(Gt)/dt
2 > 0 is satisfied.

Furthermore, by taking the homotopy type of the harmonic maps suitably, the
following holds:

Corollary 4.4. For the family of harmonic maps uG : (M, g) → (Σ, G) smoothly
dependent on G ∈ M−1, belonging to the homotopy class of a continuous map
Φ : M → Σ, the energy functional E is convex and proper, provided that the image
of the induced map Φ∗ = u∗ : π1(M) → π1(Σ) is a finite index subgroup.
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Here the properness means that the sub-level set {[G] ∈ T : E([G]) ≤ M < ∞}
is compact in T .

The proof of the convexity theorem [54, 59] requires differentiating the Dirichlet
energy

∫
M

e(u)dμg(x) in t twice, where the t-dependence in

e(u(x)) = 1/2 gij(x)uα
i (x)u

β
j (x)Gαβ(u(x)) = Trg(u

∗G)

appears for Gt and uGt
. The resulting quantity is a difference between two terms,

the first being the second variation δ2E(u) under the variational vector field u̇Gt

and the second term being a quantity∫
M

Trg(u
∗G̈) dμg,

where G̈ is the second time derivative of math of metrics in M. Here the explicit
expression for G̈ obtained above is used.

We recall that given a convex and proper functional F defined on a contractible
open manifold M , the family

⋃
M∈R

{p ∈ N |F (p) ≤ M} of the sub-level sets on
F forms a nesting set whose union forms an exhaustion of the open manifold.
Here each sub-level set is geodesically convex, and hence the manifold M becomes
geodesically convex.

The domain manifold (M, g) and the homotopy type of Φ can be freely chosen
for the Weil-Petersson convexity of the energy functional. In particular,

(1) M is the direct sum �kS1 of copies of S1, and the complement of the image
of the harmonic map in M is homeomorphic to disjoint union of discs (the
closed geodesics fill the surface).

(2) The domain is Σ itself, and Φ is the identity map Id : Σ → Σ.

The situation (1) was investigated by Wolpert [50] in the 1980s. It was shown
that the hyperbolic length Lσ(G) of a simple closed geodesic σ with respect to
a hyperbolic metric G is a Weil-Petersson convex functional on T . By choosing
σi so that Σ \ (

⋃
i σi) becomes a union of discs, the sum of the lengths L(G) :=∑k

i=1 Lσi
(G) is convex and proper.

In the situation (2), the energy functional can be seen as a measure for the
deviation between a pair of conformal structures. This is better observed by the
following argument. The harmonic map u : (Σ0, G0) → (Σ, G) is a diffeomorphism
(Jost and Schoen [25]). Let (x, y), z = x + iy be isothermal coordinates around
p ∈ Σ0, and (w1, w2), w = w1+iw2 isothermal coordinates around u(p) ∈ Σ. Then
the pair of hyperbolic metrics are written as G0 = λ(z)|dz|2, G = ρ(w)|dw|2. We
also use the following differential operator:

∂

∂z
=

1

2

( ∂

∂x
− i

∂

∂y

)
,

∂

∂z
=

1

2

( ∂

∂x
+ i

∂

∂y

)
.

We introduce further the following notation:

|∂u|2 =
ρ(u(z))

λ(z)

∣∣∣∂u
∂z

∣∣∣2, |∂u|2 =
ρ(u(z))

λ(z)

∣∣∣∂u
∂z

∣∣∣2,
which can be regarded as the conformal/holomorphic energy density and the non-
conformal/anti-holomorphic energy density respectively. Now the energy density
and the area density/Jacobian of the map u become

e(u) = |∂u|2 + |∂u|2, J(u) = |∂u|2 − |∂u|2.
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Now as the map u is of degree one and J(u)dμG0
is the pull-back of the Kähler

form of (Σ, G), it follows that
∫
Σ
J(u)dμG0

= −χ(Σ)(= 2g − 2).
Thus we define

E(u) + χ(Σ) =

∫
Σ

e(u)− J(u) dμG0
=

∫
Σ

2|∂u|2dμG0

to be ∂-energy, and denote it by E∂(G). Consequently the new functional is the
Weil-Petersson convex on T .

By utilizing the Beltrami coefficient μ := uz/uz for the quasi-conformal harmonic
map u, we can rewrite the energy functional and the ∂-energy functional as

E(G) =

∫
Σ

(1 + |μ|2)|∂u|2dμG0
, E∂(G) =

∫
Σ

2|μ|2|∂u|2dμG0
.

In particular, when G0 = G, the harmonic map u is the identity map, hence a
conformal map, which would imply μ ≡ 0. The convex functions E(G) and E∂(G)
assume their minimum at G0 respectively, and the latter takes zero as its minimum.

This observation together with the negative sectional curvature of the Weil-
Petersson metric imply that each sub-level set of E∂ : T → R is diffeomorphic to
R6g−6, and hence T itself is also diffeomorphic to R6g−6, an alternative proof of
Teichmüller’s theorem. In effect, we have replaced

• the Teichmüller metric by the Weil-Petersson metric,
• the Teichmüller maps by the harmonic maps,
• the Teichmüller distance by the functional E∂ .

We note here that for the torus case (see [5]) the Teichmüller distance and the
Weil-Petersson distance coincide, and the Teichmüller maps are harmonic, as they
are affine. Furthermore, in this case, one can check that the L2-integral E∂ is convex
with respect to the Teichmüller distance as well as the Weil-Petersson distance.

5. Teichmüller space as a Weil-Petersson convex body

5.1. Weil-Petersson completion and the CAT(0) geometry. In the previous
section, we introduced several functionals F : Tg → R for g > 1, which are con-
vex and proper, such as E , E∂ ,L. Consequently these functionals’ sub-level sets
provide exhaustion of the Teichmüller space. On the other hand, Wolpert [49],
Tromba [43], and Jost [24] independently showed that the sectional curvature of
the Weil-Petersson metric is strictly negative. Together with the Weil-Petersson
geodesic convexity of the Teichmüller space, we know that for any pair of points in
T , there exists a unique Weil-Petersson geodesic in T .

One of the reasons the Weil-Petersson geometry was not as utilized as that of
the Teichmüller metric, in order to understand geometric structures of T , is the
fact that the Teichmüller space is incomplete with respect to the Weil-Petersson
metric. Without completeness, many standard arguments in differential geometry
fail.

The author hence introduced in [56] the Weil-Petersson completion of the Te-
ichmüller space, namely that the completion (T , d) is the space of all the Cauchy
sequences in T , and the distance between a pair of Cauchy sequences is defined by

d({pi}, {qi}) = lim
i→∞

d(pi, qi).

A metric space (X, d) is called a geodesic when the distance d(p, q) between
any pair of points p, q in X is realized by the length of a smooth curve, which
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then is called the geodesic. Additionally, when we impose the triangle comparison
condition, the metric space is called a CAT(0) space. The condition is as follows:
for any geodesic triangle PQR, consider a triangle P QR in R2 which shares
the same side length as PQR. Draw a shortest curve from P to the midpoint MP

on the opposite side. Then the distance d(P,MP ) is less than d(P ,MP ), where

MP is the midpoint of the corresponding side in the reference triangle. From
this condition, it follows that a CAT(0) space is necessarily contractible. The
three letters CAT stand for Cartan, Alexandrov and Topononov, and 0 stands for
the flatness of R2. The most familiar CAT(0) spaces are open manifolds which
are contractible and of negative sectional curvature. Hence the Teichmüller space
(T , dWP) is CAT(0). Furthermore, given a convex and proper functional F on T ,
its sublevel set SF(M) := {p ∈ T | F(p) < M < ∞} ⊂ T is also CAT(0).

The investigation of CAT(0) spaces was initiated by the Russian School repre-
sented by Alexandrov, and in recent years the subject received new light as the
theory of harmonic mappings has been generalized by Gromov and Schoen [21]
for the CAT(0) target spaces which allows some singularities such as Euclidean
buildings.

From the general theory of CAT(0) space, it follows that the Weil-Petersson
completion (T , dWP) of the Teichmüller space (T , gWP) is also CAT(0). Heuristi-
cally speaking, the CAT(0) property is roughly equivalent to the convexity of the
distance function, and the convexity is a closed condition in the sense that the nest-
ing sequence of the sub-level sets {(SF (Mi), dWP)}∞i=1, each of which is CAT(0),
converges to the limiting space (SF (∞), dWP) as Mi → ∞, which is again CAT(0).
Consequently, we have

Theorem 5.1 ([56]). The Weil-Petersson completion (T , dWP) of the Teichmüller
space (T , gWP) is CAT(0).

From what we have seen, the properness of the functional F (such as the energy
functional E) says that the Weil-Petersson completion (T , dWP) is identified with⋃

M∈[R∪{+∞}] SF (M). The set of points newly added to T , or equivalently T \T =

SF (+∞)\ [
⋃

M∈R
SF (M)], has an important stratification structure, which we now

explain.
In the late 1960s Bers [6] studied degenerations of conformal structures of Rie-

mann surfaces, and together with Abikoff [1] constructed a new space which contains
all the limiting objects of Fuchsian groups, naming it the augmented Teichmüller
space. On the other hand, in the theory of algebraic curves, there is the famous
Deligne-Mumford conpactification Mg to the moduli space Mg = M−1/DiffΣ. Re-
call that the moduli space is the quotient of the Teichmüller space by the mapping
class group DiffΣ/Diff0Σ. The elements in Mg \Mg are called stable curves.

As for what happens on the Riemann surfaces, using the Mumford-Mahler com-
pactness theorem, each element P in the Weil-Petersson completion T \T represents
a nodal surface, or a surface with nodes. A node on a Riemann surface is locally
described as {zw = 0} for a pair of suitably chosen complex coordinates z and w.
From the hyperbolic geometric viewpoint, one can trace the degeneration of the
conformal structures by recognizing P as the limiting space of the family of non-
degenerate Riemann surfaces which contain the hyperbolic cylinder: namely, for a
pair of overwrapping complex coordinate charts z and w, and a complex valued pa-
rameter t ∈ C (|t| → 0), consider the subset {(z, w) ∈ C2 | zw = t} which is covered
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by a pair of annuli A|t| := {z | |t|/c < |z| < c} and A′
|t| := {w | |t|/c < |w| < c},

each of which is equipped with hyperbolic metrics

ds2|t| =
( π

log |t| csc
π log |z|
log |t|

∣∣∣dz
z

∣∣∣)2

and

ds2|t| =
( π

log |t| csc
π log |w|
log |t|

∣∣∣dw
w

∣∣∣)2

respectively. The hyperbolic cylinder then degenerates, as |t| → 0, to a pair of
hyperbolic cusps, defined on a pair of punctured discs {z | 0 < |z| < c} and {w | 0 <
|w| < c}, with hyperbolic metrics

ds20 =
( |dz|
|z| log |z|

)2

, ds20 =
( |dw|
|w| log |w|

)2

.

The hyperbolic cylinder contains a simple closed geodesic γ in the middle, of length
2π2/ log(1/|t|), and the lengths of all the geodesics which are transverse to γ in the
degenerating Riemann surface diverges as |t| → 0. Quantitatively this phenomenon
is known as the Collar Lemma proved by L. Keen (see [23] for references).

We get back to the augmented Teichmüller space, as introduced above. It is
indeed the same set as the Weil-Petersson completion, and it has the following
stratification:

T =
⋃

σ∈C(S)∪∅
Tσ.

Here the index set C(S) is (what W. Harvey defined as) the curve complex, which is
a simplicial complex whose vertex set C0(S) is the same as the set S of non-trivial
homotopy classes, each of which is uniquely represented by a simple closed geodesic
with respect to a hyperbolic metric. In our discussion, we may regard the set C0 as
the index set marking the potential locations of hyperbolic cylinders degenerating
to nodes on the surface. The 1-simplex in C(S) is a pair of elements in C0, which
can be pinched to a pair of nodes at the same time. The 2-simplex in C(S) is
spanned by three vertices in C0 representing three mutually disjoint simple closed
geodesics. On a closed hyperbolic surface of genus g ≥ 2, the maximal number of
mutually disjoint simple closed geodesics which can coexist is 3g−3, and hence the
dimension of the curve complex is 3g − 3.

For an element of σ ∈ C(S), we write Σσ for the nodal surface with the nodes
located at σ, Tσ for the Teichmüller space of Σσ, and |σ| for the number of the nodes.
The R-dimension of the Teichmüller space for Σ is 6g − 6, and the dimension of
Tσ is 6g − 6 − 2|σ|. When the maximal number of nodes 3g − 3 are introduced
to Σ, the dimension of Tσ is zero (6g − 6 − 2(3g − 3)), and the resulting surface
is a union of thrice punctured spheres. Recall that the conformal structure on the
thrice punctured sphere is unique, thus its deformation space is trivial.

H. Masur [30], in the 1970s, introduced |σ| complex parameters �t = (t1, . . . , t|σ|)
for deformations of conformal structures degenerating toward a nodal surface Σσ,
using a set of suitably chosen holomorphic quadratic differentials {φi}3g−3

i=1 which
forms an orthogonal basis for the cotangent space T ∗

GT . The complex parameters
ti correspond to the parameter t that appeared in the description of the hyperbolic
cylinder {zw = t} above. By considering the L2-pairing of these basis elements,
the components of the Weil-Petersson co-metric tensor are estimated in terms of
the modulus of �t. To be more precise, consider a family of hyperbolic surfaces
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(Σ, G) on which |σ| necks are pinching at σ ∈ C(S). Then the tangent space TGT
is decomposed as follows:

• {φi}3g−3−|σ|
i=|σ|+1 along Tσ of the nodal surface Σσ, and

• {φi}|σ|i=1 spanning |σ| C-dimensional subspaces L2-transversal to Tσ.

Here the set {φi}|σ|i=1 is constructed as the dual one-forms to the coordinate vector

fields {∂/∂ti}|σ|i=1 on T , where zi, wi are complex coordinates satisfying ziwi =
ti near the i-th pinching neck. By making a correspondence between the set

{φi}3g−3−|σ|
i=|σ|+1 and a coordinate vector field for some coordinates �τ := (τ1, . . . ,

τ3g−3−|σ|), T is equipped with the coordinate system (�t, �τ) in a neighborhood of
G. Masur observed that the limit of the holomorphic quadratic differential φi for
1 ≤ i ≤ |σ| when |ti| → 0 is a meromorphic quadratic differential with a pole
located at the node z1 = 0 = wi, and φi for |σ| + 1 ≤ i ≤ 3g − 3 converges when
|ti| → 0 to a holomorphic quadratic differential on Σσ supported away from the
nodes.

Now let G′ be a hyperbolic metric defined on the nodal surface Σσ. Let �τ :=
(τ1, . . . , τ3g−3−|σ|) be a complex coordinate system on the Teichmüller space

T 6g−6−2|σ|
σ centered at G′. One can arrange to choose such coordinates so that

for G ∈ T near G′ ∈ Tσ, the Weil-Petersson co-metric components restricted to

the subspace in T ∗
G, T spanned by {φi}3g−3−|σ|

i=|σ|+1 , converge continuously to the Weil-

Petersson cometic of Tσ around G′, as ‖t‖ → 0. In other words, Masur showed that
the Weil-Petersson (co)metric on T extends to that of Tσ naturally. This picture
is consistent with the non-linear picture where each stratum Tσ is isometrically
embedded in the CAT(0) space T , which we will explain next.

The author [56], using the estimates on the Weil-Petersson area element by
Wolpert, sharpened the estimates for the Weil-Petersson metric tensor by Masur
[30]. Firstly for 1 ≤ j ≤ |σ|, we set

tj = |tj |eiθj , uj = (log
1

|tj |
)−1/2, θi = argti.

Here note that the quantity 2π2u2
j is the size �j of the waist of the hyperbolic

cylinder (A|tj |, ds
2
|tj |). Then the Weil-Petersson metric gWP is of the following

form:

ds2(�t, �τ) = ds2(�0, �τ) + 4π3(1 +O(‖u‖3))
[ |σ|∑
j=1

du2
j +

1

4
(uj)

6dθ2j

]
.

Here we have used the notation u = (u1, . . . , u|σ|) and ‖u‖ = (
∑

|uj |2)1/2. There
are several geometric features encoded in this explicit form.

Note that as ‖t‖ → 0, it follows that ‖u‖ → 0. Further the Weil-Petersson metric

ds2(�t, �τ) converges to the product metric ds2(�0, �τ) + 4π3
∑

j du
2
j , where ds2(�0, �τ) is

the Weil-Petersson metric on Tσ and 4π3
∑

j du
2
j is the Euclidean metric on R

|σ|

determined by the hyperbolic lengths �j of the pinching necks.

While Tσ is of codimension 2|σ| in T , the form ds2(�0, �τ) + 4π3
∑

j du
2
j does

not have the dependence on {θj}|σ|j=1, though it does depend on {uj}|σ|j=1. This is
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explained by the form of ds2(�t, �τ), where

du2
j +

1

4
(uj)

6dθ2j

says that the effect of the i-th twist (arg ti �→ arg ti + θi) on the Weil-Petersson
metric is disappearing with the weight of uj to the sixth power. Recall that the
Euclidean metric in polar coordinates on R2 is dr2 + r2dθ2. As there are no twist
deformations for nodal surface at the nodes, the factor u6

j is describing the process
where the deformations in the θj parameters are continuously vanishing in the

Weil-Petersson geometry. This is a cause of a singular behavior so that T is not
locally compact at each point in Tσ. Consequently, the Weil-Petersson completion
(T , dWP) is a CAT(0) space, though not a Riemannian manifold.

For the sake of simplicity, let us consider the case σ = {c1} ∪ {c2} ∈ C(S).
Let G be a hyperbolic matrix with nodes at σ. Then near G = ds2(0, 0, �τ), the
Weil-Petersson metric takes the following form:

ds2(t1, t2, �τ)=ds2(0, 0, �τ)+4π3(1+O(‖u‖3))
[(

du2
1+

1

4
(u1)

6dθ21

)
+
(
du2

2+
1

4
(u2)

6dθ22

)]
.

By looking at this form, the stratum T c1 represented by {(0, t2, �τ)} and the stratum
T c2 represented by {(t1, 0, �τ)} are expected to meet perpendicularly. Indeed, this
was verified by Wolpert [52], where the Weil-Petersson tangent cone of T at G in
Tσ is of a certain form.

Given a CAT(0) space (X, d) and point P in it, a tangent cone CPX is defined
to be the equivalence classes of the arc-length parameterized geodesics originating
at P , where two geodesics s1(t) and s2(t) are equivalent (s1 ∼ s2) when for the
geodesic triangle P s1(t) s2(t) in X, the inner angle at P of the reference triangle

P s1(t) s2(t) in R2 with the same side lengths goes to zero as t → 0+. On
Riemannian manifolds, the exponential map is a local diffeomorphism around each
point P , and the equivalence relation is trivial; namely, given a unit tangent vector,
there exists a single geodesic whose initial velocity is the unit vector. On the
other hand, on (T , dWP), due to the singular behavior of the Weil-Petersson metric
tensor near the strata {Tσ}, the sectional curvature of the Weil-Petersson metric
is unbounded below, and there can exist uncountably many geodesics starting at a
point P in a strata, which belongs to an equivalent class of the geodesics, or rather
which share the same tangent vector. An example of a metric space whose sectional
curvature is unbounded below is an R-tree, where a geodesic can split into several
geodesics at each vertex/juncture.

The proof of the tangent cone structure uses the following formula, proven by
Riera [38]:

gWP(grad�i, grad�j) =
2

π
�iδij +O(�2i �

2
j ) (�i, �j → 0).

Recall that we had an approximation �i ∼ 2π2u2
i of the hyperbolic length �i of

the i-th neck in terms of the coordinates ui for the asymptotic expansion of gWP.
With this, Riera’s formula is regarded as providing an error estimate for the ap-
proximation gWP(gradui, graduj) ∼ 4π3δij . Related to this, Obitsu and Wolpert
[35] investigated the error term further by using the Eisenstein series, and found a
connection with the Takhtajan-Zograf metric [45].

The strata T σ was locally identified as the set {(�0, �τ)} in the (�t, �τ)-coordinate
system introduced by Masur. Alternatively the strata can be globally identified as
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a zero set of a convex functional defined on T . Wolpert [50] showed that �j(G)
is Weil-Petersson convex, and the author [54] showed that �2j (G) is Weil-Petersson
convex. The author later showed [56] that the domain of the Weil-Petersson convex
functional F : T → R, where F can be either �j or �2j , can be extended from T
to T with the values in R ∪ {∞}. Using this, the strata T σ is identified as the
intersection of nesting convex sub-lebel sets of

T σ =
⋂

M≥0

{x ∈ T | F(x) ≤ M < ∞}.

From the general argument of convex analysis, it follows that the resulting set is a
Weil-Petersson convex set. Putting these observations together, we know that the
natural isometric embedding ι : T σ → T is totally geodesic; namely, given a pair
of points in T σ, the Weil-Petersson geodesic connecting them lies entirely in T σ.
Summarizing this discussion, we have

Theorem 5.2 ([56]). Each of the strata T σ constituting the stratification of the
Weil-Petersson completion (T , dWP) is Weil-Petersson convex.

We have so far gained some perspective from what we have seen. The most dis-
tinct difference between the Weil-Petersson geometry of T1 and Tg is the complete-
ness (or the lack of it) of the metric. For a family of tori, whose conformal structure
is degenerating, the varying structures can be tracked by the affine maps, which
were the Teichmüller map as well as the harmonic map, and hence the degeneration
is homogeneously occurring over the surface, which in turn causes the completeness
of the Weil-Petersson metric, requiring an infinite Weil-Petersson distance to reach
the boundary of the Teichmüller space. For the hyperbolic surfaces, the degener-
ation appears as that of the hyperbolic cylinder locally imbedded as a part of the
surface, and away from the pinching neck, the surface remains non-singular. The
Weil-Petersson distance over the degeneration process of the hyperbolic cylinder is
finite, and thus we have the incompleteness on Tg.

Incidentally, the localized degeneration is also reflected in the structure of the
tangent cone. Namely, supposing that two nodes c1 and c2 are present on the
surface, consider the infinitesimal deformation of opening up the node c1. Such
an infinitesimal deformation is perpendicular to the deformation of opening up
the other node c2 in the Weil-Petersson tangent cone. The perpendicularity is
consistent with the fact that two nodes are, in the hyperbolic distance, an infinite
distance apart on the surface, and hence the localized geometry around each neck
is behaving independently.

Lastly in this section, we mention several applications of the Weil-Petersson
completion T and the resulting CAT(0) geometry. The mapping class group for
the torus is SL(2,Z), and its action on the Teichmüller space T1 ≡ H2 is well
studied. In particular, the distinction between elliptic, parabolic and hyperbolic
elements is classical. The corresponding theory for the higher genus surface was
developed by Thurston, where there are elliptic, reducible, and irreducible/psudo-
Anosov elements for the mapping class group acting on the Teichmüller space Tg.
Recent work in [12, 51, 55, 59] has given a new proof of the Thurston classification
using the Weil-Petersson translation distance. Also very recently the ergodicity of
the Weil-Petersson geodesic flow was established in [9].
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5.2. Teichmüller-Coxeter complex. The Weil-Petersson convex body of T thus
far studied is metrically complete in the sense that any Cauchy sequence converges
in the space, though it is not geodesically complete. In the context of Riemann-
ian geometry, the Hopf-Rinow theorem says that the metric completeness and the
geodesic completeness are equivalent. In the CAT(0) geometry of T , they do not
coincide. In this sub-section, we will construct the smallest geodesic completion of
(T , gWP).

We start with the following glueing construction (Rešhetnyak [37]) of two CAT(0)
spaces.

Theorem 5.3. Let (X1, d1), (X2, d2) be a pair of CAT(0) spaces and A be a met-
rically complete metric space. Suppose that Ij : A → Xj (j = 1, 2) is a pair of
isometric imbeddings and that the image Ij(A) is convex in Xj for each j = 1, 2.
Then the quotient space (X1�AX2/ ∼, d) is CAT(0), where the equivalence relation
for X1 �A X2 := X1 �X2/ ∼ is given by I1(a) ∼ I2(a), a ∈ A, and the distance d
is defined for x ∈ Xj and y ∈ Xj′ by

d(x, y) = dj(x, y) = dj′(x, y) if j = j′,

d(x, y) = inf
a∈A

{dj(x, Ij(a)) + dj′(y, Ij′(a))} if j �= j′.

We apply this construction with X1 = X2 = T , A = T σ (|σ| = 1) to obtain the
amalgamated CAT(0) space (T �A T , d). Furthermore, set X1 = X2 = Tσ, |σ| =
|σ′| = 1, σ ∩ σ′ = ∅ on Σ, and A′ = T σ∪σ′ , to obtain in turn (T σ �A′ T σ′ , d),
once again a CAT(0) space. Now utilizing the fact that (T σ �A′ T σ′ , d) is a Weil-
Petersson convex and complete subset of (T �A T , d), one obtains a CAT(0) space
where four copies of T are congregating around T σ∪σ′ . Intuitively, one can imagine
four identical squares forming a large square by pasting the sides.

The fact that the imbedding (T σ�T σ∪σ′ T σ′ , d) ↪→ (T �T σ
T , d) is totally geodesic

comes from the shape of the Weil-Petersson tangent cone CQT of any point Q in
Tσ∪σ′ ,

CQT = R
2
≥0 × TQTσ∪σ′ ,

where the factor R2
≥0 is isometric to the first quadrant of R2. Here the positive

x-axis stands for the direction of plumbing the node σ, while the positive y-axis
stands for that of plumbing σ′.

Suppose that a point P ∈ T represent a hyperbolic surface with nodes (Σσ(P ), G).

By gathering 2|σ| copies of T around P , the tangent cone of the resulting space is
isometric to R|σ| × TQTσ . In particular, a geodesic in the original copy T with
P as an end point can be extended beyond P . Therefore, the new space is locally
geodesically extendable.

In order to make this construction of reflecting the space T across the stratum
{T σ}σ∈C0(S) global, we use the so-called Coxeter theory [7, 8]. The Coxeter group
is generated by order-two elements sσ indexed by C0(S), each of which is a reflection
across T σ. Furthermore σ �= σ′ ∈ C0(S) and the set σ ∪ σ′ is an element in C1(S),
(sσsσ′)2 = Id; namely, the composition of the two reflections is of order two, which
is the consequence of the two strata meeting orthogonally. Otherwise, there is no
relation, namely (sσsσ′)∞ = Id for a pair of non-intersecting geodesics σ and σ′.

We note that in the ordinary Coxeter theory, the mirror of each reflection is of
(real) codimension one, while in our setting, each strata T σ is of codimension two
in T , a part of the theory of the complex reflection group [39].
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Now we are ready to prepare the Weil-Petersson geodesic completion of the
Teichmüller space T by

D(T , ι) := W × T / ∼ .

Here the equivalence relation is defined as follows. First note that for every x ∈ T ,
there exists a unique element σ(x) ∈ C(S) so that x ∈ Tσ(x). Now denote by Wσ(x)

the subgroup of W fixing T σ(x) pointwise. We say (w, x) and (w′, x′) in W × T
are equivalent if x = x′ and w−1w′ ∈ Wσ(x). Note that the subgroup Wσ(x) is
generated by reflections {sσi

}, where σ(x) =
⋃
σi (σi ∈ C0(S)).

In [57], the author named the geodesically complete space D(T , ι) the
Teichmüller-Coxeter complex. The space D(T , ι) is a development of T , and ι
is a family of homomorphisms Wσ → W indexed by the elements of C(S), called
the simple complex of groups ([8]).

Although the development ofD(T , ι) is CAT(0), and hence given a pair of points,
there exists a unique length minimizing geodesic connecting them, the exponential
map is not well defined due to the singular behavior of the Weil-Petersson metric
near the strata. This phenomenon is analogous to the picture that the exponential
map is undefined for an R-tree, where a geodesic can bifurcate at a vertex of order
> 1.

On the other hand, one can define the inverse map of the exponential map,
which we denote by exp−1 : D(T , ι) → CPD(T , ι). For P ∈ Tσ(P ), the tangent

cone CPD(T , ι) is isometric to the linear space (R|σ(P )|×TPTσ(P ), ds
2
0+g

σ(P )
WP (P )),

where ds20 is the standard metric on R|σ(P )| and g
σ(P )
WP is the Weil-Petersson bilinear

form on TPTσ(P ). The map exp−1
P identifies the geodesic from P to Q with the

ray in CPD(T , ι) on which Q is located d(P,Q) distance away from the origin.
Hence exp−1

P defines a surjection from D(T , ι) onto R|σ(P )|×TP Tσ(P )
∼= R6g−6−|σ|.

Note that the restriction exp−1
P |T is not a surjection, as (T , d) is not geodesically

complete. Also we emphasize that the reason that the dimension of CPTσ(P ) is
6g − 6− |σ|, not 6g − 6, is due to the degeneration of the dependence of the Weil-
Petersson metric tensor on the twist parameters along the simple closed geodesics.
In [57], it was shown that the spaces T and D(T , ι) are of finite rank in the sense
of [28]; namely, the maximal dimension of isometrically embedded Euclidean flats
is bounded above by 6g − 6.

5.3. Teichmüller space as a convex body in the development of D(T , ι).
The Teichmüller-Coxeter complex D(T , ι) contains the Weil-Petersson completion
T as a closed, convex and complete subset. On the other hand, each strata T σ (σ ∈
C0(S)) has its own development D(T σ, ι) constructed by reflections indexed by
the elements of C0(S \ {σ}). Each member of the family of such developments
{D(T σ, ι)}σ∈C0

is convex and complete in D(T , ι); it divides D(T , ι) into two
connected components. The closure of the component containing the original T
is denoted by Hσ, the closed half space indexed by σ. Now the Weil-Petersson
completion T is expressed as the intersection of those half spaces

T =
⋂

σ∈C0(S)

Hσ.

This is analogous with the situation where a convex body Ω in Rd can be described
as the intersection Ω =

⋂
π∈P Hπ of half spaces {Hπ} bounded by hypersurfaces

{π} whose index set is P. We pursue this comparison further as follows.
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Given an open convex set Ω in Rd there is a metric, called a Funk metric, defined
as

F (x, y) = log
d(x, b(x, y))

d(y, b(x, y))

for any pair of points x, y in Ω, where b(x, y) is where the ray from x through y
meets the boundary set ∂Ω. The Funk metric is a weak metric, in the sense that
the symmetry [d(x, y) = d(y, x)] and the non-degeneracy [d(x, y) = 0 ⇔ x = y]
usually assumed for a distance function may not be satisfied.

The arithmetic symmetrization of the Funk metric on Ω ⊂ R
d is the so-called

Hilbert metric for Ω,

H(x, y) = log
[d(x, b(x, y))
d(y, b(x, y))

d(y, b(y, x))

d(x, b(y, x))

]
,

where inside the logarithm is the cross ratio of the four points (x, y, b(x, y), b(y, x)).
The best known example of the Hilbert metric is when the convex set is the unit
disc, which is the Klein-Beltrami model of the hyperbolic plane. Recall that the
hyperbolic geodesics are the Euclidean line segments in this model.

Using the elementary Euclidean geometry, there is the following variational char-
acterization of the Funk metric [60],

F (x, y) = sup
π∈P

log
d(x, π)

d(y, π)
,

where P is the index set for the supporting hyperplanes of Ω. Adapting this def-
inition for the Teichmüller space with the Weil-Petersson metric, we define a new
metric [60],

FWP(x, y) = sup
σ∈C0(S)

log
d(x, πσ)

d(y, πσ)
.

Here πσ stands for the supporting hypersurface D(T σ, ι) in D(T , ι), and the dis-
tance d(x, πσ) is the infimum of d(x, y) where y is taken from πσ.

On a Teichmüller space, there are two other Funk-type metrics, which are much
better understood than the Weil-Petersson Funk metric FWP. Firstly the Te-
ichmüller metric is a measure defined between two conformal structures [G1] and
[G2] on Σ defined by

dT ([G1], [G2]) =
1

2
inf
f

logK(f),

where K(f) is the maximal dilatation of the map f homotopic to the identity map
of Σ, and the infimum is taken over the homotopy class. S. Kerckhoff [26] has
shown that the Teichmüller distance has the following representation:

dT ([G1], [G2]) =
1

2
sup

σ∈C0(S)

log
Ext[G1](σ)

Ext[G2](σ)
,

where Ext[G](σ) is the extremal length of the simple closed curve σ, a conformal
invariant defined as the reciprocal of the modulus ModΣ(σ) of the annulus A ⊂
Σ consisting of all the simple closed curves freely homotopic to a homotopically
nontrivial simple closed curve σ ∈ C0(S). The value of the modulus is (logR)/2π,
where R is the outer radius of the annulus {1 < |z| < R} conformally equivalent to
A in the Riemann surface Σ. We note that the extremal length goes to zero when
the neck around σ degenerates to a node.
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Note that this formula of Kerckhoff demonstrates that the Teichmüller distance
is a Funk-type metric, which is symmetric incidentally—a fact which follows from
the original definition, as the inverse map of a Teichmüller map is also a Teichmüller
map.

The second Funk-type metric is called Thurston’s asymmetric metric [41]. Now
let G1 and G2 be a pair of hyperbolic metrics defined on Σ, and define the distance
between them by

T (G1, G2) = sup
σ∈C0(S)

log
�σ(G2)

�σ(G1)
.

Namely the extremal length of the simple closed curves appearing in the Teichmüller
metric above is replaced by the hyperbolic length of the simple closed geodesics.
This quantity is shown to be equal to

L(G1, G2) = inf
φ∼IdΣ

Lip(φ),

the smallest Lipschitz constant among the maps from a hyperbolic surface to an-
other, instead of the smallest dilatation among the maps from a Riemann surface
to another. The infimum is indeed achieved by a map called the minimal stretch
map [42].

In each of the three Funk-type metrics [26, 41, 60], it is interesting to note that
the Teichmüller space is regarded as a convex body. We will now look at the
extrinsic geometry of Teichmüller space, partly motivated by this observation.

6. Extrinsic geometry of Teichmüller space

in the universal Teichmüller space

6.1. Deformation theory of Fuchsian groups. Historically the moduli theory
of hyperbolic surfaces has been led by people such as Bers and Kra, as a conse-
quence of the representation theory associated with the Fuchsian groups. In con-
trast, we will introduce the universal Teichmüller space as a means to interpolate
the Fuchsian groups and the hyperbolic metrics. The universal Teichmüller space
also functions as the ambient space for Teichmüller spaces we have seen so far.
Indeed as a Hilbert manifold, the universal Teichmüller space is a natural space for
understanding the Weil-Petersson metric in synthetic terms.

Recall that a hyperbolic surface (Σ0, G0) corresponds with a Fuchsian group
Γ0 ⊂ SL(2,R) via (Σ0, G0) = H

2/Γ0. The deformation space of Fuchsian groups in
this context is

QC(Γ0)/SL(2,R) = {w ∈ QC(D) : wΓ0w
−1 ⊂ SL(2,R)}.

Here QC(D) is the set of quasi-conformal self-maps of D.
Consider the Banach space L∞(D) with its norm defined by ‖μ‖∞ :=

ess. supz∈Ω |μ(z)|, and consider its open unit ball {μ ∈ L∞(D)| ‖μ‖∞ < 1} =:
L∞(D)1. C. B. Morrey [32] showed that for each μ ∈ L∞(D)1, there exists a
unique quasi-conformal map wμ :: D → D satisfying the Beltrami equation

wz = μwz

provided that a set of three points on the boundary ∂D are sent to a set of three
points on ∂D. The moduli space of three point conditions is identified with the set
of Möbius transformations Möb(D) ∼= SL(2,R).
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The connection between the Fuchsian group and the quasi-conformal map is the
following:

Γ = wΓ0w
−1 ⊂ SL(2,R).

As for the Beltrami coefficient, we impose the following equivariance with respect
to the reference hyperbolic metric G0:

L∞(Γ0) = {μ ∈ L∞(D) | μ(gz)
g′(z)

g′(z)
= μ(z) a.e. on D for all g in Γ0}.

This set is a linear subspace of L∞(D), and we denote its unit ball L∞(Γ0) ∩ L∞
1

by L∞(Γ0)1. Then the Teichmüller space based at (Σ, G0) ≡ H2/Γ0 is identified
[33] as

Tg = L∞(Γ0)1/ ∼,

where the equivalence relation μ ∼ ν is given by wμ|∂D = wν |∂D. To see the
identification more explicitly, suppose that wμ : D → D is the solution to the
Beltrami equation with the coefficient μ ∈ L∞(Γ0)1. Then the Fuchsian group Γ0

is transformed to Γμ = wμΓ0w
−1
μ . Then the equivalence class [μ] ∈ L∞(Γ0)1/ ∼

corresponds to the hyperbolic surface H
2/Γμ.

Let us look at the equivalence μ ∼ ν of L∞(Γ0)1/ ∼ more closely. We recall the
original definition in this article of the Teichmüller space Tg = M−1/Diff0Σ. The
space M−1 here is, on one hand, the set of Γ0-equivariant quasi-conformal maps
QC(Γ0)/SL(2,R) via the pull-back action. On the other hand, it is the set L∞(Γ0)1
of Γ0-equivariant Beltrami coefficients. Now each element of the diffeomorphism
group Diff0Σ in Tg = M−1/Diff0Σ is modeled as a quasi-conformal diffeomorphism
on the Poincaré disc (D, G0) = H2, whose restriction on the geometric boundary
∂D = S1 is trivial and Γ0-equivariant, namely an element of

QC0(Γ0) = {w ∈ QC(D) | wΓ0w
−1 ⊂ SL(2,R), w|∂D = Id : S1 → S1}.

This observation follows from the fact that the tessellation by the fundamental
region F ⊂ D of Γ0 and its translates H2 have patterns in the Poincaré disc, so that
the diameter of the regions are going down to zero toward the geometric boundary,
and the diffeomorphism leaving each region invariant thus induces Id : S1 → S1.

Summarizing the series of arguments, we have identified the Teichmüller space
as

Tg =
[
QC(Γ0)/ SL(2,R)

]
/QC0(Γ0) = QS(Γ0)/ SL(2,R),

where QS(Γ0) is the quasi-symmetric self-map of S1 which are Γ0-invariant:

QS(Γ0) = {w ∈ QS(S1) : wΓ0w
−1 ⊂ Möb(S1)}.

A map S1 → S1 is quasi-symmetric, when any three equally separated points are
sent by the map to three points where the two resulting intervals have uniformly
bounded ratio. A restriction of a quasi-conformal map is always quasi-symmetric,
and given a quasi-symmetric map, one can always extend to a quasi-conformal map
on a half plane; a result of Beurling and Ahlfors [2].

Now by replacing the Fuchsian group Γ0 by the trivial group {IdD ∈ SL(2,R)}
and the hyperbolic surface H2/Γ0 = (Σ, G0) by H2/Id = H2, one obtains the
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following space:

UT =
[
QC({IdD})/SL(2,R)

]
/QC0({IdD})

=
[
QC(D)/SL(2,R)

]
/QC0(D)

= QS({IdD})/SL(2,R) = QS(S1)/SL(2,R).

Here we have used the fact that SL(2,R)∩QC0(D) = {IdD}. As this space contains
the Teichmüller spaces for the surfaces H2/Γ for all the Fuchsian groups Γ, it bears
the name of the universal Teichmüller space.

6.2. The universal Teichmüller space and the L2-decomposition theorem
revisited. The L2-decomposition for the tangent space TGM at a hyperbolic met-
ric defined on Σ says that any given tensor is uniquely decomposed to three mu-
tually L2-orthogonal parts, namely the traceless transverse part, the Lie derivative
part, and the part perpendicular to the set of constant curvature metrics. Now
let G0 be the standard Poincaré metric defined on the unit disc, and identify a
base point (Σ, G0) = H2/Γ0 with the identity element IdD of the Teichmüller space
QC(Γ0)/SL(2,R). Given a one-parameter subgroup of quasi-conformal diffeomor-
phisms that are Γ0-equivariant,

φt : D → D (φ0 = IdD, φ̇0 = Z, φtΓ0φ
−1
t ⊂ SL(2,R)),

the Lie derivative LZG0 is an element of TG0
M−1. On the other hand, the repre-

sentation of the Teichmüller space

Tg =
[
QC(Γ0)/SL(2,R)

]
/QC0(Γ0) = QS(Γ0)/SL(2,R)

says that the TT tensor does not have any Lie derivative component. Together
with the L2-decomposition, we conclude that there exists a vector field X on D
with trivial extension X|∂D ≡ 0, so that the deformation tensor h := LZG0 has the
following L2-decomposition:

h = TT(h) + LXG0.

Here the vector field X defined on H
2 can be regarded as a vector field on the closed

surface H2/Γ0. Now the TT component of h is of the form TT(h) = h − LXG0,
and by setting Y := Z −X, we have the decomposition

h = LY G0 + LXG0.

Let us consider the linearization of the Beltrami equation at the identity map.
First set μ(t) = 0+ tμ0 + o(t) to be a one-parameter family of Beltrami coefficients
corresponding to the Γ0-equivariant quasi-conformal maps φt : D → D ∈ QC(Γ0)
for t ∈ (−ε, ε). The correspondence is (φt)z = μ(t)(φt)z. By differentiating this
equality in t, with φ0(z) = z, we obtain

(φ̇0)z(0) = μ0.

On the other hand, as φ̇0 = Z, we have Zz = μ0. Now we define the linearized
Beltrami coefficients by

Xz = ν, Yz = μ0 − ν
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for the aforementioned vector fields X and Y , and further denote μ0 − ν by P [μ0].
The P [μ0]dz/dz is what Ahlfors [3] calls the harmonic Beltrami differential of μ0,
and the Bergman projection operator P is explicitly given as

P [μ0] = −3(z − z)2

π

∫
H2/Γ0

μ0

(η − z)4
dσ(η).

The kernel of the operator P , according to the L2-decomposition, is the linearized
Beltrami coefficients of the form ν = Xz where X is a vector field on H2 obtained
as the lift of a vector field on the closed surface H2/Γ0.

The Beltrami differential P [μ0] is holomorphic in the sense that

ρ(z)dzdz
[
P [μ0]

dz

dz

]
= ρ(z)P [μ0]dz

2

is a holomorphic quadratic differential. Here ρ(z) is the area form 4/(1− |z|2)2 of
the Poincaré disc. This corresponds to the TT condition that the tensor TT(h)
satisfies in the L2-decomposition.

Furthermore differentiating in t the condition that φt : D → D is Γ0-equivalent,
that is, φtΓ0φ

−1
t ⊂ SL(2,R), we have

d

dt
φtγφ

−1
t

∣∣∣
t=0

(x) = Z(γx)− γ∗Z(x) = {Y (γx)− γ∗Y (x)}+ {X(γx)− γ∗X(x)}

for each γ ∈ Γ0. Note here that X is a vector field on H2/Γ0, and hence that
X(γx)−γ∗X(x) ≡ 0. In effect, the deformation of the Fuchsian group Γt is induced
by the vector field Y on H

2.

7. In conclusion

The restatement of the L2-decomposition theorem was an attempt at under-
standing the Weil-Petersson geometry of Teichmüller space T from the viewpoint
of the extrinsic geometry of the universal Teichmüller space.

On the other hand, the universal Teichmüller space has the natural structure of
a Hilbert manifold modeled on the space of quasi-symmetric maps of S1, which we
now describe.

Firstly for each genus g > 1, we normalize the Weil-Petersson metric on Tg by
the following formula:

g̃WP(h1, h2) :=

∫
Σ
〈h1(x), h2(x)〉G(x)dμG(x)∫

Σ
dμG(x)

.

Here the value of the numerator is well defined under the appearance of nodes, due
to the Gauss-Bonnet formula. And when one lifts a surface Σ to another surface Σ̃
which is an unramified cover of Σ, each deformation tensor h of a hyperbolic metric
on Σ has a natural lift to a deformation tensor h̃ defined on Σ̃, and they have the
same Weil-Petersson norm under this normalization. We expect this normalization
to be useful in introducing the Weil-Petersson geometry where the genus of the
underlying surfaces is variable.

In contrast, the tangent space to the universal Teichmüller space can be thought
of as the linearization of a family of quasi-symmetric diffeomorphisms near the
identity map S1 → S1. Let v be a vector field on S1 thus obtained, and extend
v to the unit disc such that ρ(z)Vz as a complex-valued function is holomorphic



WEIL-PETERSSON CONVEX GEOMETRY 183

in z ∈ D, where V is the extension and ρ(z) is the area element of the Poincaré
metric. Such an extension uniquely exists.

This vector field V induces a deformation of the Poincaré metric G0 = ρ(z)|dz|2,
which is the tensor LV G0. The holomorphicity of ρ(z)Vz is equivalent to the tensor
being TT. Furthermore, the Weil-Petersson /L2(H2) norm of LV G0 is equal to∑

m∈Z
|am|2(m3 − m) (Nag and Verjovsky [34]), where v is seen as a function on

S1, whose Fourier series is given as

v =
∑
n∈Z

anLn (a−n = an, Ln = einθ
∂

∂θ
).

Incidentally the Weil-Petersson Kähler form, which is the imaginary part of the
Hermitian L2-metric, is called the Kirillov-Kostant form. Hence by introducing
the H3/2 Sobolev norm to the space of functions on S1, the homogeneous space
DiffS1/SL(2,R) ⊂ QS(S1)/SL(2,R) is equipped with the Weil-Petersson metric,
and the space becomes a Hilbert manifold, with its associated Hilbert space being
the H3/2 Sobolev space.

One can check that the L2-decomposition also holds in this context, namely
without the Fuchsian group and the Weil-Petersson convexity of the energy func-
tional [54, 59]. We remark that the Weil-Petersson geometry of the Hilbert man-
ifold (namely a Riemannian manifold with its tangent spaces are a Hilbert space,
and the Riemannian metric coincides with the inner product of the Hilbert space)
QS(S1)/SL(2,R) has also been investigated recently by Takhtajan and Teo [44].

As we have seen above, inside the universal Teichmüller space, each member
of the family of Teichmüller spaces {Tg} indexed by the genus of the surface Σ is
isometrically embedded as a convex complete subset with totally geodesic boundary
components. The infinitesimal deformations of the Fuchsian groups are given by
the Lie derivatives as well as the vector fields on S1 by the correspondence

LV G0 ↔ V |S1 .

However it was pointed out explicitly [34] that the vector fields inducing the defor-
mations of the Fuchsian groups and the vector fields appearing in linearizing the
homogeneous space DiffS1/SL(2,R) ⊂ QS(S1)/SL(2,R) are fundamentally differ-
ent in terms of the regularity, and hence the finiteness of the norm.

To put it differently, when it comes to the Weil-Petersson geometry of the uni-
versal Teichmüller space, there are two distinct aspects:

• The Teichmüller spaces Tg are isometrically imbedded in UT as Weil-
Petersson convex subsets.

• The Hilbert manifold associated with the infinite-dimensional Lie group
DiffS1is isometrically embedded in UT , with respect to the Weil-Petersson
metric.

To investigate the dichotomy of the Weil-Petersson geometry and to offer a synthetic
picture of the two aspects would be a challenging and interesting task. In doing so,
one hopes to answer the following conjecture affirmatively.

Conjecture 1. The universal Teichmüller space (UT , d̃WP) is a CAT(0) space.

Of course the statement requires that the distance function d̃WP be defined
appropriately.
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