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BELLMAN VS. BEURLING: SHARP ESTIMATES OF UNIFORM

CONVEXITY FOR Lp SPACES

P. B. ZATITSKIY, P. IVANISVILI, AND D. M. STOLYAROV

Easy reading for professionals

Abstract. The classical Hanner inequalities are obtained by the Bellman func-
tion method. These inequalities give sharp estimates for the moduli of convexity
of Lebesgue spaces, initially due to Clarkson and Beurling. Easy ideas from differen-
tial geometry make it possible to find the Bellman function by using neither “magic
guesses” nor bulky calculations.

§1. Classical results

In 1936 Clarkson [4] introduced the notion of uniform convexity for normed spaces.

Definition 1. A normed space (X, ‖ · ‖) is said to be uniformly convex if for any ε > 0
there exists δ > 0 such that if x, y ∈ X, ‖x‖ = ‖y‖ = 1, and ‖x − y‖ ≥ ε, then∥∥x+y

2

∥∥ ≤ 1− δ.

In the same paper he proved that all Lebesgue spaces Lp are uniformly convex when p
belongs to (1,+∞). This statement is an elementary consequence of the following in-
equalities. Here and in what follows all the norms are the Lp-norms.

Theorem 1 (Clarkson inequalities, 1936). Let ϕ, ψ ∈ Lp. If p ∈ [2,+∞), then

2p−1
(
‖ϕ‖p + ‖ψ‖p

)
≥ ‖ϕ+ ψ‖p + ‖ϕ− ψ‖p.

If p ∈ (1, 2], then

2
(
‖ϕ‖p + ‖ψ‖p

)q/p ≥ ‖ϕ+ ψ‖q + ‖ϕ− ψ‖q,
where q = p/(p− 1) is the exponent conjugate to p.

In a time, the question about the dependence of the largest possible δ on ε arose.
The function δ(ε) is called the modulus of uniform convexity. It turned out that the
Clarkson inequality gives the answer to this question only for the case p ≥ 2, whereas the
case p < 2 was left open. The sharp dependence δ(ε) had been found by Beurling, who
made an oral report about this in Uppsala in 1945. His proof was later written down by
Hanner (see [6]).
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Theorem 2 (Beurling, 1945; Hanner, 1956, Hanner’s inequalities). Let ϕ, ψ ∈
Lp. If p ∈ [2,+∞), then(

‖ϕ‖+ ‖ψ‖
)p

+
∣∣‖ϕ‖ − ‖ψ‖

∣∣p ≥ ‖ϕ+ ψ‖p + ‖ϕ− ψ‖p.

If p ∈ [1, 2], then(
‖ϕ‖+ ‖ψ‖

)p
+
∣∣‖ϕ‖ − ‖ψ‖

∣∣p ≤ ‖ϕ+ ψ‖p + ‖ϕ− ψ‖p.

With these inequalities at hand, it is easy (see [6]) to obtain an estimate for δ(ε),
which turns out to be sharp.

Theorem 3. 1) (Clarkson, 1936). If p ∈ [2,+∞), then the sharp constant δ(ε)
for ε ≤ 2 is given by the formula

δ(ε) = 1− (1− (ε/2)p)1/p.

2) (Beurling, 1945; Hanner, 1956) If p ∈ (1, 2], then the sharp constant δ(ε) for
ε ≤ 2 is given by the formula

(1− δ + ε/2)p + |1− δ − ε/2|p = 2.

Beurling’s proof, exposed in [6], is elementary and brilliant. Its main difficulty, in our
opinion, is hidden in the magic inequalities presented in Theorem 2 that are used as a
black box, without any explanation of their origin. Our purpose in the present paper is
to show, using the Bellman function method, how the answer can be obtained without
“magic guesses”, but following easy and natural geometric considerations.

The idea of application of optimal control methods to the problems lying at the inter-
section of mathematical analysis and probability belongs to Burkholder. In his ground-
breaking paper [2], Burkholder used these ideas to compute the norm of a martingale
transform. Nazarov, Treil, and Volberg brought similar methods (already named the
Bellman function) to harmonic analysis (see [8] for the historical review). The paper [10]
by Vasyunin on computation of sharp constants in the reverse Hölder inequality for Muck-
enhoupt classes initiated calculation of exact Bellman functions for problems in harmonic
analysis. Starting with [9], the method began to acquire a theoretical background (yet
on the basic example of inequalities on the BMO-space). In [11], the authors developed
the Bellman function theory that unifies a rather wide class of problems (see also the
short report [7]). It became clear that the computation of Bellman functions is not only
an analytic and algebraic problem. The geometry of the Bellman function graph also
plays an important role (its convexity, the torsion of the boundary value curve, etc.).

§2. Bellman function method

2.1. Setting. All infinite-dimensional Lp-spaces are finitely representable in each other
(see [5, Theorem 3.2]). Therefore, the moduli of uniform convexity are equal for them.
We are going to discuss the uniform convexity of Lp([0, 1]) for p ∈ (1,+∞). Con-
sider a slightly more general problem, namely, estimate the maximum of ‖ϕ + ψ‖ with
‖ϕ‖, ‖ψ‖, ‖ϕ−ψ‖ fixed; here ϕ, ψ ∈ Lp. For a fixed point x = (x1, x2, x3) ∈ R

3, consider
the set

T (x) =
{
(ϕ, ψ) ∈ Lp × Lp : ‖ϕ‖p = x1, ‖ψ‖p = x2, ‖ϕ− ψ‖p = x3

}
.

We define the Bellman function B3 by the formula

B3(x) = sup{‖ϕ+ ψ‖p : (ϕ, ψ) ∈ T (x)}.
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Note that T (x) is nonempty if and only if x1, x2, x3 ≥ 0 and the triple (x
1
p

1 , x
1
p

2 , x
1
p

3 )
satisfies the triangle inequality. Thus, the natural domain of B3 is the closed cone

Ω3 =
{
(x1, x2, x3) ∈ R

3 : x1, x2, x3 ≥ 0, (x
1
p

1 , x
1
p

2 , x
1
p

3 ) satisfies the triangle inequality
}
.

We observe that the required modulus of convexity is expressed in terms of B3 as
follows:

(1) 2p(1− δ(ε))p = sup
t∈[εp,2p]

B3(1, 1, t).

From the very definition it follows that B3 is homogeneous of order one: B3(kx) =
kB3(x) for any k ≥ 0 and x ∈ Ω3.

Note that the values of B3 on the boundary of Ω3 can be calculated with ease. Indeed,
if ϕ, ψ ∈ Lp and x = (‖ϕ‖p, ‖ψ‖p, ‖ϕ−ψ‖p) ∈ ∂Ω3, then equality occurs in the Minkowski
inequality for the functions ϕ, ψ, ϕ− ψ. Three cases are possible:

1) x
1
p

1 = x
1
p

2 + x
1
p

3 , then B3(x) =
(
x

1
p

1 + x
1
p

2

)p
;

2) x
1
p

2 = x
1
p

1 + x
1
p

3 , then B3(x) =
(
x

1
p

1 + x
1
p

2

)p
;

3) x
1
p

3 = x
1
p

1 + x
1
p

2 , then B3(x) =
∣∣x 1

p

1 − x
1
p

2

∣∣p.
2.2. Properties of the Bellman function. One of the main properties of the Bellman
function B3 is its concavity.

Proposition 1. The function B3 is concave on Ω3.

Proof. We must prove that for any two points x(1), x(2) ∈ Ω3 and any α ∈ (0, 1) we have

B3(αx
(1) + (1− α)x(2)) ≥ αB3(x

(1)) + (1− α)B3(x
(2)).

For any θ > 0 and i = 1, 2, we find a pair of functions (ϕi, ψi) ∈ T (x(i)) such that
‖ϕi+ψi‖p ≥ B3(x

(i))−θ. Consider the concatenation ϕ of the functions ϕ1 and ϕ2 with
the weights α and 1− α respectively, i.e., the function

ϕ(t) =

{
ϕ1(

t
α ), t ∈ [0, α];

ϕ2(
t−α
1−α ), t ∈ (α, 1].

We define the concatenation ψ of the functions ψ1 and ψ2 with the weights α and 1− α
in a similar way. Clearly, (ϕ, ψ) ∈ T (αx(1) + (1− α)x(2)). Consequently,

B3(αx
(1) + (1− α)x(2)) ≥ ‖ϕ+ ψ‖p = α‖ϕ1 + ψ1‖p + (1− α)‖ϕ2 + ψ2‖p

≥ αB3(x
(1)) + (1− α)B3(x

(2))− θ.

The number θ was arbitrary, so we get the desired concavity of B3. �

It turns out that B3 is the minimal concave function on Ω3 with the above boundary
conditions.

Proposition 2. If G : Ω3 → R is a concave function and G(x) ≥ B3(x) for all x ∈ ∂Ω3,
then G(x) ≥ B3(x) for all x ∈ Ω3.
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Proof. Fix any point x ∈ Ω3 and an arbitrary pair of functions (ϕ, ψ) ∈ T (x). Then by
Jensen’s inequality we have

G(x) = G

(∫ 1

0

|ϕ(t)|p dt,
∫ 1

0

|ψ(t)|p dt,
∫ 1

0

|ϕ(t)− ψ(t)|p dt
)

≥
∫ 1

0

G (|ϕ(t)|p, |ψ(t)|p, |ϕ(t)− ψ(t)|p) dt

≥
∫ 1

0

B3 (|ϕ(t)|p, |ψ(t)|p, |ϕ(t)− ψ(t)|p) dt

=

∫ 1

0

|ϕ(t) + ψ(t)|p dt.

Taking the supremum over all pairs (ϕ, ψ) ∈ T (x), we obtain the inequality G(x) ≥
B3(x). �

Thus, B3 is the minimal among the functions concave on Ω3 and satisfying the fixed
boundary conditions.

2.3. Reduction of dimension. The homogeneity of B3 allows us to reduce the di-
mension of the problem.

Remark 1. Let C be a convex cone in R
3 with vertex at zero. Let L be a plane in R

3 with
the property that for any nonzero x ∈ C there exists k > 0 such that kx ∈ L ∩ C. Let
G : C → R be a function that is homogeneous of order one. In this case, the concavity
of G on C is equivalent to the concavity of G on C ∩ L.

Proof. Obviously, if G is concave on C, then it is also concave on C ∩ L. We prove the
converse.

Suppose that x1, x2 ∈ C, α ∈ (0, 1), and x = αx1 + (1 − α)x2. Find numbers
k, k1, k2 > 0 such that kx, k1x1, k2x2 ∈ L. Note that kx = α k

k1
k1x1 + (1 − α) k

k2
k2x2.

Using the concavity of G on L ∩ C, we see that

G(xk) ≥ α
k

k1
G(k1x1) + (1− α)

k

k2
G(k2x2).

The first order homogeneity of G leads to the required inequality

G(x) ≥ αG(x1) + (1− α)G(x2). �

The role of the cone C in our case is played by Ω3, the plane {x ∈ R
3 : x1+x2+x3 = 1}

stands for L. By Remark 1, the restriction of B3 to Ω3 ∩ L is a concave function,
and moreover, it is minimal among all the concave functions with the same boundary
conditions on ∂(Ω3 ∩ L).

Thus, the initial three-dimensional problem concerning the minimal concave function
is reduced to a two-dimensional problem that looks like this. Consider the convex set

(2) Ω =
{
(x1, x2) ∈ R

2 : (x1, x2, 1− x1 − x2) ∈ Ω3

}
,

which is the projection of Ω3 ∩ L, and the function

(3) B(x1, x2) = B3(x1, x2, 1− x1 − x2)

on it. The function B is concave on Ω and is minimal among the concave functions with
fixed boundary values. In other words, if G : Ω → R is concave and G ≥ B on ∂Ω, then
G ≥ B on the entire domain Ω.
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We write out the values of B on ∂Ω. The boundary ∂Ω consists of three parts that
match three cases of degeneration in the triangle inequality. Namely, ∂Ω = γ[1]∪γ[2]∪γ[3],
where

γ[1](s) =

(
1

sp + (1− s)p + 1
,

sp

sp + (1− s)p + 1

)
, s ∈ [0, 1];(4)

γ[2](s) =

(
(1− s)p

sp + (1− s)p + 1
,

1

sp + (1− s)p + 1

)
, s ∈ [0, 1];(5)

γ[3](s) =

(
sp

sp + (1− s)p + 1
,

(1− s)p

sp + (1− s)p + 1

)
, s ∈ [0, 1].(6)

The values of B on ∂Ω are given by the following identities:

B
(
γ[1](s)

)
=

(1 + s)p

sp + (1− s)p + 1
;

B
(
γ[2](s)

)
=

(2− s)p

sp + (1− s)p + 1
;

B
(
γ[3](s)

)
=

|1− 2s|p
sp + (1− s)p + 1

.

(7)

§3. Minimal concave functions on compact sets

In this section we discuss some properties of minimal concave functions on convex
compact sets. Let ω ⊂ R

d be a strictly convex compact set with nonempty interior (by
strict convexity we mean that the boundary does not contain segments). Let f : ∂ω → R

be a fixed continuous function. By the symbol Λω,f we denote the set of all functions
G concave on ω and such that G(x) ≥ f(x) for all x ∈ ∂ω. For x ∈ ω, we define the
pointwise infimum by the formula

Bω,f (x) = inf{G(x) : G ∈ Λω,f}.

Obviously, Bω,f ∈ Λω,f ; therefore, Bω,f is the minimal function concave on ω that
majorizes f on ∂ω. Note that Bω,f = f on ∂ω, because otherwise we could have reduced
the value Bω,f on ∂ω keeping concavity. This would have contradict minimality.

The concavity of a function is equivalent to the convexity of its subgraph. The point-
wise minimality is equivalent to the minimality of the subgraph by inclusion. These
simple considerations lead to the following conclusion.

Proposition 3. Let

Sg(f) =
{
(x, y) ∈ ∂ω × R : y ≤ f(x)

}
, Sg(Bω,f ) =

{
(x, y) ∈ ω × R : y ≤ Bω,f (x)

}
be the subgraphs of f and Bω,f , respectively. Then Sg(Bω,f ) = conv(Sg(f)), where conv
stands for the convex hull.

Proof. We note that the subgraph Sg(Bω,f ) of a concave function Bω,f is a convex set,
Bω,f ≥ f on ∂ω, whence Sg(Bω,f ) ⊃ conv(Sg(f)).

Since the function f is continuous and ω is compact, the set conv(Sg(f)) is closed.
We define the function G on ω in such a way that its subgraph Sg(G) coincides with
conv(Sg(f)). Clearly, G ∈ Λω,f , so that G ≥ Bω,f on ω. But then Sg(Bω,f ) ⊂ Sg(G) =
conv(Sg(f)). �

The next statement is folklore (see, e.g., [3, Lemma 2]), we present its proof for
completeness.
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Corollary 1. For any point x0 ∈ ω there exists a number k ≤ d + 1 and points
x1, . . . , xk ∈ ∂ω such that x0 ∈ conv(x1, . . . , xk), and the function Bω,f is linear on
conv(x1, . . . , xk).

Proof. Note that the case where x0 ∈ ∂ω is trivial. In the remaining cases, x0 ∈ int(ω).
Let P0 = (x0,Bω,f (x0)). By Proposition 3, we have P0 ∈ Sg(Bω,f ) = conv(Sg(f));
therefore, by the Carathéodory theorem about the convex hull, P0 belongs to the convex
hull of at most d+ 2 points of the set Sg(f). Since P0 ∈ ∂Sg(Bω,f ), P0 cannot lie inside
the interior of the convex hull of d+2 points belonging to Sg(f). Therefore, there exists
k ≤ d+ 1 and points Pi = (xi, yi) ∈ Sg(f), i = 1, . . . , k, such that P0 ∈ conv(P1, . . . , Pk).
We may assume that the number k is the smallest possible, i.e., for any k′ < k the point
P0 does not lie inside the convex hull of any k′ points belonging to Sg(f). Then there

exist numbers α1, . . . , αk ∈ (0, 1) such that
∑

αi = 1 and P0 =
∑k

i=1 αiPi. Observe
that the function Bω,f is concave on conv(x1, . . . , xk), Bω,f (xi) ≥ f(xi) ≥ yi, but

Bω,f (
∑k

i=1 αixi) =
∑k

i=1 αiyi. Since the numbers αi are positive, we have Bω,f (xi) =
f(xi) = yi for all i = 1, . . . , k, and the function Bω,f is linear on conv(x1, . . . , xk). �

§4. Torsion and foliation

We return to the domain Ω in R
2 defined as in (2). Let F : ∂Ω → R be the restriction

of B to ∂Ω, given by formula (3). Formula (7) together with formulas (4), (5), and (6)
defines the function F explicitly. We note that the function F is continuous on ∂Ω. With
the notation of the previous section, B = BΩ,F .

Direct computations show that when p ∈ (1,+∞), the piecewise parametrization (4),
(5), (6) of the boundary ∂Ω turns out to be C1-smooth. Moreover, the function F defined
on ∂Ω is also C1-smooth in this parametrization.

If p = 2, then the function F is simply the restriction of a linear function to ∂Ω.
Therefore, the function B is linear. In the case where p �= 2 the situation is more
interesting. By Corollary 1, the entire set Ω is covered by triangles and segments (in
what follows, we call such segments chords) whose endpoints lie on ∂Ω, on each of which
the function B is linear. Our aim is to understand how this covering is arranged. The
following key lemma will help us (for the required stuff from differential geometry, see,
e.g. [12]).

Lemma 1. Let ω ⊂ R
2 be a strictly convex closed set. Suppose a1, a2 ∈ ∂ω, and the

tangents to ω at the points a1 and a2 intersect at the point b. Let I ⊂ R be some open
interval, and let γ : I → ∂ω be a parametrization of the part of ∂ω that contains the
arc between a1 and a2 lying inside the triangle a1ba2. Suppose t1, t2 ∈ I are such that
γ(ti) = ai, i = 1, 2. Assume that the curve γ goes along ∂ω in the counter-clockwise
direction and t2 > t1.

Let G be a concave function on ω, linear on the segment connecting a1 and a2, and
let the curve (γ,G(γ)) be of class C1 on I. Then none of the following conditions may
be fulfilled:

1) the curve (γ,G(γ)) belongs to C3 on I, its torsion is positive on (t1, t2);
2) the curve (γ,G(γ)) belongs to C3 on I, its torsion is negative on (t1, t2);
3) there exists t0 ∈ (t1, t2) such that the curve (γ,G(γ)) belongs to the class C3 on

I \ {t0}, its torsion is negative on (t1, t0) and positive on (t0, t2).

Proof. Turn the first two coordinates and make a reparametrization, if needed, so as to
ensure the condition γ′

1(t) > 0 when t ∈ [t1, t2], where γ = (γ1, γ2). The assumptions of
the lemma do not change when the domain and the curve undergo such transformations.

Due to the concavity of G on ω, we can find a linear function L : R2 → R such that
G ≤ L on ω and G = L on the segment [a1, a2]. Without loss of generality, we may
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assume that L ≡ 0 (if not, we may consider the function G−L instead of G, keeping the
conditions of the lemma).

We introduce the notation f(t) = G(γ(t)), v(t) =
γ′
2(t)

γ′
1(t)

, u(t) = f ′(t)
γ′
1(t)

. The function v is

monotone increasing by the convexity of ω. Direct computations show that the sign of
the torsion of the curve (γ(t), f(t)) determines the convexity (or concavity) of the curve
(v(t), u(t)):

(8) u′′v′ − v′′u′ =
1

(γ′
1)

3

∣∣∣∣∣∣
γ′
1 γ′

2 f ′

γ′′
1 γ′′

2 f ′′

γ′′′
1 γ′′′

2 f ′′′

∣∣∣∣∣∣ .
The function f defined on the interval I satisfies the inequality f ≤ 0 and we have

f(t1) = f(t2) = 0. Thus, f ′(t1) = f ′(t2) = 0 and f ′′(t1) ≤ 0, f ′′(t2) ≤ 0. It follows that

(9) u(t1) = u(t2) = 0, u′(t1) ≤ 0, u′(t2) ≤ 0.

Now we treat each of the three cases separately. In the first case, the curve (γ, f)
belongs to the class C3 on I and its torsion is positive on (t1, t2). Consequently, by
formula (8), the curve (v(t), u(t)) must be strictly convex when t ∈ (t1, t2). But this con-
tradicts conditions (9). Similarly, in the second case the curve must be strictly concave,
which also contradicts condition (9).

In the third case the curve (v(t), u(t)) is strictly concave when t ∈ (t1, t0), u(t1) =
0 ≥ u′(t1); therefore, u(t0) < 0. On the other hand, the strict convexity of (v(t), u(t))
when t ∈ (t0, t2) and the conditions u(t2) = 0 ≥ u′(t2) lead to the inequality u(t0) > 0,
a contradiction. The lemma is proved. �

We are going to apply Lemma 1 to the concave function B defined on a strictly convex
set Ω in order to get an idea how the chords can be arranged. We need to compute the
torsions τ [i](s) of the curves (γ[i](s),B(γ[i](s))):

τ [1](s) = −2(p− 2)(p− 1)2p3((1− s)s(1 + s))p−3

(sp + (1− s)p + 1)4
, s ∈ (0, 1);

τ [2](s) =
2(p− 2)(p− 1)2p3((1− s)s(2− s))p−3

(sp + (1− s)p + 1)4
, s ∈ (0, 1);

τ [3](s) = −sign(1− 2s)
2(p− 2)(p− 1)2p3((1− s)s|1− 2s|)p−3

(sp + (1− s)p + 1)4
, s ∈

(
0,

1

2

)
∪
(
1

2
, 1

)
.

These formulas show us the torsion signs of the graph of F on ∂Ω. When p > 2, we
have τ [1](s) < 0, τ [2](s) > 0 for s ∈ (0, 1), τ [3](s) < 0 for s ∈

(
0, 1

2

)
, and τ [3](s) > 0

for s ∈
(
1
2 , 1

)
. When p < 2, all the signs in these inequalities are changed for opposite

ones. The domain Ω, the signs of the torsions of the corresponding curves, and the points
where these torsions change the sign are shown in Figure 1.

The following remark is an easy, but important addition to Lemma 1.

Remark 2. Let I be a segment with the endpoints on ∂Ω such that the function B is
linear on it. Then, for any ρ > 0 and any of the two closed arcs of ∂Ω subtended by I,
there exists a segment I1 with the endpoints on this arc such that 0 < |I1| < ρ and the
function B is linear on I1.

Proof. Suppose the contrary, let the claim be incorrect for one of the closed arcs sub-
tended by I. Take the chord I1 with the endpoints on this arc in such a way that the
function B is linear on it and the chord I1 subtends the shortest arc with this property
(such an arc exists because the domain Ω is compact and the function B is continuous).
Take any point x0 ∈ int(Ω) that is separated by I1 from I. By Corollary 1, we can find
a segment or a triangle such that the function B is linear on it, its endpoints lie on ∂Ω,
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Figure 1. The domain Ω and the signs of torsion.

and it contains x0. Due to the minimality of the arc subtended by I1, this segment or
triangle intersects the chord I1 in its interior points. Thus, we have found a chord I2 such
that the function B is linear on it and I1∩ I2∩ int(Ω) �= ∅. But in this case, the function
B must be linear on conv(I1 ∪ I2). This also allows us to find a chord subtending an arc
shorter than I1 and such that B is linear on it. A contradiction. �

Together with Lemma 1, this remark implies the following corollary.

Corollary 2. Suppose I is a segment such that its endpoints are on ∂Ω and the function
B is linear on it. Then there exists a point where the torsion of the graph of F changes
its sign from + to − (in the counter-clockwise orientation) on both sides of I.

Since for p �= 2 there exist only two sign changes of the torsion from + to −, no
triangle can exist such that its endpoints belong to ∂Ω and the function B is linear on
it. Consequently, a chord such that its endpoints lie on ∂Ω and B is linear on it passes
through each point of Ω. Moreover, these chords cannot intersect each other at interior
points, because then the function B would have been linear on the convex hull of such
intersecting chords. Such a tiling of Ω by these disjoint chords is called a foliation.

We are going to use the symmetry of our problem. The set Ω and the boundary
function F do not change when the first two coordinates are permuted. So, the function
B and the foliation also have this property. Pick a point x ∈ Ω such that x1 = x2

and find a chord that contains it. By symmetry, this chord intersects the symmetric
chord, so it is symmetric to itself. Thus, this chord either lies on the symmetry axis
or is orthogonal to it. From both sides of this chord there are points where the torsion
changes its sign from + to −. As a result, we see that when p > 2 the chord lies on the
symmetry axis, and when p < 2, it is perpendicular to this axis. This justifies Figure 2,
we have proved that the chords of the foliation are arranged as is drawn there.

§5. Computations and the answer

Now we are equipped to calculate the values of B on the line x1 = x2. For p > 2, the
function in question is linear on this line. Therefore, using the boundary conditions (7),
we see that B(x1, x1) = (2 + 2p)x1 − 1. Returning to the homogeneous function B3, we
obtain

B3(1, 1, t) = (t+ 2)B3

(
1

t+ 2
,

1

t+ 2
,

t

t+ 2

)
= (t+ 2)B

(
1

t+ 2
,

1

t+ 2

)
= 2p − t,
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Figure 2. Foliation.

which, in its turn, leads to the desired modulus of uniform convexity δ(ε) via the equation

2p(1− δ(ε))p = sup
t∈[εp,2p]

B3(1, 1, t) = 2p − εp.

In the case where p < 2, it is impossible to express the values of B on the line x1 = x2

by an elementary formula. Since the function B is linear on the chord c(t) that passes
through the point (t, t) and is symmetric on it, B is constant on this chord c(t) and
coincides with the boundary condition. If 2t ∈

[
1
2 , 1

]
, then c(t) ends at the boundary

γ[1], whence there exists a unique solution s ∈ [0, 1] of the equation γ
[1]
1 (s)+ γ

[1]
2 (s) = 2t,

and

(10) B(t, t) = F
(
γ[1](s)

)
=

(1 + s)p

1 + sp + (1− s)p
.

If 2t ∈
[

1
2p−1+1 ,

1
2

]
, then c(t) ends at the boundary γ[3], whence there exists a unique

solution s ∈ [ 12 , 1] of the equation γ
[3]
1 (s) + γ

[3]
2 (s) = 2t, and

(11) B(t, t) = F
(
γ[3](s)

)
=

(2s− 1)p

1 + sp + (1− s)p
.

As in the previous case, these relations allow one to find the modulus of uniform convexity
δ(ε) from the equation

2p(1− δ(ε))p = sup
t∈[εp,2p]

B3(1, 1, t) = sup
t∈[εp,2p]

(t+ 2)B

(
1

t+ 2
,

1

t+ 2

)

= (εp + 2)B

(
1

εp + 2
,

1

εp + 2

)
.

(12)

The last identity in (12) follows from the monotonicity of the function B(t, t)/t. This
monotonicity can be justified with the help of an easy consideration. The function
b : t �→ B(t, t) is defined on the interval

[
1

2p+2 ,
1
2

]
, is nonnegative and concave on it,

and vanishes at the left endpoint. Therefore, the function b(t)/t first increases (till the
moment when the tangent at the point (t, b(t)) passes through zero), and then decreases.
We need to verify that it grows till the point t = 1

2 . This follows from the inequality
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b(t)/t ≤ b( 12 )/
1
2 , which in its turn is equivalent to the inequality b(t) ≤ 2pt. The latter

inequality can be justified with the help of the minimality of B. Using formulas (7)
and (4), (5), (6), it is easily seen that the linear function G(x1, x2) = 2p−1(x1 + x2)
majorizes B on ∂Ω and thus on the entire Ω. Thus, (12) is proved; together with (10)
and (11), it implies the second part of Theorem 3.

§6. Further results

To solve the initial problem, it suffices to calculate the values of the function B on
the symmetry axis. In the case where p < 2, all the chords are perpendicular to the
symmetry axis; this fact makes it possible to compute the values of the function B at
any point. For this, it suffices to find the endpoints of the chord passing through the point
in question. In the case where p > 2, the situation is more complicated. To calculate
the values of the function B outside the symmetry axis, one is forced to use additional
considerations. The corresponding technique had been partly developed in [8], and was
modified later to fit the general situation; it will be set out in a forthcoming paper.

By using similar methods, one can calculate how large the quantity ‖θϕ+ (1− θ)ψ‖
can be when ‖ϕ‖, ‖ψ‖, and ‖ϕ−ψ‖ are fixed (here θ is some fixed number), or any other
“decent” function of ϕ and ψ (by calculation we mean that the answer can be represented
as an implicit function expressing δ in terms of ε, e.g., as in Theorem 3).
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Algebra i Analiz 15 (2003), no. 1, 73–117; English transl., St.Petersburg Math. J. 15 (2004), no. 1,
49–79. MR1979718 (2004h:42017)

[11] P. Ivanishvili, N. N. Osipov, D. M. Stolyarov, V. I. Vasyunin, and P. B. Zatitskiy, Bellman function
for extremal problems in BMO, Trans. Amer. Math. Soc. 368 (2016), no. 5, 3415–3468. MR3451882

[12] A. I. Pogorelov, Differential geometry, Sixth ed., Nauka, Moscow, 1969; English transl. first edition,
Noordhoff, Groningen, 1959. MR0114163 (22:4990)

http://www.ams.org/mathscinet-getitem?mr=1262940
http://www.ams.org/mathscinet-getitem?mr=1262940
http://www.ams.org/mathscinet-getitem?mr=744226
http://www.ams.org/mathscinet-getitem?mr=744226
http://www.ams.org/mathscinet-getitem?mr=864651
http://www.ams.org/mathscinet-getitem?mr=864651
http://www.ams.org/mathscinet-getitem?mr=1501880
http://www.ams.org/mathscinet-getitem?mr=1342297
http://www.ams.org/mathscinet-getitem?mr=1342297
http://www.ams.org/mathscinet-getitem?mr=0077087
http://www.ams.org/mathscinet-getitem?mr=0077087
http://www.ams.org/mathscinet-getitem?mr=2956143
http://www.ams.org/mathscinet-getitem?mr=1882704
http://www.ams.org/mathscinet-getitem?mr=1882704
http://www.ams.org/mathscinet-getitem?mr=3071693
http://www.ams.org/mathscinet-getitem?mr=1979718
http://www.ams.org/mathscinet-getitem?mr=1979718
http://www.ams.org/mathscinet-getitem?mr=3451882
http://www.ams.org/mathscinet-getitem?mr=0114163
http://www.ams.org/mathscinet-getitem?mr=0114163


SHARP ESTIMATES OF UNIFORM CONVEXITY FOR Lp SPACES 343

St. Petersburg Branch, Steklov Mathematical Institute, Russian Academy of Sciences,

Fontanka 27, 191023 St. Petersburg; P. L. Chebyshev Research Laboratory, St. Petersburg

State University

E-mail address: paxa239@yandex.ru

Department of Mathematics, Michigan State University, East Lansing, Michigan 48823

E-mail address: ivanishvili.paata@gmail.com

St. Petersburg Branch, Steklov Mathematical Institute, Russian Academy of Sciences,

Fontanka 27, 191023 St. Petersburg; P. L. Chebyshev Research Laboratory, St. Petersburg

State University

E-mail address: dms@pdmi.ras.ru

Received 21/SEP/2014

Translated by THE AUTHORS


	1. Classical results
	2. Bellman function method
	2.1. Setting
	2.2. Properties of the Bellman function
	2.3. Reduction of dimension

	3. Minimal concave functions on compact sets
	4. Torsion and foliation
	5. Computations and the answer
	6. Further results
	Acknowledgment

	References

