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ON AN ELLIPTIC CURVE DEFINED OVER Q(
√
−23)

L. V. DIEULEFAIT, M. MINK, AND B. Z. MOROZ

Abstract. Recently, the first three examples were found of elliptic curves without
complex multiplication and defined over an imaginary quadratic field that have been
proved to satisfy the Hasse–Weil conjecture. In the paper, the same algorithm is
employed to prove the modularity and thereby the Hasse–Weil conjecture for the
fourth elliptic curve without CM defined over the imaginary quadratic field Q(

√
−23).

§1. Introduction

1. An elliptic curve overQ, being a modular curve [3], satisfies the Hasse–Weil conjecture.
The situation for elliptic curves over other number fields is by far less clear, cf. [23, p. 144],
although some progress has been recently made for curves over totally real fields (see,
for instance, [11]). The techniques and ideas introduced by A. Wiles [24], and further
developed in [3, 11] and the works cited there, could not so far be applied to treat elliptic
curves over not totally real fields. In spite of previous efforts of several authors (see [8, 16],
[22, Theorem 3], [5, 12], and the references therein), only in the recent paper [7] one finds
the first examples of elliptic curves without complex multiplication and defined over an
imaginary quadratic field that have been proved to satisfy the Hasse–Weil conjecture.
The algorithm, described in [7], allows in principle to check the modularity of any of the
elliptic curves considered by J. Cremona and his students, see [5, 12] and the works cited
there. In this note, another curve from Lingham’s list [12, Chapter 7] is proved to be
modular. Our exposition depends heavily on the calculations carried out by the second
author in her M. Sc. Thesis [13], to which we refer for some further details.

Let K be an imaginary quadratic field of discriminant dK with the ring of integers o,
and let P(K) := Spec o \ {(0)}. Let E be an elliptic curve defined over K, and let f(E)
denote the conductor of E. For p ∈ P(K), let Ep denote the reduction of E modulo p,
and let L(E, s) be the Hasse–Weil L-function of E defined by the Euler product

(1) L(E, s) :=
∏

p∈P(K)

lp(E,Np
−s)−1

absolutely convergent for Re s > 3/2, where

lp(E, t) := 1− a(p)t+ (Np)t2

with

(2) a(p) := Np+ 1− |Ep|, |a(p)| ≤ 2Np1/2

if p � f(E), that is if E has good reduction at p, and

lp(E, t) := 1 + a(p)t

with a(p) = 0, 1, or −1 if E has additive, nonsplit multiplicative, or split multiplicative
reduction at p, respectively.
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Proposition 1. Two elliptic curves E and E′ over K are isogenous if and only if
lp(E, t) = lp(E

′, t) for almost all p in P(K).

Proof. This is a theorem of Faltings [9]. �

The following assertion [19] is a refined form of the classical Hasse–Weil conjecture.

Conjecture 1. There is an integral function s �→ Λ(E, s) satisfying the functional equa-
tion

(3) Λ(E, 2− s) = εΛ(E, s) for s ∈ C

and such that

Λ(E, s) = A(E)sΓ(s)2L(E, s) for Re s > 3/2

with A(E) := (2π)−2(N f(E))1/2|dK | and ε ∈ {±1}.

The following “parity conjecture” is part of the Birch and Swinnerton–Dyer conjecture.

Conjecture 2. The sign of ε in the functional equation (3) is determined by the rank r
of the elliptic curve E:

ε = (−1)r.

2. Let f be an automorphic cusp form on GL2(AK) of the type (1, n(f),H∞) in the
sense of Weil [23, p. 143], which is an eigenform for the Hecke operators Tp, say

Tpf = c(p)f,

with p ranging over all primes in P(K) that do not divide n(f). One can attach to f a
Dirichlet series defined by the Euler product

(4) L(f, s) :=
∏

p∈P(K)

lp(f,Np−s)−1,

where

lp(f, t) := 1− c(p)t+ (Np)t2

if p � n(f) and

lp(f, t) := 1 + c(p)t

with c(p) ∈ {0,±1} if p | n(f).

Conjecture 3. The eigenvalues c(p) satisfy the following inequality:

|c(p)| ≤ 2Np1/2.

Conjecture 3 may be regarded as a generalized Ramanujan–Petersson conjecture; it
has not been proved, although the Euler product (4) is known [10] to converge absolutely
for Re s > 3/2. The Ramanujan–Petersson conjecture for classical modular forms was
proved by P. Deligne many years ago [6].

Proposition 2. With f as above, there is an integral function s �→ Λ(f, s), satisfying
the functional equation

(5) Λ(f, 2− s) = εΛ(f, s) for s ∈ C

and such that

Λ(f, s) = A(f)sΓ(s)2L(f, s) for Re s > 3/2

with A(f) := (2π)−2(Nn(f))1/2|dK | and ε ∈ {±1}. Moreover, ε = −ε0, where ε0 is the
eigenvalue of the Fricke involution.
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Proof. Let f, rf be an automorphic pair in the sense of [23]. Since f is an automorphic

form of the type (1, n(f),H∞), it follows that rf is an eigenform for the Hecke operators

with the same eigenvalues as f [23, p. 45]. Therefore, rf = λf with λ ∈ C∗ by the

strong multiplicity one theorem [15] (cf. also [10]). Since rf = Jf , where J is the Fricke
involution, the assertion follows from [23, Theorem 6]. �
Definition 1. An automorphic cusp eigenform f on GL2(AK) of the type (1, n(f),H∞)
is said to be attached to an elliptic curve E over K if

lp(E, t) = lp(f, t) for p ∈ P(K);

this binary relation will be denoted by [E, f ]. An elliptic curve E is a modular curve if
the relation [E, f ] is satisfied for an automorphic form f .

Definition 2. An automorphic cusp eigenform f on GL2(AK) is rational if lp(f, t) ∈ Q[t]
for p ∈ P(K).

Corollary 1. Let E be a modular curve, and let f be an automorphic form attached to
E. Then f is a rational form, n(f) = f(E), the elliptic curve E satisfies Conjecture 1,
and the automorphic form f satisfies Conjecture 3.

Proof. The assertion follows from Proposition 2 and the Hasse estimate (2). �
Corollary 2. Two modular elliptic curves E and E′ are isogenous if and only if there
is an automorphic form f such that both relations [E, f ] and [E′, f ] hold true.

Proof. This follows from Proposition 1, in view of the strong multiplicity one theorem
[15, 10]. �
3. Let GK := Gal( sK|K) be the (absolute) Galois group of K, and let ϕ(p) stand for the
Frobenius class in GK of a prime p in P(K). Let T (E) be the dyadic Tate module, let
V (E) := T (E)⊗Z2

Q2, and let

ρE : GK → AutV (E)

be the two-dimensional dyadic Galois representation, describing the action of the group
GK on the Q2-vector space V (E). Let p ∈ P(K); if p � 2f(E), then the representation
ρE is unramified at p and the characteristic polynomial of ρE(ϕ(p)) is equal to lp(E, t),
that is

Tr ρE(ϕ(p)) = a(p) and det ρE(ϕ(p)) = Np.

Moreover, ρE(GK) ⊆ AutT (E) with AutT (E) ∼= GL2(Z2); in what follows we shall
assume, without loss of generality, that

ρE(GK) ⊆ GL2(Z2).

If a curve E has no complex multiplication, then the representation ρE is irreducible.
The proof of those by now well-known results can be found, for instance, in [18].

Remark. Let E and E′ be two elliptic curves without complex multiplication defined
over K, and suppose that

(6) L(E, s) = L(E′, s);

then from Proposition 1 it follows that the curve E′ is isogenous either to E or to sE, where
sE stands for the elliptic curve obtained from E by complex conjugation. Let ρ1, ρ2, ρ3,
and ρ4 be the irreducible two-dimensional dyadic Galois representation, describing the
action of the group GK on V (E), V ( sE), V (E′), and V ( sE′), respectively. In view of the
Chebotarev density theorem and [2, §12, no. 1, Proposition 3], equation (6) implies that

ρ1 ⊕ ρ2 ∼= ρ3 ⊕ ρ4;
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therefore, either ρ3 ∼= ρ1 or ρ3 ∼= ρ2. By Proposition 1, this implies that the curve E′ is
isogenous either to E (in the first case) or to sE (in the second case).

Let ρf : GK → GL2(sQ2) be the irreducible two-dimensional dyadic Galois represen-
tation associated with a rational automorphic cusp eigenform f on GL2(AK) of the type
(1, n(f),H∞). Without loss of generality it may be assumed that

ρf (GK) ⊆ GL2(OR),

where OR is the ring of integers of a field R with

Q2 ⊆ R ⊆ sQ2, [R : Q2] ≤ 4.

Let n1(f) := (2dK) · n(f). If p � n1(f), then the representation ρf is unramified at p and
the characteristic polynomial of ρf (ϕ(p)) is equal to lp(f, t), that is

Tr ρf (ϕ(p)) = c(p) and det ρf (ϕ(p)) = Np.

Moreover, given two primes p, q in P(K) such that p � n1(f), q � n1(f), and

lp(f, t) = (1− α(p)t)(1− β(p)t), lq(f, t) = (1− α(q)t)(1− β(q)t)

with c(q) �= 0 and α(p) �= β(p), one can actually take

(7) R = Q2(α(p), α(q)).

The cited results were proved in the recent papers [22, 1].

Definition 3. Let E be an elliptic curve over K, and let f be a rational automorphic
cusp eigenform on GL2(AK) of the type (1, n(f),H∞). The pair (E, f) is a suitable pair
if

f(E) = n(f) and lp(E, t) = lp(f, t) for p | n1(f), p ∈ P(K).

Lemma 1. An automorphic form f is attached to an elliptic curve E if and only if
(E, f) is a suitable pair and ρE ∼= ρf .

Proof. Suppose that (E, f) is a suitable pair, then f(E) = n(f) and lp(E, t) = lp(f, t) for
p|n1(f). If, moreover, ρE ∼= ρf , then

a(p) = Tr ρE(ϕ(p)) = Tr ρf (ϕ(p)) = c(p)

for p � n1(f) because 2f(E) | n1(f). Thus,

lp(E, t) = lp(f, t) for p ∈ P(K),

and therefore [E, f ] holds true. Conversely, suppose the relation [E, f ] is satisfied. Then

lp(E, t) = lp(f, t) for p ∈ P(K);

therefore, (E, f) is a suitable pair and, moreover,

(8) Tr ρE(ϕ(p)) = a(p) = c(p) = Tr ρf (ϕ(p)) for p � n1(f), p ∈ P(K).

By the Chebotarev density theorem, from (8) it follows that the set{
σ | σ ∈ GK , Tr ρE(σ) = Tr ρf (σ)

}
is a dense subset of GK , whence Tr ρE = Tr ρf and, consequently, ρE ∼= ρf because
the representations ρE and ρf , being irreducible, are semisimple, cf. [2, §12, no. 1,
Proposition 3]. This proves the lemma. �
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Notation 1. Let |S| stand for the cardinality of a set S; let ord(g) denote the order

of a group element g; let pG stand for the group of characters of an Abelian group
G. Let Cn denote the cyclic group of order n; let Sn and An denote the symmetric
and the alternating groups of permutations of n symbols, respectively. Let A∗ denote
the multiplicative group of a ring A. As usual, let Q, Z, N, and Fq stand for the
field of rational numbers, the ring of rational integers, the monoid of positive rational
integers, and the finite field of q elements, respectively; the set of the rational primes is
denoted by P . The algebraic closure of a field k is denoted by sk; let [L : k] stand for the
degree of a finite extension of fields L|k, let G(L|k) denote the Galois group of a normal
extension L|k, and let Gk := G(sk|k). A number field is a finite extension of Q; given
a number field k, let ok denote its ring of integers, let dk be the discriminant of k, let
P(k) := Spec ok \ {(0)}, and let ϕ(p) stand for the Frobenius class in Gk of a prime p in
P(k) as above.

§2. Preliminaries and formulation of the main results

Now, let K = Q(
√
−23), then oK = Z⊕ ωZ with

ω :=
1 +

√
−23

2
and dK = −23; the class number of K is equal to 3.

Notation 2. For p ∈ P , let pp stand for a prime in P(K) dividing p; if p splits in K,
we denote by spp the other prime in P(K) dividing p. Thus, for instance, 23oK = p223,
3oK = p3sp3, and 5oK = p5.

M. Lingham [12] compiled a list of 46 suitable pairs and checked that

lp(E, t) = lp(f, t) for Np < 50, p ∈ P(K),

for each pair (E, f) in his list. From now on, let E stand for the elliptic curve defined by
the equation

(9) E : y2 + (ω + 1)xy + y = x3 + (ω + 1)x2 − 7x+ (5− 3ω),

and let f be the modular form f44 in Lingham’s list [12, Chapter 7], with a(p) and c(p)
defined as in §1.
Lemma 2. The following assertions hold true:

1. E is an elliptic curve of rank 1 without complex multiplication.
2. f is a rational automorphic cusp eigenform on GL2(AK) of type (1, n(f),H∞).
3. The eigenvalue ε0 of the Fricke involution is equal to 1, so that ε = −1 in the

functional equation (5).
4. The pair (E, f) is a suitable pair with

f(E) = n(f) = p2p
3
3sp3, n1(f) := (46) · n(f), and a(p) = c(p) for

Np < 50, p ∈ P(K).
5. Moreover,

c(p2) = c(p5) = 1, c(sp2) = c(p13) = −2, c(p3) = 0,

c(sp3) = c(sp13) = c(p23) = −1, c(p7) = 6, c(p29) = −6,

c(sp29) = −9, c(p31) = c(sp47) = 3, c(sp31) = −10,

c(p41) = −8, c(sp41) = c(p47) = 5.

Proof. See [12, Chapter 7]. �
Theorem 1. The automorphic form f is attached to the elliptic curve E.
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Theorem 1 is the main result of this work. In view of Lemmas 1 and 2, it can be
deduced from the following theorem, which is proved in the last section.

Theorem 2. The representations ρE and ρf are equivalent.

Corollary 3. The elliptic curve E satisfies Conjectures 1 and 2 and the automorphic
form f satisfies Conjecture 3.

Proof. This follows from Theorem 1, Corollary 1, and Lemma 2.
By (7) and Lemma 2, it may be assumed that

R = Q2(α(p41), α(sp31)) = Q2(
√
−1,

√
−6)

with OR/mR
∼= F2, where mR denotes the maximal ideal of OR. Since

ρE(GK) ⊆ GL2(Z2) and ρf (GK) ⊆ GL2(OR),

one can reduce those representations modulo 2 and modulo mR, respectively; let

sρE : GK → GL2(F2) and sρf : GK → GL2(F2)

be the residual representations. �

Proposition 3. The representations sρE and sρf are equivalent.

Proposition 3 will be proved in the next section. In §4 we shall explain the so-called
Faltings–Serre method, to be used in the proof of Theorem 2 in the last section.

§3. Equivalence of the residual representations

1. We start with a few simple observations. First of all,

GL2(F2) = SL2(F2) and GL2(F2) ∼= S3.

Lemma 3. Any two representations

ρ1, ρ2 : S3 → GL2(F2)

with
Ker ρ1 = Ker ρ2 = C1

are equivalent.

Proof. It can easily be checked.
Clearly, Ker sρE = GL and Ker sρf = GL′ for two finite normal extensions L | K and

L′ | K with
sρE(GK) ∼= G(L|K) and sρf (GK) ∼= G(L′|K). �

Lemma 4. Let f(t) := t4 − t3 + 8t2 − t+ 1, then L = K1 ·K2 with

[K1 : K] = 3, [K2 : K] = 2, K2
∼= Q[t]/(f(t)), G(L|K) ∼= S3,

and dL = 213 · 37 · 236. In particular, sρE(GK) = GL2(F2).

Proof. On rewriting equation (9) in the Weierstrass form

E : y2 = F (x), F (t) := t3 +
7ω − 1

4
t2 +

ω − 13

2
t+

21

4
− 3ω =

3∏
i=1

(t− αi),

one concludes that L = K(α1, α2, α3) and sets K1 := K(α1). Then, a straightforward
calculation [14] establishes the claim. �
Notation 3. Let N := {p23, p2,sp2, p3,sp3}, N ⊆ P(K).

Corollary 4. The field extensions L|K and L′|K are unramified at primes in P(K)\N.
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Proof. The extension L|K is unramified by Lemma 4, and the extension L′|K is unram-
ified because n1(f) = (46)p2p

3
3sp3 by Lemma 2. �

Lemma 5. Let g ∈ GL2(F2), then Tr g = 0 if and only if g2 = 1.

Proof. It is clear. �

Corollary 5. We have
|sρf (GK)| /∈ {1, 2}.

Proof. Since Tr sρf (ϕ(p5)) = 1 by Lemma 2, the assertion follows from Lemma 5. �

Notation 4. Let k be a number field. We denote by I(k) and I0(k) the group of fractional
ideals of k and the monoid of nonzero ideals of ok, respectively. For a ∈ I0(k), let

J(a) :=
{
A | A = BC

−1, B ∈ I0(k), C ∈ I0(k), (BC, a) = (1)
}
,

P r(a) :=
{
(α) | α ∈ k∗, α = 1 mod a

}
, H(a) := J(a)/Pr(a),

and let k(a) denote the ray class field corresponding to the ray class group H(a). Let
f(L|k) denote the conductor of a finite Abelian extension L|k. By a slight abuse of

language, we shall often identify pH(a) with pG(k(a)|k). Given a finite extension L|k of
the field k and primes P in P(L), p in P(k) with P|p, let e(P, p) and f(P, p) stand
for the ramification index and the inertia degree of the prime P in the extension L|k,
respectively; if L|k is a normal extension, let fL(p), p ∈ P(k), stand for the common
value of the numbers f(P, p), P ∈ P(L), P|p.

Lemma 6. Let T |k be a cyclic extension of number fields of degree l := [T : k], l ∈ P .
Then

f(T |k) =
∏

p∈P(k)

p
α(p), α(p) ∈ Z,

with

α(p) ∈ {0, 1} if p � l, 2 ≤ α(p) ≤ le(p, l)

l − 1
+ 1 if p | l.

Proof. See [4, pp. 149–150, 487]. �

2. Let
m := (p2 sp2)

3(p3 sp3)
2
p23, m ∈ I0(K).

Lemma 7. The group sρf (GK) is not isomorphic to C3.

Proof. Let P0 := {p7, p13}, then P0 ⊆ P(K) \N; moreover, Lemma 2 implies that

(10) Tr sρf (ϕ(q)) = 0 for q ∈ P0.

Suppose that |sρf (GK)| = 3. Then L′|K is a cyclic cubic extension; therefore, from
Lemma 6 and Corollary 4 it follows that

K ⊆ L′ ⊆ K(m).

Let χ ∈ pH(m) with Kerχ = G(K(m)|L′), then ord(χ) = 3. On the other hand, [14] shows
that χ(p) �= 1 for some p in P0; therefore ord(sρf (ϕ(p)|L′)) = 3, so that Tr sρf (ϕ(p)) = 1 by
Lemma 5, in contradiction with (10). Thus, |sρf (GK)| �= 3. This proves the lemma. �

Corollary 6. We have
sρf (GK) = GL2(F2).

Proof. This follows from Corollary 5 and Lemma 7. �

Lemma 8. There is a representation pρf : GK → GL2(Z2) that is equivalent to ρf .
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Proof. By Corollary 6, the residual representation sρf is absolutely irreducible. Moreover,
the Chebotarev density theorem and Lemma 2 show that Tr ρf (GK) ⊆ Q2. On the other
hand, ρf (GK) ⊆ GL2(OR) and OR ∩ Q2 = Z2, whence Tr ρf (GK) ⊆ Z2. The assertion
of the lemma can now be deduced from [21, Corollaire 5] (cf. [7, Theorem 5.5]). �

By Lemma 4 and Corollary 6, G(L|K) ∼= S3 and G(L′|K) ∼= S3; therefore, there are
unique quadratic extensions K2|K and K ′

2|K such that K ⊆ K2 ⊆ L and K ⊆ K ′
2 ⊆ L′.

Lemma 9. The fields K2 and K ′
2 coincide.

Proof. As above, from Lemma 6 and Corollary 4 it follows that

K ⊆ K2 ·K ′
2 ⊆ K(m).

Let {ψ, ψ′} ⊆ pH(m), Kerψ = G(K(m)|K2), and Kerψ′ = G(K(m)|K ′
2). A prime p

in P(K) \ N splits in K2 (respectively, in K ′
2) if and only if ψ(p) = 1 (respectively,

ψ′(p) = 1). Let

P1 := {p5,sp13,sp29, p31,sp41};
clearly, P1 ⊆ (P(K) \N). It turns out [14] that

H(m)/H(m)2 ∼= C6
2 ,

the set P1 generates a subgroup of H(m)/H(m)2 isomorphic to C5
2 , and ψ(p) = 1 for

p ∈ P1. Therefore, if ψ �= ψ′, then ψ′(p0) = −1 for some prime p0 in P1. Since
G(L′|K) ∼= S3, the prime p0 splits in L′, so that

(11) ord(sρf (ϕ(p0))) = ord(sρf (ϕ(p0)|L′)) = ord(ϕ(p0)|L′) = 2.

By Lemma 5, relation (11) implies that Tr sρf (ϕ(p0)) = 0 and, consequently,

Tr ρf (ϕ(p)) = c(p) = 0 (mod 2).

On the other hand, Lemma 2 implies that c(p) = 1 (mod 2) for p ∈ P1. Thus, ψ = ψ′

and K2 = K ′
2 , as claimed. �

3. The following result is the key lemma in the proof of Proposition 3.

Lemma 10. The fields L and L′ coincide.

Proof. Let N1 := {q2, sq2, q3, sq3, q23, Ďq23}, N1 ⊆ P(K2), where

(2) = q2 sq2
2, (3) = q

2
3 sq3, (23) = (q23 Ďq23)

2 in I0(K2),

and let m1 := q2 sq2q
4
3 sq3

2q23 Ďq23, m1 ∈ I0(K2). By Lemma 6 and Corollary 4,

K2 ⊆ L ∩ L′ ⊆ L · L′ ⊆ K2(m1).

Let {ψ, ψ′} ⊆ pH(m1), Kerψ = G(K2(m1)|L), and Kerψ′ = G(K2(m1)|L′). A prime
q in P(K2) \ N1 splits in L (respectively, in L′) if and only if ψ(q) = 1 (respectively,
ψ′(q) = 1). Let P2 := {q13, q29,sq29}, where

(13) = p13sp13, (29) = p29sp29 in I0(K)

and

q13 = p13oK2
, p29 = q29sq29 in I0(K2);

then P2 ⊆ P(K2) \N1. It turns out [14] that

H(m1)/H(m1)
3 ∼= C4

3 ,

the set P2 generates a subgroup of H(m1)/H(m1)
3 isomorphic to C3

3 , and
ψ(q) = 1 for q ∈ P2. Suppose that ψ �= ψ′, then there is a prime q0 in {q29,sq29} such that
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ψ′(q0) �= 1 and, therefore, q0 does not split in L′. Thus, from the supposition ψ �= ψ′ it
follows that

(12) ord(sρf (ϕ(p29)) = ord(sρf (ϕ(p29)|L′))) = ord(ϕ(p29)|L′) = 3.

By Lemma 6, relation (12) implies that Tr sρf (ϕ(p29)) = 1 and, consequently,

Tr ρf (ϕ(p29)) = c(p29) = 1 (mod 2).

On the other hand, c(p29) = −6 by Lemma 2. This contradiction shows that ψ = ψ′,
whence L = L′, as claimed. �

Proof of Proposition 3. By Lemma 10, we have

Ker sρE = Ker sρf = GL.

Since

sρf (GK) = sρE(GK) = GL2(F2)

by Lemma 4 and Corollary 6, from Lemma 3 it follows that the representations sρE and
sρf are equivalent. This completes the proof of the proposition. �

§4. The Faltings–Serre method

1. In this section we describe the Faltings–Serre method along the lines of [7] (see also
[20, 17]). We start with a few simple group theoretic observations. Write S4 = 〈ω1, ω2〉
and S3 = 〈ζ, η〉, with ω1 := (1324), ω2 := (1234), ζ := (12), η := (13), and define two
surjective homomorphisms

τ1 : S4 × C2 → S3 × C2, τ1 : (ω1, 1) �→ (ζ, 1), (ω2, 1) �→ (η, 1), (1, ζ) �→ (1, ζ),

and

τ2 : S4 × C2 → S4, τ2 : (α, β) �→ (α, 1) for α ∈ S4, β ∈ C2.

Lemma 11. The maps τ1 and τ2 satisfy the following conditions.

1. Ker τ1 ∼= C2
2 and Ker τ2 ∼= C2.

2. Let g ∈ S4 ×C2, then ord(g) = 6 if and only if ord(τ1(g)) = 6, and ord(g) = 4 if
and only if ord(τ2(g)) = 4.

Proof. This is straightforward. �

Notation 5. Let M2(A) be the algebra of (2× 2)-matrices with entries in a ring A, and

let M
(0)
2 (A) := {a | a ∈ M2(A), Tr a = 0}.

Consider the group

G := {(m,n) | m ∈ M2(F2), n ∈ GL2(F2)},
multiplication being defined by

(m1, n1) · (m2, n2) := (m1 + n1m2n
−1
1 , n1n2)

for {(m1, n1), (m2, n2)} ⊆ G}, and its subgroup

G(0) := {(m,n) | m ∈ M
(0)
2 (F2), n ∈ GL2(F2)}.

We define a map

g : G → F2, g : (m,n) �→ Tr(m · n) for (m,n) ∈ G;

let g0 := g | G(0).

Lemma 12. The group G(0) is isomorphic to the direct product S4 × C2.
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Proof. Let

v0 =

(
1 0
0 1

)
, v1 =

(
1 1
0 1

)
, v2 =

(
1 0
1 1

)
, v3 =

(
0 1
1 0

)
.

The F2-vector space M
(0)
2 (F2) has a basis {v0, v1, v2} and v3 = v1 + v2. On identifying

GL2(F2) with S3 via the isomorphism

ι : S3 → GL2(F2), ι : (12) �→
(
0 1
1 0

)
, ι : (13) �→

(
1 0
1 1

)
,

we have G(0) = H1 ×H2, where

H1 := {(0, ν), (vi, ν) | 1 ≤ i ≤ 3, ν ∈ S3}, H2 := {(0, (1)), (v0, (1))},

the multiplication law being defined as follows:

(13) (vk, σ) · (vi, τ ) = (vk + vσ(i), στ ), {σ, τ} ⊆ S3, 0 ≤ i, k ≤ 3,

with σ(0) = 0 for σ ∈ S3. It is clear that H2
∼= C2. Let

B2 := {(1), (12)(34), (13)(24), (14)(23)}

and consider the injective homomorphism

ϑ(0) : B2 → M
(0)
2 (F2), ϑ(0) : (13)(24) �→ v2, (14)(23) �→ v1.

Since

S4 =
⋃

σ∈S3

B2σ,

the map

ϑ : S4 → H1, ϑ : ασ �→ (ϑ(0)(α), σ), α ∈ B2, σ ∈ S3,

defines an isomorphism S4
∼= H1. Thus, G

(0) ∼= S4 × C2, as claimed. �

Lemma 13. We have g−1
0 ({1}) = {σ | σ ∈ G(0), ord(σ) ∈ {4, 6}}.

Proof. This follows easily from the multiplication law (13) and the definition of the map
g0. �

Notation 6. Let j : G(0) → S4 × C2 stand for the isomorphism defined in Lemma 12.

2. In what follows until the end of this section, we let K be an arbitrary imaginary
quadratic field. Let

ρ1, ρ2 : GK → GL2(Z2)

be two continuous 2-adic representations unramified outside of a finite set S of primes of
K, and let sρi : GK → GL2(F2) denote the reduction of ρi,i = 1, 2, modulo 2. Suppose
that sρ1 = sρ2, sρ1(GK) = GL2(F2), and det ρ1 = det ρ2. Let Ker sρ1 = GL, so that L|K is
a finite normal extension with G(L|K) ∼= S3.

Notation 7. Let χi := Tr ρi, i = 1, 2, and let M stand for the set of the number fields M
such that L ⊆ M and M |K is a finite normal extension unramified outside S.

Lemma 14. Suppose that χ1 �= χ2. Then there is a number field M in M with the
following properties: its Galois group G(M |K) is isomorphic to a subgroup of the group
S4 × C2; fM (p) ∈ {4, 6} for at least one prime p in P(K) \ S; and χ1(ϕ(p)) �= χ2(ϕ(p))
for any prime p in P(K) \ S with fM (p) ∈ {4, 6}.
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Proof. Suppose that χ1 �= χ2 and let

(14) r := max{s | s ∈ N, χ1 = χ2 (mod 2s)}.
Relation (14) implies [21, Théorème 1] (cf. [7, Remark 6]) that

ρ1 = (1 + 2rμ)ρ2

for a certain function μ : GK → M2(Z2); let sμ : GK → M2(F2) stand for the reduction
of μ modulo 2. Then the map

h : GK →;G, h : σ �→ (sμ(σ), sρ1(σ)) for σ ∈ GK ,

is a homomorphism. Moreover, since

det ρ1 = det ρ2 and det(1 + 2rμ) = 1 + 2r Trμ (mod 2r+1),

it follows that Tr sμ = 0. Thus, h(GK) ⊆ G(0). Let

M := {x | x ∈ sK,σx = x for σ ∈ Kerh},
so that Kerh = GM , G(M |K) ∼= h(GK), and

fM (p) = ord(h(ϕ(p))) for p ∈ P(K) \ S.
Furthermore, M ∈ M and, by Lemma 12, the Galois group G(M |K) is isomorphic to a
subgroup of the group S4 × C2. Let

h0 := g ◦ h, h0 : GK → F2, h0 : σ �→ Tr(sμ(σ)sρ1(σ)) for σ ∈ GK .

By Lemma 13, h0(σ) = 1 if and only if ord(h(σ)) ∈ {4, 6} for σ ∈ GK . If fM (p) /∈ {4, 6}
for every prime p in P(K) \ S, then ord(h(ϕ(p))) /∈ {4, 6} and, therefore,

0 = h0(ϕ(p)) = Tr(sμ(ϕ(p))sρ1(ϕ(p))) = (χ1(ϕ(p))− χ2(ϕ(p)))2
−r (mod 2),

that is

(15) |χ1(ϕ(p))− χ2(ϕ(p))|2 ≤ 1

2r+1

for every prime p in P(K) \ S. In view of the Chebotarev density theorem, inequality
(15) implies that

χ1 = χ2 (mod 2r+1),

contrary to the choice of r. Therefore, we conclude that fM (p) ∈ {4, 6} for at least one
prime p in P(K) \ S. Finally, if fM (p) ∈ {4, 6}, p ∈ P(K) \ S, then

1 = h0(ϕ(p)) = Tr(sμ(ϕ(p))sρ1(ϕ(p))) = (χ1(ϕ(p))− χ2(ϕ(p)))2
−r (mod 2),

whence χ1(ϕ(p)) �= χ2(ϕ(p)). This completes the proof of the lemma. �

Lemma 15. Suppose that for every extension M |K with M ∈ M and G(M |K) ∼= S3×C2
there exists a prime p1 in P(K) \ S with fM (p1) = 6 and

χ1(ϕ(p1)) = χ2(ϕ(p1)),

and that for every extension M |K with M ∈ M and G(M |K) ∼= S4 there exists a prime
p2 in P(K) \ S with fM (p2) = 4 and

χ1(ϕ(p2)) = χ2(ϕ(p2)).

Then ρ1 ∼= ρ2.

Proof. Suppose that the representation ρ1 is not equivalent to the representation ρ2.
Since those representations are irreducible, it follows [2, §12, no. 1, Proposition 3] that
χ1 �= χ2. Therefore, by Lemma 14, there are a number field M in M, a homomorphism
h3 : GK → S4 × C2 with h3(GK) ∼= G(M |K), and a prime p in P(K) \ S with fM (p) ∈
{4, 6}. Combining the maps defined above, we obtain the following commutative diagram:
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S� × C�

��

S� × C� S�� �

F�

��

�� ��

��

�� ��

��

with h3 := j ◦ h, h1 := τ1 ◦ h3, h2 := τ2 ◦ h3, g1 := g0 ◦ j−1, and GM = Kerh3. Let

Mi := {x | x ∈ sK, σx = x for σ ∈ Kerhi},

so that

Kerhi = GMi
, G(Mi|K) ∼= hi(GK), and Mi ⊆ M for i = 1, 2.

SinceM ∈ M andG(L|K) ∼= S3, there is a surjective homomorphism j0 : h3(GK) → S3;
let h0 := j0 ◦ h3, then Kerh0 = GL. It can easily be checked that Kerhi ⊆ Kerh0 and
therefore L ⊆ Mi for i = 1, 2, so that {M1,M2} ⊆ M. Let σ ∈ ϕ(p), then ord(h3(σ)) ∈
{4, 6} and, by Lemma 11, either ord(h1(σ)) = 6 or ord(h2(σ)) = 4. It follows that either
h1(GK) = S3 × C2 or h2(GK) = S4. Then the assumption of the lemma implies that
there is a prime p0 in P(K) \ S such that

(16) χ1(ϕ(p0)) = χ2(ϕ(p0))

and either fM1
(p0) = 6 or fM2

(p0) = 4. But, in view of Lemma 14, the latter condition
implies that

χ1(ϕ(p0)) �= χ2(ϕ(p0)),

in contradiction to (16). This proves the lemma. �

§5. Proof of Theorem 2

We return to the notation of §2 and §3; Lemma 8 allows us to assume that ρf (GK) ⊆
GL2(Z2). Let

m2 := t23st23t
7
2,1

( 4∏
i=2

t2,i

)5 4∏
i=1

t3,i, {t2,i, t3,i, t23,st23 | 1 ≤ i ≤ 4} ⊆ P(L),

with

(2) = t32,1

( 4∏
i=2

t2,i

)2

, (3) = t63,1

4∏
i=2

t3,i, (23) = (t23st23)
2 in I0(L).

Let

X := {χ | χ ∈ pH(m2), χ2 = 1}
be the group of the real characters of H(m2); it turns out [14] that X ∼= C16

2 . Since the
ideal m2 is G(L|K)-invariant, the group G(L|K) acts on the characters of H(m2):

(σχ)(g) := χ(σg) for χ ∈ pH(m2), σ ∈ G(L|K), g ∈ H(m2).

Lemma 16. For every normal field extension M |K unramified outside N and such that
G(M |K) ∼= S3×C2 and L ⊆ M , there exists a prime p in P(K) \N with fM (p) = 6 and
Tr(ρE(ϕ(p))) = Tr(ρf (ϕ(p))).
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Proof. Let

P1 := {p5,sp13,sp29, p31,sp41}
be the set of primes in P(K) \N introduced in the proof of Lemma 9, and let

P3 :=

{
t | t ∈ P(L), t |

∏
q∈P1

q

}
.

It can be checked that fL(p) = 3 for p ∈ P1. Since [M : L] = 2 and the extension
M |K is unramified outside N, from Lemma 6 it follows that M ⊆ L(m2). Let ψ be the

real character in pH(m2) corresponding to the extension M |L. The condition G(M |K) ∼=
S3 × C2 shows that the character ψ is G(L|K)-invariant [7, Proposition 5.7]. On the
other hand, the subgroup

X1 := {χ | χ ∈ X, σχ = χ for σ ∈ G(L|K)}

of the G(L|K)-invariant real characters is isomorphic to C5
2 , and if χ ∈ X1 \ {1}, then

χ(t) = −1 for some t in P3 [14]. In particular, ψ(t0) = −1 for some t0 in P3, whence
f(P, t0) = 2 for P ∈ P(M) with P|t0. Let t0|p0, p0 ∈ P1, then

f(P, p0) = f(P, t0)f(t0, p0) = 6.

Moreover, since Np < 50 for p ∈ P1, it follows [12] that

Tr(ρE(ϕ(p0))) = a(p0) = c(p0) = Tr(ρf (ϕ(p0))).

This proves the lemma. �

Lemma 17. For every normal field extension M |K unramified outside N and such that
G(M |K) ∼= S4 and L ⊆ M , there exists a prime p in P(K) \ N with fM (p) = 4 and
Tr(ρE(ϕ(p))) = Tr(ρf (ϕ(p))).

Proof. Let

P4 := {p7, p13,sp31, p41}, P4 ⊆ P(K) \N,

and let

P5 :=

{
t | t ∈ P(L), t |

∏
q∈P1

q

}
.

It can be checked that fM (p) = 2 for p ∈ P4. Since [M : L] = 4, G(M |K) ∼= S4,
and G(L|K) ∼= S3, it follows that G(M |L) ∼= C2

2 and, therefore, there are exactly three
number fields Li with

L ⊆ Li ⊆ M, [Li : L] = 2, 1 ≤ i ≤ 3.

Moreover, since M |K is unramified outside N, Lemma 6 applied to each of the fields Li

shows that M ⊆ L(m2). Let ψi be the real character in pH(m2) corresponding to the
extension Li|L, 1 ≤ i ≤ 3. It follows [7, Lemma 5.6 and Proposition 5.7] that there are
two elements τ, σ in G(L|K) with ord(τ ) = 2, ord(σ) = 3 and such that

{ψi | 1 ≤ i ≤ 3} = {σjψ1 | 0 ≤ j ≤ 2} and τψ1 = ψ1.

We conclude that the extensions M |K satisfying the assumptions of the lemma are in
one-to-one correspondence with the set of characters X2 \ {1}, where

X2 := {χ | χ ∈ X, τχ = χ, χ(σχ)(σ2χ) = 1},

with

{τ, σ} ⊆ G(L|K), ord(τ ) = 2, ord(σ) = 3.
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It turns out [14] that X2
∼= C4

2 , and if χ ∈ X2 \ {1}, then χ(t) = −1 and, therefore,
f(P, t) = 2 for P ∈ P(Lχ) with P|t for some t in P5, where Lχ|L is the quadratic
extension corresponding to the character χ, so that Lχ ⊆ L(m2) and

f(P, p0) = f(P, t)f(t, p0) = 4

for p0 ∈ P4 with t|p0. Let K ⊆ Lχ ⊆ M and suppose that G(M |K) ∼= S4, then
f(Q, p0) = 4 for Q ∈ P(M) with Q|p0. Moreover, since Np < 50 for p ∈ P4, it follows
as above [12] that

Tr(ρE(ϕ(p0))) = a(p0) = c(p0) = Tr(ρf (ϕ(p0))).

This proves the lemma. �

Proof of Theorem 2. In view of Proposition 3, Corollary 6, Lemma 16, and Lemma 17,
the representations ρE and ρf satisfy the assumptions of Lemma 15 with S = N. There-
fore, ρE ∼= ρf , as claimed. �
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[17] M. Schütt, On the modularity of three Calabi–Yau threefolds with bad reduction at 11, Canad. Math.

Bull. 49 (2006), 296–312. MR2226253 (2007d:11041)
[18] J.-P. Serre, Abelian l-adic representations and elliptic curves, W. A. Benjamin, Inc., New York–

Amsterdam, 1968. MR0263823 (41:8422)

http://www.ams.org/mathscinet-getitem?mr=2380006
http://www.ams.org/mathscinet-getitem?mr=2380006
http://www.ams.org/mathscinet-getitem?mr=0098114
http://www.ams.org/mathscinet-getitem?mr=0098114
http://www.ams.org/mathscinet-getitem?mr=1839918
http://www.ams.org/mathscinet-getitem?mr=1839918
http://www.ams.org/mathscinet-getitem?mr=1728313
http://www.ams.org/mathscinet-getitem?mr=1728313
http://www.ams.org/mathscinet-getitem?mr=743014
http://www.ams.org/mathscinet-getitem?mr=743014
http://www.ams.org/mathscinet-getitem?mr=0340258
http://www.ams.org/mathscinet-getitem?mr=0340258
http://www.ams.org/mathscinet-getitem?mr=2600560
http://www.ams.org/mathscinet-getitem?mr=2600560
http://www.ams.org/mathscinet-getitem?mr=697270
http://www.ams.org/mathscinet-getitem?mr=697270
http://www.ams.org/mathscinet-getitem?mr=718935
http://www.ams.org/mathscinet-getitem?mr=718935
http://www.ams.org/mathscinet-getitem?mr=618323
http://www.ams.org/mathscinet-getitem?mr=618323
http://www.ams.org/mathscinet-getitem?mr=2389858
http://www.ams.org/mathscinet-getitem?mr=2389858
http://www.ams.org/mathscinet-getitem?mr=546599
http://www.ams.org/mathscinet-getitem?mr=546599
http://www.ams.org/mathscinet-getitem?mr=1154042
http://www.ams.org/mathscinet-getitem?mr=1154042
http://www.ams.org/mathscinet-getitem?mr=2226253
http://www.ams.org/mathscinet-getitem?mr=2226253
http://www.ams.org/mathscinet-getitem?mr=0263823
http://www.ams.org/mathscinet-getitem?mr=0263823


ON AN ELLIPTIC CURVE DEFINED OVER Q(
√
−23) 589
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