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THE DYNAMICAL 3-DIMENSIONAL INVERSE PROBLEM

FOR THE MAXWELL SYSTEM

M. N. DEMCHENKO

To the memory of my father, N. P. Demchenko

Abstract. The problem of recovering the scalar electric permittivity and magnetic
permeability (respectively, ε and μ) of a medium in a bounded domain Ω ⊂ �

3

by the boundary measurements on ∂Ω is considered. As data, the value of the
velocity c = (εμ)−1/2 with its normal derivative on ∂Ω is taken, along with the
response operator, which maps the tangential part eθ |∂Ω×[0,2T ] of the electric field

on the boundary to the tangential part hθ |∂Ω×[0,2T ] of the magnetic field (2T is

the duration of measurements). With the help of the BC-method, it is established
that the described data uniquely determine ε and μ in the near-boundary layer with
optical thickness T , provided that the domain satisfies some geometric condition.

§0. Introduction

Let e, h be vector fields in a bounded domain Ω ⊂ �
3, ∂Ω ∈ C∞, depending on time

t ∈ [0, T ], T > 0, and let f be a tangential field in ∂Ω, also depending on t. The solution
{e, h} of the initial boundary-value problem

et = ε−1 curlh, ht = −μ−1 curl e, (x, t) ∈ Ω× (0, T ),

e |t=0 = h |t=0 = 0,

eθ |∂Ω×[0,T ] = f

(0.1)

in the space-time cylinder Ω× [0, T ] (here ( ·)t means the derivative with respect to time
t, ( ·)θ is the tangential part of the field on the boundary) describes the electromagnetic
field induced by the boundary control f in the medium with electric permittivity ε and
magnetic permeability μ. We suppose that ε and μ are smooth positive scalar functions
on sΩ. The inverse problem consists in recovering ε and μ by the response operator
RT : f �→ −ν × hθ |∂Ω×[0,T ], which describes the response of the system to different

controls (ν is the inward normal on the boundary, × is the vector product in �3). Since
the electromagnetic waves propagate with the finite velocity

(0.2) c = (εμ)−1/2,

we may find coefficients only in some subdomain Ω depending on T . Simple kinematic
arguments show that for recovering the coefficients in the near-boundary layer ΩT of
optical thickness T we need the response operator R2T . This is the time-optimal setup
of the inverse problem. Note that we include the value of c and of the normal derivative
∂c/∂ν on ∂Ω in the data of the inverse problem (see Theorem 2).

In the papers [1, 2], where the inverse problem in the same setup was considered,
the BC-method was used. This approach is based on the relationship between inverse
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problems and control theory (its description may be found in [3, 4]). In [2], it was proved
that the velocity c in ΩT is uniquely determined by the data (2.5), provided that the
layer ΩT can be covered by semigeodesic coordinates with base on the boundary ∂Ω; the
problem of recovering ε and μ separately was not considered. The paper [1] was devoted
to the inverse problem for the Maxwell system on a 3-dimensional Riemannian manifold
with boundary in the case where ε = μ = 1. The goal was to recover (up to isometry)
the Riemannian manifold itself, or more precisely, to recover the near-boundary layer of
thickness T satisfying the same condition as in [2]. We also mention the papers [5, 6, 7],
where the inverse problem for the Maxwell system was considered in a different (not
time-optimal) setting.

In this paper, we generalize the result of [2] to the case of arbitrary T and establish the
uniqueness of ε and μ in ΩT . We impose a geometric condition on the domain ΩT and
function c (see Condition 1), besides the usual smoothness conditions. Before proving
the uniqueness of ε and μ, we prove this for c, following the lines of [1, 2]. The main
difficulty of this step is to adapt some constructions used in [1, 2] to the case where T
is arbitrary. Especially, this concerns the operator MT (see §4), which is the subject of
the separate paper [8].

Now we briefly describe the sections. In §1 we define the necessary geometric notions.
§2 contains a description of some properties of problem (0.1), as well as of spaces and
operators related to it, and the main result (Theorem 2). In §3, we describe a model
of the Maxwell system that can be obtained by the data of the inverse problem. §4 is
devoted to visualization, i.e., representation of the electric (magnetic) fields as tangential
fields on ∂Ω × [0, T ], which we call images. In §5 we give an amplitude formula, which
is a necessary tool to obtain an image of a field induced by a given control, by using the
data of the inverse problem. In §6 we use these constructions to determine the velocity.
Thus, we prove that the velocity c in ΩT is determined uniquely by the data of the
inverse problem. In §§7–9 we prove the uniqueness of ε and μ. In §7 we describe some
constructions borrowed from [4]. §8 contains some material of a technical nature. Finally,
in §9, we finish the proof of Theorem 2.

The author thanks M. I. Belishev for posing an interesting problem and for attention to
the author’s work, and A. I. Karol for his advice concerning pseudodifferential operators
and for other helpful discussions.

§1. Geometry

1.1. Optical metric, eikonal. Let Ω ⊂ �
3 be a bounded domain with boundary Γ :=

∂Ω ∈ C∞. We shall always assume that Γ is connected. We introduce the velocity
c ∈ C∞(sΩ), c > 0, which determines the optical metric in Ω:

ds2 :=
|dx|2
c2

(|dx| is Euclidean distance). The optical metric tensor h is related to the Euclidean
metric tensor as follows:

(1.1) hmn =
1

c2
gmn, hmn = c2 gmn, m, n = 1, 2, 3

(these are relations for the covariant and contravariant tensors). Let distc(·, ·) denote
the distance function in the optical metric. We define the eikonal τ : sΩ → s�+ by the
formula

τ (x) := distc(x,Γ).
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We have τ ∈ Lip(sΩ) because τ is the distance to a set. The eikonal satisfies the equation

(1.2) |∇τ | = 1

c
.

Here and in the sequel, ∇, curl, and div denote differential operators in the Euclidean
metric.

We put

T∗ := max
x∈sΩ

τ (x).

Introduce the subdomains of Ω:

Ωs := {x ∈ Ω | τ (x) < s}
and equidistant surfaces

Γs := {x ∈ Ω | τ (x) = s},
where s > 0. The field

ν := c∇τ

is defined almost everywhere in sΩ.

1.2. Semigeodesic coordinates, pattern. We denote by lγ a geodesic (with respect
to the optical metric) that emanates from γ ∈ Γ normally to the boundary, and by
lγ [0, τ ] the segment of lγ of length τ > 0 (τ does not exceed the length of lγ) that has
one end at γ. The other end of lγ [0, τ ] is denoted by x(γ, τ ). For every γ ∈ Γ, there
exists a critical value τ∗(γ) such that for every τ < τ∗(γ) the point γ is a unique point
of the boundary nearest to x(γ, τ ),while for τ > τ∗(γ) this is not true. The function τ∗
is continuous on Γ. The separation set of the domain Ω with respect to the boundary Γ
is defined as follows:

ω :=
⋃
γ∈Γ

x(γ, τ∗(γ)).

The set ω is closed and has zero Lebesgue measure.
Note that the function τ and the field ν are smooth outside of ω (here and in what

follows, smoothness means C∞-smoothness). The surface Γs \ ω is also smooth, being a
subset of a level set of function τ . At the same time, for x ∈ Ω \ ω, the vector ν(x) is a
unit vector normal to Γτ(x) at x, and it looks outward with respect to Ωτ(x).

If x ∈ Ω \ ω, then there exists a unique point of the boundary γ(x) nearest to x. The
map

i : x �→ (γ(x), τ (x))

is a smooth diffeomorphism that maps Ω \ ω to the set

Θ :=
{
(γ, τ ) | γ ∈ Γ, 0 < τ < τ∗(γ)

}
⊂ Γ× �+.

This set is called a pattern of the domain Ω. For arbitrary local coordinates (γ1(γ), γ2(γ))
on Γ, the collection

(
γ1(γ(x)), γ2(γ(x)), τ (x)

)
is called the semigeodesic coordinates

(s.g.c.) of x. In these coordinates, the tensors g and h are written as

(1.3) gmn =

⎛
⎝ 0

gαβ 0
0 0 c2

⎞
⎠ , gmn =

⎛
⎝ 0

hαβ 0
0 0 1

⎞
⎠ , α, β = 1, 2.

In what follows, we fix some number T ∈ (0, T∗). The subset

ΘT := {(γ, τ ) ∈ Θ | τ < min(τ∗(γ), T )}
of the pattern coincides with i(ΩT \ ω).

We say that a bounded domain V ⊂ �
3 has Lipschitz boundary and write ∂V ∈ Lip

if in some neighborhood of any point on the boundary ∂V the domain is a subgraph of a
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Lipschitz function. Now we can formulate assumptions concerning Ω, the optical metric,
and the number T , under which we solve the inverse problem.

Condition 1. The positive number T satisfies the inequality T < T∗. For almost all
s ∈ (0, T ), we have

(1.4) ∂Ωs ∈ Lip, measΓs(Γs ∩ ω) = 0,

where measΓs is the surface measure on Γs. Moreover, (1.4) is true for s = T .

The cross-section of the pattern at the level s > 0 provides a partition of Γ into three
subsets:

σs
+ := {γ ∈ Γ | τ∗(γ) > s}, σs

− := {γ ∈ Γ | τ∗(γ) < s}, σs
ω := {γ ∈ Γ | τ∗(γ) = s}.

Due to the continuity of τ∗, the sets σs
+ and σs

− are open. For different levels s, the
sets σs

ω do not intersect, so that the set of numbers s such that σs
ω has positive surface

measure is finite or countable.
In what follows we shall use the same notation for scalar functions on Ω \ ω and for

their pullbacks to Θ by i−1.
Our procedure of solving the inverse problem involves the following step: we recover

the velocity c in ΩT by using the optical metric tensor in ΘT , which is pulled back by i−1.
In [2], the following theorem was proved.

Theorem 1. The tensor h in ΘT and the values of c and ∂c/∂ν on Γ determine the
velocity c in ΩT uniquely.

1.3. Vector operations. The parentheses 〈·, ·〉 denote the inner product in �
3; × is

the vector product. We define operators acting on vector fields in sΩ:

(1.5) Nz := ν × z, Π := −N2.

The latter operator acts on fields as the pointwise orthogonal projection onto the plane
tangential to Γτ(x) at x. In some cases we write uθ instead of Πu.

By ∇θ we denote the operation Π∇. The same notation will be used in the following
situation. Suppose a smooth function ϕ is defined in Γs \ω. For a fixed point x ∈ Γs \ω,
we choose some set D ⊂ Γs \ω that is open in the relative topology of Γs and contains x.
Let rϕ be some smooth extension of ϕ |D to a neighborhood of D. We define the surface
gradient of ϕ at x by the relation

(∇θϕ)(x) := (Π∇rϕ)(x).

Clearly this definition is consistent (it depends neither on the neighborhood of D, nor
on the extension rϕ).

The adjoint operator to the minus surface gradient is the surface divergence of tan-
gential fields in Γs \ ω, to be denoted by divθ.

§2. The dynamical Maxwell system

2.1. Function spaces. Everywhere in this paper except §10, we deal with real function
spaces.

Denote by tL2(Γ) the space of square integrable tangent fields on Γ. We introduce the
space of controls

FT := L2([0, T ]; tL2(Γ))

with the usual inner product

(f, f ′)FT :=

∫
Γ×[0,T ]

〈f, f ′〉 dΓ dt,
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and the set FT
0 of smooth controls vanishing near Γ×{t = 0}. In terms of control theory,

FT is the exterior space of system (0.1).

We denote by tL2,η(Ω
T ) the space of fields in ΩT that are square integrable with smooth

positive weight η. We shall consider states {e(·, t), h(·, t)} of the system as elements of

the Hilbert space JT
ε ⊕ JT

μ , where the family of subspaces Js
η ⊂ tL2,η(Ω

T ), s ∈ (0, T ], is
defined as follows:

Js
η := clos

tL2,η
{y ∈ tC∞(sΩ) | div(ηy) = 0, supp y ⊂ Ωs ∪ Γ}.

The space Js
η consists of η-solenoidal fields having zero normal component on Γs (in some

generalized sense). This is true in the usual sense for fields y ∈ tC∞(ĎΩs) ∩ Js
η :

〈y, ν〉 |Γs\ω= 0.

The sum JT
ε ⊕ JT

μ is the interior space of the system (0.1). We introduce yet another

family of subspaces of tL2,η(Ω
T ):

(2.1) Us
η := clos

tL2,η
{η−1 curl z | z ∈ tC∞(sΩ), supp z ⊂ Ωs ∪ Γ}.

Generally speaking, the space Us
η does not coincide with (but is always a subspace of) Js

η .
The spaces Us

η and Js
η may or may not coincide, depending on the topology of Ωs. The

space Js
η � Us

η consists of harmonic (with weight η) fields α satisfying two boundary
conditions:

(2.2) div(ηα) = 0, curlα = 0, αθ |Γ= 0, 〈α, ν〉 |Γs\ω= 0.

Note that α ∈ tC∞( ĞΩs \ V ) for any neighborhood V of the set Γs∩ω, so that the boundary
conditions stated above may be treated in the usual sense. In [2] it was proved that if
s < distc(ω,Γ), then Js

η = Us
η . This is not true for arbitrary s. However, the results

of §8.5 in [9] show that if ∂Ωs ∈ Lip, then

(2.3) dim Js
η � Us

η < ∞.

Thus, (2.3) is true for all s satisfying (1.4).
The use of the spaces Us

η is motivated by the fact that for f ∈ FT
0 (in this case

system (0.1) has a classical solution) we have

{e(·, t), h(·, t)} ∈ U t
ε ⊕ U t

μ , t ∈ (0, T ].

Indeed, since the waves described by (0.1) propagate with finite velocity c, any boundary
control f acting during time period t induces a field supported in a layer of optical
thickness t, more precisely, in Ωt ∪ Γ. We also need to check the identities

e(·, t) = ε−1 curl z, h(·, t) = μ−1 curl z′

for z, z′ with support in the same layer. This can be done by integrating the Maxwell
equations over time.

2.2. Inverse problem. We introduce the response operator

(2.4) RT : f �→ −ν × h |Γ×[0,T ],

which acts in FT and is well defined on FT
0 . Also, we define the extended response

operator denoted by R2T . For this, consider the following initial boundary-value problem:

et = ε−1 curlh, ht = −μ−1 curl e, x ∈ ΩT , 0 < t < 2T − τ (x),

e = h = 0, x ∈ ΩT , 0 < t < τ (x),

eθ |Γ×[0,2T ]= f.
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The operator R2T acts in the space F2T by the rule

R2T : f �→ −ν × h |Γ×[0,2T ],

which is similar to (2.4). The operator R2T is well defined on F2T
0 . It can be shown that

this operator has closure, which will be denoted by the same symbol. Obviously, R2T is
completely determined by the coefficients ε, μ in ΩT .

The extended response operator is treated as data in the inverse problem for the
Maxwell system; it is used to recover ε, μ in ΩT . The following theorem is the main
result of this paper.

Theorem 2. Suppose that the domain Ω, the velocity c, and the number T > 0 satisfy
Condition 1. Then the data

(2.5)
{
R2T , c |Γ,

∂c

∂ν
|Γ
}

determine functions ε and μ in ΩT uniquely.

In what follows we need the following fact proved in [2]: the data (2.5) determines ε
and μ on the boundary Γ.

2.3. Approximate controllability. With system (0.1), we associate the control oper-
ator WT : f �→ e(·, T ) acting from the control space FT to the space UT

ε . This operator
is well defined for f ∈ FT

0 . The control operator is unbounded (see [2]) and has closure,
which will still be denoted by WT . Consider the space

FT
+ := L2([0, T ]; tH1/2(Γ)),

where tH1/2(Γ) ⊂ tL2(Γ) is the Sobolev vector space W
1/2
2 . The map

(2.6) WT : FT
+ → UT

ε

is continuous (see [10]).
The following fact was established in [2]:

(2.7) closJT
ε
RanWT = UT

ε .

Relation (2.7) can be treated as approximate controllability of the Maxwell system. The
proof of (2.7) is based on a vector version of the Holmgren–John–Tataru uniqueness
theorem (see [11]). Approximate controllability plays an important role in the dynamical
version of the BC-method.

Relation (2.7) can be written in another form. Define a set of smooth controls that
lag behind by time T − s (0 < s < T ):

FT,s
0 :=

{
f ∈ FT

0 | supp f ⊂ Γ× (T − s, T ]
}
.

The controls in FT,s
0 act during time s; therefore,

closJT
ε
WTFT,s

0 = closJT
ε
RanW s.

If we change T to s in (2.7), then the last relation implies

(2.8) closJT
ε
WTFT,s

0 = Us
ε .
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2.4. The connecting form. We define the connecting form cT on the set DomWT :

cT [f, f ′] := (WTf,WTf ′)JT
ε
, f, f ′ ∈ DomWT .

The following result, obtained in [2], shows the relationship between the bilinear form
cT and the response operator R2T . To formulate it, we need the operator of odd extension
of controls from the interval [0, T ] to the interval [0, 2T ]:

(ST f)(·, t) :=
{
f(·, t) if 0 ≤ t < T,

−f(·, 2T − t) if T ≤ t ≤ 2T,

and we also need yet another space of controls

rFT
0 :=

{
f ∈ FT

0 |ST f ∈ F2T
0

}
.

Proposition 1. For f ∈ rFT
0 and f ′ ∈ FT

0 , we have

(2.9) cT [f, f ′] =
1

2

(
(ST )∗R2TST f, f ′)

FT .

Identities of this type were first obtained by A. S. Blagoveshchenskĭı.

Lemma 1. The operator |WT | = ((WT )∗WT )1/2 is uniquely determined by R2T .

Proof. Relation (2.9) shows that R2T determines the form cT on rFT
0 uniquely. The

closure of this form has the same domain as the closure of WT defined initially on the

set of controls rFT
0 . But WT acts continuously from FT

+ to UT
ε , and each of the sets

rFT
0 and FT

0 is dense in FT
+ , so that the closure of WT with rFT

0 as its initial domain

coincides with WT . Therefore, the closure of cT from the set rFT
0 is a symmetric bilinear

form on DomWT , and the positive operator corresponding to it is (WT )∗WT . Thus,
starting with R2T , we can recover the operator |WT | = ((WT )∗WT )1/2 acting in the
space FT . �

2.5. The Maxwell system with magnetic control. Everything that was said above
about system (0.1) holds true for the Maxwell system with magnetic control g:

et = ε−1 curlh, ht = −μ−1 curl e, (x, t) ∈ Ω× (0, T ),

e |t=0 = h |t=0 = 0,

hθ |Γ×[0,T ] = g.

(2.10)

With this system, we associate the control operator WT
m : g �→ h(·, T ) ∈ UT

μ and the

response operator RT
m : g �→ ν×eθ |Γ×[0,T ]. We need a relationship between RT

m and RT .
First, we observe the obvious inclusions

RTFT
0 , RT

mFT
0 ⊂ FT

0 .

Now, suppose that {e, h} solves problem (0.1) with control f ∈ FT
0 . By (2.4), this

solution coincides with the solution (2.10) for the control g = NRT f (the operator N acts
on fields in FT by the rule similar to (1.5)); therefore, RT

mNRT f = Ne |Γ×[0,T ]= Nf , or

−NRT
mNRT f = f.

If we interchange systems (0.1) and (2.10) in this argument, we obtain

NRT (−NRT
m)g = g.

Thus, the operators NRT and −NRT
m are mutually inverse, and

RT
m = −N

(
RT
)−1

N.
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This simple relation allows us to pass from R2T , which is contained in the data of the
inverse problem, to the operator R2T

m . Using the latter we obtain the operator |WT
m| by

the “magnetic” connecting form

cTm[g, g′] := (WT
mg,WT

mg′)JT
μ
, g, g′ ∈ DomWT

m,

because there is a relation similar to (2.9):

cTm[g, g′] =
1

2

(
(ST )∗R2T

m ST g, g′
)
FT .

The operators |WT |, |WT
m| are used in a model of systems (0.1), (2.10). Now we turn

to the description of this model.

§3. The model of the dynamical Maxwell system

3.1. Model spaces and operators. To solve the inverse problem, we pass from the
interior spaces and operators to their model counterparts, which can be obtained from the
data (2.5). The model spaces describing the states of the system are defined as follows:

UT
ε# := UT

μ# := FT .

Next we introduce the operators ΦT : UT
ε# → UT

ε and ΦT
m : UT

μ# → UT
μ via the polar

decompositions

(3.1) WT = ΦT |WT |, WT
m = ΦT

m|WT
m|.

In [2] it was proved that the kernel of WT is trivial for T < T∗. Thus,

closFT Ran |WT | = (Ker |WT |)⊥ = (KerWT )⊥ = FT .

Together with (2.7), this implies that the operator ΦT is unitary. This is also true for ΦT
m.

We may say that the collection

(3.2)
{
UT
ε#, UT

μ#, |WT |, |WT
m|
}

forms a model of the dynamical system in question. Note that passage from the original
system to its model is traditional in the BC-method.

Below, we shall need the following model spaces:

(3.3) Us
ε# := (ΦT )∗Us

ε ⊂ UT
ε#.

In the following calculation we use (2.8) and (3.1):

Us
ε# = (ΦT )∗Us

ε = (ΦT )∗ closJT
ε
WTF T,s

0 = closFT |WT |F T,s
0 .

It is important that, since the operator |WT | is determined by the data of the in-
verse problem, the last representation shows that the same data also determine the
subspaces Us

ε#. This is also true for the “magnetic” subspaces:

Us
μ# := (ΦT

m)∗Us
μ ⊂ UT

μ#.

3.2. Model Maxwell operator. Next we obtain a unitary copy of the Maxwell oper-
ator within the model (3.2). We consider, for example, the block μ−1 curl acting from
UT
ε to UT

μ .
We introduce the set of smooth controls vanishing at t = T ,

FT
00 := {f ∈ FT

0 | f(·, T ) = 0},
and consider the following set of elements of the space UT

ε ⊕ UT
μ :

(3.4)
{
{WTf,−WT

mNRT ft} | f ∈ FT
00

}
.

This set forms a graph of some restriction of the maximal operator μ−1 curl. This can be
shown as follows. Let {e, h} be a (classical) solution of system (0.1) with control f ∈ FT

0 .
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It coincides with the solution of system (2.10) for the control g = NRT f , while {et, ht}
is a solution of (2.10) with control (NRT f)t = NRT ft, whence

−WT
mNRT ft = −ht(·, T ) = μ−1 curl e(·, T ) = μ−1 curlWTf

(in the second identity we have used the second equation in (0.1)). The closure of the
set (3.4) in the norm of UT

ε ⊕ UT
μ forms a graph of a closed linear operator. We denote

this operator by RT
e .

Note that RT
e is densely defined in UT

ε , because DomRT
e contains WTFT

00 by con-
struction. The latter set is dense in UT

ε , which follows from the fact that FT
00 is dense

in FT
+ , the continuity of the map (2.6), and identity (2.7). However, we need a stronger

fact concerning the domain of RT
e . Before we formulate it (Lemma 2) we give the follow-

ing definition: we shall say that a field y ∈ tL2(U) (U is some domain in �
3) such that

curl y ∈ tL2(U) satisfies the condition yθ |∂U= 0 if

(3.5) (curl y, z)
tL2(U) = (y, curl z)

tL2(U)

for any z ∈ tL2(U) such that curl z ∈ tL2(U).

For a smooth positive weight η in ΩT , we introduce the set WT
η ⊂ UT

η that consists of
all elements y such that y ∈ Us

η for some s ∈ (0, T ) depending on y (we assume that y is

extended by zero to ΩT \Ωs), and curl y ∈ tL2(Ω
T ), yθ |∂ΩT= 0. Obviously, WT

ε is wider
than WTFT

00.

Lemma 2. We have WT
ε ⊂ DomRT

e .

The proof of this lemma is given in the Appendix.
The graph (3.4) has an important feature: its unitary copy in UT

ε# ⊕ UT
μ#,{

{|WT |f,−|WT
m|NRT ft} | f ∈ FT

00

}
,

can be obtained by using the data of the inverse problem. This copy is mapped to the
set (3.4) under ΦT ⊕ ΦT

m. The closure of the above subset in UT
ε# ⊕ UT

μ# is a graph of

a linear operator to be denoted by RT
e#. This operator acts from UT

ε# to UT
μ# and is

unitarily equivalent to RT
e :

(3.6) RT
e# = (ΦT

m)∗RT
e Φ

T .

Within the inverse problem, it is essential that the operator RT
e#, being determined

by (3.4), be determined by the data (2.5). Below we shall use the operator RT
e# to

find the parameters of the medium in ΩT . But before doing this, we need to describe a
representation of waves as tangential fields in the pattern; such fields are called images.

§4. Wave images

Since the image of a field y ∈ UT
η is constructed from discontinuities of the projections

of y to Us
η , we need a description of these projections.

4.1. The projections P s
η , E

s
η, and Bs

η. The orthogonal projections onto Js
η , Us

η , and

Js
η � Us

η , acting in JT
η , are denoted by P s

η , E
s
η, and Bs

η, respectively.

We introduce the family of operators { rQs
η} defined for a.e., s ∈ (0, T ] and acting by

the following rule. Let ψ be a bounded function on Γs that is smooth on Γs \ ω, and
let s satisfy (1.4). Then there exists a unique solution ps ∈ H1(Ωs) of the following
boundary-value problem in Ωs:

(4.1) div(η∇ps) = 0, ps |Γ= 0,
∂ps

∂ν
|Γs= ψ |Γs .
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By definition, the operator rQs
η maps ψ to ps. Also, we introduce the operators Qs

η that

act on a bounded function ϕ in ΩT smooth outside of ω by the rule

Qs
η ϕ := rQs

η(ϕ |Γs).

Since ∂Ωs ∈ Lip, the Helmholtz decomposition in the domain Ωs is possible (see,
e.g., [12]):

tL2, η(Ω
s) =

{
∇ϕ | ϕ ∈ H1(Ωs), ϕ |Γ= 0

}
⊕ Js

η .

Then for y ∈ tC∞(ΩT ) ∩ JT
η we have

(4.2) (y − P s
η y) |Ωs= ∇ps, ps ∈ H1(Ωs), ps |Γ= 0.

Since the identity y −∇ps = P s
η y is true in Ωs, we have

(∇ps,∇ϕ)
tL2,η(Ωs) = (y,∇ϕ)

tL2,η(Ωs), ϕ ∈ H1(Ωs), ϕ |Γ= 0.

Integrating by parts on the right, we arrive at the boundary-value problem (4.1) for a
function ps whose normal derivative on the boundary is ψ = 〈y, ν〉. Thus, ps = Qs

η〈y, ν〉,
and we can write (4.2) as follows:

(4.3) P s
η y |Ωs= y |Ωs −∇Qs

η〈y, ν〉.

Of course, the projection P s
η y vanishes in ΩT \ Ωs. Since

Es
η = P s

η −Bs
η,

we have

(4.4) Es
ηy |Ωs=

(
y −∇Qs

η〈y, ν〉 −Bs
ηy
)
|Ωs .

In Subsection 2.1 we noted that every field in Js
η � Us

η (in particular, Bs
ηy) is smooth in

ĎΩs outside of an arbitrary neighborhood of Γs∩ω. The same can be said about Qs
η〈y, ν〉,

because it is a solution of the elliptic boundary-value problem (4.1) with ψ = 〈y, ν〉, and
the surface Γs \ ω is smooth, together with ψ on this surface. Therefore, the restriction
Es

ηy to Ωs has a trace on Γs, to be denoted by Es
ηy |Γs−0 . This trace is smooth outside

of Γs ∩ ω, and the following relation holds true:

(4.5) Es
ηy |Γs−0=

(
yθ −∇θQ

s
η〈y, ν〉 −Bs

ηy
)
|Γs−0 .

Here we have used the previous identity and the Neumann boundary condition in (4.1).
Recalling the last relation in (2.2) for α = Bs

ηy, we obtain

(4.6) 〈Es
ηy, ν〉 |Γs−0= 0,

i.e., the trace Es
ηy |Γs−0 is a tangential field on Γs.

4.2. MT -transformation. Here we define an operator

MT
η : UT

η → tL2, η(Ω
T ),

where η is some smooth positive weight in ΩT and tL2, η(Ω
T ) is the subspace of transversal

fields in tL2, η(Ω
T ),

tL2, η(Ω
T ) :=

{
v ∈ tL2, η(Ω

T ) | 〈v(x), ν(x)〉 = 0, x ∈ ΩT
}
.

We define the image MT
η y of y ∈ tC∞(ΩT )∩UT

η by specifying its values on the equidistant
surfaces Γs:

(4.7) MT
η y |Γs := Es

η y |Γs−0 .
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Like in (4.5), here it is assumed that s satisfies (1.4), and (4.7) is valid on Γs \ ω, hence,
a.e. on Γs. Since (1.4) is true for a.e. s, formula (4.7) uniquely determines the field MT

η y

a.e. in ΩT . Relation (4.6) shows that a.e. we have

〈MT
η y, ν〉 = 0.

The definition is consistent if the fieldMT
η is square integrable. This is obvious if ΩT∩ω =

∅, because this condition implies that of all equidistant surfaces Γs are smooth, s ∈ (0, T ].
Moreover, in [2, 13] it was proved that under this assumption MT

η is unitary. However,
for arbitrary T < T∗ even the consistency of the above definition is nontrivial, because
the equidistant surfaces Γs where the Neumann boundary condition is posed in (4.1) may
fail to be smooth and may depend nonregularly on the parameter s.

The case of an arbitrary T was treated in the paper [8], where some formula for MT
η

involving an operator integral was obtained. The main result of [8] can be formulated as
follows.

Theorem 3. a) If y ∈ tC∞(ΩT ) ∩ UT
η , then MT

η y ∈ tL2, η(Ω
T ). The closure of the

operator MT
η , which will be denoted by the same symbol, is a bounded operator from

UT
η to tL2, η(Ω

T ).
b) We have

MT
η (MT

η )∗ = �

(the right-hand side is the identity operator in tL2, η(Ω
T ) ).

c) If v ∈ tC∞
0 (ΩT \ ω) ∩ tL2, η(Ω

T ), then

(MT
η )∗v ∈ WT

η .

Note that, in [8], MT
η y was defined on Γs as P s

η y |Γs−0 . This differs from (4.7), but
Theorem 3 can be proved in almost the same way.

Item (b) shows that the operator MT
η is partially isometric and its range coincides

with tL2(Ω
T ). However, its kernel may be nontrivial (and infinite-dimensional). The

results of [8] imply that KerMT
η contains the singular subspace of the spectral family

{Es
η}, which may have jumps of infinite dimension. Whether or not {Es

η} can have a
singular continuous component is an open question.

Observe the following intertwining property of MT
η :

MT
η Es

η = XsMT
η ,

where Xs is the operator that multiplies a field by the characteristic function of Ωs.

4.3. Image operator. We define a subspace of fields in FT supported on the pattern:

tL2(Θ
T ) := {f ∈ FT | supp f ⊂ ΘT }.

Let πs be the following pointwise transformation of tangential fields on Γs\ω to tangential
fields on the set σs

+ (see Subsection 1.2): (πsu)(γ) is the parallel transition (with respect
to the optical metric) of the vector u(x(γ, s)) from x(γ, s) to γ along the geodesic lγ [0, s]
connecting these points. Also, we define the operation π that acts on transversal vector
fields in ΩT by the rule

(πu)(γ, s) := (πs(u |Γs)) (γ), (γ, s) ∈ ΘT .

For u ∈ tL2(Ω
T ), the image πu belongs to tL2(Θ

T ).
We set c0(x) := c(γ(x)), where the right-hand side is the restriction of c to Γ. We

define a function κ in Ω \ ω as follows. Let (γ, τ ) ∈ Θ. For some fixed coordinates
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(γ1, γ2, τ ), we set

κ :=
c3/2

c0

(
det{gαβ(γ1, γ2, τ )}
det{gαβ(γ1, γ2, 0)}

)1/4

.

It is easily seen that κ does not depend on choice of the local coordinates (γ1, γ2). The
ratio of determinants in this formula has the meaning of the square of the divergence
of geodesics emanating normally from the boundary. We introduce yet another function
on Ω \ ω:
(4.8) κη := κ η1/2,

and finally define the image operator by

ITη := πκηM
T
η .

It is convenient to view ITη as an operator acting from UT
η to FT in accordance with the

evident imbedding tL2(Θ
T ) to FT . Direct calculations show that the composition πκη is

a unitary operator from tL2(Ω
T ) to tL2(Θ

T ). Together with Theorem 3, this means that
ITη is a partially isometric operator with

(4.9) Ran ITη = tL2(Θ
T ),

because RanMT
η = tL2(Ω

T ). Moreover, we have

(4.10) (ITη )
∗ = (MT

η )∗κ−1
η π−1

(here π−1 acts on the restriction of a field in FT to the set ΘT ).
In the case of a regular zone (ΩT ∩ ω = ∅), the set ΘT coincides with the cylinder

Γ×(0, T ), and the operator ITη becomes unitary, which allows one to use the space FT as
a model space for system (0.1). This functional model was used in [1, 2] for recovering the
optical metric in ΩT and the velocity. In general, the operator ITη may have nontrivial

kernel (together with MT
η ), so that the image on the pattern is not a full description of

a field. Nevertheless, images allow us to find the velocity c in ΩT .

§5. Amplitude formula

In this section we show how to construct the image of a wave WTf for an arbitrary
control f ∈ FT

0 by using only the data of the inverse problem (2.5) and the model
(3.2). We borrow this technique from [2]. The key role is played by the amplitude
formula (5.1), which can be obtained with the help of the ray method. This formula
contains the operator (WT )∗, which acts continuously from UT

ε to the following space of
controls:

FT
− := (FT

+)′ = L2((0, T ); tH−1/2(Γ)).

This fact follows from the continuity of the map (2.6). The action of the operator (WT )∗

on the field y can be described in terms of the initial boundary-value problem for Maxwell
equations, which is adjoint to problem (0.1) and contains y as initial data (see details in
the Appendix).

The amplitude formula describes the action of the operator (WT )∗ on the field (Es
ε)

⊥y,
s ∈ (0, T ). Formulas (4.4) and (4.5) imply that on the surface Γs the field (Es

ε)
⊥y =

y − Es
εy has a jump equal to Es

εy |Γs−0 ; therefore, the proof of the amplitude formula
reduces to the analysis of the solution of the adjoint problem with discontinuous initial
data. This analysis can be done with the help of the ray method, and we give only the
result.

Lemma 3. Suppose that s ∈ (0, T ) satisfies (1.4), and that y ∈ UT
ε ∩ tC∞(ΩT ). Let

v : = (WT )∗(Es
ε)

⊥y ∈ FT
− . Then:
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a) the restriction of v to Γ× (T − s, T ) vanishes;
b) for all γ ∈ σs

+, there exists an open neighborhood D ⊂ Γ containing γ and a number
δ > 0 such that the restriction of v to D × (T − s − δ, T − s) is continuous, has a
trace on D × {T − s}, and satisfies

(5.1) lim
τ→T−s−0

v(γ, τ ) = κε(γ, 0)κε(γ, s)
(
πs(Es

εy |Γs−0)
)
(γ);

c) for any γ ∈ σs
− there exists an open neighborhood D ⊂ Γ containing γ and a number

δ > 0 such that the restriction of v to D × (T − s− δ, T − s) vanishes.

Formula (5.1) can be applied to y = WTf , f ∈ FT
0 , because in this case the field y is

smooth. Then on the left-hand side we have a limit of the field vs := (WT )∗(Es
ε)

⊥WTf .
The projection Es

ε is related to the projection onto the model space Us
ε#, denoted by

Es
ε#, as follows:

Es
ε# = (ΦT )∗Es

εΦ
T

(the operator ΦT is defined by (3.1)). This identity can easily be derived from (3.3).
Now, it follows that

vs = |WT |(Es
ε#)

⊥|WT |f.
This implies that vs can be obtained within the model (3.2). After that, using vs for
different s, we may construct ITε W

Tf .
For this, we need to find the field

u(γ, s) := lim
τ→T−s−0

vs(γ, τ )

for every s ∈ (0, T ) and γ ∈ Γ. Lemma 3 guarantees that this limit exists for all
γ ∈ σs

− ∪ σs
+ and a.e. s. Recall that, for a.e. s, the union σs

− ∪ σs
+ coincides with Γ up to

a set of measure zero (this was noted in Subsection 1.2); therefore, the values of u(γ, s)
are well defined a.e. on the cylinder Γ × (0, T ). By formula (5.1) and the definitions of
MT

η and ITη , the field u equals κε(γ, 0) I
T
ε W

Tf a.e. on the cylinder Γ × (0, T ), so that

we can obtain the image ITε W
Tf if we know the function κε(γ, 0). But in Subsection 2.2

we observed that the data of the inverse problem uniquely determine ε, μ (and, hence,
κε(γ, 0)) on Γ.

Thus we obtain a map f �→ ITε W
Tf , which allows us to construct the model image

operator

ITε# := ITε Φ
T

acting from UT
ε# to FT . The operator ITε# takes the elements |WT |f , f ∈ FT

0 , to the

images ITε W
Tf , which can be found by the procedure described above. This gives a

bounded operator ITε# defined on a set dense in UT
ε# (density follows from (2.7) and

(3.1)); thus, it is defined on the entire space.
The model image operator for magnetic fields can be constructed in the same way:

ITμ# := ITμ Φ
T
m.

Formula (4.9) is also true for ITε#, I
T
μ#. It is easily seen that the identity

tL2(Θ
T ) = Ran ITε#

determines the pattern ΘT .

§6. Recovering the velocity

In this section we describe the procedure of recovering the velocity in ΩT by the model
objects (3.2) and RT

e#. Since these are determined by the data of the inverse problem,
this procedure will prove that the same data determines the velocity.
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6.1. The Maxwell operator on the pattern. Consider the following operator acting

in tL2(Θ
T ):

rRT
e := ITμ RT

e (I
T
ε )

∗

(recall that RT
e acts as μ−1 curl; see Subsection 3.2). As its domain, we take the set of

smooth compactly supported fields in tL2(Θ
T ). We need to show that this definition is

consistent. If v ∈ Dom rRT
e , then κ

−1
ε π−1v is a smooth compactly supported transversal

field in ΩT \ ω; therefore, by formula (4.10) and item (c) of Theorem 3, we have

(6.1) (ITε )
∗v = (MT

ε )∗κ−1
ε π−1v ∈ WT

ε .

Hence, by Lemma 2, (ITε )
∗v ∈ DomRT

e . Now it remains to recall that the operator ITμ
is bounded.

Using (3.6) and the definitions of ITε# and ITμ#, one can easily deduce that

rRT
e = ITμ# RT

e#(I
T
ε#)

∗

for fields in Dom rRT
e . This means that the operator rRT

e is determined by the data of the
inverse problem.

In [8], an operator similar to rRT
e was considered. More precisely, this was the compo-

sition

MT
μ μ−1 curl(MT

ε )∗ : tL2,ε(Ω
T ) → tL2,μ(Ω

T ).

One of the results was a formula that described the action of this operator on fields in

the set tC∞
0 (ΩT \ ω) ∩ tL2,ε(Ω

T ) (see [8, formula (40)]). We shall use this result together
with the relation

rRT
e = πκμ

(
MT

μ μ−1 curl(MT
ε )∗
)
κ

−1
ε π−1,

which is a consequence of (4.10), to describe the action of rRT
e on v ∈ Dom rRT

e . It is
convenient to introduce the family of operators {Λs

η} that act on functions on Γs by the
rule

Λs
ηψ := ( rQs

ηψ) |Γs−0

(the images are also functions on Γs). This Λs
η is known as the Neumann-to-Dirichlet

map. We also need a simple identity, which is true outside of ω for transversal fields:

(6.2) div v = c−1 divθ (cv).

Now we are ready to write a representation for rRT
e :

( rRT
e v)(·, s) =

(
πκμμ

−1 Πcurl(κ−1
ε π−1v)

)
(·, s)

− πs
κμc

−1μ−1N∇θΛ
s
ε(ε

−1 divθ (cεκ
−1
ε (πs)−1v(·, s)))

+ πs
κμ∇θΛ

s
μ(μ

−1 divθ (Nκ
−1
ε (πs)−1v(·, s)))

− πs
[(
κμc

−1μ−1NBs
εε

−1curl(εcNκ
−1
ε π−1v) +κμB

s
μμ

−1curl(κ−1
ε π−1v)

)
|Γs−0

]
(6.3)

(Π is defined in Subsection 1.3), where the argument (·, s) ranges over the pattern ΘT .
This representation is valid a.e. on σs

+ for a.e s ∈ (0, T ). Note that a different formula

for MT
η was used in [8] instead of (4.7) (we have already mentioned this in §4). This

difference is in some additional terms involving projections Bs in (6.3), but this does not
change the derivation of this formula considerably, so that we do not enter in the details
here. Formula (6.3) generalizes the result obtained in [1] to the case where T ∈ (0, T∗)

and ε, μ are arbitrary. Note the following important property of the operator rRT
e : unlike

μ−1 curl, it is not local because the representation (6.3) contains the nonlocal operators
Λs and Bs.
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6.2. Fiberwise part of the operator rRT
e . We say that an operator A acting on fields

on the pattern is fiberwise if

(Av)(·, s) = A(s) v(·, s),
where the operators A(s) act in the space of fields on σs

+. Similarly, the operator A
acting on fields in ΩT is said to be fiberwise if

(Av) |Γs= A(s) (v |Γs),

where A(s) act on fields on Γs. In the sequel we shall deal with pseudodifferential
operators (ψ.d.o.), which are usually defined on complex-valued functions (fields), while
we consider real spaces. We say that an operator A acting in a real space is a ψ.d.o. if
its extension to the complex space

rA(ϕ+ iψ) := Aϕ+ iAψ

is a ψ.d.o.

Following the lines of [1], we consider the fiberwise part of the operator rRT
e to find

the optical metric tensor on ΘT .

Lemma 4. Suppose that v ∈ tL2(Θ
T ) is a smooth compactly supported field and that s

satisfies (1.4). Then

(6.4) ( rRT
e v)(·, s) = N

∂v

∂s
(·, s) +A(s) v(·, s),

where A(s) is the family of linear operators on tangential fields on σs
+ defined by the

formula

A(s) u =− πs
κμc

−1μ−1N∇θΛ
s
ε(ε

−1 divθ (cεκ
−1
ε (πs)−1u))

+ πs
κμ∇θΛ

s
μ(μ

−1 divθ (Nκ
−1
ε (πs)−1u)) +A0(s) u,

where A0(s) is a ψ.d.o. of order 0.

Proof. To prove this, we analyze the terms in (6.3). The second and third terms are
obviously fiberwise and we can include them in A(s). Now we check that the last two
terms with the projections Bs are also fiberwise. For example, consider the last term.
Choose an orthonormal basis {αs

n} in the space Js
μ�Us

μ. For α
s := Bs

μμ
−1 curl(κ−1

ε π−1v),
we have

(6.5) αs =
∑
n

(
curl(κ−1

ε π−1v), αs
n

)
tL2(Ωs)

αs
n.

But the terms of this sum depend only on v(·, s), which follows from the formula

(6.6)
(
curl(κ−1

ε π−1v), αs
n

)
tL2(Ωs)

=

∫
Γs

〈Nκ
−1
ε π−1v, αs

n〉 dΓs

(we have integrated by parts and employed the fact that curlαs
n = 0 and (αs

n)θ |Γ= 0;
see (2.2)). Hence, αs |Γs−0 is also determined by the restriction v(·, s). Moreover, the
resulting formula shows that the map v(·, s) �→ αs |Γs−0 is an integral operator with
smooth kernel, i.e., a ψ.d.o. of order −∞.

Now we turn to the first term in (6.3). We use the representation of curl in local
coordinates:

(curl v)j = ρ−1/2
∑
m,n,k

εjmn ∂

∂xm
(gnkv

k), ρ := det{gmn}

(εjmn is the parity of the permutation (1, 2, 3) �→ (j,m, n)). In the semigeodesic coordi-
nates (γ1, γ2, τ ), where γ1, γ2 are the coordinates of a point γ(x) ∈ Γ, the metric tensor
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has the form (1.3). Note that the action of the operator Π in such coordinates reduces
to nullifying the third component of the vector. Then for a transversal field v we have

(Π curl v)1 = −ρ−1/2
∑
α

(
g2α

∂vα

∂τ
+

∂g2α
∂τ

vα
)
,

(Π curl v)2 = ρ−1/2
∑
α

(
g1α

∂vα

∂τ
+

∂g1α
∂τ

vα
)
, (Π curl v)3 = 0.

(6.7)

In semigeodesic coordinates, we have {νj} = (0, 0, c−1). Using the formula

(ν × v)j = ρ−1/2
∑

k,l,m,n

εjmngmkν
kgnlv

l

for the vector product in local coordinates, we obtain

(6.8) (Nv)1 = −ρ−1/2c
∑
α

g2αv
α, (Nv)2 = ρ−1/2c

∑
α

g1αv
α, (Nv)3 = 0.

We introduce yet another operation Dτ on smooth vector fields in ΩT : Dτ acts as the
covariant derivative in the optical metric along the vector field cν. The action of Dτ on
a transversal field v in semigeodesic coordinates looks like this:

(6.9) (Dτv)
α =

∂vα

∂τ
+
∑
m

Γα
3mvm, (Dτv)

3 = 0,

where Γj
km are the Christoffel symbols in optical metric. The second relation follows

from the second formula in (1.3) and expressions for Christoffel symbols.
Combining (6.7), (6.8), and (6.9) we obtain an identity valid for transversal fields:

Π curl = c−1NDτ +A,

where A is a pointwise linear transformation with smooth coefficients. In what follows, we
shall use two relations, which can be derived from properties of the covariant derivative
and parallel transport:

πN = Nπ, πDτ =
∂

∂τ
π.

Using the formula for Π curl, we obtain

πΠcurlπ−1 = c−1N
∂

∂τ
+ πAπ−1.

Clearly, the first term in (6.3) differs from

πκμμ
−1

κ
−1
ε Πcurl(π−1v) = κμμ

−1
κ

−1
ε

(
c−1N

∂

∂τ
+ πAπ−1

)
v

by the action of some pointwise linear transformation on v. But the scalar factor in
front of the bracket equals c, which follows from the definition of κε, κμ (see (4.8)) and
relation (0.2). Therefore, we have

πκμμ
−1 Πcurl(κ−1

ε π−1v) = N
∂v

∂τ
+ rAv,

where rA is also a pointwise operator. Together with the analysis of the other terms in
(6.3), this proves (6.4). �
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6.3. Principal symbol of the operator rRT
e . Note that. for a.e. s, the first two terms

in the formula for A(s) in Lemma 4 are ψ.d.o. of the first order acting on tangential
fields in σs

+. This follows from the fact that the operators Λs
ε and Λs

μ associated with the
boundary-value problem of the form (4.1) in Ωs are scalar ψ.d.o. of order −1 on Γs \ ω.
This is well known for smooth Γs and is also true if we restrict the operator to functions
in Γs \ ω provided that (1.4) is satisfied.

Fix local coordinates (γ1, γ2) ∈ D ⊂ �
2 on the surface σs

+. Let {Aα
β(s)} be the matrix

representing the operator A(s) in these coordinates:

(A(s) v)α =
∑
β

Aα
β(s) v

β.

The Aα
β(s) are scalar ψ.d.o. in D. By a symbol of a ψ.d.o. we mean the symbol

of some proper ψ.d.o. that approximates the given one up to a smoothing operator.
The symbol is defined up to terms of order −∞. We denote the symbol of Aα

β (s) by

aαβ(s; γ
1, γ2, k) (k ∈ �

2). Let hmn be a representation of the tensor h in the semigeodesic

coordinates (γ1, γ2, τ ). The next lemma establishes a relationship between the matrix
symbol a(s) = {aαβ(s)} and the values hαβ for τ = s (α, β = 1, 2).

Lemma 5. If s ∈ (0, T ) satisfies (1.4), then

(6.10) det a(s; γ1, γ2, k) = −
∑
α,β

hαβ(γ1, γ2, s) kαkβ · (1 + o(1)), k → ∞.

Proof. First, consider the following operator acting on tangential fields on Γs \ ω:
pA(s) u := −κμc

−1μ−1N∇θΛ
s
ε(ε

−1 divθ (cεκ
−1
ε u)) + κμ∇θΛ

s
μ(μ

−1 divθ (Nκ
−1
ε u)).

The mapping

(6.11) (γ1, γ2) �→ x(γ(γ1, γ2), s) ∈ Γs

takes (γ1, γ2) to coordinates on Γs. In these coordinates, the operator pA(s) is represented
by a matrix of scalar operators, and the corresponding matrix symbol is pa(s) = {paαβ (s)}
(α is a row number, β is a column number). Clearly, the coordinate representation
{gαβ(γ1, γ2)} of the (2-dimensional) metric tensor on Γs in the coordinates (γ1, γ2) coin-
cides with the representation {gαβ(γ1, γ2, s)} in semigeodesic coordinates. The same can
be said about the tensor hαβ. Put G(γ1, γ2) := {gαβ(γ1, γ2)} (this is a (2× 2)-matrix).
By formulas (6.8), the matrix of the operator N is equal to

ρ−1/2c

(
0 −1
1 0

)
G =

1√
detG

(
0 −1
1 0

)
G.

We also need coordinate representations of the operators ∇θ and divθ:

G−1

(
∂/∂γ1

∂/∂γ2

)
,

1√
detG

(
∂

∂γ1

(√
detG·

)
,

∂

∂γ2

(√
detG·

))
.

The principal symbols of these operators are of the form

G−1

(
ik1
ik2

)
, (ik1, ik2).

Moreover, the Neumann-to-Dirichlet maps Λs
ε, Λ

s
μ have principal symbol |k|−1

g , where

|k|g :=

(∑
α,β

gαβ(γ1, γ2)kαkβ

)1/2

.
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To calculate the principal part of the symbol pa(s), we collect the scalar factors in each

term of the formula for pA(s). For both terms, the resulting factor equals c. Now we write
the principal part of the symbol pa(s):

− c√
detG

(
0 −1
1 0

)(
ik1
ik2

)
1

|k|g
(ik1, ik2) + cG−1

(
ik1
ik2

)
1

|k|g
(ik1, ik2)

1√
detG

(
0 −1
1 0

)
G

=
c

|k|g
√
detG

[(
−k1k2 −(k2)

2

(k1)
2 k1k2

)
G−1 −G−1

(
k1k2 −(k1)

2

(k2)
2 −k1k2

)]
G.

Direct calculations show that the matrix in square brackets is equal to(
−2(g11k1k2 + g12(k2)

2) g11(k1)
2 − g22(k2)

2

g11(k1)
2 − g22(k2)

2 2(g12(k1)
2 + g22k1k2)

)
,

and its determinant is −|k|4g. Using the expression obtained for the principal symbol of

the operator pA(s), we arrive at the relation

(6.12) detpa(s) = −c2|k|2g · (1 + o(1)) = −
∑
α,β

hαβkαkβ · (1 + o(1)), k → ∞

(in the second identity we used the formula hαβ = c2gαβ , see (1.1) and (1.3)). The above

calculations also show that pA(s) is a first-order operator.
Now we turn to the operator A(s). Let p = {pαβ} be the matrix of the operator πs:

(πsu)α =
∑
β

pαβu
β .

On the left, the coordinate representation of the field πsu on Γ in the coordinates (γ1, γ2)
is written, and uβ on the right is a representation of the field u on Γs in the coordi-
nates (6.11).

Since A(s) = πs( pA(s) + A0(s))(π
s)−1, modulo terms of lower order the symbol a(s)

is equal to ppa(s) p−1 (we ignore the contribution of A0(s) to the symbol, because it is a
0-order operator). Together with (6.12), this finishes the proof. �

On the pattern, the map i−1 induces an optical metric tensor pulled back from ΩT \ω.
This tensor can be recovered a.e. (thus, everywhere, because it is smooth) on ΘT by using
formula (6.10) for different local coordinates on Γ and varying s ∈ (0, T ). For this we

need the operators A(s) occurring in (6.4), but they can be extracted from rRT
e . By

Theorem 1, the function c in ΩT can be recovered by the optical metric tensor on the
pattern.

In [2], the second order operator ITε ε
−1 curlμ−1 curl(ITε )

∗ was used (instead of rRT
e ) to

recover the velocity. In the case of arbitrary T , the domain of this operator may fail to
contain all smooth compactly supported tangential fields on the pattern, because when
the equidistant surfaces are nonsmooth, the field (ITε )

∗v may also be nonsmooth and its

double curl may fail to belong to tL2(Ω
T ). For this reason, we invoked the first order

operator rRT
e , which will also be used below to recover ε, μ. Note that, compared to the

case of regular semigeodesic coordinates in ΩT (as considered in [2]), the most significant
difficulty of recovering c in the general case was to generalize the definition of the image
operator (see Subsection 4.2).

§7. Spaces Jε〈Ωr[x]〉 and Jε#〈Ωr[x]〉
To finish the proof of Theorem 2 it remains to show the uniqueness of the coefficients

ε and μ. For this, we use some constructions from [4].
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7.1. Control on a part of the boundary. Let σ be an open subset of Γ. We introduce
a set of smooth delayed controls supported on σ:

FT,s
0 [σ] := {f ∈ FT,s

0 | supp f ⊂ σ × (T − s, T ]}.

Obviously, FT,s
0 = FT,s

0 [Γ]. The metric r-neighborhood of a set K ⊂ sΩ will be defined
as

Ωr[K] := {x ∈ Ω | distc(x,K) < r}.
The neighborhood Ωr[{x}] of a point x is denoted by Ωr[x]. Let σδ(γ) be a δ-neighborhood
of a point γ ∈ Γ on the surface Γ (with respect to the optical metric). For a point
(γ, s) ∈ ΘT of the pattern, define a family of open subsets of Ω:

as,δγ := Ωs[σδ(γ)] \ ĘΩs−δ, δ > 0.

This family is monotone increasing with δ; the sets as,δγ tend to the point x(γ, s) as δ → 0,
more precisely,

(7.1)
⋂
δ>0

Ě

as,δγ = {x(γ, s)}.

Next, we introduce the space of solenoidal fields vanishing outside an open set U ⊂ Ω:

Jε〈U〉 := clos{y ∈ tC∞
0 (U) | div(εy) = 0}.

Lemma 6. Suppose U is a domain with Lipschitz boundary, sU ⊂ Ω. Then any field
y ∈ Jε〈Ω〉 such that supp y ⊂ sU belongs to Jε〈U〉.

Proof. Suppose the domain rU ⊂ Ω contains sU . We may assume that rU is a domain with
Lipschitz boundary; hence, the Helmholtz decomposition is applicable:

(7.2) tL2, ε(rU) =
{
∇rϕ | rϕ ∈ H1(rU)

}
⊕ Jε〈rU〉

(see [12]). The function ϕ ∈ H1(U) has some extension rϕ to rU . Since the field y admits

approximation in tL2,ε(rU) by fields y(n) ∈ tC∞
0 (rU) with div(εy(n)) = 0, we have

(y,∇ϕ)
tL2,ε(U) = (y,∇rϕ)

tL2,ε( rU) = lim
n→∞

(y(n),∇rϕ)
tL2,ε( rU) = 0

(the last identity follows from the orthogonal decomposition (7.2)). Now it follows that
y ∈ Jε〈U〉, because (7.2) holds true for the domain U as well. �

Next we prove that if U is homeomorphic to a ball, then

(7.3) Jε〈U〉 ⊂ UT
ε .

We shall establish this inclusion for elements y ∈ tC∞
0 (U) ∩ Jε〈U〉. Clearly, we have

y ∈ JT
ε , so that it suffices to prove that (y, α)

tL2,ε(U) = 0 for any α ∈ JT
ε � UT

ε . Since

curlα = 0 by (2.2), the restriction of α to the set U is equal to the gradient ∇ϕ of a
smooth function. Therefore,

(y, α)
tL2,ε(U) = (y,∇ϕ)

tL2,ε(U) = 0.

The solution {e, h} corresponding to a control f ∈ FT,s
0 [σ] satisfies

supp{e(·, T ), h(·, T )} ⊂ ĘΩs[σ],

which follows from the finiteness of the velocity of wave propagation. A nontrivial fact,
which was proved in [4], is that, for any open set homeomorphic to a ball, the inclusion

Jε〈U〉 ⊂ closJT
ε
WTFT,s

0 [σ]
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holds true. This is a generalization of the approximate controllability property (2.8). In
[4, Lemma 4], an important consequence of this inclusion was obtained:

(7.4) Jε〈as,δγ 〉 = (Us
ε � Us−δ

ε ) ∩ closJT
ε
WTFT,s

0 [σδ(γ)]

for a fixed point (γ, s) ∈ ΘT and sufficiently small δ > 0.

7.2. The problem with volume sources. We introduce an antiselfadjoint operator
in the space UT

ε ⊕ UT
μ :

MT :=

(
0 (RT

e )
∗

−RT
e 0

)
(RT

e is defined in 3.2). Unlike RT
e , the operator (RT

e )
∗ is not local. The domain of (RT

e )
∗

contains the fields z ∈ UT
μ such that curl z ∈ tL2(Ω

T ) and (RT
e )

∗z = ET
ε ε

−1 curl z. It is

the projection ET
ε onto UT

ε that makes the operator nonlocal. On the other hand, the
definition of the space UT

ε shows that

(7.5) ET
ε ε

−1 curl z = ε−1 curl z, z ∈ tC∞
0 (ΩT ∪ Γ),

implying that (RT
e )

∗ acts as a local operator on fields that are compactly supported in
ΩT ∪Γ. Next, we consider the following problem for functions E(t), H(t) on the interval
[0, T ] with values in UT

ε , UT
μ , respectively:(

Et

Ht

)
−MT

(
E
H

)
=

(
K
0

)
,

E |t=0= H |t=0= 0,

(7.6)

where K ∈ L2([0, T ];UT
ε ). The control operator

WT
vol : K �→ E(·, T )

for (7.6) is continuous from L2([0, T ];UT
ε ) to UT

ε . By analogy with the delayed controls

FT,s
0 [σ] acting on the part of the boundary, we consider system (7.6) with a delayed K

acting in sU (U is an open subset of ΩT ): suppK ⊂ sU × [T − r, T ], r ∈ [0, T ]. It can be

shown that if sU, ĞΩr[U ] ⊂ ΩT , then the solution vanishes outside of Ωr[U ] at t = T .
Introduce the subspace of UT

ε spanned by all possible values of E at t = T correspond-
ing to delayed sources supported on sU :

(7.7) Ur
ε [U ] := closJT

ε

{
WT

vol K |K ∈ L2([0, T ];UT
ε ), suppK ⊂ sU × [T − r, T ]

}
.

The following proposition easily follows from Theorem 3 in [4].

Proposition 2. Let U be an open subset of ΩT , and let a number r > 0 be such that
ĞΩr[U ] ⊂ ΩT . Every field y ∈ Jε〈Ωr[U ]〉 supported on an open subset of Ωr[U ] homeo-
morphic to a ball belongs to Ur

ε [U ].

We can use this proposition with U = as,δγ if δ is sufficiently small. If for some r > 0

the set Ωr[x(γ, s)] is homeomorphic to a ball and its closure is contained in ΩT , then

(7.8)
⋂
δ>0

Ur
ε [a

s,δ
γ ] = Jε〈Ωr[x]〉,

where x = x(γ, s). Indeed, Proposition 2 can be applied to any field y ∈ tC∞
0 (Ωr[x]) with

div(εy) = 0 if we put U = as,δγ . Therefore, the right-hand side of (7.8) is contained in
the left-hand side. To prove the reverse inclusion, note that (7.1) and the monotonicity
of the sets as,δγ with respect to δ imply that the diameters of these sets tend to zero as
δ → 0. Therefore, ⋂

δ>0

Ğ

Ωr[as,δγ ] = ĘΩr[x].
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Then supp y ⊂ ĘΩr[x] for any element y belonging to the left-hand side of (7.8). Combined
with the condition div(εy) = 0 and Lemma 6, this implies that y ∈ Jε〈Ωr[x]〉.

Since the space Jε〈Ωr[x]〉 on the right-hand side of (7.8) is contained in UT
ε , it has a

corresponding model space (ΦT )∗Jε〈Ωr[x]〉 ⊂ UT
ε#. In the remaining part of the section

we show how to construct this space for sufficiently small r by using the model (3.2) and
the operator RT

e#. For this, we employ the relations obtained above. We introduce a
model counterpart of the control operator

WT
vol# K# := (ΦT )∗WT

vol K,

where K# and K are related by K(·, t) = ΦTK#(·, t), and the operator

MT
# := (ΦT ⊕ ΦT

m)∗MT (ΦT ⊕ ΦT
m).

The following problem for functions E#(t), H#(t) on the interval [0, T ] with values
(respectively) in UT

ε#, UT
μ# is similar to (7.6):(

(E#)t
(H#)t

)
−MT

#

(
E#

H#

)
=

(
K#

0

)
,

E# |t=0= H# |t=0= 0,

where K# ∈ L2([0, T ];UT
ε#). The action of the operator WT

vol# is described as follows:

WT
vol# : K# �→ E#(·, T ).

Since MT
# can easily be expressed via RT

e#, the operator WT
vol# also can be obtained

from RT
e#.

For an open set U satisfying sU ⊂ ΩT and homeomorphic to a ball, let Jε#〈U〉 :=
(ΦT )∗Jε〈U〉. Let (γ, s) be the semigeodesic coordinates of a point x. For small δ, as in
(7.4), we have

Jε#〈as,δγ 〉 = (Us
ε# � Us−δ

ε# ) ∩ closUT
ε#

|WT |FT,s
0 [σδ(γ)].

This allows us to obtain the spaces on the left-hand side by the model (3.2). After that,
we can pass to the spaces Ur

ε#[a
s,δ
γ ] := (ΦT )∗Ur

ε [a
s,δ
γ ]. To do this, we note that in the

definition (7.7) for U = as,δγ , the sources K belong to L2([0, T ]; Jε〈as,δγ 〉) (this follows

from Lemma 6) and vanish on the interval [0, T − r); hence, we can construct Ur
ε#[a

s,δ
γ ]

with the help of the formula

Ur
ε#[a

s,δ
γ ] = closUT

ε#

{
WT

vol# K# |K# ∈ L2([0, T ]; Jε#〈as,δγ 〉), suppK# ⊂ [T − r, T ]
}
.

Now it remains to obtain the space Jε#〈Ωr[x]〉 by using the model analog of (7.8).

§8. Projections onto Jε〈Ωr[x]〉 for small r

For an open set U ⊂ Ω, we denote by Pε〈U〉 the projection onto Jε〈U〉 acting in Jε〈Ω〉.
Suppose ∂U ∈ C∞ and denote by n the outward unit normal to ∂U . In Subsection 4.1
we described the projection P s

ε in terms of the boundary-value problem (4.1). Similar
arguments lead to the formula

Pε〈U〉 y |U= (y −∇p) |U ,

where y ∈ tC∞(sΩ)∩Jε〈Ω〉, and p ∈ H1(U) is the solution of the following boundary-value
problem:

(8.1) div(ε∇p) = 0,
∂p

∂n
| ∂U= 〈y, n〉 | ∂U .

The following lemma describes the behavior of the projections Pε〈Ωr[x]〉 as r → 0.
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Lemma 7. Let x0 ∈ Ω. For y ∈ tC∞(Ω) ∩ Jε〈Ω〉, we have

(8.2)
(
Pε〈Ωr[x0]〉 y, y

)
Jε〈Ω〉 =

2π

15
ε(x0) | curl y(x0)|2 (c(x0) r)

5 +O(r6), r → 0.

Proof. We assume x0 = 0 and denote Ωr[0] by Ur. Let τ0(x) := distc(x, 0). Together
with the Euclidean coordinates x, we shall use the Riemannian normal coordinates rx =
(rx1, rx2, rx3) related to the origin 0 (see the definition in [14]). We add a tilde to the
notation of the tensors and functions pulled back from coordinates x to coordinates rx.
When we pass from one set of coordinates to another, the point 0 is mapped to 0. Since
the map x �→ rx restricted to Ur is smooth in both directions if r is sufficiently small, we
have

rx = O(|x|), x = O(|rx|).
An important property of the coordinates rx is that

(8.3) |rx| = rτ0(rx), rhij(0) = δij .

In this proof by | · | we mean the Euclidean length in �
3, independently of the metric

tensor. We express rh via h in the last identity:∑
m,n

∂rxi

∂xm

∂rxj

∂xn
hmn = δij .

Now, using (1.1) and the relation gmn = δmn, we see that

∂rx

∂x

(
∂rx

∂x

)t

c2 = �

(by ∂rx/∂x we denote the Jacobian matrix of the map x �→ rx). Therefore, the matrix
(c ∂rx/∂x)(0) is orthogonal. We may assume that the normal geodesic coordinates are
chosen so that this matrix be equal to the identity matrix. It follows that

(8.4) rx = c−1x+O(|x|2), ∂rx

∂x
= c−1

�+O(|x|).

Since ∂Ur is a level set of the function τ0, for the normal to this surface we have

ni(x) = ni(x) =
1

|∇τ0|
∂τ0
∂xi

= c
∂τ0
∂xi

(we have used the relation |∇τ0| = c−1). Next,

∂τ0
∂xi

=
∑
j

∂rτ0
∂rxj

∂rxj

∂xi
=
∑
j

rxj

|rx|
∂rxj

∂xi

(in the second identity we have used the first relation in (8.3)). Now, by (8.4), we obtain

(8.5) ni(x) =
xi

|x| +O(|x|).

We write an expansion of the field y in the neighborhood of the origin:

(8.6) y(x) = y(0) + Ax+ z, Aij :=
∂yi

∂xj
(0), z = O(|x|2),

and introduce the function q := q0+ q1 in Ω, where q0 is a function such that ∇q0 = y(0)
in Ω, q1(x) := 〈Ax, x〉/2. The symmetric and the antisymmetric part of a matrix are
defined by:

ReA := (A+At)/2, ImA := (A−At)/2.
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It is easy to check that

(8.7) ∇q1 = (ReA) x,

whence

(8.8) ∇q = y(0) + (ReA) x.

Let pr be a solution of problem (8.1) in the domain U = Ur. For ϕ ∈ H1(Ur), we have

(ε∇(pr − q),∇ϕ)Ur = (ε(y −∇q),∇ϕ)Ur = (ε(y − y(0)− (ReA)x),∇ϕ)Ur

= (ε(ImA)x,∇ϕ)Ur + (εz,∇ϕ)Ur

(8.9)

(in this proof by (·, ·)X and ‖ ·‖X we denote the inner product and the norm in the space
tL2(X) or L2(X) for a given set X). For the second term we have

(8.10) |(εz,∇ϕ)Ur | ≤ (εz, z)
1/2
Ur (ε∇ϕ,∇ϕ)

1/2
Ur ≤ Cr7/2(ε∇ϕ,∇ϕ)

1/2
Ur .

Estimating the first term in (8.9), we get

ε = ε(0) + ε1, ε1 = O(|x|),

(8.11) (ε(ImA)x,∇ϕ)Ur = ε(0)((ImA)x,∇ϕ)Ur + (ε1(ImA)x,∇ϕ)Ur .

Here, the second term is estimated as in (8.10):

|(ε1(ImA)x,∇ϕ)Ur | ≤ Cr7/2(ε∇ϕ,∇ϕ)
1/2
Ur .

In the first term we change ϕ to a function ϕ0 that differs from ϕ by a constant to be
specified later. Using the identities

div((ImA)x) = Tr ImA = 0, 〈(ImA)x, x〉 = 0,

and integrating by parts, we obtain

((ImA)x,∇ϕ)Ur = ((ImA)x,∇ϕ0)Ur =

∫
∂Ur

〈(ImA)x, n〉ϕ0 dSx

=

∫
∂Ur

〈(ImA)x, n− |x|−1x〉ϕ0 dSx.

(8.12)

Now we estimate the integral obtained:

(8.13)

∣∣∣∣
∫
∂Ur

〈(ImA) x, n− |x|−1x〉ϕ0 dSx

∣∣∣∣ ≤ ‖〈(ImA) x, n− |x|−1x〉‖∂Ur · ‖ϕ0‖∂Ur .

From (8.5) it follows that n(x)−|x|−1x = O(|x|) = O(|rx|), but if x ∈ ∂Ur, then |rx(x)| = r
(see (8.3)), whence

(8.14) |n(x)− |x|−1x| ≤ Cr, x ∈ ∂Ur,

where C does not depend on r. For a fixed r, we put

px(x) := r−1
rx(x), pϕ(px) := ϕ(x(px)).

Under the map x �→ px, the set Ur is mapped to the unit ball B in �3 with center at the
origin. By (8.14), we have

∥∥〈(ImA) x, n− |x|−1x〉
∥∥
∂Ur ≤ Cr2

(∫
∂Ur

dS

)1/2

= Cr2
(∫

∂B

∣∣∣∣det
(
∂S

∂ pS

)∣∣∣∣ dpS

)1/2

.

Direct calculations show that∣∣∣∣det
(
∂S

∂ rS

)∣∣∣∣ = c−1 det

(
∂x

∂rx

)
,

∣∣∣∣det
(
∂ rS

∂ pS

)∣∣∣∣ = r2.
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Therefore,

(8.15)

∣∣∣∣det
(
∂S

∂ pS

)∣∣∣∣ = r2c−1 det

(
∂x

∂rx

)
≤ Cr2,

and thus

(8.16) ‖〈(ImA) x, n− |x|−1x〉‖∂Ur = O(r3).

Now we turn to estimation of the second factor in (8.13). Let

ϕ0 := ϕ− (measB)−1

∫
B

pϕdpx, pϕ0 := pϕ− (measB)−1

∫
B

pϕdpx,

Using inequality (8.15), we can estimate the norm of the trace of ϕ0:

(8.17)

∫
∂Ur

|ϕ0|2 dS =

∫
∂B

|pϕ0|2
∣∣∣∣ det

(
∂S

∂ pS

)∣∣∣∣ dpS ≤ Cr2
∫
∂B

|pϕ0|2 dpS.

The function pϕ0 ∈ H1(B) satisfies the Poincaré inequality

‖pϕ0‖B ≤ C

(
‖∇pϕ0‖B +

∣∣∣∣
∫
B

pϕ0 dpx

∣∣∣∣
)

= C‖∇pϕ0‖B.

Together with the trace theorem, this inequality yields the estimate

(8.18) ‖pϕ0‖∂B ≤ rC‖pϕ0‖H1(B) ≤ pC‖∇pϕ0‖B = pC‖∇pϕ‖B .
We have ∫

B

|∇pϕ|2 dpx =

∫
Ur

∣∣∣∣
(
∂x

∂px

)t

∇ϕ

∣∣∣∣
2

det

(
∂px

∂x

)
dx ≤ Cr−1

∫
Ur

|∇ϕ|2 dx.

Combined with (8.17) and (8.18), this inequality yields

‖ϕ0‖∂Ur ≤ Cr1/2‖∇ϕ‖Ur .

The resulting inequality and relations (8.12), (8.13), and (8.16) show that the first term
in (8.11) admits the estimate

|((ImA) x,∇ϕ)Ur | ≤ Cr7/2(ε∇ϕ,∇ϕ)
1/2
Ur .

Having estimated all terms in (8.9), we collect the results to obtain

|(ε∇(pr − q),∇ϕ)Ur | ≤ rCr7/2(ε∇ϕ,∇ϕ)
1/2
Ur .

Putting ϕ = pr − q, we arrive at

(8.19) (ε∇(pr − q),∇(pr − q))Ur = O(r7).

Now we turn to the inner product in (8.2):

(εPε〈Ur〉 y, y)Ur = (ε(y −∇pr), y −∇pr)Ur

= (ε(y −∇q −∇(pr − q)), y −∇q −∇(pr − q))Ur

= (ε(y −∇q), y −∇q)Ur − 2(ε(y −∇q),∇(pr − q))Ur

+ (ε∇(pr − q),∇(pr − q))Ur .

(8.20)

The second term of the result is O(r6). Indeed, from (8.8) it follows that

(8.21) y −∇q = O(|x|), (ε(y −∇q), y −∇q)Ur = O(r5),

whence

(ε(y −∇q),∇(pr − q))Ur = O(r5/2) (ε∇(pr − q),∇(pr − q))
1/2
Ur = O(r6)
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(the last estimate follows from (8.19)). The same relation (8.19) also implies that the
third term in (8.20) is O(r7). Now, consider the first term. Using (8.21) and an expansion
for ε, we obtain

(ε(y −∇q), y −∇q)Ur = ε(0)(y −∇q, y −∇q)Ur + (ε1(y −∇q), y −∇q)Ur

= ε(0)(y −∇q, y −∇q)Ur +O(r6).

At this point, we use (8.6) and (8.8) once again:

(y −∇q, y −∇q)Ur =
(
(ImA)x+ z, (ImA)x+ z

)
Ur =

(
(ImA)x, (ImA)x

)
Ur +O(r6).

For the inner product we have∫
Ur

|(ImA) x|2 dx =

∫
|rx|<r

|(ImA) x(rx)|2 det

(
∂x

∂rx

)
drx

=

∫
|rx|<r

∣∣(ImA)rcrx+O(|rx|2)
∣∣2 (

rc3 +O(|rx|)
)
drx

= c(0)5
∫
|rx|<r

|(ImA) rx|2 drx+O(r6).

It remains to calculate the integral in the last expression. Note that

(ImA) rx =
1

2
curl y(0)× rx.

Put v := curl y(0)/2 and denote by θ the angle between v and rx. Now, the following
calculation finishes the proof of the lemma:∫

|rx|<r

|(ImA) rx|2 drx =

∫
|rx|<r

|v × rx|2 drx =

∫
|rx|<r

|v|2|rx|2(sin θ)2 drx

= 2π|v|2
∫ r

0

dt

∫ π

0

dθ t4(sin θ)3 = 2π|v|2
∫ r

0

dt t4
4

3
=

8π

15
|v|2r5

=
2π

15
| curl y(0)|2 r5. �

§9. Recovering ε and μ

After we have recovered the velocity c in ΩT and established a correspondence between
points of the pattern ΘT and points of ΩT , we may assume that the operator π of parallel
transport is known. To prove Theorem 2, it remains to recover ε in ΩT , because μ can
be derived from (0.2). The function ε is determined by the gradient ∇ ln ε and the value
of ε at any fixed point. But in Subsection 2.2 we noted that the data (2.5) determine ε
on Γ. To find the gradient ∇ ln ε, first we find its tangential part ∇θ ln ε by using the

operator rRT
e (defined in Subsection 6.1), and then we find its normal part with the help

of the results of §§7, 8.

9.1. Recovering ∇θ ln ε. Here we show that ∇θ ln ε can be recovered in ΩT by us-

ing rRT
e . Let tL2(Ω

T ) denote the space tL2, η(Ω
T ) (defined in Subsection 4.2) for η = 1.

We pass from rRT
e to the operator

(9.1) π−1
rRT
e π − c Πcurl : tL2(Ω

T ) → tL2(Ω
T )
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defined in tC∞
0 (ΩT \ ω) ∩ tL2(Ω

T ). In accordance with (6.3), the operator (9.1) acts on a
field u as follows:

(π−1
rRT
e πu− c Πcurlu) |Γs = [κμΠμ−1 curl(κ−1

ε u)− c Πcurlu] |Γs

− κμc
−1μ−1N∇θΛ

s
ε(ε

−1 divθ(cεκ
−1
ε u))

+ κμ∇θΛ
s
μ(μ

−1 divθ (Nκ
−1
ε u)) +A00u |Γs .

(9.2)

We have denoted by A00 the operator corresponding to the terms with projections Bs

in (6.3). In the proof of Lemma 4 it was shown that this operator is fiberwise; the
corresponding operators acting on equidistant surfaces are denoted by A00(s).

Since κμμ
−1

κ
−1
ε = c, we have

κμΠμ−1 curlκ−1
ε u− cΠcurlu = κμμ

−1Π(∇κ
−1
ε × u) = κμμ

−1〈∇κ
−1
ε , ν〉Nu.

It follows that the right-hand side in (9.2) acts on u as a fiberwise operator. The factor
in front of Nu in the above expression is denoted by ζ. By (4.8) and (0.2), we have

(9.3) κμ = κ c−1ε−1/2.

Fixing s, we consider the composition

(9.4) divθ(π
−1

rRT
e π − cΠcurl)∇θ : C∞

0 (Γs \ ω) → C∞(Γs \ ω).

Using (9.3) and the formulas

(9.5) divθ (fw) = 〈∇θf, w〉+ f divθ w, divθ (N∇θf) = 0

for f ∈ C∞(Γs \ ω) and a smooth tangential field w on Γs \ ω, we can write the action
of (9.4) on ϕ ∈ C∞

0 (Γs \ ω) as follows:

divθ(π
−1

rRT
e π − cΠcurl)∇θϕ

= 〈∇θζ,N∇θϕ〉 − 〈∇θκε, N∇θΛ
s
ε(ε

−1 divθ (cε
1/2

κ
−1∇θϕ))〉

+ divθ

(
κc−1ε−1/2∇θΛ

s
μ(εc

2〈∇θκ
−1
ε , N∇θϕ〉)

)
+ divθ(A00(s)∇θϕ).

(9.6)

The operator A00(s) is smoothing (see the proof of Lemma 4), the same refers to the
last term in the sum; the first term is a first order differential operator. The entire sum
is a second order ψ.d.o. We fix local coordinates (γ1, γ2) on Γs. In what follows, we
shall use formulas for the principal parts of the symbols of divθ, ∇θ, and N , as well as
the notation G and |k|g (k ∈ �

2) occurring in the proof of Lemma 5. We calculate the
principal part of the symbol of the second term in (9.6):

−c

κ ε1/2|k|g
(∂1κε, ∂2κε)

1√
detG

(
0 −1
1 0

)(
ik1
ik2

)
(ik1, ik2)G

−1

(
ik1
ik2

)

=
c|k|g√
detG

(∂1 lnκε, ∂2 lnκε)

(
c− ik2
ik1

)
=

c|k|g√
detG

i(−k2 ∂1 lnκε + k1∂2 lnκε),

where ∂j := ∂/∂γj . For the principal part of the symbol of the third term, we have

cκ ε1/2

|k|g
(ik1, ik2)G

−1

(
ik1
ik2

)
(∂1κ

−1
ε , ∂2κ

−1
ε )

1√
detG

(
0 −1
1 0

)(
ik1
ik2

)

= − c|k|g√
detG

(∂1 lnκ
−1
ε , ∂2 lnκ

−1
ε )

(
−ik2
ik1

)

= − c|k|g√
detG

i(−k2 ∂1 lnκ
−1
ε + k1∂2 lnκ

−1
ε ).
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Thus, for the principal part of the symbol of the operator (9.4) we have

a(s; γ1, γ2, k) =
2c|k|g√
detG

i(−k2 ∂1 lnκε + k1∂2 lnκε).

Although (9.4) seems to be a third order operator, our calculations show that in fact it
is a second order operator.

Clearly, we can find ∇θ lnκε at x(γ(γ1, γ2), s) if we know the values of a(s; γ1, γ2, k)
for different k, and then ∇θ ln ε can be found, because lnκε = lnκ + (ln ε)/2 and the
function κ is known once we have recovered c in ΩT .

9.2. The action of (MT )∗ on transversal solenoidal fields. To find 〈∇ ln ε, ν〉, we
need the following lemma.

Lemma 8. Let Z be a closed subset of Γ homeomorphic to a disk, and let s0 ∈ (0, T ) be

a number such that Z × (0, s0] ⊂ ΘT . Suppose a smooth field u ∈ JT
ε ∩ tL2(Ω

T ) satisfies
supp u ⊂ V , V := i−1(Z × (0, s0)). Then u ∈ UT

ε and

(9.7) MT
ε u = (MT

ε )∗u = u.

Proof. The inclusion u ∈ UT
ε follows from (7.3). To prove (9.7), we establish the relation

(9.8) Bs
εu = 0

for all s ∈ (0, T ]. Let α ∈ Js
ε � Us

ε . Choose an open set Us ⊂ V ∩ Ωs such that
supp u ∩ Ωs ⊂ Us, ∂Us ∈ C∞. Clearly, the set V ∩ Ωs is homeomorphic to a ball;
therefore, the restriction of α to Us equals ∇ϕ, ϕ ∈ C∞(ĎUs). Let n be an outward
normal on the boundary ∂Us. Then 〈u, n〉 vanishes on the boundary, because n coincides
with ν on ∂Us ∩ Γs and u is transversal, while on the remaining part ∂Us \ Γs of the
boundary the function u vanishes. Therefore,

(u, α)
tL2,ε(Ωs) =

∫
Us

〈εu,∇ϕ〉 dx =

∫
∂Us

ε〈u, n〉ϕdS = 0.

Hence,
u ⊥ Js

ε � Us
ε ,

which proves (9.8).
Since the field u is transversal, formulas (4.4) and (9.8) show that Es

εu coincides with
u on Ωs for all s ∈ (0, T ]. Recalling the definition (4.7), we see that MT

ε u = u. By
item (b) of Theorem 3, the operator MT

ε is partially isometric, and the identity proved

above implies that u ⊥ KerMT
ε . Then u ∈ Ran(MT

ε )∗, i.e., for some ru ∈ tL2(Ω
T ) we

have
u = (MT

ε )∗ru.

Now we apply item (b) of Theorem 3 once again:

u = MT
ε u = MT

ε (MT
ε )∗ru = ru.

Consequently, (MT
ε )∗u = u. �

9.3. Recovering 〈∇ ln ε, ν〉. We fix a point x0 ∈ ΩT \ ω and an open set U ⊂ ΩT \ ω
containing x0. Suppose that f is a positive function in U satisfying

∇θ ln f = −∇θ ln(εκ
−1
ε ),

where the right-hand side is determined by c and ∇θ ln ε. For an arbitrary ϕ ∈ C∞
0 (U),

the transversal field
u := fc−1N∇θϕ

satisfies div(εκ−1
ε u) = 0. Indeed,

div(εκ−1
ε fc−1N∇θϕ) = c−1 divθ (εκ

−1
ε fN∇θϕ) = c−1〈∇θ(εκ

−1
ε f), N∇θϕ〉
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(we have applied (6.2) and (9.5)), but

∇θ(εκ
−1
ε f)

εκ−1
ε f

= ∇θ ln f +∇θ ln(εκ
−1
ε ) = 0,

whence ∇θ(εκ
−1
ε f) = 0. We may assume that the function ϕ is such that u(x0) �= 0 and

(9.9) βu(x0) = ∇θ ln ε

for some β ∈ �. Next, we introduce the family

u(n)(x) := en(τ(x)−τ(x0))u(x),

of transversal fields, parametrized by real numbers n. It is easily seen that

div(εκ−1
ε u(n)) = 0

for all n. Let

y(n) := (ITε )
∗πu(n) = (MT

ε )∗κ−1
ε u(n)

(here we have used (4.10)). If U is a sufficiently small neighborhood of the point x0, then
the fields κ−1

ε u(n) satisfy the conditions of Lemma 8; hence,

y(n) = κ
−1
ε u(n) = ε−1/2

κ
−1 u(n).

In the sequel, we deal with the fields v(n) := κ
−1 u(n). The above identity implies that

curl y(n) = ∇ε−1/2 × v(n) + ε−1/2 curl v(n).

We put b := 〈∇ ln ε−1/2, ν〉 and calculate the first term at x0:

∇ε−1/2 × v(n) = ε−1/2∇ ln ε−1/2 × v(n)

= ε−1/2(∇θ ln ε
−1/2 × v(n) + b ν × v(n)) = ε−1/2bNv(n)

(we have used (9.9)). Next,(
ε| curl y(n)|2

)
(x0) =

(
|bNv(n) + curl v(n)|2

)
(x0)

=
(
|bv(n)|2 + 2b 〈Nv(n), curl v(n)〉+ | curl v(n)|2

)
(x0).

(9.10)

For the second term we have

〈Nv(n), curl v(n)〉 = 〈Nv(n),∇en(τ(x)−τ(x0)) × v(0) + en(τ(x)−τ(x0)) curl v(0)〉
= 〈Nv(n), n en(τ(x)−τ(x0))∇τ × v(0) + en(τ(x)−τ(x0)) curl v(0)〉
= 〈v(n), n en(τ(x)−τ(x0))c−1v(0)〉+ 〈Nv(n), e

n(τ(x)−τ(x0)) curl v(0)〉

(at the end we have used the formula ∇τ = c−1ν, |ν| = 1).
The value of the first term in (9.10) at x0 equals |bv(0)|2 (it does not depend on n).

The previous calculation shows that the second term at x0 is equal to n · 2b c−1|v(0)|2 +
2b〈Nv(0), curl v(0)〉. Thus,(

ε| curl y(n)|2 − | curl v(n)|2
)
(x0)

= n ·
(
2b c−1|v(0)|2

)
(x0) +

(
2b 〈Nv(0), curl v(0)〉+ |bv(0)|2

)
(x0).

(9.11)

Before applying (8.2) to the field y(n), observe that for the projections Pε#〈Ωr[x0]〉
onto the spaces Jε#〈Ωr[x0]〉 acting in UT

ε# we have(
Pε〈Ωr[x0]〉 y(n), y(n)

)
JT
ε
=
(
Pε#〈Ωr[x0]〉 y(n)#, y(n)#

)
UT
ε#

,

where

y(n)# := (ΦT )∗y(n).
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Combined with (8.2), this implies

(ε| curl y(n)|2)(x0) =
15

2π
lim
r→0

(
Pε#〈Ωr[x0]〉 y(n)#, y(n)#

)
UT
ε#

(c(x0)r)5
.

By the definition of y(n), the elements y(n)# can be expressed via u(n) in the following
way:

y(n)# = (ITε#)
∗πu(n).

Thus, with the help of the model image operator and the model projections we can find
(ε| curl y(n)|2)(x0), whence we can find the left-hand side of (9.11) for any n. The right-
hand side is a first degree polynomial in n. To find its coefficients, it suffices to know the
values of the left-hand side for two different n. In its turn, b can be expressed via the
coefficient of n in this polynomial, because v(0)(x0) �= 0.

§10. Appendix

Here we prove Lemma 2. We follow the lines of the proof of a similar result for the
scalar wave equation, as given in [4]. In this section we assume that all function spaces
are complex. The parentheses 〈 ·, ·〉 denote the standard inner product in �3.

10.1. The operator (WT )∗. Consider the following initial boundary-value problem for
the Maxwell system in Ω× �:

Et = ε−1 curlH, Ht = −μ−1 curlE,

E |t=T = y, H |t=T = z,

Eθ |Γ = 0.

(10.1)

To describe solutions of this problem for nonsmooth initial data, we introduce the sub-
spaces

Jθ :=
{
y ∈ tL2,ε(Ω) | div(εy) = 0

}
⊂ tL2,ε(Ω),

Jν := clos
tL2,μ

{
z ∈ tC∞

0 (Ω) | div(μz) = 0
}
⊂ tL2,μ(Ω),

and an operator Rθ : Jθ → Jν :

Rθy := μ−1 curl y, DomRθ :=
{
y ∈ Jθ | curl y ∈ tL2(Ω), yθ |Γ= 0

}
.

It can be shown (see [15], [9]) that the operator Rθ is densely defined in Jθ and is closed,
RanRθ ⊂ Jν , and that the adjoint operator Rν := (Rθ)

∗ looks like this:

Rνz = ε−1 curl z, DomRν =
{
z ∈ Jν | curl z ∈ tL2(Ω)

}
.

Clearly, UT
ε ⊂ Jθ. The definition of the space UT

ε implies that

(10.2) UT
ε ⊥ KerRθ.

Indeed, let w ∈ DomRθ. For an arbitrary element y ∈ UT
ε such that y = ε−1 curl z,

z ∈ tC∞(sΩ), supp z ⊂ ΩT ∪ Γ, we have

(y, w)
tL2,ε(Ω) = (curl z, w)

tL2,ε(Ω) = (z, curlw)
tL2,ε(Ω).

Here we have used the definition (3.5) of the condition wθ |∂Ω= 0. So, for any w ∈ KerRθ

we have y ⊥ w, whence y ⊥ KerRθ. Since this is true for a dense subset in UT
ε (see the

definition (2.1)), relation (10.2) is proved.
With the help of the antiselfadjoint Maxwell operator

M :=

(
0 Rν

−Rθ 0

)
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acting in the space Jθ ⊕ Jν , we can write the solution of problem (10.1) with the initial
data y ∈ Jθ, z ∈ Jν as follows:

(10.3)

(
E(t)
H(t)

)
= e(t−T )M

(
y
z

)
.

Note that if {y, z} ∈ DomM, then {E(·, t), H(·, t)} ∈ DomM for all t. In this case

the fields E(·, t), H(·, t) belong to tH1(Ω), because Ω is a domain with smooth boundary,
so that the traces of these fields are well defined on Γ.

The following lemma describes the operator (WT )∗.

Lemma 9. For f ∈ FT
0 and y ∈ DomRθ, we have

(10.4) (WTf, y)Jθ
= −

∫ T

0

dt

∫
Γ

dΓx 〈f(x, t), NH(x, t)〉,

where H is the magnetic part of the solution {E,H} of problem (10.1) with the initial
data

E |t=T = y, H |t=T = 0.

Proof. Taking the initial conditions of problem (0.1) into account, we get

(10.5)

∫ T

0

dt [(e(·, t), E(·, t))Jθ
+ (h(·, t), H(·, t))Jν

]t = (e(·, T ), E(·, T ))Jθ
= (WTf, y)Jθ

.

On the other hand, since {E(·, t), H(·, t)} ∈ DomM, the Maxwell equations allow us to
transform the integrand as follows:

[(e(·, t), E(·, t))Jθ
+ (h(·, t), H(·, t))Jν

]t

= (curlh(·, t), E(·, t))
tL2(Ω) − (h(·, t), curlE(·, t))

tL2(Ω)

+ (e(·, t), curlH(·, t))
tL2(Ω) − (curl e(·, t), H(·, t))

tL2(Ω).

Since E(·, t) ∈ DomRθ, we have Eθ(·, t) |Γ= 0, and the sum of the first two terms
vanishes. For the remaining terms we have

(e(·, t), curlH(·, t))
tL2(Ω) − (curl e(·, t), H(·, t))

tL2(Ω)

= −
∫
Γ

〈e(x, t), NH(x, t)〉 dΓx = −
∫
Γ

〈f(x, t), NH(x, t)〉 dΓx.

Combining this with (10.5), we arrive at (10.4). �

10.2. Smoothing. We fix an even function ϕ ∈ C∞
0 (�) such that ϕ ≥ 0, suppϕ ⊂

[−1; 1],
∫
�
ϕ(t) dt = 1, and for δ > 0 set

ϕδ(t) := δ−1ϕ(δ−1t), t ∈ �.

Also, we introduce the following function on �:

ρδ(λ) :=

∫ δ

−δ

ϕδ(η) e−iηλ dη,

and the smoothing operator Gδ := ρδ(iM) acting on the space Jθ⊕Jν . Since the function
ρδ is real and bounded, Gδ is a bounded selfadjoint operator. Moreover, at infinity ρδ

decays faster than any power of λ; in particular, this implies that

(10.6) RanGδ ⊂ DomM, GδM = MGδ

(the second relation holds true on DomM). On the other hand, the limit

lim
δ→0

ρδ(λ) = 1
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is attained uniformly with respect to λ ∈ I for any interval I ⊂ �, and, therefore, the
sequence Gδ converges strongly to the identity as δ → 0.

Next, we show that the matrix representingGδ in the decomposition Jθ⊕Jν is diagonal:

(10.7) Gδ =

(
Gδ

e 0
0 Gδ

m

)
.

Consider the unitary operator S := �⊕ (−�) in Jθ ⊕Jν . Since M and −M are unitarily
equivalent, SMS−1 = −M, the spectral measure P of the operator iM is unitarily
equivalent to the spectral measure P− of the operator −iM. Hence for any Borel set
B ⊂ � we have

(10.8) S P(B)S−1 = P−(B) = P(−B).
Furthermore, since the function ρδ is even and ρδ(0) = 1, we can write

Gδ = P({0}) +
∫
(0,∞)

ρδ(λ) dPλ + S

[∫
(0,∞)

ρδ(λ) dPλ

]
S−1.

Obviously, S−1 = S, so that the sum of the second and the third term commutes with S.
The same is true for the first term by (10.8). Thus, [Gδ, S] = 0, which implies (10.7).

By (10.7), relations (10.6) imply that

(10.9) RanGδ
e ⊂ DomRθ, RanGδ

m ⊂ DomRν , Gδ
mRθ = RθG

δ
e, Gδ

eRν = RνG
δ
m

(the identities are valid on DomRθ and DomRν , respectively).
For f ∈ FT

00, we introduce the following procedure of smoothing f �→ fδ, δ > 0:

(10.10) rf(t) :=

⎧⎪⎨
⎪⎩
−f(2T − t) if T < t ≤ 2T,

f(t) if 0 ≤ t ≤ T,

0 if t < 0 ∨ t > 2T,

fδ := ϕδ ∗ rf.

We assume that the functions rf and fδ are defined for all t ∈ �.

By analogy with the space FT,s
0 of delayed controls, we introduce yet another space

FT,s
00 :=

{
f ∈ FT

00 | supp f ⊂ Γ× (T − s, T ]
}
.

Lemma 10. Suppose f ∈ FT,s
00 and δ ∈ (0, T − s). Then

(10.11) WTfδ = Gδ
e W

Tf.

Proof. We shall prove the equivalent claim:

(10.12) (WTfδ, y)Jθ
= (Gδ

eW
Tf, y)Jθ

, y ∈ DomRθ.

The solution {Eδ, Hδ} of problem (10.1) with the initial data {Gδ
e y, 0} and the solution

{E,H} of problem (10.1) with the data {y, 0} are related to each other as follows:

(10.13) Eδ = ϕδ ∗ E, Hδ = ϕδ ∗H.

This is a consequence of the following calculation, where we use (10.3):(
ϕδ ∗ E
ϕδ ∗H

)
(t) =

∫
�

ϕδ(t− η)

(
E(η)
H(η)

)
dη

=

∫
�

[∫
�

ϕδ(t− η) e−i(η−T )λ dη

]
dPλ

(
y
0

)

=

∫
�

e−i(t−T )λ ρδ(λ) dPλ

(
y
0

)

= e(t−T )Mρδ(iM)

(
y
0

)
= e(t−T )MGδ

(
y
0

)
=

(
Eδ

Hδ

)
(t).
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For the solution {E,H} we have

(10.14) E(·, T − s) = E(·, T + s), H(·, T − s) = −H(·, T + s).

Indeed, the formulas S−1 = S, SMS = −M imply that

e−sM = es·SMS = S esMS.

Now we can apply (10.3),(
E(T − s)
H(T − s)

)
= e−sM

(
y
0

)
= S esMS

(
y
0

)
= S esM

(
y
0

)
= S

(
E(T + s)
H(T + s)

)
,

to obtain (10.14).
Under our assumptions on f and δ, we have fδ ∈ FT

0 . By (10.4),

(WTfδ, y)Jθ
= −

∫ T

0

dt

∫
Γ

dΓx〈fδ(x, t), NH(x, t)〉.

Since the inner integral is defined for all t ∈ � and is an even function with respect to T
(because fδ and H are odd) vanishing outside of the interval (0, 2T ), we can write

−
∫ T

0

dt

∫
Γ

dΓx〈fδ(x, t), NH(x, t)〉 = −1

2

∫
�

dt

∫
Γ

dΓx〈fδ(x, t), NH(x, t)〉

= −1

2

∫
�

dt

∫
Γ

dΓx〈 rf(x, t), (ϕδ ∗NH)(x, t)〉

( rf was defined in (10.10)). By (10.13), for this expression we have

−1

2

∫
�

dt

∫
Γ

dΓx〈 rf(x, t), NHδ(x, t)〉 = −
∫ T

0

dt

∫
Γ

dΓx〈f(x, t), NHδ(x, t)〉.

By (10.4), this is equal to (WTf,Gδ
ey)Jθ

= (Gδ
eW

Tf, y)Jθ
, which proves (10.12). �

10.3. Proof of Lemma 2. Suppose z ∈ Jν satisfies

(10.15) z ⊥ closJν
RanRT

e .

Let zδ := Gδ
mz ∈ DomRν . Suppose f ∈ FT,s

00 ; then for δ ∈ (0, T − s) we have

(Rνz
δ,WTf)Jθ

= (zδ,RθW
Tf)Jν

= (z,Gδ
mRθW

Tf)Jν
= (z,RθG

δ
eW

Tf)Jν

= (z,RθW
Tfδ)Jν

= (z,RT
e W

Tfδ)Jν
= 0.

(10.16)

The third identity follows from (10.9), the fourth is a consequence of (10.11). The closures

of the spaces FT,s
00 and FT,s

0 in the norm of FT
+ coincide. Together with the continuity

of the map (2.6), this means that

closJT
ε
WTFT,s

00 = closJT
ε
WTFT,s

0 .

Therefore, in view of the approximate controllability (2.8), we see that the set WTFT,s
00

is dense in Us
ε . Hence, the calculation (10.16) shows that

Rνz
δ ⊥ Us

ε , δ ∈ (0, T − s).

Now, let y ∈ WT
ε , then there exists s ∈ (0, T ) such that y ∈ Us

ε , implying

(z,Rθy)Jν
= lim

δ→0
(zδ,Rθy)Jν

= lim
δ→0

(Rνz
δ, y)Jθ

= 0

(we have already mentioned that the sequence Gδ converges strongly to the identity as
δ → 0, whence zδ → z). Since y is arbitrary, we have

z ⊥ closJν
RθWT

ε .
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Since this relation is valid for any z satisfying (10.15), we conclude that

(10.17) closJν
RanRT

e = closJν
RθWT

ε .

The sets DomRT
e and WT

ε are included in the space UT
ε , which is orthogonal to KerRθ

(see (10.2)). From the results of Subsection 8.5 in [9], it follows that the restriction of the
operator Rθ to the orthogonal complement of its kernel has bounded inverse. Combining
this with (10.17), we see that the closure RT

e coincides with the closure of the restriction
of Rθ to WT

ε , which proves Lemma 2.
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