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Abstract. In this paper, we consider an initial-value problem for the Korteweg-
de Vries equation with time dependent coefficients. The normalized variable coefficient
Korteweg-de Vries equation considered is given by

up + O(t)uuy + U(H)Uugee =0, —oc0o <z <00, t>0,

where 2 and ¢ represent dimensionless distance and time respectively, whilst ®(¢), U(t)
are given functions of ¢(> 0). In particular, we consider the case when the initial data has
a discontinuous expansive step, where u(x,0) = uy for z > 0 and u(z,0) = u_ for z < 0.
We focus attention on the case when ®(t) = ¢° (with 6 > —2) and ¥(t) = 1. The constant
states uy, u_ (< uy) and § are problem parameters. The method of matched asymptotic
coordinate expansions is used to obtain the large-t asymptotic structure of the solution
to this problem, which exhibits the formation of an expansion wave in = > &—’l)t(‘s“‘l)
(ﬁi)t(dﬂ) as t — oco. We conclude
with a brief discussion of the structure of the large-¢ solution of the initial-value problem

as t — oo, while the solution is oscillatory in z <

when the initial data is step-like being continuous with algebraic decay as |z| — oo, with
u(z,t) = uy as x — oo and u(z,t) = u_(< uy) as ¥ — —o0.

1. Introduction. In this paper we consider the following initial-value problem for
the normalized variable coefficient Korteweg-de Vries equation, namely,

ug + P()uty + V() ugey =0, —co<ax <00, t>0, (1.1)
U_ <0
= ’ ’ 1.2
u(z,0) { "0 r>0, (1.2)
u(z,t) — { Um0 s, (1.3)
U, T = 00,
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where uy and u_ (< uy) are parameters and the monomial functions ®(¢) and ¥(¢) are
algebraic functions of t. We consider, without loss of generality, the case when

d(t) =1 (6 > 1), V() =1, (1.4)

and restrict attention in the analysis presented in this paper to § > —% (excluding the
case when 6 = 0 which has been considered in [24] and [25]). We note that the initial
data is a discontinuous expansive step. In what follows we label initial-value problem
CI)-@3) (with [T4)) as IVP.

The more general situation of equation (L)) with ®(¢) = t* (a > —1) and ¥(t) = t*
(8 > —1) where o # 8 can be transformed to equation (1)) with (I4) by the change of
variables

t
u=(B+1)"%a, T:/ P ds,
0

where § = %%[f (€ (=1,00)). When o = 8 the change of variable 7 = fot s*ds transforms

(I to the classical Korteweg-de Vries equation. We also note that equation (III) (with
(T4)) can be transformed, on writing « = t~%v, to the generalized Korteweg-de Vries

equation
0
v — ;v + vvy + Vgge = 0. (1.5)
Equation (I3 corresponds to the classical Korteweg-de Vries equation when § = 0, the
cylindrical Korteweg-de Vries equation when § = —1i (see for example [27]) and the
spherical Korteweg-de Vries equation when 6 = —1 (see for example [2§]).

The classical Korteweg-de Vries equation (§ = 0) was named after D. J. Korteweg
and G. de Vries who derived the equation in 1895 (see [21]). However, the equation
had already appeared earlier in the work of Rayleigh [33] and Boussinesq [3]. Although
the Korteweg-de Vries was originally derived in the context of shallow water waves as
a canonical equation combining both nonlinearity and dispersion it arises in the mod-
elling of many physical phenomenon including for example: ion-acoustic waves [37], the
anharmonic lattice [39], waves in the atmosphere and ocean [29] and pressure waves in
liquid-gas bubble mixtures [3§]. Clearly, the literature relating to the Korteweg-de Vries
equation is vast and we make no attempt in this here to summarize it, rather we make
reference only to the most salient to this present paper. However, the interested reader
is referred to the following excellent reviews and books on the subject (and the extensive
lists of references contained therein) [I, [35], [4], [8], [10], [14], [15], [16], [26], [3Q], [31]
and [34].

The variable coefficient Korteweg-de Vries equation ([I]) arises in the modelling of
numerous complex physical systems (for example, waves in elastic tubes [5] and water
waves moving over a shelf [I9] and [6]), but is far less studied in the literature than
its constant coefficient counterpart. This is due in part to the fact that methods of
solution such as inverse scattering which can be applied to the classical Korteweg-de
Vries equation are not applicable in general to equations of the form (II]). We further
note that in the majority of the existing studies on initial-value problems for the variable
coefficient Korteweg-de Vries equation the focus has been on soliton propagation (see for
example, [I1], [I7], [19] and [12]). Finally, we draw the attention of the interested reader
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to a number of interesting studies, given in [9], [20], [32] and [36], that identify exact
solutions of the variable coefficient Korteweg-de Vries equation.

It is well known (see [20] for example) that equation (II]) will pass the Painlevé test
if and only if the functions ®(¢) and () satisfy the condition,

w(0) = #(0) (« | "a(s)ds ra).

where ¢ and c¢; are arbitrary constants with ¢2 + ¢ # 0. Consideration of (L4]) indicates
that this condition can only be satisfied when § = 0 and equation (LI]) reduces to its
integrable constant coefficient counterpart the classical Korteweg-de Vries equation, or
when § = —% and equation (IT]) reduces to the integrable cylindrical Korteweg-de Vries
equation which in turn is related to the classical Korteweg-de Vries equation.

It is the purpose of this paper to obtain the detailed asymptotic structure of the initial-
value problem IVP as t — oo, uniformly for —oco < < co. The methodology we employ
is based on the method of matched asymptotic coordinate expansions and was developed
in the context of reaction-diffusion equations (see for example the monograph [23]). This
technique uses matched asymptotic coordinate expansions to transfer information from
the initial data (I2) as ¢ — 0, via asymptotic structures when ¢t = O(1) as |z| — oo, into
the asymptotic structure as ¢ — co. The initial-value problem for the classical Korteweg-
de Vries equation when the initial data has a discontinuous expansive (compressive) step
has recently been considered via this approach in [24] ([25]).

The structure of the paper is as follows: in Section 2 we develop the complete large-t
solution, u(z,t), of IVP which exhibits the formation of an expansion wave profile, where

up 4 (541)
Uy, x> (5_~_+1)t( ,
u(xvt) - —(& uU_ P u £} (16)
{ 0+ et~ Gt <z < Gty

as t — oo, uniformly in z, while u(z,t) is oscillatory (oscillating about v = u_) for
T < G
structure of the large-t solution of the initial-value problem when the initial data is
‘step-like’ being continuous with algebraic decay as |z| — oo, with u(z,t) — us as

x — oo and u(z,t) = u_(< uq) as x — —oo. Specifically, we consider

t0+1) as t — 0o. We conclude in Section 3 with a brief discussion of the

u_ + A +O(E(\x|)) as x — —oo,
u(z,0) = o (1.7)
R

u++x7+O(E(|x|)) as o — oo,
where Ay, (> 0), Ag (< 0) and v (> 0) are parameters and E(|x|) is linearly exponentially
small in z as |x| — co. This change in initial data leads to a significant change in the
detailed structure of the large-t solution of the initial-value problem (I, (7)), (T3)
and (L4]). These changes in structure illustrate just how sensitive the large-t solution
is to changes in the initial data. We note that although the large-t attractor for the
solution of this initial-value problem is again an expansion wave the details of all the
asymptotic regions that constitute the large-t structure are now modified (see Section
3 for full details). In particular, the oscillations observed in the large-t solution of IVP
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inz < (6+ )t(5+1) are not present up to O (t 7(5“)) as t — oo in the solution to this
problem.

Finally, we note that the analysis presented in this paper is formal in nature being
based on the method of matched asymptotic coordinate expansions. Further, in the anal-
ysis of some of the boundary value problems considered we have had to make conjectures
based on the available supporting numerical evidence. It is hoped that the structure of
the large-time asymptotic solution of IVP presented in this paper will form the basis for
a more rigorous analysis of this interesting initial-value problem in the future.

2. Asymptotic solution as t — oo. In this section we develop the asymptotic
structure of the solution to IVP as t — oco. We must first begin by examining the
asymptotic structure of the solution of IVP as ¢t — 0.

2.1. Asymptotic solution to IVP ast — 0. Consideration of the initial data ([2)) indi-
cates that the structure of the asymptotic solution to IVP as t — 0 has three asymptotic
regions for x € (—oo, 00), namely,

region I: x =o(1), u(z,t) = O(1)
region IT™: 2 =0(1) (> 0), wu(z,t) =uy —o(1) as t—0. (2.1)
region II": 2z =0(1) (<0), u(z,t)=u_~+o0(1)

Consideration of equation (1)) for ¢ < 1 indicates that the small-time solution of IVP

follows, after minor modification, that given in [24]. For brevity we omit the details and
summarize as follows:

Region I. z = O(t3) as t — 0.
n=at"3 =0(1) as t — 0, and,

(u— + 2uy)

u(n,t) = 3

37 3n
— (u- — u+)/ Ai(s)ds | +o(1), (2.2)
0
as t — 0 with n = O(1), and where Ai(.) is the standard Airy function (see [2]).
Region IIT. z = O(1) (> 0) as t — 0.

u(z,t) = uy — e @Y, (2.3)
as t — 0 with x = O(1)(> 0), and where

;
ST - it 4 flne -1 (u+ v 4>+0 tors )v §>—1,
1
b(ot)= | AT - iint+ e - Ted - 1”(%)%(1), §=-1,
1
3\2@1:%15*% 5+1)\/_Z2t(6jL )~ flnt+ flna—1In (%) +o(1),
—2<5<—

ast — 0 with x = O(1) (> 0).
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Region IT-. 2 = O(1) (< 0) as t — 0.

u(z,t) =u_ + (ew+(z’t) + ew‘(m’t)) (2.5)
as t — 0 with x = O(1) (< 0), and where

P 1
+icZe ()3t 4+ fInt + [ﬂg — 3In(—z) +1In (7@2;)34 )}

tiz2o(—2)3t7 3 + Lint + {ii% +i2=(—2)? — §In(—x)
Vi t) = +1n(%)]+o<1>7 5=-4
Figlo(—) 372 Tt (—a) 3O 4+t + [ii% — 3In(-2)
+1In (—(M;:;;)ﬂ ) } +o(l), -3<d<-—3,
2.6)

as t — 0 with x = O(1)(< 0).

The asymptotic structure as ¢t — 0 is now complete, with the expansions in regions I,
II* and II™ providing a uniform approximation to the solution of IVP as t — 0.

2.2. Asymptotic solution to IVP as |x| — co. We now investigate the asymptotic
structure of the solution to IVP as |z| — oo with ¢ = O(1). We first determine the
structure of the solution to IVP as  — oo with ¢ = O(1). The form of expansion (23]
(with Z4)) of region ITT for x >> 1 as t — 0 suggests that in this region, which we label
as region IITT, we write

u(z,t) = uy —e 9@ (2.7)
as x — oo with t = O(1), and where
0(z,t) = 0o(t)z? + 0, ()27 + 05(t) Inz + 05(t) + o(1) (2.8)

as ¢ — oo with ¢ = O(1). On substituting (227)) and (28] into equation () and solving
at each order in turn, we find (after matching with (23]) as ¢ — 0*) that

2 13 Uy s+ly 13
wz,t) =uy —exp | — —=t 222 + —+ 033 _ Zpy
(t) = p( 33 (G+1)V3 1
. ( 3k (2.9)
Uy —U_)O4
“Int A 2
+4 n +ln< N )—1—0(1))

as * — oo with ¢ = O(1). Expansion (23) remains uniform for ¢ > 1 provided that
x> A(t), but becomes nonuniform when = = O (A(t)) for ¢ > 1, where

t=1, —2<6<0,
A(t) :{ TN (2.10)

We next investigate the structure of the solution to IVP as z — —oo with ¢ = O(1),
which we label as region III~. The details in this case follow, after minor modification,



366 J. A. LEACH

those given above and we obtain in region ITI~ that
u(z,t) =u_ + (elﬁ(”) + elz’*(“”t)> (2.11)

as x — —oo with ¢t = O(1), and where

~ 2 1 _
D (a,t) = Fi—t™ 3 (—)3 iR (g)F

3V3 (64+1)v3

.\ (2.12)
+iZ 4 1n <M> +o(1)

as © — —oo with ¢ = O(1). Expansion (2.12) remains uniform for ¢ >> 1 provided that
(—z) > A(t), but becomes nonuniform when (—z) = O (A(t)) as t — oo, where A(¢) is
given by (ZI0).

2.3. Asymptotic solution to IVP as t — co. As t — 00, the asymptotic expansions
@3) and @2II) (with @&I2))) of regions IIIT (x — oo, ¢t = O(1)) and III~ (z —
—o0, t = 0(1)), respectively, continue to remain uniform provided |z| > A(t) as t — oc.
However, as already noted, a nonuniformity develops when |z| = O (\(t)) as t — oo,
where A(t) depends on § and is given by (2I0). Therefore, in what follows we must
consider the cases when —% < § < 0 and when 6 > 0 separately.

2.3.1. 6 > 0. We now investigate the structure of IVP as t — oo when 6 > 0 and
uy > u_. Before we begin we note that a schematic representation of the asymptotic
structure of IVP as t — oo in this case is given in Figure [[I We recall from Section
that expansions (2.9) and 2II)) (with (ZI2) of regions IIIT (z — oo,t = O(1)) and
IIT~ (z — —oo,t = O(1)) respectively, continue to remain uniform provided |z| > t(0+1)
as t — oo. However, as already noted, a nonuniformity develops when |z| = O (t(‘sﬂ))
as t — co. We begin by considering the asymptotic structure as ¢ — co moving in from
the far field region IITT, when z > t®t1) as t — co. To proceed we introduce a new
region labelled as region IV™, in which 2 = O (t0+Y) as t — oo.

Region IV*. To examine region IVT we introduce the scaled coordinate

x

where y = O(1) as t — oo in region IV, whilst the form of expansion (23] in region
IIT*, when ¢ > 1 and z = O (¢t(®+1)) requires that we expand as

u(y,t) = uy — e fWH (2.14)
as t — oo with y = O(1), and where

Fy.t) = foly) 23D 4 fi(y) Int + fo(y) + o(1) (2.15)

as t — oo with y = O(1), and where fo(y) > 0. On substituting (2I4) and (217 into
equation (LI} (when written in terms of y and ¢) and solving at each order in turn, we
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find (after matching with ([Z9) as y — oo) that

=y, — _ 2 _ U : 1(3542) _
u(y,t) = uy exp( 3\/§<y (5—|—1)> t (35+2)lnt

3 u (uy —u_)3%
—Zln<y—(5T+1)>+ln< +2\/_ )—l—o(l))

as t — oo with y = O(1) (E ((51—”“1), oo)) Expansion (2.16) becomes nonuniform when
y = (5+1 + O (t7°) as t — oo (that is, when 2 = (;:1)’5(6“) +O0(t) ast — o0). To
proceed we introduce a localized region, region V7.

(2.16)

Region V1. To investigate region VT we introduce the scaled coordinate 7 via

n= (y— e )t‘i (2.17)

6+1

as t — oo with n = O(1), and look for an expansion of the form (as suggested by (Z16]))
u(n,t) =uy — e~/ (2.18)
as t — oo with n = O(1), and where

fn.t) = fom)t + fi(n) Int + fa(n) + o(1) (2.19)

as t — oo with 7 = O(1), and where fo(n) > 0. On substituting (2I8) and (ZIJ) into
equation ([LI)) (when written in terms of 7 and t) and solving at each order in turn, we
find (after matching with [2I6) as n — oo) that

u(t) = us — exp (—

2 5 1 i
3\/§n2t—§lnt+H+(n)+o(l)) (2.20)

as t — oo with 7 = O(1) (> 0), and where the function H*(n) : (0,00) — R is undeter-
mined, but having

2ym

Expansion (Z20) becomes nonuniform when 7 = O(t"3) as ¢ — oo (that is, when

R 3 —u_)31
H+(n)~—11nn+ln<w> as 1 — oo.

Y= 61:-—+1 +0 (t—§(35+2)) as t — o0). Therefore, we must now introduce a second local-

ized region CR™ (corner region) in which y = (6+1) +0 ( 3‘”2)) as t — oo.

Region CR™. To examine region CR™ we write

+ £t 3B (2.21)

v= (5+1)

in region CR™, with ¢ = O(1) as t — oco. It follows from (22])) and expansion (Z20) in
region V', that we should expand as

u(é,t) =uy + F(§O() +0(O()) as t— o0 (2.22)
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with € = O(1), and the gauge function ©(t) = o(1) as t — oo is to be determined. On
substituting ([2.22)) into equation (LI)) (when written in terms of £ and t) we obtain

o(t . o(t
O'(t)F — #%F + 0Dt FF: + %F&f =0. (2.23)

A nontrivial balance (that retains the most structure in equation (Z23))) requires

t(‘;_%)@z(t)wy as t— oo,

and so, without loss of generality, we have that
Ot) =t~ 3(30%2), (2.24)

We observe that all terms in ([2.23)) are retained at leading order as ¢ — oo and (2.23))
becomes :
1
Sp. =
373
We note that equation ([Z.25]) admits the solution
F()=(0+1), —oo<{<oo0.

Feee + FFe — (304+2)F =0, —oo<¢&<oo. (2.25)

Now matching expansion (Z20) (as n — 01) with expansion ([222) (as £ — oo) requires
first that

- 36 1
Ht(n) ~ (54-1) Inp+InD as n— 07, (2.26)
with D > 0 as yet undetermined, after which we require that

3
F(&) ~—De(F+1) 753 a5 € - oo (2.27)
Finally for u to remain bounded as t — oo when y = (;TH) — O(1) then we require,

E1F(€) is bounded as €& — —o0. (2.28)

The leading order problem is now complete, and is given by (228, (2221) and ([2:28]). The
boundary value problem (2:28)-([2Z28)) is both nonlinear and nonautonomous. A numerical
study of initial-value problem (228) and (227 using a shooting method has been carried
out in [24] for the case when 6 = 0, and this approach can readily be extended to consider
the current situation where § > 0. Following [24] it is straightforward to conjecture, via
the shooting method, that for fixed § > 0 (for the values of § tested) there exists a
value D = D* such that boundary value problem ([2:28)-(228) has a unique solution, say
F = F*(&), for —oo < £ < 0o. Moreover, F*(§) is monotone increasing in —oo < £ < 00,
such that F*(§) < 0 for all —co < £ < 00, and

FY(©) = 6+De+a(-) 77 +0 (-9 e (- 20421 (-0)F) ) 29)
as & — —oo, where « is a constant. We note that (2.29) was obtained by developing
the boundary condition as £ — —oco. We note as in the case when § = 0 initial-value
problem ([225)) and (2:27)) admits solutions which blow up at finite-£ and solutions which
are oscillatory in £ < 0. However, the former do not satisfy condition ([2.28]), while the
latter can following the discussion given in [24] be ruled out at this stage. We conclude
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that D = D* (where the value of D* depends on the value of 0), and F = F*(§) for
—o0 < € < 0.
Finally, when 6 = 0 we recall from [25] that on making the substitution

F(€) =237 (W) - W3(@). €=3%1 (2.30)
boundary value problem (2.25)-(2.28)) becomes
Wis =aW +2W3,  —co < 1) < oo, (2.31)
. D i 2 93 R
W (i) ~ S/l exp (—gn as 1) — 00, (2.32)
(=) Y2W (H) is bounded as 7 — —oo, (2.33)

where we recognize equation (2Z.31]) as the second Painlevé equation. Moreover, it has
been established in [13], that equation ([231)) has a solution W = W*(7}), —oo < 7} < o0,
for which

ﬁ*i exp (—%ﬁ%) as 1 — o9,

W*(5) ~ (2.34)

>

(—5) as 1 — —oo.
A comparison of ([234); with ([Z32) establishes that D* = \/— , while a comparison of
@30) (with [234)2) with (229) (when 6 = 0) gives that o = —\/g. Unfortunately,

similar results for 6 > 0 are not available.
Now as £ — —oo, we move out of the corner region, region CR™, into region EW

expansion wave region), where y = O(1) (€ (—o0, w=t~ ) ) as t — 0.
(0+41)

Region EW. It follows, via (222]), 224) and (229) that in region EW we have that
u(y,t) = O(1) as t — oco. Hence we expand as

ul(y,t) = Goly) + Ga(y)t~ ) + o (17@*D) (2.35)

ast — oo with y = O(1) (6 (—oo, (C;LTH))) On substitution of (2.35]) into equation (L))

(when written in terms of y and ¢) we obtain the leading order problem as

G, (Go 5+ 1)y> =0, —co<y< (5?1)’ (2.36)
Go(y) ~(6+1)y as y— ((5?1», (2.37)

with the final condition being the matching condition with region CR*. The solution of

(Z38), [237) is readily obtained as
Go(y) =(0+1)y, —oco<y<

U+
. 2.38
(6+1) (2:38)
The function G (y) remains undetermined, being a remnant of the global evolution when
t = O(1). However, matching to region CR™ requires that

G1(y) ~o¢<(51f:1) —y)miﬁ) as Yy — ((5?1)>'
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The solution in region EW is therefore given by

uly.t) =0 +1)y+0 (t—<5+1)) (2.39)

as t — oo with y = O(1) (6 (—oo, - )) We will establish later in this analysis that

(5]
Y€ ((5+1) (5_;)) as t — oo in region EW.

We next develop the asymptotic structure of u(y,t) as t — oo, moving in from region
IIT~ (when (—y) > 1) to y = O(1) as t — oo. To proceed we introduce a new region,
labelled as region IV ™.

Region IV~. It follows from expansion (Z1I1]) (with 2I2)) that in region IV~ we should
expand as

u(y,t) =u_ + (eg+(y’t) + eg_(y’t)) (2.40)

as t — oo, and where
g . t) = £igo ()12 + gi(y) Int + ga(y) £ i galy) +o(1) (2.41)
as t — oo with y = O(1)(< (5u+—+1)) On substituting ([240) and ([24I) into equation

(CI) (when written in terms of y and t) and solving at each order in turn, we find (after
matching with (ZI1)), 212) as y — oo) that

3

2 U_ 2
— S B 1(3642) _
u(y,t) = u_ + exp (lg\/g <(5+1) y> t (35+2)lnt

3 U_ LT (u U—)?’%
_Zln(m—y)ﬂzﬂn( +2\/_ >+o(1)>

3
[ S ’U,—__ ’ 2(35+2 N1
—I—exp( 13\/_<(5+1) y) t 4(35—1— )Int

3 U N (up —u_)3%
—Zln(((ﬂ_l)—y)—zz—kln( +2\/_ >+0(1)>

as t = oo with y = O(1) (6 (—oo, (5“+—*1)>> The large-t solution of IVP is therefore

(2.42)

(36+2)

oscillatory in y < 6 +1) with the oscillatory envelope being of O (t 1 ) as t — oo.

Expansion (Z42]) becomes nonuniform when y = eEs)) P =y +0 (t g ) as t — oo (that is, when

o u—
=61

)t(5+1) +0 (t) ast — 00). To proceed we introduce a localized region, region V=
Region V™. To investigate region V~ we introduce the scaled coordinate 7 via

U_
= (y— 5+1>t5, (2.43)

as t — oo with 7 = O(1), and look for an expansion of the form (as suggested by (Z42]))

w(i,t) =u_ + (egﬂﬁ,t) + e@*(m)) (2.44)
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as t — oo with 7 = O(1), and where
g (0) = £ go(Mt + g (M) It + Go(7) £ 1.94(7) + 0(1) (2.45)

as t — oo with 7 = O(1). On substituting (2.44)) and ([Z45) into equation (LIJ) (when
written in terms of 7j and ¢) and solving at each order in turn, we find (after matching
with (Z42]) as 7] — —o0) that

u(f,t) = u_ + exp (z% (—ﬁ)% t— %lnt—l—Ho(ﬁ) + i Hi(7) —l—o(l))
(2.46)
+exp (—i%(—n)%t— %lnt—l—Ho(ﬁ) —z'Hl(n)+o(1)>

as t — oo with 7 = O(1)(< 0), and where the functions Hy(77) and Hi(7) remain
undetermined, but matching with region IV~ requires that

(ugy —u_)3%

Hy(n) ~ —gln(—ﬁ) + In <T> , Ho(n) ~ % as 1] — —00.

It is instructive in what follows to rewrite expansion (2.48]) in terms of the cosine function
to give
_ Hy(7) 2 s _ 1
) =u_ + = _ (-2 t+ H, +o| = 2.47
u(i,t) = u 3 5507 o(m) ) +ol 7 (2.47)

t2

as t — oo with 7 = O(1) (< 0), and where Hy(77) = 2exp (H1(77)). We note that the
oscillatory envelope of the large-t solution of IVP in region V~ of O (t’%) as t — oc.

Expansion (Z47) becomes nonuniform when 7 = O(t"3) as ¢ — oo (that is, when

u—

Y=t O (t7§(35+2)) as t — o0). Therefore, we must now introduce a second

localized region CR™ (corner region) in which y = (;Til) +0 (t*%(g";”)) as t — oo.

Region CR™. Thus we write

Uu—

V= GrTy T £ 3(30+2) (2.48)

in region CR™, with £ = O(1) as t — oo. It follows from expansion (247) and (248
that in region CR™ we should expand as

w(é,t) = u_ + F(E) 33D 4 (t—%<35+2>) (2.49)

as t — oo with & = O(1). On substitution of expansion ([2.49) into equation (LIl (when
written in terms of £ and t) we obtain at leading order

1
Fege+ FFe— SFe— 2 (36 42)F =0, —0<E<ox, (2.50)
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which we recognize as equation (225) of region CR*. We recall that equation (Z50)
admits the solution

F)=(0+1)¢ —o0o0o<<o0.

Now matching expansion (2.47) (as 7 — 0~ ) with expansion (2.49) (as £ — —o0) requires
first that

- 3541 _ _ _

A1) ~ Bo(=) (3 Ho() ~ 81 as 57— 07,
with the constants Sy (> 0) and $; undetermined at this stage, after which matching
requires that

FO~ -9 D aos (o0 1) a5 €0 (25)

2
3v3
The matching condition between expansion ([Z49) (as £ — oo) and expansion (2.39) (as

y— ((;ﬂr—’l)) ) of region EW then requires that
F()~(+1)¢E as &— oo. (2.52)

The leading order problem in region CR™ is now complete, being the nonlinear nonau-
tonomous boundary value problem (Z50), Z5I) and (2Z52). The boundary condition
[2E2) can be developed to give

F(f):(5+1)f+§7‘3571+2) <&+Rcos<§ 5+§§%+[32>>+0(£(3<§1+2>> (2.53)

as & — oo, with f, @ and R constants to be determined. However, consideration of
Z49) (with [2353)) as we move into region EW reveals that matching with expansion
([Z39) of region EW requires that R = 0, and

Gl(y)~a<y_(51::1))_w as y—><(5l:1))+7

F(§) = (5 +1)€ + g™ @ + 0 (¢ w5 ) (2.54)

as & — 00. The boundary value problem (Z50), Z51) and (Z54) is both nonlinear and
nonautonomous. A numerical study of initial-value problem (Z50) and ([Z54) using a
shooting method reveals that a unique solution exists, which is oscillatory in £ < 0, being
of the form (Z5I) for (=€) > 1, for each @ > o™ (where a™ > 0 is a constant which
depends on § > 0). However, when & < o™ (excluding @ = 0) the solution to initial-
value problem (Z50) and (254) blows up at finite £, whilst when & = 0 the solution to
initial-value problem ([Z50) and Z354) is F(§) = (§ + 1)§. We conclude, by making the
conjecture (based on the available supporting numerical evidence), that boundary value
problem (2.50), 2.51]) and ([Z54) has a unique solution for each & > a, but no solution
for & < a™. Moreover, for a specified @ > a™, then By and B; are fixed uniquely. The
parameter & remains undetermined in this analysis. Finally, we note that o™ — 0 as
§d—0F.

giving that
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O (tié) U(U~ t) O (tié)
,5,% 707?
0 (t > 0 (t >
VooVl e EW @ vl
: i : (0 : : :
+ : 4
u(y, t) = Ut
+0(EXP
u(yt) =u B ~ —
) 10 (2—%&%) o1 u(y,t) = (6+1)y o1 y
- : oty
" |

Fic. 1. A schematic representation of the asymptotic structure of
u(y,t) in the (y,u) plane as t — oo for IVP when 6 > 0 and u4 >
u—. Here (EXP) denotes terms exponentially in ¢ as ¢ — oo and
y = 2t~ 0+ We note that the solution to IVP is oscillatory in

regions IV~ and V7, and we recall that v = u_ + O (t7%> as

2
t — oo in region V~ while u = uy — O (t757§> as t — oo in region

CR™T.

The asymptotic structure to the solution of IVP as ¢ — co when 6 > 0 and uy > u_ is
now complete. A uniform approximation has been given through regions IV, V* CR*
and EW. A schematic representation of the location and thickness of the asymptotic
regions as t — oo is given in Figure[Il The large-t attractor for the solution of IVP when
0 > 0 and uy > u_ is the expansion wave which allows for the adjustment of the solution
from uy to u_.

2.3.2. —% < 8 < 0. We now investigate the structure of IVP as t — oo when —% <
0 < 0 and uyp > u_. We recall from Section that expansions (Z9) and Z.I1)) (with
ZI2) of regions IIIT (x — oo,t = O(1)) and III~ (x — —oo,t = O(1)) respectively,
continue to remain uniform provided |z| > t as t — oco. However, as already noted,
a nonuniformity develops when |z| = O (t) as t — oco. We begin by considering the
asymptotic structure as ¢ — oo moving in from region IIIT, when x > t as t — oo. To
proceed we introduce a new region labelled as region R, in which 2 = O (t) as t — oc.
To examine region R we introduce the scaled coordinate

==, (2.55)
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where ( = O(1) as t — oo in region R. Following Section 231] we readily find that in
region R we have

2 3 u 1.5 1
exp (——3\/§C2t+\/§(;+1)y2t( +1)—§lnt+H2 Q)+o )
L<s<o,
2 f—

u(C,t) = uy — exp< ng t+ [f(5+1)yzt<5+1> +O(t<25+1>)] —1lnt  (2.56)

+H2(C)+0(1)>7 ~2<§< -1,

as t — oo with ¢ = O(1) (> 0), and where the function Hs(¢) : (0,00) — R remains
undetermined being a remnant of the global evolution when ¢t = O(1), but having

H2(§)N_%1n4+1n<(u 2;_)?)2) as ( — 0.

Further, we will require that
3 +
H2(4)~—11n<+co as (— 07,

where Co (> 0) is a constant. Expansion (Z56]) becomes nonuniform when ¢ = O (t5 ) as
t — oo (that is, when z = O (t0+1)) as t — o0).

We next develop the asymptotic structure of u{,t) as t — oo, moving in from region
III~ (when (—¢) > 1) to ¢ = O(1) as t — oo. To proceed we introduce a new region,
labelled L. Following Section 2Z.3.1] we obtain in region L that

u((,t) =u_ + (ekﬂc’t) + eki(“)) (2.57)
as t — oo with ¢ = O(1) (< 0), and where
tigis(—Qst (=02t — It + Hy(Q) & i Ha(Q) + o(1),

3v3 \/_(6+1) )
ki(C; t) = .92 3 . U_ (5+1 25:1)5 S 5 1< 0
i35 (-0 i | s (<O 40 (#07)| - 1nt+H3(<)
+iHy(C) + o(1), —3<i<—

(2.58)
as t — oo, with ¢ = O(1) (< 0), and where the functions H3({) and H4(¢) remain
undetermined, but matching to the far field requires that

1

(ug —u_)31
2V

Expansion (2.58) becomes nonuniform when (—¢) = O(t°) as t — oo (that is, when
(—z) =0 (t®*tD) as t — oc0).

Therefore, to complete the asymptotic structure in this case it remains to investigate
the region when |¢| = O(#°) as t — oo. To investigate this region we introduce the scaled
coordinate

as ( — —oo.

S

H3(¢) ~ =3 In(~0) +1n< ) L HQ) ~

T
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as t — oo with y = O(1). The asymptotic structure of the solution to IVP as ¢ — oo
follows, after some minor modification, that given through regions IV, V+ CR* and
EW in Section 2.3.1] and is summarized here for brevity.
Region IV*. 2 =0 (t9*Y) as t — oo
Y= = 0(1) (e ((gﬁl)’oo)) as t — oo, and
g
u(y,t) =uy —exp | — 2 (y— U ) $3(30+2) _ (35+2)lnt
’ 3v3 (6+1)

3 U
-7l (y— (5:1)> +1nC0—|—0(1)>

Region VT wt 0T 1 O(t) as t — o0

( )

as t — oo with y = O(1 < <

T e
)5 )(>0) as t — oo, and

2 s 1 -
t) =uy — - it—-Int+H" 1
uln ) = s exp( et t= gt )+ o))

as t — 0o with 7 = O(1) (> 0), and where the function H*(n) : (0,00) — R is undeter-
mined, but having
ITF() —%lnn—l—lnCO as 1 — o9,
g (26 + 1) Inn+InD* as 1 — 0T,

where D* (> 0) is a constant.

Region CR*. z (5+1) +0 <t%> ast — oo
£=nti =O(1) as t — oo, and

u(€,t) = up + FH(E) 3342 1 (t—%(35+2))

as t = oo with £ = O(1), and where F*(¢) is the solution to boundary value problem

229), Z27) and (Z28) when D = D*. Also

F*(&) ~ { ~preoe it 8 &= oo, (2.60)
0+ DE+ a(=¢£) @ as & — —oo,

with D* and « discussed earlier. A numerical study of initial value problem (225) and
[227) using a shooting method reveals that there exists a value D = D* > 0 such that
boundary condition ([2:28)) is satisfied for each D € (0, D*], whilst for each D € (D*, o0)
the solution blows up at finite-. In particular, the solution of ([2:25]), [2:27)) is oscillatory
in £ <0 when 0 < D < D*, while F(§) ~ (6§ + 1) as £ = —oo when D = D*. Confirm-
ing that a unique solution, F*(£), to boundary value problem ([223)), (227) and (2.:28])
satisfying condition ([Z.60)s exists when D = D*.
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Region EW. z = O (V) as t — oo
Y= e = 0(1) (E ((;_;1), ((;3:1))) as t — oo, and

u(y,t) =+ 1Dy +0 (t*(‘;“))

as t — oo with y = O(1) (E ((51:1), (513:1))).

Region CR™. z = (6"_%—’1) +0 (t%) ast — oo

§= ﬁt% =0(1) as t — oo, and
w(§,t) = uy + POEHETD 4 o (150542)

as t — oo with £ = O(1), and where F(§) is the solution to boundary value problem

250), 251) and [254), and has

F { (5+1)§+d§_m as & — oo,

BO(_g)(%‘;-‘ri) CcoS (3—\2/5(—5)% —+ 61> as 5 — —00, (2.61)

with By and (31 as discussed earlier. A numerical study of initial value problem (Z50)
and (Z54) using a shooting method confirms that a unique solution, F(£), to boundary
value problem ([250), (Z5I) and [254) exists for each & > 0, but no solution exists for
@ < 0. Although we have not been able to determine & in this analysis, a specified &
fixes By and (1 uniquely.

Region V™. 2 = 7775 + O (t) as t — oo
7= (v i) = 0(1)(< 0) as ¢ = oo, and

a 2 3 1
cos | —=(—N)2t+ Ho(7) ) +o| 2.62
Weos (Ze-ntermm)+o() 2o
as t — oo with 7 = O(1) (< 0), and where the functions H;(77) and Hy (7)) are undeter-
mined, having

Hy(7) ~ Bo(—m)(37+3) | Hy(m) ~ By as 70"

Region IV™. z = O (t0+Y) as t — oo
Y= 1o = o(1) (E (—OO7 ﬁ)) as t — oo, and

u(y,t) = u_ + (eiﬁ(y’t) + ei“_(y’t)) (2.63)

as t — oo, and where

K (y,t) = +i

3
< u )_y> 14— Jnt o Hy(y) & i Ho(y) + o(1)

2
3v3\(6+1
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as t — oo with y = O(1) (6 (—oo, ((S“Jr—*l))), and where the functions H;(y) and Hg(y)

remain undetermined.

The undetermined functions in expansions (258, (2.63), (Z:62) of regions L, IV™, V~
respectively, are remnants from the evolution when ¢ = O(1). Although, they remain
undetermined they must allow for matching between regions L, IV~ and V.

The asymptotic structure to the solution of IVP as ¢ — oo when —% < 6 < 0 and
uy > u_ is now complete. A uniform approximation has been given through regions
L, IVt V£ CR*, EW and R. The large-t attractor for the solution of IVP when
—% < d < 0and uy > u_ is the expansion wave which allows for the adjustment of the
solution from uy to u_.

2.3.3. Summary. In this section we have obtained, via the method of matched asymp-
totic coordinate expansions, the uniform asymptotic structure of the large-t solution to
the initial-value problem IVP for —% <0 < 0and d >0 when uy > u_ (the case when
d = 0 having been considered in [24]). In each case the large-t structure was obtained
by careful consideration of the asymptotic structures as ¢ — 0 (—oco < = < c0) and as
|z| = oo (¢t > O(1)). In both cases the solution, u(z,t), to IVP exhibits the formation
of an expansion wave profile in y > (&—‘1) (where we recall that y = xt_(5+1)), with

U, Yy > ;—Jl)’
u(ytO+H 1) — ~
(5 + ]')y) ((;:,1) S y S (5“4:1)7
as t — oo, uniformly in y, while the solution is oscillatory (oscillating about u = wu_)
for y < (;Til)’ with the oscillatory envelope for (—y) > 1 being of order O (t*%(%“))

[O (t*%)} as t — oo when § > 0 [—% < § < 0], respectively. The rate of convergence

to the expansion wave in region EW is of O (t*(‘s“)) as t — oo. Finally, we conclude
by noting that regions V* present in the large-t solution of IVP are not present in the
large-t solution given in [24] for the case = 0.

3. Discussion. We conclude by giving a brief overview of the structure of the large-t
solution of IVP when the initial data is continuously differentiable and has algebraic
decay as |z| — oo (step-like initial data), rather than the discontinuous expansive step
considered above. Specifically, we consider

A
u(z,0) = - (—g;L)w + O(E(‘CUU) as T — —o0,

. (3.1)
u++x7+O(E(|x|)) as o — oo,

where Ay, (> 0), Ag (< 0) and v (> 0) are parameters and E(|x|) is linearly exponentially
small in z as |z| — oo. In what follows we refer to initial-value problem (I, B3Il and
([C3) as IVP2. The structure of asymptotic solution of IVP2 as ¢t — 0 (—oo < & < 00)
as |z| = oo (t = O(1)) follows, after minor modification, that given in [22] ([7]) and is
omitted here for brevity. We now review the structure of the asymptotic solution of IVP2
as t — oo, and focus attention initially on the situation when 0 < v < 36 4+2. The large-t
structure of the solution of IVP2 when § > —% (taken for direct comparison with the
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u(y.t)
o) o)
m- CR ™ EW CR" m-
H H u+ H H 4
u(y,t) = us
. . 0 (10
_ - ()
wu=u, o ‘(\ Do)y !
Cso(ren) 1) = :
: : - +O( (5+1>
v=u_+0 (t ﬁll])

Fic. 2. A schematic representation of the asymptotic structure of

u(y,t) in the (y,u) plane as t — oo for IVP2 when v < 36 + 2. We
_ vy (6+1)

recall that y = t(é+1) andu:u+—0(t 7+1 ) as t — oo in

region CRt.

analysis presented in Section 2), 0 < v < 36 +2 and u > u_ consists of five asymptotic
regions, which in terms of the coordinate y (where y = 2t~(%+1))  are displayed in Figure
Bl These five regions are namely, as t — 0o

Region IIT*. 2 = O (t0+Y) as t — oo
y=ts =0(1) (e ((§LT+1)’OO)> as t — oo, and

.,
u
u(y,t) = us + Ag (y -G :1)) 106D 4 (t‘“””) (3.2)

as t — oo with y = O(1) (E (&—*1), oo)) Expansion (3:2) becomes nouniform when

y = (5“+—+1) +o0(1) as t — oo, and further examination in the case when 0 < v < (364 2) re-

) ) ~(5+1)
veals that expansion (B.2)) becomes nonuniform when y = 5+1 +0 < AT ) as t — 00.

Region CR". = = 34 )t(‘s“ +0 (t<w+1>) as t — oo

Y (5+1)

£ = < (5+1))tW+1 =0(1) as t — oo, and

w(€,t) = up + F(E 57 +o (t”‘fff)) (3.3)



INITIAL-VALUE PROBLEM FOR THE KORTEWEG-DE VRIES EQUATION 379

as t — oo with & = O(1), and where F'(§) satisfies the nonlinear differential equation

(6+1) (6+1)
FF: — EFe — v =0, —oo<E&<oo. 3.4
CESVRRICESY 4
The matching condition with region TIT* requires
F(§) ~ArE™ as £ — oo (3.5)

We note that equation ([84) admits the exact solution
F(&) =€, —o0< €< oo. (3.6)

In general, equation ([B.4) is of homogeneous type, and admits a quadrature, after which
the solution of [34) with (B35 is given implicitly by

=it (r) s eees 37
It follows from (B27) that (on recalling that Ag < 0),
F(€) <0 forall —oo<&<o0, (3.8)
F(¢) is strictly monotone increasing, with — co < £ < 00,
F(©)~ Ang "+ L a6 oox, (3.10)
PO ~ @+ D= (—AR)T (5+1)' 77 (=677 as €= oo (311)

Region EW. z = O (V) as t — oo
Y=y = O(1) (E ((571—‘1), (5?1))) as t — oo, and

uly,t) =0 +1)y+0 (t-<5+1>) (3.12)

as t — oo with y = %y = O(1) (6 (((;:[1), (5u++1))).

)
Region CR™. z = +=—¢(®+1) + O (t (v+1>) ast — oo

(1= i) o

O(1) as t — oo, and

w(E,t) = u_ + FE) 5 1o (t—”fff)) (3.13)

as t — oo with € = O(1). The details are identical to those of region CR*, and are not
repeated here. In fact. making the replacement of Ag by (—AL), we obtain for F(§),
—00 < € < o0, that F'(§) = —F(=¢§) when 0 < v < 30 + 2.

Region ITI~. 2 = O (t(‘”l)) as t — 0o
Y=y = O(1) (E (—oo, ﬁ)) as t — 0o, and

w v
u(y,t) =u_ + Ap, <— - y> VAL (tiW(‘Hl)) (3.14)
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as t — oo with y = O(1) (e (—oo, Uﬁk;”)) When 0 < v < (36 + 2) expansion (3.14)

u_ 2(5+1)

becomes nonuniform when y = ot T 0] (t_ 7HT ) as t — oo.

The asymptotic structure to the solution of IVP2 as ¢ — oo when § > —%, 0 <
v < 30+ 2 and uy > u_ is now complete. A uniform approximation has been given
through regions III*, CR* and EW. The large-t attractor for the solution of IVP2 is
the expansion wave which allows for the adjustment of the solution from wu, to u_.

Although the large-t solutions of IVP and IVP2 both exhibit the formation of an
expansion wave structure we note that there are significant differences in the structure
of the solution between the two problems. First, we observe immediately that the os-
cillations observed in the large-t solution of IVP in y < (:SUT_) are not present up to
0] (t’“‘””) as t — oo in the solution to IVP2 (these oscillations being generated by the
discontinuous initial data in IVP). Secondly, the corner regions CR* are of thickness

0] (t_%(%“)) as t — oo in the large-t solution of IVP, whereas they are thicker being
_x(s+1)

of O (t vH ) as t — oo in the large-¢ solution of IVP2 (when 0 < v < 3§ + 2). The
associated boundary value problems in these corner regions are related and accommodate
the required change in structure in the large-t solution of the initial-value problem under
consideration.
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