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Abstract. We study the motion of the coupled system S constituted by a heavy rigid
body, B, with an interior cavity entirely filled with a Navier-Stokes liquid. We suppose
that B is constrained to move around a fixed and frictionless point, O, belonging to
one of the central axes of inertia, a, of S. We then show, in a very general class of
solutions, that the terminal motion of S must be a uniform rigid rotation around the
vertical axis, e, passing through O with a either parallel to e or, more generally, forming
a (constant) non-zero angle, in which case the angular velocity must be sufficiently large.
These results are in sharp contrast with the (classical) analogous ones when the cavity is
empty, and show a remarkable stabilizing influence exerted by the liquid on the motion
of B. In order to point out these compelling differences, we apply our results to the two
significant cases of the spherical pendulum and the heavy top. We show, among other
things, the somehow unexpected property that a (frictionless) spherical pendulum with
a cavity entirely filled with a viscous liquid may eventually reach the rest configuration
with its center of mass in the lowest position.

1. Introduction. Problems involving the motion of a rigid body with a cavity filled
with a viscous liquid are of fundamental interest in several applied areas of research,
including dynamics of flight [12130], space technology [IL2], and geophysical problems
[27[34].
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Besides its important role in physical and engineering disciplines, the motion of these
coupled systems generates a number of mathematical questions, which are intriguing
and challenging at the same time. They are principally due to the occurrence of different
and coexisting dynamic properties, such as the dissipative nature of the liquid, and the
conservative character of some components of the angular momentum of the coupled
system as a whole. Thus, it is not surprising that a plethora of mathematical works
has been devoted to the study of several fundamental aspects of the problem, beginning
with the early contributions of Stokes [35], Zhoukovski [41], Hough [I1]], and Sobolev [33]
to more recent papers !j'i, 16119120, 25291 311,821 [38H40] and comprehensive monographs
[4,151[24], to cite a few

However, it must be emphasized that, for the most part, the above authors perform
their analysis under a number of simplifying assumptions that may involve the shape
of the cavity, viscosity of the liquid and “smallness” of the motion, the latter possibly
leading to the disregard of significant non-linear effects. As a consequence, on the one
hand, the findings are rarely of an exact nature, and, on the other hand and more
importantly, these simplifications may induce one to overlook or even obscure certain
important physical aspects of the problem.

Also motivated by these considerations, over the past few years the first and second
author, jointly with their collaborators, have initiated a systematic rigorous study of the
motion of the coupled system, S, constituted by a rigid body with a liquid-filled cavity
[THIO2TL22]. In particular, in [8] a rather complete analysis of the inertial motions of S,
characterized by S moving in absence of external forces is furnished. The analysis shows,
among other things, that for very general distributions of mass and provided the initial
(kinetic) energy of S is finite, all corresponding motions of S about its center of mass
(in a quite large functional class) must eventually reduce to a uniform rotation around
one of the central axes of inertia of §. This shows, in particular, a stabilizing influence
of the liquid on the motion of the body.

The objective of the present paper is to continue and, to an extent, complement and
complete the analysis initiated in [8]. More precisely, we are interested in studying the
motion of & when subject to the action of gravity. We shall perform this investigation
assuming that S is constrained to move around a fixed (and frictionless) point O that
belongs to one of its central axes of inertia, a. The reason for this choice is two-fold. For
one thing, because this type of constrained motion is among the most studied in classical
rigid-body mechanics (e.g. [I7]), and, for another thing, because it thus allows us to
compare our results with those when the cavity is liquid-empty. In doing this, we shall
prove that the presence of the liquid may dramatically change the terminal dynamics of
the body.

More specifically, in Sections 4 through 6 we begin to show that, for a very general
class of motions (solutions a la Leray-Hopf) and for initial conditions of arbitrary “size”,
S must eventually tend to a steady-state where S moves as a single rigid-body (i.e. the
liquid comes to a relative rest). The class of these rigid motions is characterized in
Theorem 7 Precisely, denoting by e the axis directed along the gravity and passing

ISee also the vast bibliography reported therein.
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through O, the terminal motion will be a uniform rigid rotation around e with a either
parallel to e, or, more generally, forming with e a non-zero (constant) angle (steady
precession; see [37, Section 10.10]). However, the latter may occur only if the terminal
angular velocity is sufficiently large; see Proposition The eventual rigid-body motion
attained by the whole system is then shown to depend on the mass distribution of the
system S and, in particular, its principal moments of inertia with respect to O; see
Theorem and Remark

If we compare the above results with the analogous, classical ones when the cavity is
liquid-empty and where the motion is generally “chaotic” at all times [I7[18,26], we may
then conclude that the presence of the liquid has a strong stabilizing effect, also in the
presence of external forces. In order to analyze the latter in a more quantitative fashion,
we apply the general results to two significant particular cases, namely, the spherical
pendulum and the heavy top. In the first case (Section 7) we prove that, for a large class
of initial conditions, the terminal motion must be a uniform rotation with a parallel to e.
This is in sharp contrast with the case of an empty cavity where, as is well known, the
motion of the center of mass of the body is, in general, very complicated and not even
time-periodic; e.g. [26 Section 5.3]. Moreover, in some relevant instances, the uniform
rotation may also reduce to rest. More specifically, we show the somehow unexpected
property that a frictionless spherical pendulum, with a cavity filled with a viscous liquid,
may reach the rest configuration with its center of mass at its lowest point. Interestingly
enough, this is the same terminal state that the pendulum would reach when the cavity
is liquid-empty, and the pendulum moves in a viscous liquid ([36]).

Our second application (Section 8) regards the motion of a heavy hollow top with its
interior entirely filled with viscous liquid. There are no restrictions on the distribution
of mass in the body nor on the shape of the cavity, so that, in particular the top can
be asymmetric. We focus our attention on the stability (in the sense of Lyapunov) of
the steady-state motion, sg, when the coupled system S rotates, as a single rigid-body,
around a with constant angular velocity wg, and a parallel to e. We first consider the
interesting situation where the center of mass, G, of S is (initially) above O. We then
show that if the moment of inertia of S along a, C, is greater than those along the other
two principal axes, say A and B, and wy is sufficiently large in the sense of (83]), not only
is so stable but also that the terminal state must coincide with sy, namely, the top will
eventually return to rotate uniformly around e, with G' above O; see part (a) in Theorem
This result needs some comments. In the first place, to our knowledge, it is the
first rigorous and non-linear treatment of this stability problem. Previous contributions,
in fact, either restrict their analysis to the stability of the rigid body only [24]28], or
else investigate the behavior of the perturbation fields by neglecting non-linear effects
[16,19,20]4 In the second place, our findings are in stark contrast with the (classical)
analogous ones obtained when the top is liquid-empty. Actually, in such a case, under the
same condition (81]) the axis a, already in the symmetric case, moves in a neighborhood
of e with the top performing an unsteady precession around e (e.g. [26l Chapter 8]),

2Since, to date, a “linearization principle” for the relevant system of equations is not known —and
likely, very difficult to prove, if at all- these results are of no avail in the non-linear context.
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whereas, as mentioned earlier, the presence of the liquid forces a to remain parallel to e,
thus exerting a substantial stabilizing influence regardless of the symmetry of the top.
On the other side, if wy is not sufficiently large, in the sense of (8.8]), then sy is unstable
and, in particular, there is an initial perturbation that will bring the top, eventually, to
perform a uniform rotation again with a parallel to e but with G in its lowest position
below O; see part (b) in Theorem[82l Tt is worth remarking that our instability condition
[R3) is more stringent than that requested by the linearized theory [16], probably due
to the presence, in our analysis, of non-linear effects that are entirely disregarded in [16];
see also part (ii) in Remark 7. Finally, in parts (¢) and (d) of Theorem we provide
similar results when, in the unperturbed state sg, G is (initially) below O, under different
assumptions on the relative magnitude of A, B, and C.

The plan of the paper is the following. After recalling some classical notation in
Section 2, in Section Blwe state the formulation of the problem. In Section [l we furnish
a full characterization of the set of admissible steady-state solutions, whereas in Section
Bl we define the functional class within which we will study the generic motion of S.
This class, basically, is constituted by weak solutions a la Leray-Hopf. Furthermore,
we derive (formally) the important equations of energy balance and conservation of the
vertical component of the total angular momentum, Ky . One important property is
to show that every weak solution becomes regular for sufficiently large times. This is
not completely obvious at the outset, since Ky can be arbitrarily large at all times
and may possibly induce some turbulent features in the motion of the liquid. Following
the arguments of [8], in Proposition we show, however, that this is not the case.
In Section [6l we study the asymptotic behavior of a generic weak solution by means of
classical tools from Dynamical Systems. More specifically, we give a full characterization
of the corresponding Q-limit set (which may depend on the particular solution, due to
the lack of uniqueness) and show, in particular, that it is not empty and is contained
in the set of all possible steady-state solutions; see Proposition In the subsequent
Theorem [6.4] we then show which of these steady-state solutions is indeed attained by S,
under very general assumptions on its distribution of mass. Significant applications of
these findings to the case of spherical pendulum and heavy top are then carried out in
Sections [7 and [8] respectively. The paper ends with an Appendix dedicated to the proof
of a Gronwall-like lemma and a simple stability result.

2. Basic notation. The notation we shall use throughout this paper is quite stan-
dard. By N we denote the set of positive integers, and by R that of real numbers, so
that R3 is the Euclidean three-dimensional space. Also, S? indicates the unit sphere
in R3. Vectors in R? are denoted by boldfaced letters, and the canonical basis in R?
by {e1,ea2,e3}. The components of a vector v with respect to the canonical basis are
(v1,va,v3), whereas |v| represents the magnitude of v.

Let O be an open set of R®. L?(0), and W*2(0), W(;C’Q(O), denote the usual Lebesgue
and Sobolev spaces, with norms ||-||2 and ||-||x 2, respectively. Moreover, the usual inner
product in L?(0) will be indicated with (-,-). We shall use the same symbol for spaces
of scalar, vector and tensor functions.
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For a bounded, Lipschitz domain, 4, with outward unit normal n, we define
H(A):={u e L*(A): divu =0 and u - n|g4 = 0},

where divu and u - n|s4 are understood in the sense of distributions. We also set
Dy 2 (A) := H(A) N W, 72 (A).

If X is a Banach space with norm ||-||x, and I C R an interval, we denote by
L4(I; X) (resp. W*4(I;X), k € N), the space of functions f from I to X such that
(LIF@N% d)Y < oo (resp. Sh_o (J106F()]1% d)? < o). Similarly, C*(I;X)
indicates the space of functions which are k-times differentiable with values in X and
having max;es||0f-||x < oo, for all £ = 0,1,...,k. Moreover, f € C,(I; X) iff the map
t €I~ ¢(f(t)) € R is continuous for all bounded linear functionals ¢ defined on X.
Finally, if X = R%, d > 1, in the above notation we shall omit the letter X, and denote
the Euclidean norm simply by | - |.

3. Formulation of the problem. Let S := BUL, be the coupled system constituted
by a heavy rigid-body, BB, with an interior cavity, C, completely filled with a viscous liquid
L. Suppose that a point O of B is constrained to be fixed, at all times, with respect to an
inertial frame, and that the center of mass, G, of S lies on the principal axis of inertia,
a, of § with respect to O.

Our main objective is to investigate the motions of S about the fixed point O, under
the action of gravity.

In mathematical terms, we have B := Q; \ Qy, C := Qs, where Q;, i = 1,2, are simply
connected bounded domains in R? with Q5 C ;. Throughout this paper, we will assume
that C is of class C2.

Let F = {O, e, es,e3} be the body-fixed frame with origin at O, e; = a, oriented
from O to G, and eq, ey directed along the other principal axes of the inertia tensor I of
S with respect to O. Thus, I = Ae; ® e; + Bes ® es + Cesz ® ez where A, B,C > 0 are
constants representing, in the order, the moments of inertia of S with respect to ey, es,
and es.

As in analogous problems of liquid-solid interaction [8/[I0], it is convenient to study
the motion of & when referred to a body-fixed frame. Thus, assuming that the viscous
liquid £ is of the Navier-Stokes type, one can show that the generic motion of S in the
frame F is governed by the following set of equations (see [22] for details):

p(v+v VU + (Weo + @) X T+ 2(ws + @) X v)
= pAv — Vp+pgy 3 in C x (0,00),
divv =0
I Wo+ (Woo +a) X IT-ws = PB%e3 x v in (0, 00),
Y+ (Woo +@) xv =0,
v=20 on OC .
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Here v, p and p denote relative velocity of the liquid, its shear viscosity coefficient and
(constant) density, respectively. Moreover, we set

%= Mlg, we =w—a, a:= —pI_1~/
c

T X, p::w—g|wxw|2, (3.2)
where 7 is the Eulerian pressure of the liquid, w is the angular velocity of B, while M
is the total mass of S, g is the magnitude of the acceleration of gravity and ¢ > 0 is the
distance between the fixed point O and G (which is constant in time by assumption).
Finally, v is a unit vector denoting the direction of the gravity, which is time-dependent,
since the equations of motion are written in the non-inertial frame F.

It is worth observing that, from the physical viewpoint, the generic motion of S consists
of a combination of dissipative, excited and conservative ingredients, with the dissipative
role played by the viscous liquid (see equations (B.Il)125), whereas the excited features
are related to the dynamics of the solid (see equations ([BI))34). Moreover, as we will
show later on (see equation (B.0])), the component of the total angular momentum (with
respect to O) along the direction of the gravity must be conserved in every motion of S.

4. Steady-state solutions. One of the main goals of this paper is to analyze the
asymptotic behavior in time of the generic motion of the coupled system S. In particular,
we will investigate under which conditions the ultimate motion of S reduces to a steady-
state, namely, a time-independent solution of (BII) (see Theorem [64]). As a matter of
fact, the class of such solutions is fairly rich, and the objective of the current section is
to provide a corresponding complete and detailed characterization of steady states.

We begin to observe that from (B.J]) it follows that all steady-state motions must be
solutions to the following boundary value problem:

v~V'v+2(woo—|—a)><v=yAv—Vﬁ}
. in C,
dive =0

(Woo +@) X I woe = ﬂ263 XY (4.1)
(woo + a) xv =0,
v=0 on 0C,
where v := p/p is the coefficient of kinematic viscosity, and p := p/p — gv - « is
the“modified” pressure.
We want to characterize solutions to (@) in the (a priori) very general class of weak
solutions. To this end, we give the following.

DEFINITION 4.1. The triple (v, ws0,7) € Dp?(C) x R3 x 52 is a weak steady-state
solution to ([BJ)), if it satisfies the following system of equations:

1//V'U:V(pz/{(U-th)~v—2[(woo+a)xv]~<p}, all @ € Dy?(C),
c c

(Woo + @) X I -wso = ez x 7, (42)

(Weo + @) x v =0.
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REMARK 4.2. Let (v,woo,7) be a weak steady-state solution. By standard arguments
(see [0l Lemma IX.1.2]), one can show the existence of a corresponding pressure field
p € L?(C), fcﬁ = 0, such that (v, p) is a weak solution to the Stokes problem

vAv = Vﬁ—l—f,}
in C,

dive =0,
v =0 on OC,
where f := v Vv + 2(ws + @) x v. Therefore, by using well-known results (see [6],

Theorems IV.4.1, IV.4.2 and IV.6.1]) along with a classical boot-strap procedure, we
may deduce that v € W22(C)NC*(C), p € WH2(C)NC>=(C), and equations @) 2 are
satisfied in the ordinary sense.

We have the following simple but important result.

LEMMA 4.3. (v,we,7y) is a weak steady-state solution to (B if and only if it satisfies
v=0 in C,
Woo X I woo = Be5 X 7, (4.3)
Woo X v =0,

with corresponding pressure field p = pg~ - x.

Proof. Let (v,ws0,7) be a weak steady-state solution to (BI)). In particular, v €
Dé’2 (C), and we can use it in place of ¢ in the equation ([@2]);. By a simple and easily
justified integration by parts on the right-hand side of the resulting equation leads to
|[Vv||3 = 0. Thus, by Poincaré inequality,

v=a=0.
Replacing this information back in [@2)2 3, we at once derive [@3). The reverse impli-
cation is obvious. |

REMARK 4.4. The result just shown tells us, in particular, that in every steady-state
motion the liquid is at rest relative to B, which means that the coupled system S moves
like a single Tigid-body.

We now observe that any solution to ([£3]) has the form (v = 0,ws = Av,7y), where
A and v = y1e1 + Y2e2 + y3e3 satisfy

AN (C = B)y2ys = =%,
N (A= C)yvs = B,
A (B — A)yy2 =0,
WA+ =1

Note that from the above equations, we have 3 # 0 since 32 # 0.
In order to discuss and classify all possible solutions to (£4]), it is convenient to
introduce appropriate classes of steady-state solutions. More precisely, let

PR:={(u=0,w,q) € D;*(C) x R® x §?: g x e3 =0, w = A\q for some A € R}.

Clearly, each element of PR represents a permanent (uniform) rotation of S around es.
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REMARK 4.5. Permanent rotations can only occur around the principal axis of inertia
of § that passes through O and G, with the latter parallel to g (i.e., the direction of the

gravity).
Next, define
_ 1,2 3 2 52
SP::{(u:O,w,q)GDO (C) x R x §“: w:)\q, qu—m,

for some A € R — {0}, 0 < g3 < 1},
along with

SP, == {(u =0,w,q) € Dy*(C) x R® x §? : w = \gq, some A € R — {0},
82

=0, ¢g3= —m,

SPy = {(u =0,w,q) € Dy*(C) x R® x 52 : w = \gq, some X € R — {0},
82

@ =0, gg= —m

0<Q3<1},

70<(]3<1}.

Elements of SP;, i = 1,2, represent steady precessions, namely, motions that when ob-
served from an inertial frame, are characterized by having the es-axis rotating with
constant angular velocity about g (i.e. the direction of the gravity) and describing a
cone of constant (non-zero) angle; see, e.g., [37, Section 10.10].

REMARK 4.6. For fixed A, B and C, the class SP;, i = 1,2, is not empty if and only
if |w] is sufficiently large; see equations (L)), (6.

We are now in a position to provide a complete and detailed description of the class
of steady-state solutions to ([B1) in terms of principal moments of inertia of S.

THEOREM 4.7. The set S of all steady-state solutions to (B is not empty and satisfies
S CPRUSP.

More precisely, the following characterization holds.
If A=0, then

S={(u=0,w,q) € D*(C) xR*x S?:w=0, q=+es}.

If A # 0, we have, instead:
(1) If A= B =C, then S =PR.
(2) If A= B # C, then S=PRUSP.
(3) If A# B=C, then S=PRUSP;.
(4) If A= C # B, then S = PRUSP..
(5) If A# B # C, then S = PRUSP; USPs.
In all cases, the corresponding pressure field is given by p = pg~ - x, for all € C.
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Proof. Let us denote by s := (v = 0,ws = Av,7), a generic solution to ([@3]), for
some A € R.
If A =0, then v = 79 = 0 and 73 = +1. Thus, (v = 0,w = 0,7 = +es3) which
proves the first claim. From now on, we assume A # 0.
(1) Let A= B = C. Then, [@4) furnishes

Y2 = 07
"= 07
Y3 = +1.

Thus, s = (v = 0,ws = tAes, vy = te3).
(2) Let A= B # C. Then, [@4) becomes
MO = A)yays = =772,
)\Q(A - Oy = B2,
N+ =1
As remarked earlier, 3 # 0 otherwise, since § # 0, from the first two equations
we would infer v; = 9 = y3 = 0, which is at odds with the third equation. Thus,
only the following cases (a)—(c) may occur.
(a) y1 =772 =0. So, y3 = 1, and s = (v = 0,w = £Aes,y = *e3), namely,
s e PR.
(b) 71,72 # 0. In this case,

= B 24 ~2=1- Bt
73 )\2(C—A)7 " Y2 )\4(C—A)2.
(¢) 11 =0, v2 # 0. In this case,
8? B!
BETNC -4y P N(C — A)2
(d) v1 #0, 72 = 0. In this case,

B 32 B B
B= oAy MEER T e

i

Thus, in all cases (b)—(d), s € SP, provided, of course,
B? < \|C — A (4.5)

(3) Let A # B = C. From ([@4),, it follows that v = 0. Moreover, (@4, implies
that only the following two cases may occur.
(a) 71 =0, then v3 = £1 and s € PR.
(b) 71 # 0, then

_ B _ . p
73——m7 Nn==% 1—m7

and s € SPy, provided (&) holds.
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(4) Let A = C # B. From ([{4),, it follows that v; = 0. Moreover, ([@4); implies
that we have only the following two cases:
(a) v2 =0, then v3 = £1 and s € PR.
(b) 2 # 0, then

_ B? ] B!
’73*_)\2(O_B), ’72*:l: 1_>\4(C—B)2’

and s € SP,, provided
B2 < N|C - B|. (4.6)

(5) Let A# B # C. From ([@4)s, it follows that at least one of the components 71,
7o is zero. Thus, we have the following cases:
(a) 1 =72 =0, then y3 = £1, and s € PR.
(b) v # 0,72 =0, then

62
BTN - A)

ﬁ4

’Yl:i 1_>\4(C—A)2’

;

and s € SPy, provided (X)) holds.
(C) "= Oa’72 7£ Oa then

_ B? ] Bt
’73*_)\2(0_3), ’72*:l: 1_)\4(C—B)2’

and s € SPy, provided ([6) holds O

Our next result furnishes sufficient conditions for a permanent rotation around es to
be an azially isolated steady-state. More precisely, set H := H(C) x R? x S? endowed
with its natural topology; the following proposition holds.

PRrROPOSITION 4.8. The following two properties hold:
(1) Let mg = (0,7“0 es, —63) € PR. If

2 2
2 B p
4.
TO#C—A’C—B, ( 7)
then there exists a neighborhood of mg, Z(mg) C H, such that
meZI(my)NS = mePR
(2) Let mq = (0,7“0 63,63) € PR. If
2 2
2 B B
— — 4.
To 7é C— A’ C— B’ ( 8)

then there exists a neighborhood of my, Z(m) C H, such that

meZI(m)NS = mePR



MOTION OF A LIQUID-FILLED HEAVY BODY AROUND A FIXED POINT 123

Proof. Consider case (1) and let us argue by contradiction. By Theorem .17 we
know S C PRUSP. Thus, assume that there exists a sequence {my}nen with m,, =
(0, \nYsps¥s) € SP for all n € N, such that m,, — mg as n — oo; precisely

[AnY,, —roes| = 0 and |y, +e3] = 0asn — oco.
So, as n — o0,
(¥, -e1) =0, (v, -e2) =0, (v, -es) > —1land A\, = —r9. (4.9)
On the other side, since m,, € SP for all n € N, either
62
K P Y (e )
or
ﬂ2
~A2(C-B)

Letting n — oo on both sides of the last two equations, by ([£9), we find a result in
contradiction with the hypothesis ([d.1).

The proof of the second statement is carried out by an entirely analogous argument
and will be therefore omitted. O

Yn €3 =

5. Weak solutions and preliminary results. The study of the motion of a liquid-
filled rigid-body constrained to move around a fixed point will be carried out in a con-
siderably large class of solutions to (Bl) characterized, basically, by having finite total
energy (weak solutions a la Leray-Hopf). Before introducing this class, let us formally
derive the balance of the total energy, together with an important first integral of motion
for S.

To this end, we recall the following result for whose proof we refer to [I5, Chapter 1,
Section 7.2.2 and 7.2.3]: for any bounded Lipschitz domain C, the functional

() : (u,v) € H(C) x H(C)

s () = p(u, v) — (/prxu)-I_l- (/prxv) (5.1)

1/2

defines an inner product in L?(C) with associated norm ||u|| := (u,u)'/?, which is equiv-

alent to the norm ||-||2. In particular, there exists a positive constant ¢ < 1 such that
cllull < flul? < ul3.  allue H(C). (5.2)
We shall now (formally) derive the energy balance equation:
d
—(€+U) +2u||Vo||3 = 0, (5.3)

where

Et) == pllv|* + woo - I - Weo, U(L) := —23% - es,
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are kinetic and potential energy of S, respectively. To obtain (£.3)), let us formally dot-
multiply (31)1 by v, and integrate the resulting equation over C. By a simple integration
by parts we show

1 d . .
5051013+ [ (@ +@) x 2] -0+ V0l =0. (5.4
2"t .

Using 33 and BI)4, one can deduce that

. . 1d 5 d 1d
p/c[(woo—l—a)xw]-v=§%(woo~I-woo)—B E(7~63)—§E(a-1-a). (5.5)

Taking into account (2.4 and (50 along with (B1I), we at once infer (53).
We also notice that the projection of the total angular momentum along « has to be
conserved:

d
E('y-Iwuoo) =0. (5.6)
Indeed, let us dot-multiply both sides of BI)s by =, and of B4 by I - we. Summing

up the resulting equations, we find

Sy T ) =~ [(@ne + @) X T ec] = (T 0o0) - [0 + @) X 7]

=7 (W +a) x I wee] +7 [(Wwee + @) X (I wss)] =0.

The weak formulation for the problem (B is obtained in the usual way, namely,
by dot-multiplying both sides of BIl); by ¥ € ’Dé’z(C)7 and integrating (by parts) the
resulting equation over C x (0, t); this leads to the following:

(po(t), ) +plwoo (t) + alt)) - /C z x 1

" / (plo- Vo) + 20((n +0) x 0. 9) +H(TRTW)

—(pv(0), ) + p(wno(0) + a(0)) - / zx 9,

c
for all ¢ € Dy*(C) and all ¢ € (0, 00).

Moreover, integrating (B81)3 and B4 over (0,t) we get

T we(t) =1 wy(0) —/ [(Woo + @) x (I ws)— B*(e3 xv)], forallte (0,00)
’ (5.8)
and

~(t) = v(0) — /0 (Woo +a) x v, for all t € (0, 00). (5.9)

DEFINITION 5.1. The triple (v,weo,7) is a weak solution to BI) if it meets the
following requirements:
(2) v € Cy([0,00); H(C)) N L(0, 00; H(C)) N L2(0, 00 Wy % (C));
(b) weo € C%([0,00)) NC((0,00)), v € C*([0, 00); §?);
(¢) (v,wuo,7) satisfies (B.7), (B.8) and ([E.9);
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(d) (v,wso,7y) obeys the “strong” energy inequality:
t
8(t)+l/l(t)+2,u/ Vo (r)||2 dr < E(s) +U(s) (5.10)
S

for all £ > s and a.a. s > 0 including s = 0.

The class of weak solutions to ([B.1]) is not empty, provided the initial motion imparted
to the system has finite total energy. Moreover, since by (b) ws € C1((0,00)) and
~v € C1([0,0)), we may use the same argument employed earlier to conclude that weak
solutions satisfy indeed also (B.0). These properties are summarized in the following
proposition, whose proof is quite standard and, therefore, will only be sketched (see
[21122] for details).

PROPOSITION 5.2. For every vy € H(C),woeo € R? and v, € S?, there exists at least
one weak solution to (I]) such that

Jim [[0(t) = voll2 = lim |wao(t) — wocol = Jim |y(t) = 0| = 0.

Proof. The proof of the statement can be accomplished with a combination of the
classical Galerkin method with a priori estimates of the energy. Let {%,, }cn be a subset of
smooth functions from D}*(C) whose linear hull is dense in Dy*(C), and let us normalize
it with respect to the inner product (-,-) defined in (BIJ). We look for “approximate”
solutions

n 3 3
vn(w7 t) = Z an(t)’lllk(di), woo,n(t) = Z Eni(t)eiv ’7n(t) = Z é’ﬂ] (t)ej>
k=1 i=1 j=1

satisfying (7)), (B8) and (B3) for all n € N. This leads to a system of first order
ordinary differential equations in the unknowns ¢y, ¢,; and ¢,;. Thanks to the balance

of energy equation (3] and (&2)), we get

PanH2(t) + Woon(t) I - woon(t) — 2B263 “Yn(t)
< P||UnH2(O) + woo,n(o) I woo,n(o) - 23263 Y, (0),

which allows us to show that this system admits a unique global (in time) solution
(Cnk, €ni, €nj;) corresponding to initial data

(an(o) = <'U07 ¢k>7 énl(o) = W0 * €4, én] =" ej)

foralln e N,k =1,...,n,4,5 = 1,2,3. We omit the details of the previous argument and
the proof of the convergence properties of these approximate solutions as the treatment
is standard and analogous (up to some minor changes and adaptations) to the one given
in [21], Chapter 3. O

REMARK 5.3. Using standard arguments, it can be shown that if (v,wq,7y) is suf-
ficiently smooth to allow for integration by parts on C x (0,00), then there exists a
corresponding pressure field p = p(x,t) such that (v, ws, 7y, p) satisfies BI)1,2,3.4 a.e. in
space and time.
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As in the case of the “classical” Navier-Stokes problem, also for the problem at hand,
the uniqueness and continuous dependence upon initial data of weak solutions is not
known. However, as in the classical Navier-Stokes case, one can show that the above
properties hold for any weak solution possessing a further regularity, as stated in the next
proposition, and for whose proof we refer to [22], Proposition 5.1.4, and [2I], Theorem
3.4.2.

PROPOSITION 5.4. Let (v,wo0,7), (v*,wi,,¥*) be two weak solutions corresponding to
initial data (vg,wo,7y,) and (v, wd,v§), respectively. Suppose that there exists a time
T > 0 such that

2
v* € LP(0,T; LYC)), -+ 3. 1, for some ¢ > 3. (5.11)
p g

Then, there exists a constant ¢ > 0, depending only on esssup,corv*(?)l2,
lv* | e (0,7;La(c)) and max,e(o 7 |wh, (t)], such that

[o(t) = 0" ()2 + [woo(t) — wi ()] + [ (1) —¥* (D)
< ¢([lvo — wgll2 + |wo — wol + [vo =¥ -

In particular, if (vo,wop,vy) = (v5, wh,v5), then (v,ws,vy) = (V*,wi,,¥*) ae. in
[0,T] x C.
Moreover, the energy equality holds:

t
() + UE) + 2u/ V0|2 = £(s) + U(s) forall 0< s <t<T.

We next show the fundamental property that weak solutions become strong after a
sufficiently large time. As we expect from the classical Navier-Stokes theory, this will
happen if the weak solution becomes eventually “small” in appropriate norms. In the
case at hand, however, such a property, at the outset, does not seem obvious, because
of conservation of the projection of the total angular momentum in the direction of the
gravity (see (&.8))), whose size can be made arbitrarily large. However, we can show the
following.

PROPOSITION 5.5. Let s := (v,weo,y) be a weak solution corresponding to initial data
with finite energy, in the sense of Proposition 5.2l Then, there exists tg = to(s) > 0 such
that for all T > 0

v e CO[to, to + T); Wy 2 (C)) N L2(to, to + T; W22(C)),
v; € L (to,to + T; H(C)), woo € Wh™(to,to +T), v € Wh™(tg,to + T).

Moreover, there exists p € L2(tg,to + T; W12(C)), all T > 0; such that (v,ws,~,D)
satisfies (B.I)) a.e. in (o, 00). Finally,

lim ||v(¢t)|l12 = 0. (5.12)

t—o00

Proof. The stated properties are obtained by suitably adapting to the current situ-
ation the arguments employed in the proofs of [8, Theorem 1 and Proposition 1] and
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[22] Proposition 5.1.5] in a slightly different context. Due to their importance in ac-
complishing the main results, for the reader’s sake we find it appropriate to sketch a
proof here, by limiting ourselves to derive the necessary fundamental estimates, at least
formally. For all missing technical details, we refer to the references cited above. Now,
by the requirement (d) of weak solution, it easily follows that for any given e,7 > 0 there
is tg = to(e,m,s) > 0 such that

[Vo(to)llz <e, / [Vo(r)|3dr < 7. (5.13)
to

We now use (v(to),woo(to),Y(to)) as initial data to construct a corresponding strong
solution § = (9,®,4) in the interval [to,T*), for some T* > ty. Such a solution can be
obtained by using the Galerkin method described in Proposition B2 with {t,, }necn eigen-
vectors of the Stokes operator —P AE and coupling it with suitable “energy” estimates
that we are (formally) about to derive. By dot-multiplying both sides of ([BIl); by vy,
integrating by parts over C, and employing (32 and BI])5, we deduce (with v := pu/p)

v d

s Vol + o+ @ [2x 0=~ Vo,0)
C

—woo~/:c><vt—2(woo+a)~/v><vt,
c c
where we used gy = V(g7 - x). Notice that by (5.1)) and (5.2]) we have

(5.14)

ol [ xwn > ool
so that, with the help of Schwarz inequality, from (BI4]) we easily deduce
%HW’H% +efvel3 < e2f|wosl? + (lal? + |wee[*)[0]]3 + [[v - V3] (5.15)
Moreover, by dot-multiplying (B1I); by PAwv (see Footnote [3), it follows that
v||[PAv|% = (['Ut +v- Vo4 (Weo +a) X &+ 2(ws + @) X v],PAv) ,
which, in turn, again by the Schwarz inequality, delivers
1P Av]3 < e ([[oells + v - Vo3 + oo l* + (Jaf* + [wa ) [0]]3) - (5.16)

Here and in the following ¢; > 0, ¢ € N, denote constants depending at most on the
physical parameters and the data, sg, of the weak solution s at ¢t = 0. We now observe
that since |y(t)| = 1 for all ¢ > tg, by the strong energy inequality (5I0) and B3 we
infer

[o(t)l2 + ()] + o (D) + la()] < cq, all ¢ > to. (5.17)

As a result, from (&I5), (BI6) and (GI7) it follows that

d
ZlIVolE + el < es(llo- Vol +1),

IPA]3 < es(llvell3 + [lv- Vo3 +1),

3P is the (Helmholtz-Weyl) projection of L?(C) onto H(C).
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which, in turn, implies

%IIVUHE +erllvell3 + es| PAD|E < co (v Vo3 +1) . (5.18)
Recalling that C is of class C?, we have (e.g. [6, Theorem 1V.6.1])

032 < cr0l PAY]3, (5.19)

and also, by well-known embedding results and Cauchy-Schwarz inequality we deduce
with arbitrary ¢ > 0,

lv - Vol3 < [[ol3)IVoll3 < cin [[Vol3vlze < cal|Voll3 + ¢ [vl3 2, (5.20)

where ¢15 — 0o as ( — 0. Therefore, choosing ¢ small enough, from (EIS)-(E20) we
may conclude

d
%HVvH% +erllvell3 + easllvll3 s < era (IVOIS+1) (5.21)

From this differential inequality we derive that there are continuous functions G; and
G2 defined on [tg, o + T*) for some T* = T*(sg) > 0, such that

lo(@)]l1,2 < G1(t), /t (o (DI + llv()]3,2) dr < Ga(t) - (5.22)

By combining the latter with the classical Galerkin method, we can then show the ex-
istence of a solution § = (v,,4) corresponding to the initial data sp, and such that,
setting Ito,T = (to, to + T),

CAS CO(Ito,T; W()1’2(C)) n LOO(ItD,T; WOLQ(C)) n L2(It0,7'; W2,2(C)) )
v, € L2(Iyy s H(C)), @€ WH°(L, ), 7€ W?®(Iy ), (5.23)
for all 7 € (0,7%),

with ¢o as in (B.13]). By virtue of the Sobolev embedding theorem, we check at once that
© satisfies (B.I0) for some r > 3, so that § = s on the interval [tg,to + T™). Now, by
proceeding exactly as in the proof of [8, Theorem 3], one shows that if T* < oo necessarily

lim ||[Vo(t)|2 = 0. (5.24)

t—T*~
However, this condition cannot hold. Actually, by choosing in (5.I3) € and n appropri-
ately, from (5.21]) we see that ||Vv||3 satisfies all assumptions of the Gronwall-like Lemma
shown in the Appendix. Therefore, by that lemma we deduce that, on the one hand,
[IVo(t)|l2 € L>=(tg,00) and, on the other hand, also using Poincaré inequality, ||v(t)||1,2
obeys (5.12)), which ends the (formal) proof of the proposition. a
From the previous propositions, we can easily deduce the following result.

COROLLARY 5.6. Let s := (v,ws,7) be a weak solution to ([BI). Then, there exists
to > 0 such that
(1) s is unique in the class of weak solutions to B in [tg, 00);
(2) s depends continuously upon the data in [tg, 00), in the class of weak solutions,
in the sense of Proposition [£.41



MOTION OF A LIQUID-FILLED HEAVY BODY AROUND A FIXED POINT 129

6. Asymptotic behavior of weak solutions. For the proof of our main theorem
(Theorem [6.4)) concerning the long-time behavior of the coupled system S, we will use
some tools from classical theory of the Dynamical Systems. In particular, we will give
a complete characterization of the -limit set corresponding to a weak solution and, for
a large class of liquid-solid configurations, we will show that this weak solution indeed
converges to a point of the corresponding Q-limit set. To this end, let us recall some
definitions and well-known results. Consider H = H(C) x R3 x S?, endowed with its
natural topology. We define the Q-limit set of a weak solution s := (v, w,7y) as follows:

Q(s) := {(u,w,q) € H : there exists tx, > 0, ¢ 0o s.t.

lim [Jv(ty) —uls = lim |weo(tr) —w| = lim |[y(¢) — q| = 0}.
k— 00 k— 00 k—o0

We also use the notation w(t; z) to denote a weak solution to ([B.I) corresponding to
the initial data z € H, in the sense of Proposition

DEFINITION 6.1. Q(s) is positively invariant if the following implication holds:
yeQ(s) = w(ty) € Qls), all t >0,

and for all weak solutions w(t;y).

In [I0], Proposition 1.4.2 (see also [22], Proposition 5.1.8), it has been proved that Q(s)
is positively invariant in the class of weak solutions, if s(¢;sq) is asymptotically regular.
We recall the statement here, for completeness.

PROPOSITION 6.2. Let s(¢;50) be a weak solution to (B1]). Suppose there exists tg > 0
such that the following properties hold:
(i) Asymptotic uniqueness:

s(t 4 7550) = s(t; (73 50)), for all 7 > ¢y, and ¢ > 0.

(ii) Asymptotic continuous data dependence:

{tk:}k:eN C [to, +OO) with S(tk; so) >y inH
= s(t;s(tr;so)) = w(t,y) in#H, alt>0.

Then, €(s) is positively invariant.

In the next proposition, we show a full characterization of the 2-limit set of any weak
solution to (BI)). As expected, such a characterization depends on the mass distribution
in the system S.

PROPOSITION 6.3. Let s(t;s0) := (v,ws0,7) be a weak solution to [B.I) corresponding
to an initial data so := (vg,wo,7,) € H, in the sense of Proposition Then, (s) is
non-empty, compact, connected, and positively invariant in the class of weak solutions
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to (B1). Moreover, Q(s) C S where S is given in Theorem [£.7] and it has the following

characterization:
(1) If A= B = C, then either

Qs) ={(v=0,& = (v wo)es, ¥ =e3)} CPR
or
Q(s) ={(v=0,0 = —(7v,-wop)es,7 = —e3)} C PR.
(2) If A= B # C, then we have the following possibilities:
1

,w = 6(70 -I-wp)es, ¥ =e3)} C PR.

2
©w
1
-
—
e
I

=)

Q@) ={(v=0,0 = —%(70 -I-wp)es, ¥ =—e3)} C PR.

2 4
_ _92 _92 ﬁ
=———\ =1—- ———=} CSP,
BE oAy TR (= az)
where A is a (real) solution to the following fourth order algebraic equation:

(C— A)AN — (C = A)(yy - T -wo)\* + B =0. (6.1)

(3) If A+# B = C, then we have the following cases:
(a)

-1 -

,@ = 5(70 -I-wp)es,¥=es3)} CPR.

2
w
Il
——
—
e
Il

(=]

—_

¥y = —63)} c PR.

In the last two cases, A satisfies (G.I]).
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(4) If A= C # B, then we have the following cases:

(a)
1

Qs)={(v=0,0 = 5(70 -I-wp)es, ¥ =e3z)} C PR

1

Qs) ={(v=0,&= —6(’70 -I-wo)es, ¥ = —e3)} C PR

Q) ={(v=0,0 =)17,7):
52 y 1-— ﬂ4 } C SP2

VSZ—M, =0, Y2=— m

In the last two cases, A satisfies

(C — B)BM\ — (C = B)(vy - IT-wo)\* +8*=0. (6.2)

(5) If A+# B # C, then we have the following cases:
(a)

Qis)={(v=0,0 = %(70 -I-wp)es, ¥ =e3)} C PR.
(b)
25) = {(v= 0.6 = — (70 T - wo)es 7 = —e5)}  PR.
(c)
Q(s) ={(v =0, = \9,7)
_ B2 _ _ / B4
Y3 = )\Q(C_A)a Y2 =0, 1= 1—m}CSP1.
(d)
Q(s) ={(v=0,0=1,7%)
Y3 = )\2(66'—14)’ ’72_07 Y=- 1—ﬁ}CSP1
(e)

B . . g
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_ B2 _ _ Bt
Y3 = )\2(0—3)7 =0, 2=- 1_>\4(C—B)2}CSP2.

In the cases (¢) and (d), A satisfies (G.I)). While, in the cases (e) and (f), A
satisfies ([6.2]).

Proof. The strong energy inequality (B.10) and Proposition show that, for suffi-
ciently large times, the trajectory becomes uniformly bounded, continuous in time and
belongs to a compact subset of . Thus, €(s) is non-empty, connected and compact.
In addition, from Corollary and Proposition [6.2] we infer that €(s) is invariant in
the class of weak solutions to ([B.I]). Thus, by (5.12) and BI]), the dynamics on Q(s) is
completely described by the following system of equations:

v=0, Woo X & = —=Vp+ pg,
T -Goo+woo X I we = f2e3 x 7, (6.3)
Y+ we X v =0.

Taking the curl of the second equation in (€3], we find W, = 0, which implies e3 x v =
const. Moreover, by ([63)3 we get

(’)".63) =7 X W - €3

and so dot-multiplying by ws, both sides of ([@3)2 (with ws = 0), we deduce also
~ - e3 = const., and conclude 4 = 0. Therefore, Q(s) C S, and the generic motion over
(s) must thus be a solution to the system of equations (@3] (or equivalently ([£4])), and
whose characterization is given by Theorem 7] In particular, in view of ([&.0]), on Q(s)
we must have

Woo =AY, M-I -y=wo-I-7,. (6.4)

From (642 and the expression of the «’s given in parts 4(c) and 4(d), and 5(c)-5(f) of
this proposition, one can easily derive that A has to satisfy, equations (6.1 and (6.2]), as
claimed. ]

It is important to emphasize that in all the cases above (except the case A = B # C),
Q(s) is the union of disjoint points in H. The next theorem exploits this fact along
with the topological properties of (s) to provide a rather complete description of the
asymptotic behavior of weak solutions.

THEOREM 6.4. Let C be a bounded domain in R? of class C2, and s := (v,ws,7) be a
weak solution to (BI]) corresponding to an initial data (vg,wp,”y,) € H, in the sense of
Proposition Then,

Jim [[o(#)[]1,2 = 0.
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Moreover, the following properties hold:
(i) In each of the cases A=B=C,A#B=C,A=C # B and A # B # C, there
exists (0, \5,5) € Q(s), with

wo-I-7,

A== — 6.5
such that
Jim woo (1) =A%, lim (1) = 7.
(ii) In the case A = B # C, let K := min{A4,C}. If
K2/82
T 2 7 6.6
"70 w0| < |C IR A|7 ( )
then either
. 1 .
t1l>r£o woo(t) - 6(70 -I- ""’0)637 tll},go ’Y(t) = €3,
or .
Jim weo(t) = —5(v0 - I-wo)es,  lim ¥(t) = —es.

Proof. In Proposition 5.5l we have shown that
Jim o012 = 0.

Moreover, by Proposition [6.3], in the cases A= B =C, A# B=C, A= C # B and
A # B # C, the corresponding Q2-limit set reduces to a point set in S; as a matter of fact
Q(s) is connected, and equations ([GIl) and (G2]) are fourth order algebraic equations,
which admits at most four (real) roots. Thus, taking into account (64]), for the above
mentioned cases, we can conclude that there exists (0,\%,%) € Q(s) with A given in
[©3), such that
Jim weo(t) =A%, lim () =7
Let us show part (ii) of the statement. Because of Proposition 2(c), we have to
show that, under the stated assumptions, the case
s) = (vz&c‘uzwﬁ):%z—ﬁ—z, ﬁ%+ﬁ§=1—ﬁ—4
A2(C—A) M(C — A)?
with A a real solution to (6.J), is not allowed. We argue by contradiction. By the
connectedness property of €(s) and the uniquely determined values of 43 and 4% + 72
(for each fixed value of A), we deduce that the following limits exist:
: B B? : 2 200\ _ g
Jm 53(t) = TN(C Ay Hm (37 (t) +72(8) =1 = N(C—Ap

However, by (6.4),

7o - I - wol
N < —.
A< 0t
Thus, from the latter and the assumption (G.0]), we infer
) ,82 62K2
1 t)| = > 1
| B3 5Ol = 0164 Z iy T woP 1o —4] 7"

which is at odds with the constraint |y3(t)| < 1, for all ¢ > 0. O
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REMARK 6.5. We find it appropriate to rephrase the results of Theorem in more
physical terms as follows. Let B be a heavy rigid-body, constrained to move around a
fixed point, O, and with an interior, sufficiently smooth cavity, C, completely filled with
a viscous liquid. We assume that the center of mass, G, of the coupled system S := BUC
lies on a principal axis of inertia, a, of S relative to O. Then, if the principal moments
of inertia of S satisfy the assumptions in (i), all motions of S that initially possess a
finite kinetic energy must eventually converge to a steady state characterized by the
property that S moves, as a whole rigid-body, either by a constant rotation around the
direction of gravity, e, passing through O, or else by a motion of steady precession, where
a rotates uniformly around e, and forms with e a non-zero, constant angle. If, instead,
the principal moments of inertia of S satisfy the assumptions in (ii), then the final state
reduces to a rotation around e, provided the projection of the initial angular momentum
along e is not too large, in the sense of (G.6]).

7. Application to a spherical pendulum with a liquid-filled cavity. The find-
ing shown in Theorem and commented in Remark implies that the presence of
the liquid in the cavity may affect dramatically the “terminal” motion of the rigid-body
with an empty cavity and, in particular, may produce a strong stabilizing influence by
forcing the coupled system to perform a specific steady motion. The objective of this
and the next section is to provide two significant examples of such a stabilization, in the
cases of a spherical pendulum and a spinning top, respectively.

To this purpose, we premise the following general result.

PROPOSITION 7.1. Let s(t;s0) := (v,ws0,7) be a weak solution to B corresponding
to initial data sg := (vg,wo,yy) € H, in the sense of Proposition Suppose that

K262 K262
|C—A|’|C—B}7
where K := min{A4, B,C}. Then, in the cases A= B #C, A# B=C, A=C # B,
A+ B # CH either

Iy - I - wol? <min{ (7.1)

: 1 .
tlgglo weo(t) = 6(70 I - wo)es, tlgrolo Y(t) = e3 (7.2)
or
. 1 .
Jm woo(t) = —5(’70 T-woles,  lim (1) = —es. (7.3)

Moreover, if () is augmented with the following condition:

C [pllvoll* +wo - I wo —28%(vg - €3 +1)] < |vo - I - wol?, (7.4)

41f A = C or B = C, one of the fractions in (ZI)) becomes undefined. However, by the characterization
of the Q-limit, in these two cases, (1) reduces to
KQBZ 5 K2 ﬂZ
or I w < ,
|C — B 7o of |C— A

v I-wol® <

respectively.
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then necessarilyﬁ
. 1 .
A weel0) = GO0 Trewoles, -l 4(0) = s

Finally, if A = B = C, the same conclusion holds under the sole assumption (7.4])

Proof. We begin to observe that, by Theorem 64 it follows that if A = B = C,
either condition (Z2) or condition (T3)) is valid, for arbitrary initial data sop € H. By
the same theorem, either (Z2) or (73 holds also when A = B # C as (1)) coincides
with ([G6). For all the remaining cases, A # B=C, A=C # B, A # B # C, we will
argue by contradiction. By Theorem and Proposition [6.3] we infer that there exists
(0, A¥,7) € §(s) C SP; USP5 such that

JAm woo(t) = Ay, lim y(t) =7,

where, by (6.5,
M-T-5=~,-I- w.
Thus,

Yo -+ I - wol
AN —.
Al < =

Since (0, Ay, %) € Q(s) C SP; USPy, and by (1)), we find that

: B2 1 1
>
|t1i>1£1073(t)| — )\2 nmin |C_A|7 |C_B|

K?/3? . 1 1
> ot e o ) >
and this is at odd with the constraint |y3(¢)| < 1, for all times. The proof of the last part
of the theorem is an immediate consequence of the strong energy inequality. Indeed, if
the following holds:
1

A woo(t) = —5(70 T-wo)es,  lim ~(t) = ez,

taking the limit as ¢ — co in ([G.I0]), we would get@
1
5|’Yo I - wol® +26% < plloo]|* +wo - I - wo —26%7, - e,

but the latter displayed inequality contradicts (T4)). |

We now wish to apply the previous proposition to the case when B is a spherical
pendulum. As is well known, by the latter is meant the system constituted by a massive
rigid body P which is attached to a frictionless spherical joint, whose center is placed at
a fixed point O, via a rod whose mass can be neglected. In such a case, the motion of the
center of mass, G, of P can be very complicated. In fact, in general, it is not necessarily
periodic, with & describing a trajectory that lies in the zone between two horizontal
concentric circles centered at points of the vertical axis that passes through O; see, e.g.,
[26] Section 5.3]. Suppose now that we entirely fill the hollow cavity C in P with a viscous

5We exclude that (vo,w0,7g) = (0,70es3, —e3), since, in this case, the corresponding motion (weak
solution) will then reduce simply to a rigid rotation of S around es.
6See Footnote



136 GIOVANNI P. GALDI, GIUSY MAZZONE, aAnpD MAHDI MOHEBBI

liquid £. Then, Proposition [(.]] ensures that for an open set of initial data (satisfying,
in general, condition (), the coupled system S := P U £ must, eventually, perform a
uniform rotation around the vertical axis passing through O, ap, with its center of mass
G being either in its lowest, Gy, or highest, G},, position. This uniform rotation can even
reduce to the rest if the initial data produce zero angular momentum along ap (namely,
Yo - I - wg = 0). Furthermore, if the initial data obey also (4], then the terminal
steady-state motion of the pendulum will have G = Gy. In order to exemplify the latter,
suppose P is a hollow homogeneous sphere entirely filled with a viscous liquid. We then
have A = B = C, so that, by Proposition [[.Il we know that the terminal state of S will
be a uniform rotation around agp, or even the rest, with either G = Gy or G = GGj,. Now
take vo = 0 (liquid initially at rest relative to P), and wo = wp v, (initial spin around
the vertical direction passing through O; see Fig 1 (a)). Under these circumstances, ([.4)
becomes

ClCwi —2%(vp - e3+1)] < C*ui,

a condition that is always satisﬁedﬂ As a consequence, the sphere will eventually perform
a uniform rotation about ap, with G = Gy. If we instead choose wy - v, = 0 (see Fig. 1
(b)), we get v, - I -wo = 0 and, again by Proposition [[Il we conclude that the terminal
motion of the pendulum is the rest state with G = Gy.

This latter circumstance provides the rather unforeseen property that a spherical pen-
dulum, with a cavity filled with a viscous liquid, may reach the equilibrium configuration
with its center of mass at its lowest point, similarly to what happens when the cavity is
empty and the pendulum is immersed in a viscous liquid ([36]).

VA

(b)
Figure 1.

8. Application to a top with a liquid-filled cavity. The main objective of this
section is to investigate the motion of a (non-necessarily symmetric) top with a liquid-
filled cavity that is initially spinning around the es-axis, with the latter slightly off
the vertical direction. It is worth emphasizing that this type of problems has been
investigated by numerous authors for the last forty years; see, e.g., [3L4[I3]15L 1620,
241/39). However, these results are mostly obtained by making ad hoc assumptions such
as neglecting the non-linear effects and/or imposing suitably symmetry restrictions on

7See Footnote
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the shape of the cavity. In contrast, the study we shall perform here will not only be of
completely rigorous nature, but will also show certain significant features that were not
envisaged by previous authors, also because of their simplifying hypotheses.

To achieve all the above, we begin with some general considerations about the stability
of steady-state solutions.

Let mg = (0,kvy,v) € S be a given steady-state configuration of S, and let m :=
m—+ mg = (v, @ + kv, 2+ y) be a corresponding “perturbed” motion with initial data
(vo, kv + @oc0, Y + Zo) e H.

We collect a number of fundamental properties that the “perturbation”
(v(t), @0 (t), z(t)) must satisfy at all times ¢ > 0. By Proposition B2l the perturbed
motion obeys the strong energy inequality (510), which in particular furnishes

plo@)? + (ky + @oo(t)) - I - (ky + Doc(t)) — 26° (v + 2(1)) - €3

< pllvoll® + (kv 4 @oco) - I - (kv + @oco) — 28%(y + 20) - €3, forallt >0,
as well as conservation of axial angular momentum (5.6)):

(Y+2z() I-(kv+®@o(t)=(v+20) I (ky+ &xp), forallt>D0.
The above implies that the perturbation must satisfy
PP + @oo(t) - T - Goo(t) + 2k - I - Boo(t) — 26°23(1)
< pllvoll? + @oco - I - @oo + 2k - T - Do — 2820 - €3, forallt >0, (8.1)
and
YT @(t)+kz(t) T v+ 2(t) - I &uo(t)
=1 &oo+kzo I -vy+2z0-I &op, forallt>0. (8.2)
Moreover, we have the following integral of motion:
(y+z() (y+2z() =1, for allt >0
which, together with the constraint « - v = 1, gives the following;:
z(t) - z(t) +2v - z(t) =0, for all ¢ > 0. (8.3)
Following classical literature, we shall say that mg is stable (in the sense of Lyapunov)
if for any € > 0 there exists § = §(¢) > 0 such that
llvoll2 + |[@sco] + |20l <0 = ||v(t)||]2 + @ (t)| + |2(t)| < e, for all t > 0.

Otherwise, mg is unstable.

The following result provides a general stability criterion. Very probably, its (simple)
proof can be found in the existing literature; however, for completeness, we shall give
our own in the Appendix.

LEMMA 8.1. Let mg € S and m = (v,y), ¥y = (@, 2), be a corresponding perturbation.
Moreover, let F': H(C) — [0,00) be such that

allvllz < F(v) < vz, (8.4)
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and let U : R3 x R? — R be continuous and, in addition, positive definite in a neighbor-
hood Z(0) of the origin in R? x R3, namely,

(i) U(0) =0,

(ii) U(y) > 0 for all y € Z(0) \ {0}.
Then, if V(t) := F(v(t)) + U(y(t)) satisfies V(¢) < V(0) for all £ > 0, mg is stable.

We are now in a position to analyze in detail some important aspects of the motion
of a spinning (possibly asymmetric) top with a liquid-filled cavity. Precisely, we have:

THEOREM 8.2. Let mg = (0, rpes, —es), that is, the top is spinning with G in the highest
position. Then, if C' > A, B the following properties hold:
(a) If

M :=max{A, B}, (8.5)

then mg is stable. Moreover, there exists § > 0 such that if

[(v0, @oc0, 20) (|7 <6, (8.6)
then
Jim [o(t)]1.2 = 0.
.- 1 -
tl_lglowoo(t) = _6{(ZO —e3) I -&uo—roz0-1I- 63} e3, (8.7)
tliglo z(t)=0.
(b) 18
2 2 2
2 (B p s .
r0<m1n{U,EO_M}, u:=min{A, B}, (8.8)
then mg is unstable. More precisely, there is an initial perturbation such that
tli)rgo z(t) = 2e3 . (8.9)

Let mg = (0,rpes, e3), that is, the top is spinning with G in its lowest position. The
following properties hold:
(¢) If C > A, B, then mq is stable.
(d) If A,B > C and
2 B
Ty < W —c M := max{A, B}, (8.10)
then mg is stable.

8Notice that if C' > [(1 + +/5)/2]M, condition (88) becomes
9 “2 52

In fact, to fix the ideas, suppose B > A. It is at once verified that if C' satisfies the further restriction,
then

B2 <c(C-B),
which proves our claim. Conversely, if M < C < [(1 + v/5)/2]u, condition (88) becomes

2
’f‘g<6.
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Moreover, in both cases (c), (d) there exists ¢ > 0 such that, if condition (8.) is met,
then

o 1 -
Jm & (1) = 5{(20 +e3) I @oo+roz0- 1" 63} €3, (8.11)
tlggoz(t) =0.

Proof. We will begin to show the stability properties stated in (a), (c¢) and (d). To
this end, consider the perturbed fields m = (0 4+ D, 7oy + @oo, ¥ + 2), where

[ —e3  in case (a),
v e;  in cases (c) and (d).

By multiplying both sides of ([82) by 2rq, we get
20y - I - Doo(t) = =2r32(t) - T -~y — 2rgz(t) - I - @0 (t)
—|—27‘0"}"I'(:)Ooo+2’l”320'I"Y—FQ’I”O,ZO'I'(:)OOQ, (812)
Next, consider the following scalar function:
U(@o0,2) 1= @oo - T - @oo =213z -T-~v =210z - T -&o — 26%23
+n[(z-2)2+4(v-2)°+4(z-2)(v-2)], (8.13)

where 17 > 0 is a parameter that we will determine later. Replacing (812)) in (81]), and
taking into account ([B3) and [BI3]), we find that

plo? + U@ (), 2(1)) < pllvoll® + U(@o0(0), 2(0)). (8.14)
Notice that (8I3]), in a more explicit form, is

U(@o0,2) = @oo - I - @ — 2r2(Az1y1 + C237y3) — 210z - T - @op — 26223
+1 (2 2)" +4(z - 2)(z-7) + 40312 + 1323 + 273212)] -
Thus, by multiplying both sides of (83) by r2A, and replacing the resulting equation in
the previous one, we infer
U(@o0,2) = @oo - T - Do + (A2 +d0y) 23 + Ar2zd + (Ark + dny3) 22
—2[(r§(C = A) — dny121)73 + 8723 — 2kz - I - &g
tn(z2)? +d(z-2)(z- 7).

To prove the theorem, it is enough to show that the following quadratic form is positive
definite:

Q@00 2) 1= @oo - I - Doo + (ArE + 4ny?) 23 + Ardzs 4 (Ar2 + 4ny3)z2
—2[(r2(C — A) — 4ny121)y3 + B2z — 2roz - I - @oo.  (8.15)

In fact, if @ is positive definite, then U is positive definite in a suitable neighborhood
of the origin, and we can apply Theorem Bl with F := p|/v||> and employ ([8I4), to
conclude our proof. Now, consider the cases in the statement.
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(a) In this case, v = —e3. Then (83]) becomes
223 = 23 + 25 + 22.
Replacing this in [813]), we find that
Q(@o0,2) = Do - I - Do
+(Cr — B (22 + 23) + (Org — B2 4+ 4n)z5 — 2roz - I - D
Choosing 1 > (2/4, we at once deduce that ) is positive definite provided

2
2 B
Ty > C_ M’
(c)-(d) In both cases, v = e3. Then, ([B3) reads as follows:

C>M, M :=max{A,B}.

222
223 = —27 — 25 — 23.

Using the latter displayed equation in (8I5]) and choosing n = 0, we find that
Q(@00,2) = Doo T - Do + (Cra 4+ B2 (2] + 25 + 23) — 21z - I - Do (8.16)

From this it easily follows that if C' > A, B, then @ is a positive definite quadratic

form, whereas if C' < A, B, then @) enjoys the same property provided condition

BI0) is satisfied.
We shall next prove the asymptotic properties stated in (a), (¢) and (d). We begin to
observe that, in all cases, the decay property for the velocity field v follows from Theorem
Furthermore, once the stated asymptotic condition on z is proved, the asymptotic
expression for the angular velocity follows from Proposition [[.Il Therefore, we only have
to show (B3 and ([BII)s, and begin with case (a). Since condition (BH) holds and
C > A, B, in particular
B

C—-A"C-B

Thus, we can apply Proposition L to infer the existence of a neighborhood Z(mg) such
that Z(mg) NS C PR. Fix € > 0 such that

B.(mo) :={(u,w,q) € H: [Jullz + |w —roes| + [q + es| < e} C I(mo).
Since my is stable, corresponding to € > 0, there exists § > 0 such that
[v(0)][2 + [@oc (0)] + [2(0)] < 0 = [[v(?)[|2 + [@oo (£)] + [2(2)| < € for all £ >0,

in other words, m := m 4+ mp € B-(mg) at all times. The latter along with Proposition
63 imply that the Q-limit set of the weak solution m satisfies Q(m) C B.(mo) NS C PR.
Therefore, we have the following two possibilities: either

Q(m) = {(u — 00— —%(z(O) “e) T (&00(0) + roes), ¥ = —eg) }

N Q(m) = {(u — 05— é(z(o) —ey) - T+ (@ (0) + roes), § — e3>}.

However, the second choice cannot occur since, otherwise,

tliglo z(t) = 2e3
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and this would contradict the stability property. Therefore, z(t) — 0 as t — oo, as
claimed. An entirely similar argument can be used to show that the statement holds
also in the cases (c) and (d). In particular, condition (L8] is automatically satisfied if
C> A B.

It remains to show the instability property claimed in part (b). We choose as initial
conditions vg = Wy = 0 and zg # 0. This means that we are just applying a small
disorientation (tilt) to the vertical axis. By [B3]) with v = —es, it follows

1
230 = 5(,2%0 + z§0 + Z§0)~ (8.17)

We now show that we can choose z30 so small as to satisfy both conditions (ZII), (74)
in Proposition [[.Il In fact, under the given assumptions on A, B and C, and our choice
of initial perturbations ([.I)) becomes
2 92
pB
zo—es3)-I-(rges)|? < ——,
|( 0 3) ( 0 3)| (C—M)

which, in view of hypothesis ([88) and ([BIT), is certainly satisfied by taking zs¢ suffi-
ciently small. As for (T4]), with our choice of initial perturbations it becomes

027"3 —28°C 25 < |(zo —e3) - I- (7"063)|2,

namely,
Cri<p?+4+0(z),

which, again by the assumption (88, is also satisfied. We may then conclude that, when
condition (B8] is met, both requirements ([LI]) and ([Z4) are satisfied, so that Proposition
[C1] ensures the validity of (8I1) and the claimed instability follows. The proof of the
theorem is completed. ([l
REMARK 8.3. The following important comments about the results just proved are in
order.
(i) A classical result of Rumyantsev [28] (see also [23]) ensures that condition of the type
([B3) guarantees the stability of the “upright” rotation of the top also when the cavity
is liquid-empty. Thus, in such a case, the perturbed motion will occur with es in a
neighborhood of the vertical axis through O, e. In particular, if the top is symmetric
(A = B) the top will eventually perform an unsteady motion of precession around e. The
fundamental difference with a liquid-filled cavity consists in the fact that, in the latter
circumstance, the only terminal state that the top can reach is a uniform rotation around
e, with e3 = e, and G in its highest position. This shows, one more time, the strong
stabilizing influence of the liquid. A similar stabilizing effect occurs for the “downright”
rotation discussed in cases (c) and (d), where in the presence of liquid, the terminal state
is again a uniform rotation around e, with es parallel to e, and G in its lowest position.
(ii) The condition for the instability of the “upright” rotation presented in (B.8]) is some-
how stronger than the one found by a linearized instability analysis. In fact, if one
linearizes (B around mg = (0,7 e3, —e3) one can show [I6] that mg is unstable if

62
2
"SC—Mmy
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which is the “strict” negation of (8H]). Seemingly, our analysis is not able to confirm this
result at the non-linear level. However, we may guess the following. For simplicity, let
us assume that C' > (1 + v/5)M /2 so that (8I0) becomes (see Footnote [)
2 2

r2 < %(0641\4) (8.18)
By Theorem B2 we know that if (8] holds, then mg is stable and the terminal motion
is a uniform “upright” rotation around e, while if (8I8) holds, then mg is unstable and
the terminal state is a uniform “downright” rotation around ap. The question is then
what will the terminal state, ts, be if

M_2672 < 7“8 < /8—2
c:(C-M)~ "~ (C—M)

If we expect that mg is unstable, then ts cannot be a uniform rotation around e with G in
its highest position. On the other hand, especially for values of 3 close to 32/(C — M),
the system could still have enough kinetic energy to overbalance the potential energy
and thus sustain a motion different from a uniform rotation around ap with G in its
lowest position. Thus, according to parts 2 and 5 in Proposition [6.3] the only remaining
possibility is that ts is a steady precession with G above O. Proving or disproving this
statement is still far from our current analytical reach. As a matter of fact, we do not
even know if these steady precessions are stable or not. In this respect, it is worth
noticing that, instead, one can show that steady precessions with G below O are indeed
stablel] For example, following the same argument used in the proof of Theorem B2 (a),
we may prove that if A > B, C, then every element of SP; is stable, whereas if B > A, C,
then every element of SP3, is stable. In conclusion, we believe that a targeted numerical
simulation could prove useful insight on the whole issue.

Appendix.
LEMMA A.1 (A Gronwall-like Lemma). Let y : [to,t1) — [0,00), t1 > tg > 0, be an
absolutely continuous function satisfying for some a, b, c,d > and a > 1,
(i) ¥ <—ay+by*+c in (to,t1);
t1 52 5
ii y(r)ydr < —, yty) < —=.
) [ v < Lot <
Then, if k := —a + bd*~! < 0, we have
y(t) <o, forallte [to,t1). (A1)
Moreover, if t; = co we have also
tllglo y(t)=0. (A.2)

Proof. Setting Y := y?, from (i) we get
Y' < —2aY +20YP + F, t€ (to,t1), (A.3)
9Notice that such steady motions can only exist if either C < A or C' < B.

10For the sake of completeness, we would like to remark that, as is well known, the lemma continues
to hold if ¢ = 0, even without assuming the first condition in (ii).
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where 8 := (a+ 1)/2, F := 2cy. In view of the second condition in (ii), contradicting
(A1) means that there exists t* € (to,¢1) such that

Y(t) <62, forallt € [tg,t*); Y(t*) =6>. (A.4)
Using this information back in (A3) we find for all t € (to,t*)
Y'(t) < 2(—a+ b5 HY (t) + F(t),
which in view of the assumptions, after integration from ¢y to ¢t*, furnishes

52 t1
Y (t*) < 5+/ F(t)dt < 2.
to

However, the latter is at odds with (A4]), and we thus conclude the proof of the first
part of the lemma. In order to show the second part, we observe that from (Al and

(A3) we have

Y' < —-2aY +2(b6* +c)y:=—2aY + ay.
By integrating the latter and using (A.J]) we get, for all ¢ > 2t,

t

Y (1) <Y (£/2) e 22 4 ¢ /

t/2

from which (A22) follows. O

Proof of Lemma Bl Denote by |||y]|| := \/|@c|? + |2]2 the Euclidean norm on R? x
R3, and let g9 > 0 be such that

t
r)dr <5e0 o [ y(ryr,
/2

B, = {y € R x R*: |||y[l| < e0} € Z(0).

Fix € € (0,¢0) and define

= iz’ y) > 0.
The minimum exists since U is continuous on B, and the sphere of radius ¢ is compact in
R? x R3; moreover, £ is strictly positive because of condition (ii) in the lemma. Again by
the continuity of U, we find o > 0 such that |||y||| < &y implies U(y) < 4 min{¢, ¢, $ci¢},
with ¢; defined in ([84). Choose § < min{do, Qi L8} with o deﬁned in (84). We

’ 4 co
want to show that

Nyl <e/2, forallt>D0. (A.5)

Suppose, on the contrary, that ¢ is the first instant of time when |||y(¢)||| = /2. Thus,
since F is positive definite and V(¢) < V(0) for all ¢ > 0, we deduce with the help of

B.2)

£ < V(D) = Fo(d) + Uy(H) < exllo0)> + U(w(0) < 5+ § =¢,
which shows a contradiction. Thus, (AF) holds and, in addition, for all ¢ > 0,
1 1 1

ail[v(t)]z < F(v(t)) < V(0) < e2f|w(0)ll2 + U(y(0)) < jere + jere = jere

which completes the proof. O
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