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Abstract. We consider Smoluchowski’s coagulation equation with kernels of homo-
geneity one of the form K.(&,n) = (¢4 +1'~°)(¢n) :, Heuristically, in suitable expo-
nential variables, one can argue that in this case the long-time behaviour of solutions is
similar to the inviscid Burgers equation and that for Riemann data solutions converge
to a traveling wave for large times. Numerical simulations in a work by Herrmann and
the authors indeed support this conjecture, but also reveal that the traveling waves are
oscillatory and the oscillations become stronger with smaller €. The goal of this paper is
to construct such oscillatory traveling wave solutions and provide details of their shape
via formal matched asymptotic expansions.

1. Introduction.
1.1. The coagulation equation. The classical Smoluchowski coagulation equation is
given by

13 o
Duf(t.€) = L / K(6—n.m)f(t.&—n) f(t.n) dn — F(£.€) / K mftmdy, (L1)

where f(t,&) denotes the number density of clusters of size £ € (0, 00) at time ¢ > 0 and it
describes the formation of larger clusters by binary coagulation of smaller ones. The rate
kernel K is a nonnegative, symmetric function that contains all the information about
the microscopic details of the coagulation process. For example, in [12] Smoluchowski
derived the kernel K (¢,n) = (£1/3+n'/3) (¢71/3+7171/3) for clusters that move according
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to Brownian motion and merge if they come close to each other. Various other kernels
from different application areas can be found in the survey articles [6], [1] and [3].

Most kernels that one encounters in applications are homogeneous and we will assume
this from now on. It is well known that for kernels of homogeneity larger than one
gelation occurs, that is, the loss of mass at finite time, while for kernels of homogeneity
smaller than or equal to one, solutions conserve the mass if it is initially finite. A topic of
particular interest in this latter case is whether the large-time behaviour is described by
self-similar solutions. While this issue is well understood for the constant and the additive
kernel [10], for other kernels only few results are available. In the case of kernels with
homogeneity strictly smaller than one, existence results for self-similar solutions have
been established for a large class of kernels [B], [4], while uniqueness and convergence to
self-similar form has only recently been proved for some special cases [I1], []].

1.2. Kernels with homogeneity one. In this article we are going to consider kernels
with homogeneity one. Van Dongen and Ernst [I3] already noticed that one needs to
distinguish two cases. In the first case, called class II kernels in [I3], one has K (§,1) —
¢p > 0 as £ — 0. The most prominent example is the additive kernel K(&,n) = £ + 7,
where it is possible to solve the equation with the Laplace transform. In fact, for the
additive kernel there exists a whole family of self-similar solutions with finite mass [10].
One of them has exponential decay, the others decay like a power law in a way such that
the second moment is infinite. Recently, as the first mathematical result for nonsolvable
kernels with homogeneity one, existence of self-similar solutions for a range of class II
kernels has been obtained in [2].

On the other hand, kernels that satisfy lime_,o K(€,1) = 0, are called class-I kernels
in [13] and we also sometimes call them diagonally dominant. In this case it is known
that self-similar solutions with finite mass cannot exist, but a suitable change of variables
reveals that one can expect that the long-time behaviour of solutions is similar as in the
case of the inviscid Burgers equation. To explain the idea it is useful to rewrite (LI in
conservative form, that is, as

13 )
e (£f) +35(/0 /g K(n,p)nf(n)f(p) dpdn) =0. (1.2)
£~
Then we make the change of variables

E=¢€" and u(t,x) = E2f(t,€) (1.3)

such that (L2) becomes
Buult, z) = _aw( / dy / de(ey*m)u(t,y)u(t,z)). (1.4)
—00 z+In(l—ev—7)

Notice also that foo Ef(LE)dE = fR u(t, ) dz. Hence, mass conserving solutions to (LII)
correspond to nonnegative integrable solutions of (L4 with conserved L!-norm.
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As in [7], we consider the rescaled function u.(7,%) = 2u(Z%, Z), where 0 < £ < 1, to
understand the large-time behaviour of solutions to (I4]). We find

Orue(7,2) = / / 1 1 K(ey;z , 1)u5(7', Y)ue(T,2) dz dy)
ZT+eln e e

(1.5)

- / / y?,1)ug(r,ac+y>ue<nf+z>dzdy)
Eln 1— es
—co0z ( (7, 2) )

with ¢g = fi)oo fl(:Zlfey) K(eyfz, 1) dydz < oco. Hence, we conclude that u. approxi-

Q

mately solves the Burgers equation. Notice that in the second step in (L) we have
used the translation invariance of the integral which is specific to the property that the
kernel has homogeneity one. Recall that for integrable nonnegative data with mass M
the solutions to the Burgers equation dyu+ 0, (uQ) = 0 converge in the long-time limit to
an N-wave with the same mass, i.e. u(t,z) ~ %N(z/\/f) with N(x) = 5X[0,2va7)- On
the other hand, if one starts with data such that ug(z) — b > 0 as  — —oo the solution
converges to a traveling wave with height b and speed related to b.

In order to investigate, whether the long-time behaviour of solutions to (L4)) is indeed
the same as for the Burgers equation we performed in [7] numerical simulations of (4]
for a family of kernels

Ko(&n) =ca(é+m)' 2™, a>0, (1.6)

with a suitable normalization constant ¢, > 0. Figure [l shows the simulations for several
values of « for smooth initial data with compact support.

time=7., a=2.0 time=36., a=2.0 time=72., a=2.0
0.16 0.08 0.05]
0.00| 0.00) 1 0.00
0 30 60 0 30 60 0 30 60
time=7., a=1.2 time=43., a=1.2 time=94., a=1.2
0.17] 0.08, 0.05]
0.00| 0.00 1 0.00
0 30 60 0 30 60 0 30 60
time=29., a=0.6 time=72., a=0.6 time=289., a=0.6
0.12 0.08, 0.03]
0.00| 0.00 1 0.00
0 60 120 0 60 120 0 60 120

F1G. 1. Convergence to the N-wave for o = 2 (top), o = 1.2 (middle)
and o = 0.6 (bottom).
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We see that solutions indeed converge to an N-wave in the long-time limit, but that
the transition at the shock front is oscillatory, with oscillations becoming stronger when
« becomes smaller. One expects that the transition at the shock front is given by a
rescaled traveling wave profile and simulations of (L4) for Riemann data (see Figure [2))
indeed confirm that the traveling wave profiles are oscillatory for small a.

It is the purpose of this paper to establish the existence of such a traveling wave and
compute details of its shape via formal matched asymptotic expansions. We will do this
for kernels of the form

Ke(&n) = (€75 +n'"")(&n)” (1.7)
where € > 0 is a small parameter. We choose to consider kernels of the form (7)) since

the computations become slightly simpler. For small £ and a we do not expect that the
solutions for kernels as in (L8) and (7)) respectively behave very differently.

a=21.0 a=2.00 a=0.01

0 25 50 0 25 50 0 25 50

F1G. 2. The shape of the traveling wave for different values of a (u
against ).

Before we proceed to an informal description of construction of oscillatory traveling
waves, we also mention that we discuss in [7] in detail also the situation for large .
While for sufficiently large «, the traveling wave appears to be monotone, in this case
the constant solution is unstable which leads to additional phenomena; we refer to [7] for
details.

1.3. Traveling waves for small €. The goal of this paper is to construct traveling wave
solutions of (L4]). The ansatz u(t,z) = bG(z — bt) indeed leads to the equation

/ dy/ d=K (9, 1)G(y)G (=) (1.8)
+In(l—ev—=)

for the profile G with the boundary condition G(z) — 0 as  — co. Such solutions G(x)
of (L8) correspond to special solutions f of (L2)) of the form &2 f(¢,&) = bG(In & — bt),
hence to traveling waves in the variable In¢&.

1.3.1. Basic considerations. We recall that for ¢ = 0 in (7)) we obtain the additive
kernel, for which a whole family of mass conserving self-similar solutions exist. One of
them with exponential decay in the self-similar variable ¢ = e~%*¢, the other ones with
power law decay (~(?**) as x — oo for p € (0,1) [I0]. In the variables (L3) this means
that G(z) ~ e ?* as * — oo. We also have that G(z) — 0 as x — —oo with the
asymptotics e~ T57 %,

In contrast, solutions to (IL8) with diagonally dominant kernel must satisfy

lim G(z) =G >0,

T—>—00
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hence, the integral of G cannot be finite. This is the reason that self-similar solutions
with finite mass cannot exist in this case. Nevertheless, nonnegative solutions to (L.8])
in the case of diagonally dominant kernels are relevant as well, since we expect that
they describe the long-time behaviour of solutions if one starts with Riemann data in the
variable x, and they describe the transition at the shock front of the N-wave that appears
if the initial data are integrable. Notice also, that by varying the parameter b, we can
change the step height of the traveling wave. For the following analysis it is convenient
to normalize b = 1. The numerical simulations on the other hand were carried out by
normalizing G such that G(z) — 1 as x — —oo.

Our goal in this paper is to study how solutions G to (L)) behave for kernels as in
() in the regime ¢ < 1.

1.3.2. Construction of a traveling wave by shooting. We now describe in an informal
way the main strategy of our construction of a traveling wave solution.
Shooting from —oo. We try to obtain the solution by a shooting argument starting
at £ — —oo. In Sections 2IH2.3] we obtain that as x — —oo a solution G of (LF) is
oscillatory with

G(z) ~ G + Re(Lewe’ﬁI) + U (x; L, ) 4 Cyet? as r — —oo (1.9)

and

g2 g? €

~ /ﬁ'mg—l—iﬁ and u*%l—g ase —0.

The constants L > 0, € [0,27) and C, € R can be chosen freely, while the func-
tion W(X;L,y) yields the contribution of the nonlinear terms induced by the term
Re(Lei‘Pe‘ﬁ“’) which are larger than the contribution due to the term C.e*~*. As we
will explain in detail in the end of Section 23] we can restrict ourselves, due to the
translation invariance of (L)), to ¢ = 0 and L € [1,e% ). Then (LJ) still describes a
two-dimensional manifold. It turns out that the solution that we are seeking lies close
to the submanifold given by C, = 0. The reason is that otherwise instabilities kick in,
the solution becomes negative and is not a nonnegative solution of (LJ]) with the correct
behaviour as © — oo.

We remark here that our strategy is similar to our construction of self-similar solutions
to the coagulation equation with kernel K(¢£,1) = (én)* with A € (0,1/2) in [9]. Also
in this case the solution develops oscillations that become more extreme with smaller \.
However, the details are somewhat different and in particular, there we do not have the
additional term C,e*** in (L), but instead can do the shooting in a one-dimensional
manifold.

Reformulation as a Volterra-type system. For simplicity of the argument assume
for the moment that the terms with C, can be neglected and that we can use L as a
single shooting parameter. The main technical difficulty in the analysis of equation (L.8])
is to control the nonlocal integral terms. A key idea in our approach is to reformulate
equation (L8)) as a Volterra-type system of equations for which the solution at ‘time’
x depends only on values y < z. Of course, not every solution to this Volterra-type
system corresponds to a nonnegative solution of ([8). We have to choose the shooting
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parameter L in such a way such that the corresponding G remains positive and converges
to zero as x — oo.

The next key insight is, that as long as G < 1 we can approximate the Volterra-type
system by a nonlinear ODE system that is a perturbation of a Lotka-Volterra system; see
Section 2.4 We use an adiabatic approximation to compute the increase of an associated
energy E along the trajectories. This approximation is valid as along as F < % When
E~ % we enter what we call the intermediate regime; see Section In this regime G
develops on intervals of length of order O(In %) peaks of height of order one that can be
approximated by self-similar solutions to the coagulation equation with additive kernel;
see Section 5.2l These peaks are connected by regions of length O(¢~2) in which G is of
order O(e_%). In the regime where G is small we can again approximate by simple ODE
systems. Still, we have to distinguish three different regimes that have to be coupled
appropriately as described in Sections B35 41257 A key result in order to justify the
approximation by ODEs is Lemma [2.4] in Section that allows us to control, if G is
small and in a certain sense regular, the nonlocal terms by pointwise estimates.

For each L € [l,e%) we can construct in this way a solution to (L¥). However,

in general they become negative. By a continuity argument, explained in Section [2.0]
we show that there exists a parameter L such that the corresponding solution satisfies
G(z) — 0 as x — oo with the asymptotics as given in ([2:62) of Lemma
Solution stays close to sub-manifold with C, = 0. In Section [3 we then address the
additional parameter C.. We are going to show that C must be very small and carefully
chosen in order to obtain a nonnegative solution to (L8]) that tends to zero as x — oo.
More precisely, we consider the different regions explained above separately and show
that if the term associated with C, becomes of a size comparable to the solution of the
Volterra-like problem, the corresponding solution will not be admissible as a solution to
the coagulation equation.
General remark on techniques. We emphasize that the construction of our solution
is based on a matched asymptotic expansion. However, since we deal with an integral
equation we can in general not use standard tools for asymptotic problems in ODEs, but
have to estimate carefully the nonlocal terms corresponding to the integrals.

1.3.3. The main result. For completeness we now briefly summarize the main proper-
ties of the solution that we construct. We obtain a solution G to (L8] which satisfies

52 g2 ET
G(z) ~ T + L.es%cos (7) + h.o.t as x — —o0, (1.10)

where L, is chosen such that G remains positive and satisfies G(z) — 0 as  — 0.

The approximation ([I0) is valid, as long as an associated energy E (see (22§))
satisfies £ < % The intermediate regime starts when E ~ % and is characterized by
well-separated peaks of increasing height. More precisely, G develops peaks of increasing
height (but of order one in €), with width of order O( In %) These peaks can be described
by fat-tailed solutions of the coagulation equation with additive kernel. The peaks are
separated by regions of length O(%) in which G is very small, that is, O(efé) (see also

Figure [3).
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-exp(=1/¢)

Ve

Fia. 3. Sketch of the traveling wave profile.

Finally, G enters the last regime where it converges to zero like a double exponential
(see ([Z.62) for detailed asymptotics).

2. Construction of an oscillatory traveling wave.
2.1. The behaviour for x — —oo. As a first step we derive the asymptotics of a solution
as x — —oo. For this we note

£

K.(e¥,1) = (6(176)?4 + 1)6% =175 %

and it follows that fi)oo dy flz(()l_ey) K. (ey_z, 1)dz < 00. We are interested in the asymp-
totics of the solution of (L) satisfying lim,, . G(x) = G where G is given by

0 oo
Goo/ dy/ dzK.(eY"%,1) =1. (2.1)
—00 In(1—ev)

o

A simple explicit computation gives G, = % and using the asymptotics I'(z)z —
2 2

~— !

1 as z — 0 we also find

g2 € 9

2.2. Reformulation as a Volterra-like problem. Suppose that G(-) is a solution of (LS.
We rewrite this equation as

0 00
G(z) :/ dy/ dz(e(l_%)(y_z) —l—e%(y_z))G(y—i—x)G(z—l—x)
—o0 0

0 0
+/ dy/ dz (0D L 30N Gy + )Gz +a)  (29)
—00 In(1—ev)
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and define the following functions:

0 ]
Az) = %/_ Gy +z)e2vdy, B(z) = %/0 e 2*G(2 4 2)dz, (2.4)
0 0o
Pla) = /_ Gly + 2)el=Dvdy, Qlz) = /O e -92G(z + 0)dz,  (25)
JKﬂ(x):(/? dY’lil_y)dz(eu—%ﬂy—d~+e%w_”)(ﬂy—%x)G(z+—x)
Then
D _ faw+iew, B tpe) Lo, (26)
dl;f) - _(1 - %)P(m) +G(a), d?if) - (1 - %)Q(m) ~G), (27
and rewrite (23] as
G(z) = 4A(z)B(x) + P(z)Q(x) + J[G](x) . (2.8)

Notice that J[G](z) is determined by the values of G(y) with y < x and the functions
A,B,P and @ solve the ODEs in (26) and (7). Hence, we will call 26)-23) a
Volterra-like problem since the values of the functions A, B, P,@Q and G at x depend only
on the values of these functions for y < z.

A solution of (20)-([2.8)) is however not necessarily a solution of (8. More precisely,
suppose that G is a global solution of (ZG)-(28). Then, the differential equations for
B and Q in (Z6) and (Z7) suggest that the functions B and @Q behave as Cpe? and
Cge!=3)* respectively as © — oo. However, the formulas for B(z) and Q(z) in (24)
and (23] imply that these two functions are bounded for large x if G is bounded. This
suggests that some suitable shooting parameters need to be adjusted in order to obtain
bounded solutions of ([2.6])-(2.8).

2.3. Linearization of the Volterra-like problem as x — —oo.. We begin by constructing
solutions of ([2.6])-(2Z.8) for x < —z( with sufficiently large x¢ > 0. These solutions depend
on two parameters and satisfy

2

G(z) = Goo ~ % as T — —00 (2.9)
where Go > 0 is as in ([ZI). Moreover, we also assume that
Goo G
A(z) = Ao = -2~ £ B(x) = Boo = -2 ~ <
€ 4 € 4 (2.10)
Pla) o P = 292 L2 Qa) > Qu = G L '
o 2—c 47 o 2—e 47

as * — —oo. We now look for solutions that behave asymptotically as
(G, A,B,P,Q) = (GOO,AOO,BOO,POO,QOO)Jr(G;O,A;O,B;O,P;O,Q;o)ew as & — —00.

We linearize in (2.0)-(2.8)), to obtain after some rearrangements that

1 Gl 1 G} Gl Gl
Ac1>o:_ Ooa ) Béo:_ =, Polo = - ) c1>o: - )
2+ 9 G- -5 =T T5-m



OSCILLATORY TRAVELING WAVE SOLUTIONS 161

and
ol _ 2G. Gl +2Goo GL N 2G GL
e (5 ¢ (ut5) @C-9(1-5-n)
2G Gl
= © — + GooGiJ (e
2o (ir1-9) (1)
with
0 0
J(,€) ::/ dy/ dz(e(l_%)(y—z)—i—e%(y_z))(e”y—l—e”Z). (2.11)
—o0 In(1—ev)

We are looking for solutions with Re(u) > 0. Then G # 0 since otherwise Re(u) < 0
or A, = Bl = PL = QL = 0. Then, if G, # 0 we obtain after some lengthy but
elementary rearrangements and integrations by parts, that

F(1-5T(5)T(1+p) (1—p)
(1-2)% =r(1-5+0)1(3) (1-;)(5-@ o2
(5 enr(-5) sy

We state here a result about the roots of ([2I2), whose proof is given in the Appendix.

LEMMA 2.1. Equation [ZI2) has exactly three roots with Re(u) > 0, denoted by p* and
1y respectively. Their asymptotics are given by

L et e el

wr=gEilGry

The linearization of the problem (Z0)-(Z8]) suggests that there exists a three-dimen-
sional family of solutions which indeed can be characterized by the asymptotics (L3
with free constants L > 0,¢ € [0,27) and C, € R.

For any choice of ¢, L and C, the solution of (Z0)-([2.1) is uniquely determined. In
order to find a traveling wave solution to our original problem, we need to find ¢, L and
C, such that B(z) — 0 and Q(z) — 0 as * — oo. However, due to the translation
invariance of (IL8) we have for any a € R that G4 (z) := G(z + a) gives the same solution
up to translations, such that, denoting pu* = py + ius,

)+0(?) and My =1 — g as € = 0. (2.13)

Ga(z) ~ Goo + Re(Le”laei(‘PJr”?a)e”*x) + ip(z) + CetTet=" as & — —o0.

Hence, we can identify solutions of ([Z.)-([Z8) up to translations with the set of real
numbers contained between two consecutive intersections of the spiral {Le‘ﬁ“ |a € R}
with the real axis. If L = 1, the next larger point on the real axis is e%. Therefore
we can assume that ¢ =0 and L € [1, e%) ~ [1,e% ). Notice that if the value of L is
modified from L to Le% the value of C, is modified to C*e%.

Thus, finding a nonnegative solution G(z) to the original problem (L8] with G(z) — 0
as x — oo is equivalent to finding a solution to (26)-(Z8) with the asymptotics (L3

2m
with ¢ =0, L € [1,6“—51) and C, € R such that B(z),Q(z) — 0 as x — oo.
Notice that in the formula (L9) the second term changes on scales of order %, whereas
the last term changes on scales of order one. This is a consequence of the fact that the
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characteristic length scales in the equations for A and B in (2] are different from the
ones for P and @ in ([27). In particular, the equation for the variable ) indicates that @
separates in scales of order one from . This has the consequence that C, must be very
small, because otherwise the fast growth of @) will produce a change of sign either for Q
or B as we will see later. Even though C, is very small it must be tuned in a careful
way because otherwise the above-mentioned instability in (27)) will cause the solution to
change sign.

We will postpone the detailed analysis of the effect of the term Ciet** to Section [
and consider now solutions to (2.6) and ([2.1)) with (1 —5)Q(z) = G(z). This reduces the
two-dimensional shooting problem to a one-dimensional one with shooting parameter L.

2.4. The Lotka-Volterra regime. It is possible to derive an ODE approximation of (L.8])
which is valid as long as G remains much smaller than one. Since G is of order €2 we
introduce the following rescaling;:

G=Gxg9, A=Aga, B=DByb, P=PFP.p, Q=CQxq

u v w (2.14)
= -, y=—- =
€ € €
where Ay, Boo, Poo and Q are as in (Z.10). Then (2.6])-(2.8) become
da 1 b 1
dp 1 1 dg 1 1
dp _ (1 1y Y2 2.1
T-(C-35) e, FE=(z-3)a-9. (2.16)
and
4G o 4G G -
= b —J 2.17
where

= / dv/ ., dw(e(%_%)(”_w) —l—e%(“_w))g(v—i—u)g(w—i—u). (2.18)
eln(l—e<)
LEMMA 2.2. Under the assumption that ¢ — 1 as 4 — —oo and

dg
|a(u) = 1] +[b(u) = 1|+ [p(u) = 1] +]|q(u) = 1| < Cllg =1, ‘ <Cllg— 1w, (2.19)

Fr
where || |, := sups<,, | f(s)], we can rewrite (Z.I7) as the system of ODEs (Z.15) together

with
g(u) = a(wb(u) - 5 (a(w)b(u) - 1) + 5 (9wa(u) - 1) + R(u) (2.20)
with [R(u)| < Ce*(1 + [lgllu)llg = Lu-
Proof. To approximate g we use (24]) and (2.1]) in 2I7) to find

o) =alu)b(u) + (552 1) (aw)blu) = 1) + 5 (ow)ata) 1)

v w(elzm2)v—w) 4 e3(v—w) v+u)gw+u) —
/ I /sln(l es)d - )(g( Fuglw+w) =)
=: a(u)b w)+ (I)+ ([I)+ (I11)q + (I11)y.
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We first note that

Jo(v -+ w)g(w +u) 1] < C(L+ lglh)lg — U (221)
With the assumption (ZI9) we have |(II)| < Ce?(1 + [|gllu)llg — 1]lu- Furthermore,
recalling (Z2), we have € — 2 = —£ + (£2), whence as a consequence we find
5
(1) = =5 (a(wb(u) = 1) + O(*llg = 1 (1 +llgllu)) -

In addition we can estimate

0 0
<00+ loll)lg =t | av [ ,U)dwe%@*m
eln(l—e<s

= Ce2(1+ |lgllu) g — 1uu/ d/ o)

< CE*(1+ llgllu)llg — 1w

since f_ooo dv fl(r)l(l—ev) dwes (V=) = fol dyys—! fll_y dzz—(+3%) < .
We finally claim that

(U1 =S (ga—1) +O(2(1+ lgll)llg = 1l ) (2:22)

Indeed, after changing the order of integration we obtain

(I11), :—/ dw/ - dvelzT D) (g(p 4 u)g(w +u) — 1)
eln(l—e<)

In the region w > —e we use (Z2I]) and the fact that f?g dw faolnu—e%) dve(z—2)(v—w) <
Ce? which follows from scaling. Therefore we can replace the integral ffoo dw by [ __; dw

introducing an error of order Ce%(1 + ||g[lu)[lg — 1|«
Furthermore, in the remaining integral, we can, due to (2.2]), replace the prefactor %"

by 1 and this yields an error of order Ce?(1 + |gllu)llg — 1ll. since
f dwf In(1—ew/e) dve(=3)(v=w) < O¢.
In the remaining integral we can also replace ez =)= w) by e~ %’%)w, using —e <

v < 0, Taylor expansion and the fact that [~ fsln(l cwrey lvle” (£-2)w < (Ce3. This
gives an additional error of the order Ce3(1 + ||g[lu)|lg — 1/l». Finally, due to 2I9)
we have |g(u + v) — g(u)] < Cllg — 1||u|v|, such that we can replace g(u + v) by g(u)
introducing another error of the order Ce®(1 + [|g[|u)|lg — 1|lu- Thus, we have found

(. =5 [ / dve= =D (g(u)g(w+u)—1) + (= (1+ llgll)llg— 1),
eln(l— e“’/E

We can now integrate over v and use —e~ < In(1 —e=) =1+ O(e*) for w < —¢ to find

—€

(D), =7 [ dwe? (glu)g(u+w) = 1) + O (1 + llgla)llg = L].)

— 00

N

0
/ dwe (g(u)g(u+w) —1) + O (1 + [lgllu)llg — 1llu) -

—0o0
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Since g — 1 as u — —oo and since a is bounded, we find a(u) = 3 f dwe? g(u + w)
and the claim ([222)) follows from the previous formula. O
Lemma [22] suggests to approximate problem (ZI5)-(ZI7) by the system of ODEs

da 1 €

d—u—ﬁ(—a—l-ab——ab(l—a)), (2.23)
db——(b— b+ ab(l — )) (2.24)
70 3 ab+ ga a .
dp 1

== (g - —)(—p+ab— ~ab(1 - ), (2.25)
dq €

T (— - —) (q —ab+ §ab(1 - a)). (2.26)

Linearizing this system around the solution a = b = p = ¢ = 1 we find a three-dimensional
unstable manifold characterized by the eigenvalues :l:% +5(§ + %) and (— — —) Recalling
the rescaling ([2.14)), this agrees with the results of Lemma 2.1

Notice that the third eigenvalue is much larger than the other two, which is related
to the fact, that the solutions to ([2.25) and ([2.:26]) change on a faster scale. As discussed
before, we restrict ourselves for the moment to solutions for which p = g + O(e) and
g = g+ O(e). In particular this implies, that p and ¢ satisfy the assumptions of Lemma
22]if a and b do so. Therefore we consider for the moment solutions of (2.23]) and (2.24)).

2.4.1. Adiabatic increase of the amplitude. We have seen that with increasing u the
trajectories follow almost ellipses, but spiral outwards in each round. This property does
not only hold for a and b close to one, but also when |a — 1| 4+ |b — 1| = O(1).

We compute the increase of the amplitude of the spiral by using an adiabatic ap-
proximation. More precisely, we recall that the leading order of the system (223)-(224)

is

da a ab a d b ab b
P R R LU S Tt Sl St Al (227)
and the energy
E=a+b—In(ab) —2 (2.28)

is conserved by (2.27).
dE _
We compute now the change of energy for the perturbed problem. We have %% =

—(ITT“)Z—Z + (17_1’)% and using (223) and ([224) we obtain
dE €
— =—-(b—a)(1—a).
= p-a)(-a)
We need to estimate the change of energy in a cycle where we use the approximation

(227). The change of the energy in a period is given by §D(F) where

D(E) :/O (b—a)(1 — a)du = 2/C(E)(b—a) 4 (2.29)

where we used that (1 — a)du = 2db and where C(E) denotes the contour in the plane
(a,b) associated to the trajectory with energy E. We can parameterize it by two curves
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{(a4(0),6) : b € (bmax(E), bmin(E))} U {(a—(b),b) : b € (bmin(E), bmax(E))}. Then

bmax () db bmax (EF) db
D(E):—Q/ (b—a+(b))—+2/ (b—a_(b)2
bmin(E) b bmin(E) b
bmax (E) db
—2 [ () - a0) G
bmin(E)

Since a4 (b) > a_(b) for any b € (byin(E), bmax(E)) we find D(E) > 0 and the energy
increases. We now compute the asymptotics of the solutions as £ — 0 and E — oo. We
recall that the contours C(E) are defined by (2.28).

We first consider the limit F — 0. In this regime we obtain the asymptotics a (b) ~
1+2E—(0—-1)2 and a_(b) ~ 1 —/2E — (b—1)2, as well as byin(E) ~ 1 — 2FE
and byax(E) ~ 14 v2E. Furthermore we obtain a, (b) — a_(b) ~ 2/2E — (b—1)2.
Therefore

bmax (E) db bmax (E)
D(E) = 2/ (as(b) — a,(b))? ~ 4/ V2E — (b—1)2db
b b

min (F) min (£)

V2E 1
N4/ \/2E—3:2dx:8E/ V1—22de = 4nE
—V2E -1

since f_ll V1 —z2dx = %77. Notice that we thus recover the increase of the amplitude of
the oscillations for a and b that follow from (L9) and 2I3).

To examine the limit £ — oo, we will use the expression ([220) and estimate the
different regions of C'(E) separately. This ensures, that the energy does not change too
much during the cycle of length T(E).

We first consider the region where b < 1 and a € (a4, E) with 1 < a, < E. We
denote by b, the value of b such that ay(b.) = a.. Since in this region F = a, — Inb,
this yields b, ~ e%~¥. Then the contribution to D(E) in this region is

b 1 1 1 1
. db db E+1nb Inb
2/ (b—a)—:2/(a—b)—z2/ gczmz/ + d(m2/ 10 b~ B2
1 b b b b*b b b b b

as ' — oo. We claim that this gives the main contribution to the change of the energy
and are going to show that the remaining regions give smaller contributions as £ — oo.

Indeed, consider now the part where a € (1,a,). In this region £ ~ ¢ —Inb and if we
denote by b the value of b on the cycle that corresponds to a = 1 we have b =~ e~ ¥. Then

b b
2/(b—a)%§0[ %dbg(]a*lnbga*E«EQ.
by b
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If both a and b are small, then £ =~ Ina + Inb and the contribution of the rate of
change of energy is estimated by

Loap
C/ " < Cluby, < CE < E?.
b

min

If b > 1 and if a is small, then the contribution of the change of the energy on the
other hand is estimated by

bmax
2/ (b—a)% < Chyax < CE.
1

Finally, we consider the regime where a,b > 1, such that £ ~ a 4+ b. The corresponding
part of D(E) is given by

! 2 ! db
/(b—a)—db%2/(2b—E)—zElnE as F — 0.
E b E b

Hence we have derived the approximation

Epi1 — Ep ~ Z(Enf if |E,| — oo. (2.30)

This approximation is valid as long as e < 1, that is, a + b < % and a+b>e %,

2.5. Intermediate regime. The intermediate regime is characterized by the energy FE
becoming of order % The energy, as defined in ([2:2§)), is given in terms of A and B as
E = ﬁ + % —In(AB) + In(AccBoo) — 2. Since Ao = O(e) and B, = O(g) (recall
(10)), the fact that the energy is of order 1 implies that either A = O(1), or B = O(1),
or AB < 1.

The intermediate regime will be split in four different regions. When A and B are of
order one, we can approximate the equation for G by (LJ) with K given by the additive
kernel K(&,m) = £+ 1. We call this the kinetic regime. If A is of order one, but B
small we can approximate the equation by a simple ODE system for A and B; see (2:47),
that gives an explicit expression for G. If both, A and B are small, we approximate
again by the Lotka-Volterra equation (227, while if B is of order one, but A small, we
approximate by another simple ODE system; see (Z58)).

2.5.1. Querview of different regimes. If we make a plot of the solution in the A-B-
plane (see Figure @ for a graph), it turns out that also in the regime where E = O(1)
the curve A(x), B(x) continues to spiral around the point (Ao, Bso) with increasing
amplitude in the clockwise sense for increasing z. This curve intersects the line A = A
and B = B, at consecutive points x = x,, and = &,, where B(z,) and A(Z,) are of
order one, respectively.

In the interval (z,,,Z,) the solution can be approximated by a solution to the kinetic
equation with additive kernel. In the interval (Z,,x,+1) the solution will be approxi-
mated by solutions of certain ODEs. We will see that the length of these intervals is
|2 — Zn| = O(In 1), while |Z, — 2p41| = O(%).
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F1G. 4. Sketch of the solution in the A — B-plane.

2.5.2. A, B of order one: The kinetic regime. We now consider equation (Z.0])-(Z.8])
for € = 0, that is,

dA(z) 1 dB(z) 1
pra §G(:v), s —QG(m), (2.31)
PO - pwy+aw, @) o), (2.32)
and
G(z) = 4A(z)B(z) + P(z)Q(x) + J[G](z), (2.33)

with J[G)(@) = [ dy [i21_ o dze? 2 Gy + 2)G (2 + ).

LEMMA 2.3. For any p € (0,2) there exists a continuous solution (A,, B,, P,,Q,) to
(Z31)-(233) such that the corresponding G, satisfies for p € (0,2), p # 1, the asymp-

totics
P sin(fa))F(lil)) o

Gy(x) ~ eT+p” as r — —o0 2.34
and
I'(1 i 1-—
G (a) ~ L LAFASEA=0) 0 (2.35)
14+p s

For p € (0, 1] the solution is positive. Furthermore, for p = 1, the solution is explicit
Gi(z) = %\/lz—ﬂe%e_e_ . (2.36)

For these solutions we also have that M, := [~ G,(z)dz = ;- Moreover it holds

Ay(z) = %/f G,(y)dy and B,(z) = 3 /OO G,(y) dy. (2.37)
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We also have the representation formulas

P,(z) = / G,(y)e? ™ *dy and Qy(x) = / G,(y)e* Ydy. (2.38)

The above result was proved in [10] for p € (0,1]. However, inspection of the formula
for the Laplace transform of the solutions, given in [10], reveals that the result also holds
for p € (1,2). It was proved in [I0] that the functions G,(x) are nonnegative for p € (0, 1],
while the asymptotics (Z35) imply that G,(z) < 0 for large x if p € (1,2). We also note
that My = % while M, — % as p — 2.

We now explain how to use the solutions from Lemma 23] to approximate the function
G in the intervals (2, Z,). Due to (Z31) we define M,, = 2B(x,) and approximate the

solution in the interval (z,, Z») by G(z) = G, (z — &n), where M, = $£2-. The point
I, is determined by the condition
sin (22— _1 R
L (i () ot i) _ g w S (239)
2 (1 + pn) 4

This condition is obtained by matching the asymptotics of G, (z — &), see ([234), for
T < Tp, | — Zn| > 1 with A(z,) = As, compare ([237). Using a similar matching
argument in the region x — z, > 1, we find

oo T

B(:Z‘n _ i’n) _ %1 —:pn F(l + pn) Sl:(ﬂ(l pn))e—pn(a’cn—fcn) - B. — € (2.40)
Notice that the two matching conditions ([2:39)) and (2:40) determine Z,, as a function of
z,. We also see that |z, — Z,| = O(In1). Furthermore we remark that (Z37) implies
that A(z,) = % This is not immediately obvious but follows a posteriori from the fact
that the peaks have distance of order 5%, hence, to leading order A sees only the mass of
the last peak.

2.5.3. An approzimation for G if one of A or B is small. We now derive the follow-
ing key lemma, that, under certain regularity assumptions, controls the nonlocal effects
by pointwise estimates, which in particular will allow us to approximate (Z.6])-(2.8]) by
systems of ODEs in regions where G is small and where the kinetic approximation with
e = 0 fails.

LEMMA 2.4. Suppose that A, B, P and @ are solutions to (2.0) and 2.7 and G satisfies
[29). Furthermore, assume that for some constants ki, ks and ks with &k € (0,1-24],
for some ¢ > 0, the function G satisfies

In(G(z+y)) —In(G(x)) < ki|y| + k2, for all y < —1, -
|1n(G(x +y)) — 1n(G(:c))| < ksly|, for all y € (-1,0), (241)
then
|G(z) — (4A(z)B(z) + P(2)Q(z) + 2G(2)A(z))| < C5G(x)*. (2.42)
If furthermore
|P(z)] < 2|G(z)] and |Q(@)] < 2|G(2)], (2.43)

then we have

|G(2) — (4A(2)B(z) + 2G(2) A(x))| < C5G(x)>. (2.44)
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Proof. We rewrite (28] as
G(x) = 4A(x) B(z) + P(2)Q(z) + L1[G](2) + L2[G](z),

with

0 0
£41[C)(x) = / dy / dze=DU=2G(y + 2)G(z + ),
— Inl—ev)

0
Lo]G)(z) = / dy/ dze3 WGy 4+ 2)G(z + ).
— In(1—e¥)
We first show that |£2[G]| < C5G(z)?. Using assumption (Z41]) we obtain

Lo]G](x) = / ' dzG(z + 2) / ’ AYG(z + y)es 2

In(1—e?)

— 00

0
< oy ( / dre-(n+5) / dye—tay
—o0 In(1—e?)

0 —1
+/ dze—(k3+%>z(/ dye—(kl—g)ul))
-1 In(1—e?)

-1 0
< C’G(x)z(/ dzef(lf‘s)z/ dye~ kv
1

—o0 n(l—e?)
0 . -1

+/ dze_(k3+§)z(/ dye~ (179 4 1)) < CsG(x)2
-1 In(1—e?)

With R(z, z) := fln 1—e%) Gg’:“’) (1=3)¥ we rewrite £1[G](z) as follows:

0

L1[G](z) = G(l')/ dzG(x + 2)67(17%)2/ dywe(lfg)y
= wien G
_1 i 0 E
=Gl) / d=G(x + 2)e” "7 R(z, 2) + G(x) / dzG(z + 2)e” =97 R(z, 2)
o »

=: L11[G](x) + L1 2[G](z) .

Using (2Z41)) we obtain |R(z,z)| < Q(z,0) < Cs and then also that |£q2[G](z)] <
CsG ()%

To compute L4 1[G] note first that since 2 < —1, we have y € (—1,0) in the integral
for R. Hence, due to the second estimate in (241 we have |R(z,z) — e*| < Ce?*. Thus
we find, using again (Z41]), that

£14[G)(@) - G(x) /_7 Gl + 2)e37| < CyG()2.

In the previous formula we can replace the integral f__olo by f_ooo, which introduces, due
to (Z41]), an error of order G(z)2. Since G satisfies ([Z9), it turns out that the solution to
the first equation in (2.6)) is given by the first formula in (2.4]). Thus, the above estimate
implies (2.42). Estimate (244) follows then from (2.42) and the additional assumption

2.43). 0
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Lemma [24] implies that, as long as assumptions (2.41]) and (243]) of the lemma are
satisfied, we have

dA € 2AB G? dB ¢ 2AB G?
— +_A- <C — - = <C . (245
w3 T To2al =T ir 20t Toaal <% aar @)
In particular, we can use the result of Lemma 24 to approximate (26)-(Z38) by the
system of ODEs

dA _ 2AB ¢ @—EB— 2AB

de 1-24 277 de 2 1-2A°
for any value of x such that G(z) is small. To make the argument self-consistent, we will
have to check afterwards that the solutions of these approximations satisfy the assump-
tions of Lemma 241

2.5.4. ODE regime 1: B small. We consider now the region where z = z, + O(1).
From the results of Section 5.2 we have that A(z,) = = = m < Yand B=0(e).
Due to ([233]) the assumption (2:47]) of Lemma 22l holds with k = p,, and we can use the
approximation (2.44]).

It turns out that A and B change on different scales. Notice that A increases as long
as ﬁg + > 5 and decreases for % < 5. Aslong as A is of order one we obtain that B
decreases exponentially on the time scale for which x is of order one while A changes very
slowly. Initially the term % is relevant. However as soon as B becomes significantly
smaller than € we obtain that A changes via the equation % =-5

Without loss of generality we can assume, due to the translation invariance of the
equation, that z,, = 0. This assumption is made for notational convenience throughout
this and the following Subsections For the same reason we will also drop the
index n in p, and M, respectively.
131235‘0()0) = 5. Notice that A is very close to M as long as
T K % Given that B decreases for z of order one and A changes very little, we obtain
the approximate equations

dA ¢ dB  2AB

(2.46)

Hence we can assume

w- 3 LT 1oaa (2.47)
whence .
€
Az) = o exp (= 52). (2.48)
Since
* 2A(u)du _ 2 M exp(—5x) dt B ) c
A m__E/M l_t—g(ln(l—MeXP(—ix))—ln(l—M))
we obtain for B
1—M)(1—M)?
B(x) = - ( i . ) T (2.49)
4(1— Mexp(—5z)):

Since G is small, we can use the approximation G = 248 We need to check that G

124"
satisfies assumption (241]) of Lemma With the above computations
2M B(0 T Me 3t
G(z) = —(7)5 ex ( P 67; d{) (2.50)
1— Me 2" 2 o 1— Me 3¢
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such that
GG+ ) - WG| < Oyl + 5ol + [ e
nGlz+y)—InG(z elyl + <yl + ——=~
Y = VeI | T T e e
<C <k
< Celyl + =719l < Falyl,
where we can choose k; < 1 since due to M < % we have 17—% < 1. Hence assumption

2400)) of Lemma [2:4]is satisfied at least for y > —z. If y < —z we can use the asymptotics
of the solutions in the kinetic regime, see (2.30]), which gives ([2.41]) since p < 1.

2.5.5. A, B small: Matching ODE 1 regime with Lotka-Volterra. We now consider the
matching between the solutions of the previous subsection and the regime where A and
B are small, and hence the solution behaves as a solution to the Lotka-Volterra system
@Z10). For this purpose recall the relation between A, B and a, b; see (2.14)).

We enter the Lotka-Volterra regime if a becomes of order one, i.e. A of order €. In
this range b is very small. We define  to be the time when a becomes one, i.e. by

Y exp(—£7) = 2%= ~ £ and then introduce the new variable ¢t = ¢(z — ). Using (2:48)
we then find
€ eM € eM € t t
t) = Ax) ~ —-x) = —=Z —-5)= -3
alt) = 50— Aw) ~ T4 exp(—52) = 1o exp(—SH) expl—5) = expl(—3)

as t — —oo, which gives the matching condition
t
a(t) ~ exp(—§) ast — —oo. (2.51)
In order to compute the asymptotics of b(t) we use

£ g2 (1— M)+t

— B(z) = (1— M)+t
2G 8Goo (1 — M exp(—5i) exp(—%))%

5.
(1— 2%=exp(—4))*

1
b(t) = ~ 3

1
(1 - 2%=exp(—4))

In the limit € — 0 we obtain the approximation for large ¢ < 0 (but of order one)
2 2G
g:exp(——ln(l— <

- “exp (- 3))
R~ exp (EQGTOO exp (— %)) ~ exp (exp(— %)) ,

which implies the matching condition

b(t) 1(1—M)ngl exp(exp(— %)) ast — —o0. (2.52)

2
We recall that due to (Z45]) and ([2I4) the equations in this region are approximated
to leading order by (Z21) which has the conserved energy E = a + b — In(ab) — 2. We
obtain that in the matching region, given the smallness of b and the fact that a is large
E ~ a —Inb, whence

Ewexp(—%)—gln(l—M)—exp(—%) :—gln(l—M). (2.53)
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2.5.6. Lotka-Volterra; transition time. In the region where a + b = O(1) we approxi-
mate the dynamics of ([2.6)-(2.8)) by the Lotka-Volterra system ([2.27)) together with the
matching conditions (251]) and (2.52)).

We need to estimate the time that the trajectory spends in the region where a,b =
O(1). Due to the invariance of the Lotka-Volterra equation under the transformation
(a,b,t) — (b,a,—t) it suffices to compute the time that the trajectory needs to arrive
to the line {a = b}. The key simplification is that in all the time required to bring the
trajectory from the asymptotics (Z51)), 252) to the line {a = b} we have b < 1. Then,

we have the approximations 4% = —2 and % = @ such that a(t) = exp ( — %)

)
On the other hand the Lotka-Volterra equations and ([253) imply

a —In(a) —In(b) = —g In(1 — M) (2.54)

and if @ = b this implies a — 2Ina = —21In(1 — M). As a consequence we obtain for a at
1

the line {a = b} the following asymptotics a = (1 — M)=.
This implies that a reaches an extremely small value. Using a(t) = exp ( — %) we
obtain for the time f to arrive to the line {a = b} can be approximated as

~ 2 1
i==n( ). 2.55
s \1- M ( )
Due to ([2.43]), the original equation (2.0)-(2.8) can be approximated by the Lotka-
Volterra equation with an error on the right-hand side of the order eab. Therefore it
follows that “£ = O(e(a+1b)). Since b < a, and a(t) = e, b=0(e <) it follows from

(Z54) that the change of the energy until £ is of order & and since the energy is of order

1
€

we can assume that the energy is approximately constant.

We can now compute the asymptotics of the solution when ¢t —£ > 1 in order to obtain
the matching condition with the next region. Neglecting also the term Inb compared to
b we obtain, if b > 1, the approximation a ~ e~ Fe® and using ([2.54)) it follows that

a~(1=MEe,  b>1. (2.56)

In this range of values of a,b we can use the approximation 4 = %7 hence b(t) = Ces.

dt
Since b(f) = a(f) = e~ 2 we have
b(t)=e = . (2.57)
Notice, that the assumption (Z4I) of Lemma [Z4] is satisfied, since the function In G(+)
is a function of ¢t and hence the derivative of this function with respect to x is of order e.
2.5.7. ODE regime 2: A small. We now describe the region where A is small and B
increases up to values of order one.

We recall (Z45) and given that in this region A < ¢ is small and B > ¢ we obtain
dA dB ¢
S AB &P s
dx ’ de 277
which implies B = Cpe , where Cj has to be determined by matching with (Z58) and
(Z57) . This gives 24 = Coe%é and hence A(z) = Cyexp (22e%). To determine Co
and Cy we recall 214), G ~ &, the definition z = & + £ and denote z* = 7 + 2. We

(2.58)



OSCILLATORY TRAVELING WAVE SOLUTIONS 173

c e(z—z™)

obtain up to exponential accuracy that B(z) ~ e~ 2z ~ and

Afw) ~ S (1= M)? exp (6Q> = (= M) exp (gB(x)) . (2.59)

Due to (2.46) the asymptotics above is valid as long as A < 5. We denote by z,,41

the point when A(z,41) = Asw ~ §. Notice that B(z,1) is maximal and decreases

afterwards. Using (2.359]) simple rearrangements give that in the limit € — 0 we obtain
B(zyy1) = —In(1 — M). (2.60)

This formula yields the desired iterative condition for the masses. Starting with the mass

M we reach after one cycle the new value of the mass ln(ﬁ) > M.
Notice also that the first inequality in (241 is satisfied since G is increasing in the

region that we consider in this section. The second inequality follows from
2 e € €
G +y) ~mG@)| < Z|B) (3 = 1)| + Syl < (Blansn) + 5 ) Iyl

The analysis of this subsection is similar to the one in Subsection 254 However,
there A was of order one, while here it is small. As a consequence the value B(z,4+1) of
B at the end of this region is different from A(0) = A(z,) in Subsection 2554l Due to
this fact, the amplitude of the oscillations in the A-B-plane is increasing.

2.5.8. Summary of the intermediate regime. We have identified successive points z,,,
T, and ,,41 such that A(z,) = A(zn11) = A = § and B(Z,) = By ~ 5. We found
that Z,, —z, = O(In %) and T4 1 — Ty = O(E%) In [z, Z,] the solution G is of order one
and is of leading order given by a solution to the kinetic equation (Z31))-(Z33]) given in
Lemma 23] with p,, such that 2B(z,) = M,, = £2—. In [Z,, Zn+1], where G is small, the

1+pn
solution can be approximated by three different simple ODE systems. The key finding in

the previous subsections is a formula for the increase of the amplitude of the oscillations
in the A-B-plane characterized by the numbers M,, for which, due to ([2:60), we have the
recursive formula

1

Mn+1 = hlm .

(2.61)
We emphasize, that the value of M does not change during the kinetic regime nor the
Lotka-Volterra regime, but that the change is due to the asymmetry in the equations
that describe ODE regime 1 and ODE regime 2 respectively.

In the limit M,, — 0, formula (261]) implies M,,+1 — M,, ~ %M,% On the other hand,
we have in this regime that £ ~ 2(A+ B) ~ 2 ~ 2)M. Hence, (Z61)) agrees with (Z30)
in the limit M,, — 0.

2.6. Shooting argument. We will argue in Section Bl that the constant C, in (9] can
be chosen such that no fast instabilities develop for any finite . We will show now that
under the assumption that no such ‘dormant’ instability occurs, the constant L can be
selected in the interval [1,e% ) in such a way that the resulting function G(x) is globally
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positive and satisfies G(x) — 0 as  — co. More precisely we obtain

LEMMA 2.5. There exists a value L, € [1,e% ) and Z,, € R such that the corresponding
G satisfies

En

1 z g 5, e(z=2n)
G(z) ~ (—e 2+ —e’”_””")e_ 2 2.62
@~ (e + 5 (2:62)
for x> ,.

Proof. Due to (261 it follows that M, becomes larger than % for sufficiently large
n. By making a translation of the variable z in (L) if needed, we can assume that for
some values of L € [1,e% ) the corresponding value of M,, is larger than % and for other
values L € [1,e% ) we have M, < i.

We recall that if M, < i we can approximate G(z) arguing as in Subsections 254+
2571 Then A(x), B(x) converge to values where A(z) = Ay and B(z) is of order one
for = @,41. On the other hand if M, > i Lemma 23 implies that B(z) changes
sign at some finite x. Given that the solutions of (Z6])-(28]) depend continuously on
the parameter L in (LY) we have the existence of L = L, € [l,e%) for which the
corresponding solution of (Z.6))-(Z8]) neither changes sign nor arrives to values of A(z) =
As with B(x) of order one. We will argue that for L, we have G(z) — 0 as well as
(A(z), B(z)) — (0,0) as x — oo.

To see this we first remark that due to the arguments above, M,, must take the value
% or is close to it for small . Then during the kinetic regime G(z) is approximated by
Gi(x) (cf. Lemma [23]) and at the end of that phase the asymptotics of G(z) is given
by the right-hand side of ([236). Then G(x) cannot be approximated by ODEs as in
the case for M, < %, but we will approximate G(z) by a suitable integral equation. For
notational simplicity we assume for the moment that z,, = 0 and introduce the variables
€= erm = eV, C = e, Eh(E) = Gla), al¢) = Ax), bB¢) = B(x), pl¢) = P(z) and
g(¢) = Q(x). Then (Z0)-([2:8)) becomes

da e_ 1 db e- 1

££:—§a+§§2h, fd_g = 517—552}% (2.63)

dp dg
€6 = (=&, € = (1-3)a-€h, (2.64)
&2h = 4ab+ pg + J[h], (2.65)

where

¢ 3 .

T = [ antndn [ OGO (77 + o) (2.66)
0 £—n

On the other hand, since G(z) behaves like the right-hand side of (Z38]) we obtain

1 e
h ~ _—
(©) 2V/271 £ 3
We remark that in the set of values £ for which the approximation (2.67]) holds we have

for &£ ~ 1, ie. In€ ~ é . (2.67)

_ _& _
that a is of order one, p is of order % and b, g are of order e\/g . Therefore, the terms 4ab
and pg in (263 can be neglected and (2.65) can be approximated by

2h = J[h]. (2.68)
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We now use the approximation (2.68) to describe how the asymptotics ([2.67) is modi-
fied if £° becomes of order one or larger. To this end we will look for solutions of ([2.68)) of

the form h(§) = r(& )e‘g, where we assume that r(£) contains only functions that change
algebraically for large &, i.e. r(€ +1) ~ r(£). Then ([268) becomes

13 13 i )
&r() = [ r(Odc [ a0 + ey
0 ¢

3 ¢ 1
=/0 T(C)dc/o (E=CHOQE—CH((E = CH+ O (€= ¢ +0)' "+ ¢ 7%)e 2.
(2.69)

For large values of ¢ the function (& — ¢ + 6) changes more slowly than e~ 2% such
that

3 ¢ ) 1
&r() = [ r(0dc [ (6= Ore= € - 00T (€~ O+ e Ha
i i (2.70)

€
_y /0 HOE = Ol — (€ — OOF (€ = 1% + =) (1 — ).

For large values of £ and small values of £ the main contribution to the integral in (270
is due to the values of ¢ satisfying ¢ < §¢, for § small. This will be checked later “a
posteriori”. Thus, if ¢ < 6¢ we have the approximations (€ —()'T3 ~ €175, (€)'~ +
¢t=¢ ~ ¢17¢ such that

£ 65 1 £
rE) = 2¢7F /0 FO)H(E — Q) (1 — e~ ¥) ¢ (2.71)

We recall that ([2.67) yields a valid approximate solution of [2.71)) if £&° ~ 1. For these
& we have

mlco| =

1
(&) ~ Wk (2.72)

Indeed, plugging [2.72) into 171 and using r(§ — ¢) = r(§) for large £ we readily
obtain that ([2271]) reduces to checking the identity

2675 o 1 c_3 £73 [ 1 c_3
1~ 1—e"2%)(272d¢ ~ 1—e 29)¢E72dC.
2v27 Jo ( )¢ ‘ V2r Jo ( )¢ ‘

Using that fooo(l —e—%C)g‘ _%d( = /27 this approximation follows due to the assumption
&° ~ 1. For £&° > 1 a scaling argument suggests the asymptotics r(£) ~ % for some
C' > 0. Plugging this into (271) and using also that r(§ — () =~ r(£) we reduce (Z71I)
to 1~ 2063 f(fg (1- e’%C)C%*dC ~ g, such that C' = £. For £&° > 1 we have thus
obtained
€

r(£) ~ E :

Notice that the contributions due to the part of the integrals with { > d¢ which have

been neglected in ([Z70) in order to derive (2.71]) give a small contribution if £ is large
and ¢ small for both solutions ([2.72) and [2.73)).

(2.73)
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We can now combine the solutions ([Z72)) and (273]) to obtain a global solution of
71) that is valid for arbitrarily large values of £. Indeed, it is easy to check that

1 1 €
T(f)w2m§%+4§
satisfies ([2.7T]) approximately for arbitrary values of £ and e.

In order to check the consistency of the approximation ([Z774]) we must check that
the terms 4ab and pg in (Z65) are negligible. It follows from integrating (2.63)-(2.64),
using the definition of r and ([2.74), that a(§) < 5%, b(&) < Cen(§), p(&) < EE% and
q(€) < CEh(€). Therefore 4ab + pg < £2h for large ¢ and the self-consistency of the
argument follows. It is important to remark, however, that although the term 4ab can
be neglected in ([Z.65), the equation for b(¢) in ([263) shows that for some solutions of
20)-(Z8) the function B(x) can start an exponential growth taking place in lengths of x
of order 1. In other words, the solutions of (2Z.0)-(Z38) might contain dormant instabilities
that result either in a change of sign of B or in B becoming large enough and thus the
solution entering another cycle in the (A, B)-plane. Thus, this instability corroborates

(2.74)

the fact that the desired solution is obtained by a shooting argument and appears as
the transition between the ODE behaviour described in Subsections 2540257 and B
changing sign.

Finally, amending for the fact that we had assumed that Z,, = 0, we obtain from (Z74)

the result (Z62)). O

3. Fast dynamics. We have seen in the asymptotics of the function G in (L9) that
the term C,e#+* changes much faster than the other terms in the formula (L9) due to
the exponentially growing mode for @ in 7). If C. is of order one, the instability
will appear for z of order one. However, if C, is very small, the exponentially growing
instability will only become visible for large values of x.

For the solution computed in Section[2the following holds. In all the regions where the
solution can be approximated by ODEs the function G(z) changes in length scales much
larger than one and in particular, in all those regions we have |Q — G| < Q. However, if
C, is sufficiently small, there exists an z, > 1

Qz) = G(ac*)(l + eH*) +o (3.1)

for z < z, and |z — x,| > 1. In this case the instability is triggered in x = x,. We
can obtain both, the positive and the negative sign in (BI) by choosing |C,| in (T9)
sufficiently large and positive or negative respectively. Moreover, modifying the value of
C,. we can tune the value of x,. It turns out that if the instability is triggered in any
region where the solution of (2.6)-(2.8]) can be approximated by an ODE, then either @,
if the sign in (31 is minus, or B if otherwise, become negative and hence the solution
cannot represent an admissible solution to the coagulation equation (cf. SectionsBI]and
B2,

It is also possible to choose the value of C, such that the instability is triggered in the
kinetic regime, described in Section In this regime |Q — G| is not small compared
to G anymore. Here we have to take into account that the Volterra problem (2.6)-(2.8)
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with € = 0 has more solutions than those given by Lemma 2.3 The general solution
has the form Qf(z) with Qf(x) — Q,(z) ~ ae® as ¥ — —oo with arbitrary o and we
denote by G} the corresponding function G. Recall that for our special solutions we have
G(z) ~ Gy(v—2y,) for |[x—=,| of order one. However, the difference G, — G differs by
an exponentially small amount for z < &, and |z—2,| > 1, hence there is a priori no
reason to choose G, instead of Gj;. We will see later, however, in Section B2 that if
a # 0, then either @ or B become negative and again we do not obtain an admissible
solution.

Therefore, adjusting the value of C, we can obtain a solution for which no instability
is triggered either in the ODE regime, or in the kinetic regime.

3.1. Fast instabilities appearing during the Lotka-Volterra regime. We first assume
that the instability is triggered in the Lotka-Volterra regime, see Section 2.4} that is, the
regime with energy F < %

Suppose that the instability appears at a given x,, for which the ODE approximation
is still valid. This would mean that the asymptotics BI) holds for z < z, and 1 >
|z — x| > 1.

If 3I) holds with a minus sign, we can approximate ([2:6)-(238) as follows. Lemma
24 implies that J[G] < C(G? + GA). In the Lotka-Volterra regime we have G < 1 and
A < 1 and hence J[G] can be neglected in ([Z8)). As long as G remains approximately
constant, we can approximate @ by

dQ

= (1 _ %)Q -aq, Qz) = G(x*)(l _ 6(1*%)(1796*)) , (3.2)

hence @ becomes negative for x = x,. Since @ is decreasing, the term PQ in (28]
remains negligible, the other variables essentially do not change and the approximation
is self-consistent.

If (31 holds with a plus sign, the function ¢ becomes of order one if x ~ 7 where

Gz, )el® ™) =1, (3.3)

Since G(z.) can be very small if the energy F is large, it might happen that |z; —x.| — 0o
as € — 0. During this part of the evolution the variables a and b are described by ([2.27])
and hence if |21 — x| is large, we might have that the difference between (a(x1),b(z1))

and (a(z.),b(z.)) is large. This phenomenon can be particularly relevant if E ~ 1

eln =
and E =~ a + b, since then the characteristic scale in the Lotka-Volterra regime is of
order one up to logarithmic corrections. Therefore |1 — x| might be much larger than
this scale. However, we will prove an estimate that shows that the change of (a,b) in
the interval [x,,x;] is negligible in the part of the Lotka-Volterra cycle contained in
{a <1} U {b < 1}. Indeed, the first equation (ZZ7) implies that 9¢ > —ea and hence,

using B3), G(z.) =~ %a(:c*)b(x*) and a(z,)b(z,) > Ce | we find

1
a(zy) > a(z,)ef @) = q(2,)G(x,)° > alz,)e In(Ce*) g —<E > ia(x*).

Similarly, since a(z.),b(z.) < 2E, it follows that b(z1) < 2b(x,). In particular a and b
cannot make more than one cycle in the Lotka-Volterra phase plane.
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In order to describe the regime when ) becomes of order one, we introduce the new
variable t =  — x1. Then equation ([B.I]) implies the matching condition
Q(t) =é ast — —oo. (3.4)

Denote by Ay := A(z1), By := B(x1) and P, := 44, By and define A = A4, B = B1b
and P = Pyp. Then we obtain

% - —%a n %(431 (ab+pQ) + %Cj]) , (3.5)
% - %i) - %(4A1 (ab+ pQ) + %Cj}) : (3.6)
%:—64—(&5—#25@%-%?]), (3.7)
% = Q- (Pi(ab+pQ) + J[G]). (3.8)

Using Lemma 2.4 we can check that the terms involving J[G] can be neglected in ([B.3)-
B3). Since furthermore A;, B; and P; are small, we obtain for ¢ of order one the

following approximation of (B.5)-(3.8]):

da dé_o dp aQ

. = _p+ab+p d =Q. 3.9
@@ g praws@an i ¢ (3:9)

Using the matching condition (34 we obtain a = 1, b=1,
p=eld®1 (1 - e_Q(t)) and Q) =e". (3.10)

Assume now that for large ¢t we have that pQ > ab. We can then approximate ([3.5]) and
B7), assuming for the moment that the nonlocal terms can still be neglected, by
da e db e dp
a4t 9Byp &S 24p d L _p0o-1). B11
I 50+ 1PQ %3 1PQ an 7 pQ—1) (3.11)

The equation for b in (FII) implies that

¢ ¢
b(t) = e2t — 24, / e3=9(pQ) (s) da ~ e3t — 24, / e ds~ et — 241 e
0 0

te 1 . 1
e “ete A, that is, ¢, ~1In (111 (E)) . (3.12)

Since A; > Ce™F we also have t, <InE < In (%) Notice that this justifies a posteriori
that one can neglect the term %l; in the equation for b even though A; might be very
small.

We now check that the assumption ab < pQ indeed holds for all ¢ € [0,t.), which is
not clear a priori given that B; could be much larger than A; and this could produce
a large growth of G in this interval. Due to the first equation in [BI1l) we have a(t) <
1+2B; fg(ﬁ@)(s) ds and the third equation in BII) give p(t) = eQ® =t This gives
a(t) < CByp(t), whence, since b is bounded, a(t)b(t) < CByp(t). Since Q(t) > 1 and
since B; < 1 we indeed obtain ab < PQ.
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In order to show the consistency of the whole approximation, it remains to check
that the nonlocal term J[G] remains small. This is feasible, but requires some tedious
estimates. In order not to interrupt too much the flow of the argument, we just state the
main result.

The key remark in order to compute the variations of J[G] is that ep@ can be approx-
imated by a mollification of the Dirac mass as follows:

24,pQ ~ 24,90 (1 — e @) ~ 24,

te t—te te t—te te 1 (313)
— 2A1€e e — 2A1€e le —l]ee ~ _eé(tfta)

where we used the definition of ¢ in [IZ) and where 6. = 4= ~ In ﬁ.

By estimating carefully all the terms in J[G] and using the previously obtained asymp-
totics we can obtain by lengthy but otherwise rather straightforward estimates that for
sufficiently large R > 0

L er—z1—te

€%
J[G](LC) S Bl (Al =+ 5—X{t5—R§w—x1§t5}) fOf I S x S I + ts . (314)

‘We need to compare the size of this nonlocal term with the main terms in the equations
BI)-B38) and check that the contribution of this nonlocal term is small. This requires
the inequalities:

J1G] J1G]

J[G ) ) A
B —— <A — 1
x < 19Q, B < 19Q , P, < PR (3.15)

which are all equivalent. Moreover, the same inequality implies also that the term J[G] in

B3) gives a negligible contribution compared with P;p@Q and it is possible to approximate
this equation by an ODE.

In order to derive (B8] we notice that (B10) and (BI3) imply

Lel‘*-l'lfta

R €<
24,pQ > C4 (Al + 54X{tE—Rgac—xlgt5}>

for some C7 > 0 and for 21 < z < z1 + t.. Then B3] follows from (B14]).

We also remark that in the estimates of J[G] we do not use Lemma [24] due to the
fast growth of G that implies that the second inequality in (Z41)) fails.

3.2. Instability is triggered for values of x such that E ~ % We now consider the case
in which the instability is triggered at times in which the energy F defined in (Z28) is
of order é We recall that for these values of F there are some values of x for which we
describe the solution G, A, B, P, @ by solutions of the integro-differential equation ([2.6])-
23) with € = 0 (cf. Subsection [Z5.2]), while for other values [2.6])-(Z.8) is approximated
by a system of ODEs (cf. Subsections [Z5.4] and 257). We will denote the first
set of values of x, where G is of order one, as values of Type I and the second set, where
G < 1, as values of Type II. For x of Type II the values of the functions G, A, B, P, Q
change in a scale much longer than one. Then, the triggering of the instabilities at some
x = z* can be described by the asymptotic behaviour for < z* and |x — z*| > 1. For
values x of Type I the characteristic length scale for the development of the instability

given by the equation for @ in (Z7) is the same as for the variation of G. Then we cannot
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obtain a definition like ([B3.I)) for the value of z* in which the instability is triggered. In this
case we need to study in detail the solutions of the Volterra-like problem with additive
kernel ([231)-(233)).

3.2.1. Additional solutions of problem (2.31)-(2.33). In Lemma 2.3 we obtained a fam-
ily of solutions to (231])-([2.33)), that correspond to solutions of the coagulation equation.
These are however not the only solutions and in the following proposition, which is
proved in the Appendix, we construct additional solutions with different higher order
asymptotics as x — —oo.

PROPOSITION 3.1. Suppose that for p € (0,2] we denote by A4,, B,, P,,Q, and G, the
solution in Lemma that are characterized by the asymptotics (234]). For any o € R
we define

Gy (x) = Gp(w)e™ (3.16)
and, with B := B,(—00),

A= [ G, B -ba-; [ Gwa

Pl (z) = /x Go(y)e! " dy, Q5 (z) = Qp(x)e‘)‘ez + ae” (1 — / eo‘eyQp(y) dy) .
- - (3.17)

Then Af, ..., G solve ([2.31)-(2.33).
Furthermore, for p € (0, 1], if o < 0, we obtain that Q@ (z) becomes negative for some
z € R, while if @ > 0, then Bj’ becomes negative for some z € R.

REMARK 3.2. The solutions constructed in Proposition 3] are the only solutions
of 231)-233) with the asymptotics G(z) — 0 as @ — —oo. Indeed, suppose that
G >0, G(z) ~ e#* and B(z) — Ba as ¥ — —oo. We can assume that B, > 0 since
otherwise A — oo and then also G — oo as © — —oo. The equations in ([2:32)) imply that
Q < CeP* P < 0P and J[G](x) < Ce?P?. Then ([Z33) implies that G(x) ~ 4By, A(x)
and ([Z31) implies that A(z) = c;e?P~® as x — —oc0. Thus, G(z) ~ kje?B~T asx — —oc0
with f = 2B. Using this asymptotic formula we can compute also the asymptotics of
A, B, P,Q and J[G] as z — —00 to obtain G(x) ~ K€% + koe?% 4 ... + k™" ...
as * — —oo with mB < 1+ < (m + 1)3. (In some resonance cases the terms e#5¢
might have to be replaced by ze*5?.)

However, computing the next order in this asymptotics we can include an additional
parameter k from the second equation in (Z32)), since we have Q(x) = v1e’% + 19e?5* +
oot vpme™PT 4 ke as x — —oo. Plugging this into ([Z33) gives

G(z) ~ k1€P% + koe?P% + oo 4 k™ 4 Cke TP oo asx — —oo  (3.18)

with the free parameters k; and k, such by varying a in Proposition (1] one indeed
obtains all solutions.

Proposition B implies that we must have o = 0 at the beginning of each of the ranges
of x for which the solutions of ([2.0)-(2.8) are approximately described by the solutions

of (Z231)-(233).
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3.2.2. ODE regimes with F = % We now examine the case in which the instability
for @ in the second equation of ([2.7]) is triggered for values of  for which E is of order
% but G is small. For those ranges of z the dynamics of G(x) is described, before the
instability is triggered, as in Subsections 2.5.4] and 257 In all those cases the
functions A, B, P, and G are approximated by ODEs. Given that the characteristic
time scale for all these functions is much larger than one and the instability associated
to Q(z) is triggered in times of order one, we can describe the triggering by @B.Il). We
can describe the evolution after the instability is triggered similarly as in Subsection Bl
By assumption G(x,) is small and due to Lemma [Z4] we can approximate (2.6)-(28)
by a system of ODEs. Moreover, as long as G(z) remains small we can neglect the
contribution of the term P(x)Q(z) in (28]). Then, we can approximate the evolution
of the functions A, B and G using the ODEs in Subsections 2.5.4] and 257 This
approximation is valid as long as P(z)Q(x) is small compared to G(z) and the evolution
of P(xz) and Q(x) is described by [2X). If the sign in (B is a minus, we can then
conclude exactly as in Subsection [B1] that @ becomes negative.

Suppose now that the sign in (B is a plus sign. Using the same arguments as above,
it follows that as long as P(z)Q(x) < G(z) we can approximate Q(z) as G(z.)(1 +
e(1=3)(@=2.)) " We then define ; by (B3). Notice that as with the fast instability
described in Subsection B.I] we might have that x; — x, is very large and therefore we
might have relevant changes of the values of A and B during this phase. However, as
long as we can use the ODE approximations in Subsections 2.5.4] and [Z5.7] we can
deduce, arguing as in Subsection B that either a(zy) > a(g*) or b(x1) < 2b(z,) and
conclude the argument as before.

3.2.3. Fast instability in the kinetic regime. A difference to the argument in Subsection
Bl is that in principle it might be possible for G(x) to reach values of order one during
the interval [z.,x1]. Then we recall the definition of the sequence {#,} in Subsection
and that those are the characteristic times for which we have the approximation
G(z) ~ G(x — &,). For © < &, and |z — &,| > 1 we can match the asymptotics of the
solutions for x — z, > 1. With ¢ = x — #,, we have the approximation

Q ~ G(x,)et=DE=m) = Q(z,)e1 D En=2) (=5 E=30) — (g, )15 (@n—2:) (1=5)

for t < 0 and |t| > 1. By assumption G(x,)e!=2)(@»=2) is at most of order one. If we
have that G(Jc*)e(l_%)(i"—w*) is of order one we would have that G can be approximated
for t < 0, [t| large by a solution of the Volterra-like problem for the additive kernel
(cf. @3I)-@33)) with matching condition G(t) ~ G5 (t) as t — —oo where a =
G(z,)e'=2)En=22) If o > 0 is of order one it then follows that Bg (r) becomes negative
for a finite value. Alternatively, we might have a — 0. In that case we can approximate
A(z), B(x), P(z), Q(r) and G(z) using the functions A ,...,G% with small a. Notice
that for ¢ of order one we cannot approximate any longer ) by the second equation in
B2) but Q is close to Q,,, (t) for t of order one. However, using (3.17) as well as the fact
that 2 = e! we obtain the following asymptotics for & — 0 and then ¢ > 1:

Q~Q,, )+ oz(l — /jo Q,, (y))et ~ G, (t)+a(l— M)et, (3.19)
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where we use the fact that for large t we have Q,, (t) ~ G, (t) and that [ Q,, (y)dy =

n

7. G, (y)dy = ﬁ < 1. Notice that (3.19) yields an interesting connection condition
for the coefficient describing the exponential separation of @) from G. Indeed, during the
kinetic regime this separation takes place according to ae! for t — —oo and it becomes
a(l — M)e! as t — co. For sufficiently large ¢ the term (1 — M)e! becomes larger than
G, (t). Using the asymptotics of G, (t) (cf. ([2Z33)) it follows that this happens for
e(1pn)t ~ % and G, (t) is of order oTHm . For large t we enter the regime where G
is described as in Subsection 254l In particular 2A(t) approaches M for large ¢ and
arguing as in Subsection 2.5.7] it follows that A cannot decrease to values smaller than
% without arriving to values of © = x; where (B3] takes place. We can then argue as
in the rest of Subsection 2.5.1] to show that B changes sign. Indeed, the arguments used
there only require that F is bounded by %

It is relevant to remark that the amplitude of the exponentially growing perturbation
implicitly contained in the equation for @ (cf. (27)) cannot become arbitrarily small
as  — oo in spite of the fact that it is reduced by a factor (1—M) each time that the
solution passes by one of the intervals [z,,Z,] where it is described by the solutions
described in Lemma 23] Indeed, during the intervals (Z,,Z,+1) in which the function
G(z) is described by means of the ODE approximations described in Subsections 254
257 the perturbation of () — G would continue growing exponentially and the length of
the intervals (Z,,z,y1) is very large of order % This growth is much larger than the
decrease by the factor (1—M) during the kinetic regime.

3.3. Summary of the analysis of the instabilities. We have seen, using formal argu-
ments, that an instability for Q yields a change of sign, either of @ or of B. To this end
we have considered several cases. Initially the Volterra-like problem can be approximated
by a Lotka-Volterra equation. In such a case, ODE arguments show that instabilities for
@ yield changes of sign, either for Q) or B.

It is possible to compute explicit formulas for the solutions of the Volterra-like problem
associated to the additive kernel. The final conclusion is the same. We can put an
additional parameter « in the solution as x — —oo. If & < 0 we obtain that () changes
sign and it vanishes for finite s. If & > 0 we obtain that B becomes negative for finite x.

The most delicate case corresponds to the ODE regimes in the case when the energy
is large. In that case there are different possibilities. In some cases B or ) change sign
quickly, because the integral terms are irrelevant and the problem can be approximated
by an integral equation. In other cases the solutions must be approximated by the
solutions of the additive kernel (the Volterra-like problem) discussed before.

4. Appendix.

4.1. Proof of Lemma 21l We assume from now on that ¢ < g¢ for sufficiently small
€o. Then we claim that there exists R > 3 that is independent of £ such that all solutions
of (ZI2) are contained in the set Br(0) N {Re(pu) > 0}.

Indeed, if || > R and Re(u) > 0 we have, using Stirling’s formula,

)(1*%+u

F(1—§+u)’< ’(1—34—#

)
(1 +p) (1 + p) 0+ ‘:i 2exp (T(p,€)) - (4.1)
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where
T,2) = Re (1= 5+ ) (1= 5 + ) +darg(1 = - + 1))

—Re ((1 + u)(ln(|1 + p]) +iarg(l+ u))) .
Using that |x] > R > 3 we obtain

TW@)gm%ﬂ+uwhﬂ1—%+MD+M@O—%+MD)

—Re ((1+ p) (In(1+ i) + i axg(1 + p)) )

—Re ((1 + p) In(]1 4+ M|)) —Re (2(1 + p)arg(l + ,u))

= Re ((1 + 1) ln(uﬁ%ﬂu» + Re (z(l + u)(arg(l — % +p) —arg(l+ u))) :

(4.2)
‘We have

1

|1 —5+u 1-5+up
o () <Al ls
11+ pl 1+p

7, T) we obtain

H+M
and choosing arg(-) €

(=
3
2

|arg(l — = + p) —arg(1 + )| = |arg (1 — %1_’1_#)‘ < |1'(|€'M| .
Combining these last two inequalities with [{2) we find T'(u,e) < |1i_—EMI|1 +pl < 3¢
whence, using ([@1]), it follows that ‘%’ < 3. Similarly we obtain ‘11:((1:5) ‘ <3.
Thus, if u solves [212)), we have
-5 TFA-5+p (A-p _%N§+M)(L_g (1- )
(1-5)3 FA+p) A=-35GE-n TO+p) (550 -5-n
and using the above inequalities and the fact that lim, o I'(z)z = 1 we obtam that for

any root p of (212 we have

A pCa i +ar@ |
(1-3)35 (1=5)(5—n) 2711 =5 —p)

The right-hand side of this inequality is bounded by a constant independent of ¢ if
|| > R > 3. However, the left-hand side diverges as e — 0. This gives a contradiction.
Therefore, all solutions of (ZI2) satisfy |u| < R.

We now rewrite (Z12]) as

'-35 +p) Nl—%+m0—uf+ﬂé+MNl—@ﬂ—u)_w(s)
(1-5)3 T=50G-n M5)50-5-w e
(43)

Using that I'(§)5 — 1 as € — 0 it follows that the right-hand side of [@3)) is bounded

in the set {Re(p , el < R, min{|p — 1], |p]} > 0} for each 6 > 0 if we take ¢
sufficiently small (depending on ¢). However, since |I'(1 + p)] > C» > 0 in the set
{Re(p) > 0, |u| < R} it follows that the left-hand side tends to infinity as ¢ — 0
uniformly in this set. Then, all roots of (212) in {Re(u) > 0} are contained in the

0=—

3)3%
) =
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set {Re(p) > 0, |p| < R, min{|p — 1|, |u|} < 6}. We can compute the asymptotics of
the roots of (2.I2)) approximating w(u,€) in ([@3]) by suitable comparison functions and
Rouche’s theorem.

In the region || < & with small §, we use as the comparison function wy (p, €) := —2+

+ _5tm
(52 2) (s M)’ (1_%_/14).
Using the asymptotics of the function I'(z) for z ~ 1 and z ~ 0 we obtain ([ZI3).

4.2. Proof of Proposition 3.1l We first state the following auxiliary lemma.

while in the region [ — 1| < & we use wa(p, &) == —2 + (1 — p)

LEMMA 4.1. Suppose that F, W € L'(0, R) satisfy

3
- /\/ W(n)dn = F(&) a.e. in (0, R)
0
for some A\ € R. Then

3
W(E) = AF(€) := \e™® / e ME(n)dn + F(€) a.e. in (0, R). (4.4)
0

Proof. We define H (¢ fo n)dn. The function H is absolutely continuous and
satisfies Hf]") AH(n) = F( ) and H(0) = 0. Therefore H(&) = e f(f ~AF(n)dn for
¢ € (0, R), whence (44)) follows. O

For the proof of Proposition [3.I]it is convenient to go over to the variable £ = ¢*. For
notational convenience we neglect the index p throughout this proof.

We first define functions a, b, p, ¢ and h for £ > 0 by

a(§) = A(z), b(§) =B(x), p)=Plx), q€)=Q(x), &hn(E)=0GC(z). (45)
We then define functions a®, b, p®, ¢* and G* as

a _ eaf 21
h(E) = hE)es = [Fenonan
3 3
(@ =5 [ oty (€ = B [ anan (4.6)

Then it holds
A%(z) =a™(§),  BYx)=0b(),  P*(z)=p"(),
Q%(x) =q%(&),  G(x)=¢&h(9),

with A% ... G* as in BI7).

Notice that the asymptotics of the functions A4, - -+ , G in Lemma [Z.3]imply that all the
integrals appearing in ([f6) are well defined. In particular notice that 0 < h(¢) < C¢b—2
and 0 < % < C¢b~1 for € <1 with b > 0. This implies that all the integrals appearing
on the right-hand side of ([£.6]) are convergent. One slight complication is due to the fact
that h(§) is not integrable and thus we cannot write directly q(g) fo n)dn. The

singularity of h() is like 52—,0 with ¢ > 0 such that % is 1ntegrable and q(&) ~ € as
&— 0.

(4.7)
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It is worth noticing that the last equation in (£06]) can due to Lemma [£.1] be inverted
to obtain

£ o
() = n (@ +ag [ ey —a. (4.8

Using the change of variables £ = e* and ([@3) in Z3I)-(Z33]) we obtain that the
functions a, b, p, ¢ and h solve

da 1 db 1
=R, = 56h©). (4.9
Lo -ene.  w(%2)--ne. (4.10)
E2h(6) = 4a(€)b(E) + P(E)a(€) + I[H](©), (@.11)

with j[R](§) = f5 nh(n)dn [, h(C)(n+ ¢)dC.

Moreover, the definition of a® and b® in (6] implies that these two functions solve
Q) with h = h*. Similarly p* and h® solve the first equation of [I0). It remains
to check that h® and ¢* satisfy the second equation of (I0) and @IIl). In order to
simplify the notation we define the functions p(§) = % and p*(&) = qag(g). Using (L3
we obtain

13
p(€) = 9" ()¢ +a / o (n)e=" dy - a (4.12)

and it is straightforward to check that ¢® and h® solve the second equation of (LI0).
We now check that (£I1]) holds. To this end we first transform the equation to a more
convenient form. Notice that both sets of functions a, ..., h, as well as a®, ..., h® satisfy

b(€) = Boo — fOE nh(n)dn and p(§) = ¢ 05772h(77)d17. Then (&II) can be rewritten as

£ 13 §—n 13
€2h(¢) = Ba / nh(n)dn — / ph(n)d / <h<<>dc+$ / Phindy  (4.13)

- " y2h(n)dn /{_ " hoc.

-n

We now rewrite the last term, using the second equation of (£I0), as

/0 PR /5 : h(¢)d¢ = — /0 5 ngh(’ﬂ(@ B %)dn

Plugging this in [@I3) we find, after some simplifications, and using the definition of the
function p(§) = @ that

13 £ §—n 13
E21(€) = Boy /O nh()di — /0 nh(n)dn /0 Ch(Q)C + /O Ph(n)p(€ —n)dn. (4.14)

Thus, [@I)-(@1) is equivalent to (£9), ([@I0), [EI4).
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We will now check that, if ¢ and h solve (£14]), we have the same for ¢ and h*.
Using the definitions in (£.6) we obtain

§2h (wi)e _“£+a/ n*h® (n)e”*"dn

- B. / o (e dn - [ " g ()= / T ho (e
’ 3 ' =
wemoe [Cpnrgnieman o [Crtneenan [ 0o
(4.15)
We can now apply Lemma 1] with W (¢) = £2h%(£)e™?¢ to obtain
EhY(E)e " = B AFI(§) — AR (€) + AF3(€) + aAF(€) (4.16)
where A is the operator defined in ([£4) with A = —a and

¢ 3 £—n
F(©) = [ oty Pae) = [ b ey [T G (e ac,

€ € §—n
_ ,—af 2ha feY _ d _ 2ha —ang « 7a(d )
R =< [t - mdn R = [ whee ey [0
We then have

AR - | (e — aees / "end( [ e 0ecac)
= /E nh®(n)e”*"dn — ae” ¢ /E Cha((:)efo‘cd( /5 edn
0 ¢

0
3 3 €
_ « —« _ —aé oY —alf & _ _af _ o€ «
= [P = [Fen e (e = eoYac e [ n (Ozfm

and similarly

13 §—n
AFy(€) = o / nh (1) di / che(¢) de, (4.18)

£ £—¢
AF5(€) = e ¢ 2pe A —n)dn — ae ¢ RY(¢)d n)dn (4.19
S(6) = e /077 ()™ (€ — n)dn /c c/ Ydy (4.19)
and

13 E—n
AFy(£) = e / 72 h (1) di /0 o (Q)dC. (4.20)

0
Plugging (£I17)-(20) into [@I6) we obtain after some rearrangements that h* and

©® solve ([@I4l) and thus the first statement of Proposition [31] follows by elementary
computations.
We now compute for p € (0, 1] the asymptotics of the solutions constructed above.
Suppose first that a < 0.
We recall that 2B, = fooo nh,(n)dn = 1+p < 1. Since 0 < h® < h we obtain that b® is

decreasing and b*(£) > b*(o0) > 0. Since a < 0 we have fE a(n) e*dn < f :) e“dn <
I %dn = 2B, < 1. Therefore, if o < 0 we have a£(1 fog Q(n") e*dn) — —oo as
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& — oo and thus, since g,(§) is bounded, we have that ¢ vanishes for some & > 0 if
Cs < 0 while all the other functions remain positive.

We now consider the case a > 0. Then h® increases exponentially and therefore b
vanishes for some £ > 0. This is obvious for all functions but ¢*. To show that ¢ remains
positive we rewrite the formula for ¢* in (£0). Integrating by parts in the last term we

obtain, using also that d% (@) = —h(&), we obtain after some rearrangements ¢®(&) =

a +q(&) — §f0£ h(n)(e*" — 1)dn. On the other hand b*({) = B — 3 f(f nh(n)e*" dn.
We now use the inequality e*” — 1 < ane®” for n > 0. Then f0§ h(n)(e*"—1)dn
ozfoE h(n)e“"dn, whence

IN

¢ €
0"(6) > a¢+ a(6) —a¢ | hamedn > ag (1= [ h(anedn) > 20607 (0),

where we used that 2B,, < 1. Thus, b vanishes before ¢“.
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