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Abstract. The results in this paper extend those of a 2014 work of the first author,
Jang and Veldzquez. Instead of considering absorbing boundary data, we treat the
general inflow boundary conditions and obtain the well-posedness, regularity up to the
singular set, and asymptotic behavior of solutions to the Fokker—Planck equation in an
interval with the inflow boundary conditions.

1. Introduction. We consider the Fokker—Planck (FP) equation in an interval with
general inflow boundary data

fe+vfe = fou, (1)
flx,v,0) = fo(z,v), (2)
f(0,v,¢t) = ho(v,t), forv>0,t>0, (3)
f(,v,t) = hy(v,t), forv<0,t>0, (4)

where f(x,v,t) > 0 is the distribution of particles at position z, velocity ¢, and time ¢ for
(x,v,t) € [0,1] x R x Ry, fo(z,v) > 0 is the initial charge distribution, and h;(v,t) >0
for 7 = 0,1 are the given incoming data.

The Fokker-Planck equation with inflow boundary conditions describes the probability
distribution of an ensemble of particles in a confined domain with the assumption that
each particle is affected by a white noise random force in velocity and particles are
prescribed to flow inward at the wall. The FP equation is a degenerate parabolic equation
since the diffusion operator 9,, occurs only in the v variable not in the z variable.
However, the transport term, vd,, spreads the diffusion effect from the v variable to the
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x variable which is referred to as hypoelliptic; see [5]. The existence of the fundamental
solutions in a general form has also been shown in [7}[I0]. The smoothing effect of the
Vlasov—Poisson-Fokker—Planck equation was observed by Bouchut [2].

When we consider a boundary value problem even for the linear FP equations, to our
knowledge, there are only a few results available on the existence and regularity theory. In
the classical solution framework, even for the one-dimensional interval case, the theory
has been established only recently by Hwang, Jang, and Veldzquez [6] in which they
proved the well-posedness, regularity and time decay with absorbing boundary conditions
where hg = hy = 0. The main difficulty lies in that there might be some singularity near
the boundary.

In this paper, we extend the result of [6] to the case of general inflow boundary
conditions with nonzero hg and h;. This generalization requires some nontrivial technical
modifications. Among others, we need to estimate carefully the mass coming from the
boundary data which alters the whole structure of mass in a nontrivial way. For the L'
estimate, we introduce a new type of change of variables from the space variables to the
time variables which plays a key role in the estimation. We also need to develop new
proofs in many lemmas such as minimum principles (Lemma 18) and the uniform bounds
for the L' norm (Lemma 20).

The paper is organized as follows. We introduce the notation and state the main
results of the paper in Section 2 and we prove the well-posedness of the FP equation
with inflow boundary conditions (I)—() in Section 3. Then we show the regularity of
solutions of ()~ ) in Section 4. Finally, we derive the decay rate of solutions of (I)—(@)
to vacuum solutions in Section 5.

2. Notation and main results. In this section, we introduce some notation and
state our main results. First, we give some notation for the domains and boundaries.
We define

Q:={(z,v) € (0,1) xR}, U :=0x(0,t), U := x(0,00),

v; = (—00,0) x (0,t), v;" = (0,00) x (0,t).

In addition, the incoming, outgoing, and grazing boundary of U; are denoted by

v o=[{e=0txy Jul{z=1} x|,

=z =0} x v U [{z =1} x 1],

7= [{z =0} x {v =0} x (0,1)] U[{z = 0} x {v =0} x (0,1)].
We also introduce the functional spaces L.(v; ) and L.(v;"). Here L}(v;") and L} (v;")
stand for the sets of all measurable functions g(v,t) such that vg(v,t) belongs to L!(v;")
and L'(v;") respectively.

Now, we state the notion of a weak solution to (I)—().

DEFINITION 1. A function f € L>([0,T]; L* N L>°(£2)) is called a weak solution to the

Fokker—Planck equation with inflow boundary conditions ([{)—(@) if it is weak continuous,
which means that the function

tH/f(x,v,t)w(x,v,t) dxdv
)
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is continuous on [0,T] for every test function v¥(z,v,s) € CL2L(Ur) such that

z,v,s

supp(¢(-, -, s)) C [0,1] x [-R, R] for some R > 0 and ?/J|ﬁ = 0; and if it satisfies

flx, v, 8) [z, v, 8) + v (x,v,8) + Yy (x, v, s)] dedvds
U

= [ ottty dado~ [ foa,v)ta,.0)dodo
Q Q

- / vho(v, s)1¥(0,v, s) dsdv + / vhy (v, s)¥(1,v, s) dsdv,
vt v
for any ¢ € [0, 7] and every test function 1(z, v, s) € C1:2:1(Uy) such that supp(4(-, -, s)) C
[0,1] x [-R, R] for some R > 0 and ¢|7t+ =0.

The first result of this paper concerns the existence and uniqueness of weak solutions

to (M)—@).

THEOREM 2. For any T > 0, fo € L' N L>®(Q), hg € L N L>®(vy), b1 € LY N L>®(vy)
with fo, ho, h1 > 0, there exists a unique weak solution f € L>([0,T]; L' N L>(Q)) to the
Fokker—Planck equation with inflow boundary conditions (Il)-#]). Moreover, the weak
solution f(t) satisfies

1f @)l poe () < maX{”fO||L°°(Q) ’ ||h0||L°°(y;f) ) thuLoo(u;)} )

IF @Ol ) < follpr oy + 1Poll Ly iy + 1Rl 1y s

and the positivity f(z,v,t) > 0 up to a measure zero set.

REMARK 3. The requirement that hg € LL(v}) can be replaced by ho € L'((0,00);
L>=(0,T)). So for the stable inflow data hg(v,t) = ho(v) € L*(0,00), the above result is
also valid. A similar claim applies to h;. See more details in the remark after Lemma
I

The next theorem concerns the regularity of weak solutions to (I)-(). As a conse-
quence of the Sobolev embedding theorem, at each positive time, the weak solution is
smooth away from the grazing set.

THEOREM 4. Let fo € L'NL>®(Q), ho € LLNL>®(v}), hy € LINL*>®(vy) with fo, ho, h >
0, and let f € L°([0,T]; L* N L°°(£2)) be the unique weak solution to the Fokker—Planck
equation with inflow boundary conditions ([I)-(#]). Then for each ¢ > 0 and for any
k,m € N, we have f(t) € Hy" (2\{(0,0), (1,0)}), where H*™ = HE™.

Finally, we obtain the exponential decay to the vacuum of a strong solution to the
Fokker—Planck equation assuming that the inflow data vanish exponentially. The decay
norms which will be treated are L' and L° norms.

THEOREM 5. Let fy € LlﬂLoo(Q), hg € L})HLOO(Z/;:), hi € L})HLOO(Z/;) with fo, ho, b1 >
0, and let f > 0 be a strong solution to the Fokker—Planck equation with inflow boundary
conditions ()~ ). Then the following holds:
(1) Assume that there exists Ao > 0 and Cp > 0 such that
sup e’ (”hOHL})(Vj) + ||h1HL11)(uf)) < Co; (5)

0<t<oc0o
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then there exists A € (0, Ag] such that

1f @)l 1oy < Ufoll L1 (o) + Co) exp(=At).
(2) Assume that there exists Ag > 0 and Cy > 0 such that

sup_ e max { (1ol o ) I e ) | < Co (6)
0<t<o0 v v

then there exists A € (0, Ag] such that

[F ()]l L () < Cexp(=A),
where the constant C' > 0 depends only on |[foll11 (o) | foll = (o). and Co.

REMARK 6. By a strong solution f to (I)-(]), we mean that f € C’ig%(UOO) NC(Us)
satisfies f = f' + f*. Here f' € C’ig%(Uoo) N C(Us) is a solution of () with initial
condition f?(0) = f, and boundary conditions f|,- = 0; and f* € C;ﬁ:i(Uoo)ﬁC(Uoo) is
a solution of () with initial condition f°(0) = 0 and boundary conditions f°|,-(0,.,.) =
ho, f°l-(1,.,.) = hi.

REMARK 7. A steady state f is a solution of the problem:

Uf_r = f_vva
f(0,v) = ho(v), for v >0,
f(1,v) = hy(v), forov>0.

As a consequence to Theorem [ if the inflow data hg(v,t) and hy(v,t) converge expo-
nentially to hg and hj, then the solution f(¢) to (@)-(@) will converge exponentially to
the steady state f as t — o0o.

3. The existence and uniqueness of solutions.

3.1. The approzimate problems. To study the well-posedness of weak solutions to the
Fokker—Planck equation with inflow boundary conditions, we first study the approxi-
mated problems. The solutions of these problems will turn out to converge to a weak
solution of the Fokker-Planck equation with inflow boundary conditions in weak sense.

First, we introduce some cut—off functions f.(v) € C*(—00,00), n.(z) € C*°(0,1)
with |nl(z)| < 2/e, and £(¢) € C°(—o0,00) such that

0, if [v] < €2,
) eOv), ife? <wv <26,
Belv) = € (v,0), if —2e%2 <w < —£?,
v, if [v] > 2¢2,
0, ifr<eorz>1-—g¢,
ne(z) =19€[0,1], ife<z<2o0rl-2<z<1-g¢,
1, if 2e <z <1—2¢,

and

| cow=1 [ woa-o [ cgou-1
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For each £ > 0, the corresponding approximate problem to ([I)-(]) has this form

fi + 1B (v) + (v = B=(0))ne(2)] fz = Q°[f7]; (7)
fs(l‘,’U,O):fo(x,’U), (8)
f5(0,v,t) = ho(v,t), forv>0,t>0, (9)
ff(1,v,t) = hi(v,t), for v <0,t>0, (10)
where
2 o)
Clol(evo,t) =5 [ lalo+e¢,t) = glv,0]0(e) de
The characteristic system to () is
LD _ 5 (0) + (0 Bome(X s, 0.),

X(t;z,v,t) =z,
Vs;z,v,t) = v.

For simplicity, we use X (s) instead of X (s;z,v,t). Now we define

to = to(z,v,t) =sup({0} U {s: X(s) =0}), ifv>0,
to = to(z,v,t) =sup({0} U {s: X(s) =1}), ifv <0,
t1 =ti(z,v,t) =inf({t} U{s: X(s) =1}), ifv>0,
t1 =t1(z,v,t) =inf({t} U{s: X(s)=0}), ifv<O

Based on [6], we have the following estimation for Jacobian J(s;t) of the transforma-
tion (x,v) — (X(s),v).

LEMMA 8. For any s,t, we have the following estimates:

1-0(g, |t —s]) < |J(s;t)| = la)g—is)

<1406t —9)),

where O(g, ) := eC§e°C? with the constant C' > 0 independent of £ and 4.

Proof. See [0, Lemma 1]. O

Now, we give the definition of weak solutions of the approximate problem.

DEFINITION 9. A function F € C([0,T]; L*(2)) N L>([0, T]; L>°(Q)) is called a weak
solution to the approximate problem (d)—(I0) if it satisfies

/U F(l‘, v, S)[wt(xv v, S) + ax([ﬂs(v) + (’U - BE(U))UE(I)]dj(Iv v, 5))} dzdvds

+ % F(z,v,s) / [W(z,v—eC,s) —Y(x,v,5)]¢(C) d(dzdvds
13 U,

—00

:/F(;v,v,t)w(x,v,t)dxdu—/fo(x,v)w(x,v,O)dxdv
) )

_ /+ Be(0)ho(v, 8)1(0, v, s) dvds + /7 Be(v)hi (v, 8)(1, v, s) dvds

for any ¢ € [0, T] and every test function ¢(z, v, s) € Cp>1(Uy) such that supp((-, -, s)) C
[0,1] x [-R, R] for some R >0 and [ + = 0.
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3.1.1. The existence of weak solutions to the approximated problems. In this part, we
will show the existence of weak solutions to the approximated problems ([)—(I0). First,
we need the notion of a mild solution.

DEFINITION 10. A function F € C([0,T]; L'(Q)) N L>([0, T]; L>°(R)) is called a mild
solution to the approximated problem ()—(I0) if it satisfies for every ¢ € [0, T,

F(xz,v,t) = T[F|(x,v,t) := / Q°[F ,8)ds, (11)

where fo(X(t0),v) = fo(X(0),v) if to = 0, fo(X(to),v) = ho(v,to) if to > 0 and v > 0,
and fo(X (tg),v) = hi(v,to) if to > 0 and v < 0.

The existence of a mild solution to ([d)—(I0) is guaranteed in the following lemma.
LEMMA 11. For any T > 0, fo € L' N L=(Q), hg € LL N L®(u), hy € LL N L (vy)
with fo, ho, h1 > 0, there exist 6 € (0, 7] independent of fy, hg, h1 and a unique mild
solution on [0, §] to the approximate problem (7)—(I0).

Proof. We fix § € (0,T] such that O(e,d) < 1 (for the Jacobian J(s;¢) not vanishing
in the time interval [0,¢]) and will choose it later for the fixed point argument.
Let U be the set of all F' € C([0,4d]; L(2)) N L>([0, 6]; L>(£2)) such that

52 )0y < 2 {foll ey ol oy Wit e

and
n [E@ L) <2 (”fOHLl(Q) + 1holl Ly 2y + thHL})(v;)) :

First, for s € (to,t), the definition of Q° yields

4
| IFI(X(s), 0,8 < 5 IF @)l (e 12)

IN

8
& mae (ol - ooy Il

Moreover,

NﬁK}((ﬁﬁav)HLw(ﬂ)55IH&X{HJbHL«xQ)aHhOHLaxu;)aﬂhlﬂL«wV;)}-

So for §—§ <1, we get

S Tl <2 (10l o gy + N0l ety + 11l e o ) -

Now, we define Q; as the set of all (z,v) € Q such that (z,v,t) connects with
(X(0),v,0) through trajectory, Q9 as the set of all (z,v) € Q such that (x,v,t) con-
nects with (0,v,t0), and Q3 as the set of all (z,v) € Q such that (x,v,t) connects with

(1,v,t0). Therefore,

/\T (z,v,t)] dedv < fo( (to), )dzdv—l—/ fo(X (to),v) dxdv

/ Jo(X (to), dxdv+/ |Q°[F1(X (s),v, s)| dsdxdv.
to
(13)
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It is clear that

fo(X (to),v)dzdv = [ fo(X(0),v) dzdv

(o2 1951

_ Jo(X(0),0)[J(£;0)| dX (0)dv

Q1
< (1+@(5,6))/ Foly, v) dydv
= (1+6(&,9))|lfollLr (@)

5 I follpr oy

if we choose ¢ sufficiently small such that ©(e,d) < 1/2.
Moreover,

N |

fO(X(tO), v) dedv = / ho(v,to(z,v,t)) dedv
Q3 Q3

oo X (t,0,v,0)
S/ / ho(v, to) dedv
//hovs 0X(t,0,v,s)
- 9s

where the last equality follows by the change of variable x — s = to(z,v,t) with a note
that in QY, s = to(x,v,t) is equivalent to z = X(¢,0,v, s).
We know that X (s, X(¢,0,v,s),v,t) =0 for every s, so

dsdv,

%—f(s, X(¢,0,v,8),v,t) - 48)((%2’% *)
= —%—f(s,X(t,O,v,s),v,t) (14)
= —Be(v) = (v = Be(v))me(X (s, X(t,0, v, 5),0,1))
= —pB:(v).
Therefore,
0X(t,0,v,s) Be(v)
Os ~—1-0(,0)

If we choose ¢ sufficiently small such that ©(e,d) < 1/3, then

— 1 (o] t
o fo(X (o), v) dedv < m/{) /0 ho(v, 8)Be(v) dsdv

o) t
< g/o /0 ho(v, s)Be(v) dsdv

3
< 5 Mholl sy -

Similarly, we have

_ 3
[ Xt 0y oo < 3l
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From [6], Lemma 2], we know that

/Q | |QIFII(X (5), v, 5) dsdado

41+ ©(g,0))d
< 0T qup 1P iy (15)
€ 0<t<s
8(1+06(e,9))o
S (”fOHLl(Q) + 1holl Ly oty + ||h1\|L3,(y;)) :
So far, by ([I3]), we get
ITIEN O <2 (||f0||L1(Q) + lholl gy iy + \|h1||L},(u;))
if we choose § sufficiently small such that w <1/2.
Now, we show the continuity of T[F] in L'(Q2) at t = 0. First, we have
FaX(0),0) dado ~ [ folX(0),0) dX(0)ds
o “ (16)

< / Jo(X(0),v)[|J(0)] — 1\dX(0)dU+/ _ fo(X(0),v) dX(0)dv.
941 Q\Qy
Note that if v > 0 and (X (0),v) € O\, then v > x/t > y/t. Similarly, if v < 0 and
(X(0),v) € Q\Qq, then |v| > (1 —z)/t > (1 —y)/t. Put y := X (0), we get

1
/ ~ fo(X(0),v) dX(0)dv < / / foly,v)dvdy (0 ast\ 0.
A\ 0 Jlv|>min{y,1-y}/1]
Moreover, from Lemma 8 we have |J(¢;0)] — 1 as t — 0. Then by (I6l), we obtain
fo(X(0),v) dedv — / folz,v)dxdv ast 0.
o Q
On the other hand, we have

. fo(X (t),v) dedv < %/0 /0 ho(v, 8)B:(v) dsdv 0 as t \,0,

0 gt
fo(X (to),v) dwdv < g/oo/o hi(v, 8)|Be(v)| dsdv 0 ast N\, 0,

ol
and
t
/ |Q°F)|(X(s),v,s)dsdzdv < w sup [|[F(s)|[r1) 0 ast\,0.

Q Jto € 0<s<é

From ([[3), we conclude that T is continuous in L!(Q2) at t = 0. For the continuity of
T att =7 > 0, to avoid a complicated change of variable, we first show that there is
a unique solution to () in L®°([0,6]; L' N L°°(£2)). Then we write an equation similar
to () with initial time 7 (not 0) and prove in the same way. Nevertheless, 7 is a map
from U to U.

Finally, similarly to (I2) and (IH), we get

ITTE@) = T L (o) < i—g IEL(E) = Fo ()] oo 0
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and

41+ 0O(g,9))d
2

1T ®) = T (O 1) < 1E1L(8) = F2(t)]| L1 o -

By < 1/2 and M < 1/2, we see that T is a contraction mapping. So for §
small enough (not dependmg on fo, ho, and hy), we can apply the fixed point theorem
to get a unique mild solution in U.

Note that the role of U is not important. With a similar argument, we can show that
T is a contraction mapping from C([0,8]; L*(2)) N L>°([0, ]; L*°(R)) to itself. Hence,
that mild solution in ¢ is the unique one in C([0,4]; L*(Q2)) N L>=([0, 8]; L>=(Q)). O

REMARK 12. In case hg € L((0, 00); L°°(0,T)) instead of L} (), we use the following
estimation:

fo(X(to),v) derdv = ho(v, to(z,v,t)) dedv
Q9 Q9

< / 1o (v, )| = 0.7 dicdo
Q9

oo 1
< [ [ Moo ooy oo
0 0

= ||hollL1((0,00);L5 (0,1))-

Because the way we choose § in the above lemma does not depend on fy, hg, and
hi, we can extend the solution to the whole interval [0,7]. So we have the following
corollary.

COROLLARY 13. For any T > 0, fo € L' N L>®(Q), ho € LI N L>®(v;), by € L1 N
L>(vy ) with fo, ho, h1 > 0, there exists a unique mild solution F € C([0,T]; L*(Q2)) N
L*°([0,T]; L*>(£2)) to the approximate problem (7)—(10).

From now on, we fix T > 0 and choose € > 0 small such that O(e,T) < 1 to make the

Jacobian J(s;t) = 3Xg(cs) always positive. By the above corollary, we are ready to show

the existence of weak solutions to the approximate problem.

LEMMA 14. For any fo € L' N L®(Q), hg € LL N L>®(v}), hy € LY N L>®(vy) with
fo,ho, h1 > 0, there exists a weak solution F € C([O,T],Ll(Q)) N L>([0,T]; L>=(£2)) to
the approximate problem (7)—(I0).

Proof. Let F € C([0,T]; L*(£2)) N L>°([0, T]; L>°(£2)) be a mild solution to the approx-
imate problem ([@)—(I0). We will show that F' is a weak solution to the approximate
problem ([7)—(I0).

First, we denote Q; = {(z,v) €

(

to < s < t1, we can replace x by X

R? : to(z,v,t) < t1(x,v,t)}. For (z,v) € Q; and
5),

t by s in () and get

F(X(s),v,5) = fo(X(to),v) + ts Q°[F(X(7),v,7) dr. (17)
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Now, we have

I:= /Qt /tt F(X(s),v,s)% (@D(X(s),v,s)a);is)> dsdzdv

-/ /tt PX(3).0,9) [1u0x(9). 0. 25 )

+1. (X (s),v, )

:/ﬂt /totl F(X(s),v,s) [iﬁt(X(s),v,S)a);_i‘S)

+ "pw(X(S)a v, S)[BE(U) + (v — BE(U))UE(X(S))]
0X (s
ox

0X (s
Ox

)] dsdxdv.

~—

(X (5), v, 8)(v = Be(v))12(X (s))

Note that {(z,v,s) : (z,v) € Qi,to < s < t1} = {(z,v,5) : s € (0,t),v € R, X(s) €
(0,1)}. So by the change of variable (x,v,s) — (X(s),v, s), we have

I= /U F(z,v,8)[¢e(z,v,8) + 0 ([Be(v) + (v = B-(v))ne(x)](x, v, 5))] dedvds.

On the other hand, applying () to the definition of I, we get I = IT + IT1, where
II and IIT are defined as follows.

1= [ [ a0 g (60609 5 ) dsdaae

= [ Ao, o) [ )00 5 (0) = (X v t0) G- (1)

Q
= [ B ta) 00K ), v, 10) G 0
/ ’U to)’t/](X(to),?),to)({;—X(to) d{Ed’U
v>0t0>0] €
/ V(0. £V (X (10).v.t0) 2 (1) dad
v<Oto>0] x
89X (0)
o PO, 0,00 Z D e

/ fo(X(to), X(t),v,t) dzdv — /OOO /Ot Be(v)ho(v, $)1(0,v, s) dsdv

+/ /ﬁa(v)hl(v,s)z/)(o,v,s)dsdv— folz,v)¥(x,v,0) drdv,
—oo J0

Q

where in the last equality: the first integral follows xq,n, = =X a.e. and (X (t1),v,t1)
=0 when t; < t, the second and third integral are obtained from the change of variable
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x = s = to(z,v,t) (see ([I4)), and the fourth integral is obtained from the change of
variable  — X (0, z,v,t).

111 = /Q /tt t: QS[F](X(T),’U,T)% <1/)(X(s),v,s)a);a(gs)> drdsdzdy
9X(s)

X

:/Qt /tt :1 Qe[F](X(T),U,T)% (¢(X(s),v,s) ) dsdrdady

:/ /1Qs[F](X(r),v,T) [WX(tl),v,tl)%—);(tl)—w(X(T),U,T)aa_f(T)} drdady
Q, Jto

= /Q Q°[F(X(1),v, T)¢(x,v,t) drdxdv

to

- [ [ @R e (X0 B ()
Q

t Yto

:/F(x,v,t)w(x,v,t)dxdv—/fO(X(tO),v)w(x,v,t)dxdv
Q Q

—//t Q°[F)(z,v, )¢ (x, v, 7) drdxdy,
aJo

where the second identity follows by Fubini’s theorem and the reasoning for the last two
equalities is similar to the previous parts. Now, put everything together and use the
identity I = IT + I11I to get the conclusion that F' is a weak solution of the approximate
problem. O

3.1.2. Mazimum principle, minimum principle, and uniform L' boundedness. In this
part, we will present maximum and minimum principles for the weak solutions to the
approximate problems. Consequently, we obtain the uniqueness and total mass bounds
for these solutions.

To show the maximum and minimum principles, we will use the smooth solutions of the
adjoint problems as test functions for the formula of weak solutions to the approximated
problem ([)—(I0). These smooth solutions do not have compact support, but we can
approximate them by ones with compact supports (see [6]). The adjoint problem to the
approximated equation ((f)—(I0) is stated as follows:

Ly := e + 0p([B= (v) + (v = B=(v))n-(2)]¥)) — Q°[¥] = O, (18)
Pli=r =, Y2 =0, (19)

where

ol o) = 5 [ (@ 0,8) — (e — 20 DIE(C) dC

€? J_o

and Yr(x,v) € C(Q) with r(x,v) > 0. Clearly, i1 satisfies the compatibility condi-
tion introduced in [6]: ¢7(z,v) = 0 for all (x,v) € N with

N =[{2® + B.(v) < 6} U{(z — 1)* + B%(v) < 6}] N Q

for some 6 > 0 small.
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According to [6) Lemma 4 and Lemma 5] and the compatibility condition, there always
exists a smooth solution ¢ € C°°(Ur) to the adjoint problem ([I8)-(3J) with ¢» > 0. In
addition, we have the following two lemmas.

LEMMA 15. Let f¢ € C([0,T]; LY(Q)) N L>°([0,T]; L>°(2)) be a weak solution to the
approximate problem (f)—(I0) and let ¢» € C>°(Ur) be a solution for the adjoint problem
(IR)—(@T). Then for all ¢ € [0,T], we have

/fs(x,v,t)i/)(z,v,t) dxdv — / fo(z,v)¥(x,v,0) dedv
- /+ Be(v)ho(v, 8)Y(0,v,8) dsdv + | Be(v)h1(v,8)Y(1,v,8) dsdv = 0.

Proof. The conclusion follows from the definition of weak solutions to the approximate
problem and i) € C*°(Ur) being a solution for the adjoint problem. O

LEMMA 16. Let ¢(z,v,t) € C°°(Ur) be a solution to the adjoint problem ([IX)—(19).
Then for every t € [0, 7], we have

/w(x,v,t)d:cdv:/7,/)(x,v,0)dxdv—|—/ Be(v)1(0,v, s) dsdv
Q Q v

_/yt /_Oooﬂs(v)w(l,v,s)dsdv.

Proof. Integrating ([I8)) in z, v, and s, we get the required identity. O
Now, we state a maximum principle for a weak solution of the approximate problem
@ @a.
LEMMA 17. If fo € L°°(Q), hg € L>=(v;), and hy € L*(vy ), then a weak solution f€ to
[@—([0) satisfies for every ¢ € [0, T7,

(21)

fe(x,v,t) < max {”fOHLOC(Q)’ HhOHLw(yt*) ) ||h1||L°°(u;)}

up to a measure zero set.

Proof. Put M; = max{||f0||Loo(Q), HhOHLw(uj) , ||h1||Loo(V;)}. We want to show that

for each t € [0,T], we have f¢(z,v,t) < M, for almost everywhere (z,v) € . Adapting
the proof of [6l Lemma 9], it is enough to show the following estimation:

fe(x,v,0)Y(z,v,0) da:dv+/ Be(v)ho(v, $)1(0,v, s) dsdv
Q v

- / ~ Be(w)ha(v, 5)$(1, v, 5) dsdv
<M (/QU)(I,U,O) dzdv + /+ Be(v)1(0,v, s) dsdv — /_ Be(v)Y(1,0, 5) dsdv)

:M/d)(x,v,t)d:cdv,
Q

where the last equality follows from (2I]). We skip the remaining proof. (]
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Similarly, we have a minimum principle for a weak solution of ([T)—(L0).

LEMMA 18. If fo,ho,h1 > 0, then a weak solution f¢ to (@)—(I0) satisfies for every
t € 0,17,

fo(z,0,t) 20
up to a measure zero set.

Proof. We can prove this lemma by modifying the proof of the maximum principle.
Here, we present a simpler way.

Fix t > 0, p € C°(Q) with ¢ > 0, and let 1 > 0 be a smooth solution to the adjoint
problem ([I8)-(I3) with final data ¢ (t) = ¢. From (20), we have

/fo(x,v,t)sﬂ(x,v) dxdv = /Qfo(x,vW(x,v,O) dxdv + /V+ B-(v)ho(v, $)1(0, v, s) dsdv
_/, Be(v)hi(v, 5)Y(1,v,5) dsdv.
The right hand side in the above identity is non-negative. So we have
oz, v, t)p(z,v)dedv >0

Q

for every ¢ € C°(Q2) with ¢ > 0. Therefore, f€(z,v,t) > 0 almost everywhere. O
Putting the maximum and minimum principles together, we obtain the uniqueness for
solutions of the approximate problem.

COROLLARY 19. For fo € L' N L>®(Q), ho € LE N L>=(v}), and hy € LE N L>(v;) with
fos ho, h1 > 0, there is a unique weak solution f¢ € C([0,T]; L(Q)) N L>([0, T]; L>=(R))
to the approximate problem (7)—(I0I).

The maximum, minimum principles give us a uniform L°° bound for the weak solu-
tion of the approximate problem to the Fokker—Planck equation with inflow boundary
conditions. Now, we use these principles to obtain a uniform L' bound for the solution.

LeEMMA 20. For fy € LlﬂLOO(Q), ho € L}JQLOO(V;:), hi € L}JQLOO(Z/;) with fy, ho, h1 >
0, if f¢ is a weak solution to ([@)—([I0), then we have the following estimation for every
te 0,1

1=l 1) < ol L@y + Ihollps oy + I1hallpa - -

Proof. Fix t > 0, p € C°(Q) with 0 < ¢ <1, and let ) > 0 be a smooth solution to
the adjoint problem ([I8)—(I9) with final data ¥ (t) = ¢. From (20), we have

e )0y = [ ot oo, 0) dedo [ 800 (o, 50000, 5)de
Q Q vt

_/, Be(v)hi (v, 8)P(1,v, s) dsdv.



300 HYUNG JU HWANG anp DU PHAN

Note that we also have a similar maximum principle for the adjoint problem. As a
consequence, we have 0 < ¢ < 1. Therefore,

f(x, v, t)p(z,v)dedv < | folz,v) dedv + / B:(v)ho(v, s) dsdv
Q Q v

- / Bl (v5)dsd

< follpr ey + I1Pollpy oy + 1hall Ly oy -

t
This is true for every ¢ € C°(Q) with 0 < ¢ < 1. Approximating yqo by an in-
creasing sequence of non—negative functions in C2°(£2) and using the Lebesgue monotone
convergence theorem, we get the conclusion. ]
3.2. The well-posedness of solutions. We present in this section the proof of Theorem
Bl As a first step, we will use the maximum, minimum principles in the last section to
obtain the following lemma.

LEMMA 21. Let {f°} be weak solutions to the approximate problems. Then there exist a
sequence £, \, 0 and f € L>(Ur) such that {f} converges to f in weak—* topology of
L>(Ur). Moreover, for every test function ¢ (z, v, s) € CL21(Uy) with supp((-,-, s)) C

[0,1] x [-R, R] for some R > 0 and w|%+ =0, we have

/ Fon (0, (@, v, )
Q

converges for any t € [0, 7.

Proof. By the maximum, minimum principles, we have {f°} is uniformly bounded
in L®(Ur). By the Banach—Alaoglu theorem, there exists a subsequence {f*~} con-
verges in weak—* topology to a function f in L>(Ur). Let ¢(z,v,s) € CL2L(U;) with

supp(¢(+,-,s)) C [0,1] x [-R, R] for some R > 0 and 1/1|%+ = 0. From the definition of
weak solutions to approximate problems, we have /

[ 7 @600 dedo = [ fole,0)i(e,v,0) dodo
Q Q
+ /+ Be,, (V)ho(v, $)¥(0,v, s) dvds — /7 Be, (V)h1(v, $)¥(1, v, s) dvds

i /U fo (@0, 8) [, 0,08) + 0x([Be,, (v) + (v = Be,, (0))1e,, (2)]9(2, v, 5))] ddvds

2 o0
s 2 [ ) [ e — a6, — vl v, 9)6(0) dedoduds
n JU; —0o0
’ (22)
The right hand side converges as n — oo. It can be seen from a note that in L!(Uy),
as e, — 0,

O ([Be,. (v) + (v = B, (V)10 (2)JP(, 0, 8)) = D (vi(2, 0, 5))

and .
) [1/)(907 U= 5n<7 5) - 1/)(957 v, S)K(C) dC — amﬂ/}(ma v, S)'

2

n — 00
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As a consequence, we have the left hand side of ([22]) converges as n — co. O
For the sake of simplicity, we will denote f°» by f,. Note that in the previous lemma,
we cannot conclude that

/fn(:b,v,t)w(x,v,t) dxdv — / flz, v, )¢ (z,v,t)dedv  as n — occ.
Q Q

Indeed, fQ f(z,v,t)¢(x,v,t) dedv may not be well defined for every ¢ because f can
change its values on a zero measure set of Ur. However, we can derive the above con-
vergence with a suitable modification in the next proposition.

PROPOSITION 22. Let T' > 0, fo € L' N L>°(Q), hg € LL N L>®(v}), hy € LL N L>®(vy)
with fo, hg, h1 > 0. Let {f,} be the sequence obtained in Lemma 2Tl Then there exists
f € L>([0,T]); L' N L>°(Q)) such that f,, converges to f in weak—* topology of L>(Ur)
and

fa(z,v,)0(x,v,t)dedv — | f(z,v,t)(z,v,t)dedv  as n — oo (23)
Q Q

for every test function ¢ (z,v,s) € C’;:g:;(@) with supp(¥(-,-,s)) C [0,1] x [-R, R] for

some R > 0 and 1/1|%+ = 0. Moreover, we have f > 0 up to a measure zero set of {1 and
the following estimations hold:

||f(t)||Loc(Q) < maX{HfOHLOO(Q) ) ||h0||Loo(Vt+) ) HhIHLao(y;)} (24)
and
IF Ol L) < follpr oy + 1Poll Ly sy + 1Rl pa -y - (25)

Proof. Fix t € [0,7]. From the maximum, minimum principles and the Banach—
Alaoglu theorem applied for the sequence {f,(¢)} in L>®(£2), there exists a subsequence
{fn,(t)} converges in weak—* topology to a function, which will be denoted by f(¢),
in L>*(Q). By Lemma [I7 Lemma [I8] and Lemma 20} we have f(¢,.,.) > 0 almost
everywhere and satisfies (24)), (23)).

Note that the subsequence {n;} is chosen with respect to a fixed t. Now, we will
show that it does not matter when coupled with test functions. Indeed, let ¢ (z,v,s) €
Ca:24(Uy) with supp(¢(-, -, s)) C [0,1] X [-R, R] for some R > 0 and w|%+ =0. By fpn,(t)

converges weak—* to f(t), we have
fon (@0, )0 (,0,t) dedv — | f(x,v,t)p(z,v,t)dedv  as k — oo.
Q Q

In addition, we know that fQ fu(x,v,0)(x,v,t) dedv converges as n — oo. So its
limit must be [, f(x, v, t)¢(x,v,t) dzdv. We obtain (23).

Finally, letting f be the weak limit obtained in Lemma I we will show that f = f
almost everywhere. From (23)), for ¢ € C2°(Ur), we have

/fn(a?,v,s)w(x,v,s) dxdv — / f(z,v,8)0(z,v,8)dxdv as n — oo
Q Q

for any s € [0,T].
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By the total mass bound of {f,} and the Lebesgue dominated convergence theorem,
we can see that

fnl(x,v,8)0(x, v, s) dedvds — f(z,v,8)(z,v,s) dedvds as n — oo.

UT UT

Because {f°"} converges to f in weak—* topology of L>(Ur), we also have
fu(z,v,)0(x,v,t) dedv — flz, v, tp(x,v,t) asn — oco.
UT UT
So for every ¢ € C°(Ur), we have
f(z,v, 8)¢Y(z, v, ) dedvds = f(z,v,t)¢(z,v, s) dzdvds.
UT UT

This implies f = f almost everywhere. The proof is complete. (]
Now we present the proof of Theorem 1.
Proof of Theorem [2. The existence of weak solutions to ([I)-) is straightforward

from (22)) and Proposition The weak continuity of solutions follows from the fol-
lowing integral expression, where the right hand side is continuous:

/f(a:,v,t)1/1(z,v,t)dmdv:/fo(z,v)w(x,v,O)dxdv
Q Q

+/ vho(v,s)w(o,v,s)dsdv—/ vhy (v, 8)1(1,v,s) dsdv

: ©
+ f(z,yv, 8)[Ye(x,v,8) + vi) (2,0, 8) + Yy (T, v, )] drduds.
U
By f > 0 and (24)), we have the minimum and maximum principles for weak solutions
of (I)—). As a consequence, we obtain the uniqueness and complete the proof of this
theorem. ]

4. The regularity of solutions. To study the regularity of the Fokker—Planck equa-
tion with inflow boundary conditions, we first recall that the fundamental solution G of
the Fokker—Planck equation (I in the whole space (z,v,t) € R x R x R is given by

G(l‘, v, tv Yy, w, S) = G(x -y, wvt - S)

31/2 p<_3|x—y—(t—8)(v+w)/2|2_|U_w|2>.

T ot s (t—s) A(t—s)

The above fundamental solution for the Fokker—Planck operator is obtained by Kol-
mogorov in 1934 (see [§]). Any solution of (0] with initial data fo € L' N L°°(R?) has
the integral expression

flx,o,t) = [ G(z,v,t;y,w,0)foly, w) dydw.
R2

Using the fundamental solution G, we can construct solutions to the backward Fokker—
Planck equation with absorbing boundary conditions, which is to solve the adjoint prob-
lem

M*('l/}) = wt + Uwz +’l/]vv =0
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for (x,v,t) € Ur and for given data ¢(T') = o7 at t =T with ¢r € L' N L>°(Q). Recall
that a weak solution f € L>([0.T]; L' N L>°(Q)) to [)-(@) satisfies

e w) = [ st - [ fow) = [ ohovo)+ [ vy (20)
U Q Q uj’ v,
for every ¥(x,v,t) € C’;zi(UT) such that supp(¢(-,-,t)) C [0,1] x [-R, R] for some
R >0 and 1/)|,Y;: = 0.

Note that if f is a solution to the forward Fokker—Planck equation, then g(x,v,t) :=
f(x, —v, T—t) is the solution to the adjoint equation. Thus, the transformation ¢ — T —#,
v +—= —v, and w — —w in G yields the fundamental solution for the backward Fokker—
Planck equation. As a consequence, any solution g of (26]) with final data ¢g(T') = gr €
L' N L°°(R?) has the integral expression

g(l‘,’l),t) = G(J?, _UaT - tvya _w70)gT(yaw) dydw (27)
R2

4.1. Interior hypoellipticity. We present in this section the regularity of weak solutions
to the Fokker—Planck equation with inflow boundary conditions at the interior point of
Q. To obtain it, we first present a useful lemma whose role is crucial for estimating R
terms in a later part.

LEMMA 23. Let (29, v9) €ER?, 7 > 0,¢ > 0. Then for every (z, v) € B, (w0, v0)\ B2, (0, v0),
(y,w) € By(x0,v0), and s € (0,t], we have

G(z,v,s;y,w,0) < C,
where the constant C' > 0 just depends on (z, vp), 7, and .
Proof. Let (x,v) € Bs,.(x0,v0)\Bar(zo,v0) and (y,w) € B,.(xg,vg). We have
|z —y> + |v — w|? > r2.
First, assume that |z — y| > r/v/2. Let o < t such that
to(Jvo| + 2r) < 7/2V2.
Then for every s € (0,tp), we have

z—y—s(+w)/2 _ (lz—yl—sl+w]/2)?* _ r
> > .
53 8s3

53
> 31/2 —3r?
G(xavas;y7w70) S m exp (g) < Cl
for some constant C7 > 0.
Clearly, for every s € [to, ], we have G(z, v, s;y,w,0) < Cq for some constant Cy > 0.
Now, for |z —y| < r/v/2, we have |v — w| > r/v/2. So

31/2 _ 2 31/2 2
G(J{:,U,s;y,w,O)g2 2eXp<_U w| )< exp(—r—)<c3
s

4s ~ 27s? 8s
for some constant C3 > 0.
Take C' = max{C1, Cs, Cs}; we get the conclusion. a
Now, we are ready to show the interior hypoellipticity.
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PROPOSITION 24. Let f be the unique weak solution of the Fokker—Planck equation in the
unit interval with the initial data and inflow boundary data satisfying fo € L' N L> (),
ho € LN L>(vf), hy € L N L®(v;) with fo,ho,hy > 0. Then for each t > 0,
f(t) € HE™(Q).

loc

Proof. Fix tg > 0, (zo,v9) € ©, and p > 0 such that Bs,(zg,v9) C Q. We will
write B, for short for B,(xg,vo). Let ¢(z,v) € Cc(B,) and g(x,v,t) be the solution
of the backward Fokker—Planck equation (20) in the whole space with the final data
g(to) = ¢. By the hypoellipticity of the Fokker—Planck operator (see [4[5,[0]), we get
g € C*°(R? x (—o0,tg)). Now, choose a smooth cut—off function ¢ € C2°(R?) such that

= 1, on Bs,,
~ 10, on R%\Bs,.
Let ¢ = g(. We have
M*(%//) =Y + Vg + Yoo = (UC:C + va)g + 209, = R (28)

and supp R C Bs,\Bz).
Moreover, we can see that supp ¢ (t) C Bs), for all t < to and 1(0,v,t) = 1(1,v,t) =0
for all v € R, t < tg. So we may use ¢ as a test function in (20]) to get

to
/Bp fto)e :/0 /BSP\B2P Rf dxdvdt + o, fog(0)C.

The integral expression ([27)) gives us

19(0) | Loe s,y < CollllL2(s,) >

for some constant Cy > 0.
Moreover, by Lemma 23 and (21]), there exists a constant C; > 0 not depending on z,
v, t such that

g(x,v,t) Scla gv(l‘,’l},t) SCI
for every (z,v) € ng\ng and t < ty. Hence, there exists a constant Cy > 0 such that
|R($C,?),t)| <Oy ||<p||L2(Bp)
for every (z,v) € B3,\Ba, and t < to.

Together with the total mass bound in Theorem [ we have for every ¢ € C.(B,),

/B F(t0)e < Cllfoll oy 191 23, -

where the constant C' > 0 depends only on (zg, v, to) and p.

The above estimation is a key step. By density and duality arguments, f(ty) € L?(B,).
For the regularity of higher orders, the argument is similar to that of [6, Proposition 2],
so we skip it. O
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4.2. Boundary hypoellipticity. In this section, we will present the regularity of weak
solutions of the Fokker—Planck equation at the boundary away from the grazing set and
end the proof for Theorem @l Before going to the main proof, we first recall a useful
lemma in [6].

LEMMA 25. Let tp > 0, vgp < 0, and p > 0 such that 3p < |vg|. Then there exists
AMw,t) € LY(R x [0,t0]) such that supp A C [vg — 3p, vo + 3p] X [0, o] and that g(z,v,?)
defined by the following expression:

g(z,v,t) = G(x —y,—v,—w,tg — t)p(y, w) dydw
'U()+3P (29)
/ / G(z,—v,—w,s — t)A(w, s) dwds
Vo — 3p

solves the problem

M*(g) =0, fort<ty,
g(xa Uato) = QO(J),’U), where 2 S CC(BP(O’ UO) n Q)7 (30)
g9(0,v,t) =0, for |[v—vo| < 3p.

Moreover, there is a constant C' > 0 not depending on ¢ such that

A L1 (oo —3p,00+30)x [0,t0)) < C Nl L2, (0,00)00) - (31)

Proof. For the existence of A, see [0, Lemma 19]. Note that in [6] Lemma 19], we also
have the following expression for A:

Uo+3P
Av,t) = vg(0,v,t) — v/ / )G(0, —v, —w, s — t) dwds, (32)

0—3p
where v € (vg — 3p,vo + 3p), t < o, and g is defined by

glz,v,t) := Gz —y,—v, —w, tg — t)(y, w) dydw.
R2

In the following, we will use {C;} as positive constants just depending on vy, to, and
p. Moreover, we will write B, for short for B,.(0, v).

First, we claim that |g(0,v,t)| < Cy ||g0HL2(Bme) with the constant Cy > 0 not de-
pending on v, ¢, and . It can be seen from the estimate

31/2 3(to —t)(w+w)/2]> v —w]?

27T(t0 - t)2 (to - t)3 4(t0 - t)

1 _ G2
< —Q -t <C
= (tO — t)2€ 3

for every (v,t) € [vg — 3p,vo + 3p] X [0,t0) and for every (y,w) € B, with y > 0. Note
that the above estimation is not valid if we allow y < 0.
Similarly, we have

G(_ya -V, —w, tO - t) <

G(Oa v, -w, 3) < C4
for every (v,w,s) € [vg — 3p,vo + 3p]% x [0,t0).
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Together with ([82), we obtain

vo+3p to  pvot3p
[ M@ < Callelingp, o+ Ca [ [ w9l s
v, t v,

0—3p 0—3p

Finally, by Gronwall’s inequality, there exists a constant C; > 0 such that

vo+3p
[ M@ 810 < Crlplas,nm
vo—3p

Taking integration in both sides for ¢ from 0 to ty, we obtain ([BI). The proof is
complete. (Il

With the above lemma, we are ready to prove Theorem [4l

Proof of Theorem [ Proposition gives the interior hypoellipticity. Now, we con-
sider the regularity on the boundary away from the grazing set.

The hypoellipticity at the inflow boundary can be obtained similarly to the interior
case. For the outflow boundary, it is enough to treat the regularity at (0, vg,to) with
v < 0 because the remaining cases (at z = 1) can be obtained similarly.

Fix p € (0,1/3) such that 3p < |vg|. Let ¢(z,v) € Co(B,) and g(z,v,t) be the solution
of the problem (B0). Now, choose a smooth cut—off function ¢ € C2°(R?) such that

é’ _ 17 on ng,
0, on R?\Bs,.

Let ¢ = g¢ and define R as in ([28). We can see that supp R C Bs,\ Bz, supp¥(t) C
Bs,, for all t < to, and ¢ (z,v,t) = 0 with # = 1 or with (0,v,¢) € 7;. So we may use ¢
as a test function in (26)) to get

to
/ F(to) / / Ri+ [ fogo)c + / ohoth(0,.,.)
BN 0 J(Bsp\Bs,)NQ Bs, 2
I+ IT+111.

First, using Lemma 23] the expression (29), the estimate (BI]), the total mass bound
in Theorem [, and the argument as in Proposition 24} we obtain
I+ 11 < Co |l foll ) Il 25,00 -
On the other hand,
111 = [ oot < [hollgy, 190, -
v v 0 0

to

Note that for every z € R, v > 0, w € (vg — 3p,v9 + 3p), and ¢t < ¢y, we have
|v —w| > |vo| — 3p. Hence,

31/2 [v — wl|? 31/2 (lvo| — 3p)?
G(x,—v,—w,t) < — < - C.
(z,—v, —w,t) 9p2 exp ( m ) 92 exp ( m ) < Cy

So, together with the expression (29) and the estimate (BII), we have

IIT < O,y Hh0||L3J(Vt+O) H90HL2(B,,OQ) ‘



FOKKER-PLANCK EQUATIONS WITH INFLOW BOUNDARY CONDITIONS 307

Putting the estimates of I + IT and I1I together, we get

/B Jwesc (Mollzagey + Aol s it ) 12l 22 5,00

where the constant C' > 0 depends only on vy, tg, and p.

By density and duality arguments, we have f(to) € L?(B,N2). The remaining proof
for the regularity of higher orders is similar to that of [6, Theorem 1.3.(i)], so we skip
it. O

5. Decay rate to vacuum solutions. We present in this section the exponential
convergence rate of solutions of the Fokker—Planck equation with inflow boundary data
on a bounded interval. To obtain the result, we will use [6, Theorem 1.3], which concerns
the decaying rate of the solutions of the Fokker—Planck equation with absorbing boundary
conditions.

Proof of Theorem Bl Write f = f* + f* where f' is a solution of () with initial
condition f#(0) = fy and boundary conditions fi|77 = 0; and f? is a solution of () with
initial condition f*(0) = 0 and boundary conditions f°|,- (0, .,.) = ho, f°[,-(1,.,.) = h1.

According to [6, Theorem 1.3.(i)], there exists A\; > 0 such that

Hfi(t)HLl(Q) < HfOHLl(Q) exp(—Ait).
Moreover, by Theorem [2, we have
[FGIIARSE= 1Poll Ly ) + 1hall Ly or)

From the L' decay (B) of the inflow boundary data, putting A = min{\g, A1}, we get
@M.

For the L* decay, we use [6, Theorem 1.3.(ii)] to get the existence of Ay > 0 and
C5 > 0 such that

Hfl(t) HL(X)(Q) S 02 eXP(‘>\2t)7

where C5 depends on HfOHLl(Q) and Hfo”Loo(Q).
By Theorem 2, we have

1@l @y < max {1kl ey Il b

From the L decay (@) of the inflow boundary data, putting C' = Cy + Cs and
A =min{)\g, A2}, we get (2)) and end the proof for this theorem. O
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