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Abstract. The open-loop systems of a Schrédinger equation and an Euler-Bernoulli
equation with variable coefficients and boundary controls and collocated observations are
considered. It is shown, with the help of a multiplier method on a Riemannian manifold,
that both systems are well-posed in the sense of D. Salamon and regular in the sense of G.
Weiss. The feed-through operators are found to be zero. The results imply particularly
that the exact controlability of each open-loop system is equivalent to the exponential
stability of the associated closed-loop system under the output proportional feedback.

1. Introduction and main results. Well-posed and regular linear infinite dimen-
sional systems first introduced by D. Salamon and G. Weiss in the 1980s ([25] 26, 29} [30])
are a quite general class of linear infinite-dimensional systems. They cover many control
systems described by time delay equations and partial differential equations with actua-
tors and sensors supported at isolated points, subdomains, or on a part of the boundary
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of the spatial region [6]. This class of linear infinite-dimensional systems, although the
input and output operators are usually unbounded, may possess many properties paral-
leling in many ways to finite-dimensional systems, for instance, representation, transfer
function, internal model based tracking and disturbance rejection, stabilizing controller
parametrization, and quadratic optimal control, to name just a few [7].

The abstract theory of well-posed and regular linear systems has been quite fruitful.
However, only a few multidimensional PDEs have been verified to be well-posed and
regular. For the systems with constant coefficients, the well-posedness and regularity
of a multidimensional heat equation with both Dirichlet and Neumann type boundary
controls were established in [5], and that for a wave equation with boundary Dirichlet
input and collocated output was proved in [I] and [14]. The well-posedness and regularity
for multi-dimensional Schréodinger and Euler-Bernoulli equations were reported in [111 [12]
19]. The well-posedness and regularity for a wave equation with variable coefficients and
Dirichlet boundary control and observation was established in [15], and that for a plate
equation with variable coefficients under Neumann boundary control and observation
was obtained in [16]. In [13], the exact controllability, well-posedness and regularity
for the transmission problem of plate equations with variable coefficients and Neumann
boundary control and observation were considered. Recently, the well-posedness and
regularity of linear elasticity with Dirichlet boundary control and collocated observation
were established in [3], [17].

The objective of this paper is, on the one hand, to generalize the well-posedness
for a Schrodinger equation with Dirichlet boundary control [19] and an Euler-Bernoulli
plate equation with boundary moment control [22], all with collocated observation, to
the variable coefficients cases, and on the other hand, to show that, in both cases, the
systems are regular with zero feed-through operators.

The systems to be considered are described, respectively, by the Schrodinger equation
with Dirichlet boundary control and collocated observation

ve(x,t) —iPvu(z,t) =0, © = (z1,22,...,2,) € Q,t >0,

v(z,t) = u(z,t), €T, t>0, (1.1)
1 t

y(m,t) = _iaA—v(x,)’ rel,t>0,
81/A

and the Euler-Bernoulli equation with boundary moment control and collocated obser-
vation

wi(x,t) + PPw(z,t) =0, 2 € Q,t > 0,
w(z,t) =0, z €,t >0,
Pw(z,t) =u(z,t), z €, t >0, (1.2)

. 8A*1wt(x, t)
N 81/A

y(z, 1) ;v elt>0,
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where 0 C R"(n > 2) is an open bounded region with C2-boundary I'. P is a second
order partial differential operator

"0 0
P=- Z o, (aij(l')%j>,

and for some constants a,b > 0,

n

G/Z ‘§l|2 S Z al](‘x)glg S bZ|§Z|27 Ve ﬁv 5 = (517§2a"'7§n) € (Cnv
=1 =1

ij=1 (1.3)
Qaij = aj; € COO(RH), Vi, j=1,2,...,n.

The operator A is defined by

Af :==Pf, Vf € D(A) = H*(Q) N H{(Q) (1.4)
and
) . )
M =Vyp = Z aijyja—l'i7 (15)
i,j=1

where v = (v1,v9,...,1,) is the unit normal of 9 pointing towards the exterior of €.

u and y are the input functions (or controls) and the output functions (or observations),
respectively. It is seen that both operators .4 and P appear in the system (LI) and
([L2) simultaneously. That is why we put them together and treat the two with a similar
approach.

Let H = HY(Q), H = H}(Q) x H Q) and U = L*T). Theorem 1.1 is the
generalization of Proposition 4.2 of [19] where the coefficients of the system () are
constants.

THEOREM 1.1. Let T' > 0, vg € H and u € L?(0,T;U). Then there exists a unique
solution v € C(0,T; H) to the Equation (IZI]) satisfying the initial condition v(-,0) = vy.
Moreover, there exists a constant Cp > 0, independent of (vg,u), such that

[o(-, T)|IF + ||yH%2(O,T;U) <Cr [”UOH%I + HUHQL?(&T;U)} :

Theorem 1.2 below generalizes the well-posedness result of Theorem 4.29 of [22] to
the variable coeflicients case.

THEOREM 1.2. Let T > 0, (wg,w1) € H, and u € L?>(0,T;U). Then there exists a
unique solution (w,w;) € C([0,T]; H) to the Equation (L2) satisfying w(-,0) = wo and
we(+,0) = wy. Moreover, there exists a constant C7 > 0, independent of (wg, wy, u), such
that

@ Tl THI A 19120,y < Cr w0, w3 + lulliz 00,0 -

Theorems 1.1 and 1.2 imply that the open-loop systems (ILT) and (L2) are well-posed
in the sense of D. Salamon with the state spaces H and H, respectively, with input and
output space U [27]. These results together with Theorem 2.2 of [2] and Proposition 3.1
of [22] (see also Theorem 3 of [10]) give immediately the following corollary.
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COROLLARY 1.3. The systems (I.T)) or (L2]) are exactly controllable in some time interval
[0,T7] if and only if the corresponding closed-loop system under the proportional output
feedback u = —ky, k > 0 are exponentially stable.

For the exponential stability of the system (LI under the feedback u = —ky, k > 0,
we refer to [24]. For the exact controllability of the system ([2]), we refer the reader to
[34] and [20].

THEOREM 1.4. The system (L)) is regular. More precisely, if v(-,0) = 0 and u(-, ) =
u(-) € U is a step input, then the corresponding step response y satisfies

1 g
— t)dt
0/0 y(w,t)

THEOREM 1.5. The system (2] is regular. More precisely, if w(-,0) = w(-,0) = 0 and
u(-,t) = u(-) € U is a step input, then the corresponding output y satisfies

1 g
— t)dt
> [ v

Theorems 1.1, 1.2, 1.4 and 1.5 together show that the systems (II]) and (2] are well-
posed regular linear systems with feedthrough operators zero. This makes the systems
(CI) and (2) parallel in many ways to linear finite-dimensional ones.

Our main approach in proving above mentioned results is the Riemannian geometry
method introduced in [33] for the proof of exact controllability of wave equation with
variable coefficients. The difficulty of our proofs also arises from the occurrence of the
variable coefficients as that in [33]. By the geometry approach, similar to [34], the com-
putations on the Riemannian manifold become much more simple, which it would be
extremely tedious and even hardly carried out in Euclidean space. The key point is
that by the introduction of the Riemannian metric, the corresponding differential op-
erators with variable coefficients in Euclidean space become the differential operators
with constant coefficients on the Riemannian manifold, except some low order pertur-
bations. Therefore, the techniques in dealing with problems with constant coefficients
in Euclidean space can then be moved to Riemannian manifold. From this point view,
it seems that the Riemannian geometry method becomes natural in dealing with the
non-uniform problems.

The remainder of the paper is organized as follows. In Section 2, the systems (L))
and ([2)) are casted into the abstract settings separately, and some basic background on
Riemannian geometry is introduced. The proofs of Theorems 1.1 and 1.2 are given in
Section 3 and Section 4, respectively. Section 5 is devoted to the proofs of Theorems 1.4
and 1.5.

2

lim dx = 0. (1.6)
o0+ Jp

2

lim dr = 0. (1.7)
o—0+ Jp

2. Abstract formulations and preliminaries. In order to formulate the system
(1) and (T2) into abstract forms, we need some notation and facts in Riemannian
geometry.
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By the ellipticity condition ([L3]), we let G(x) and p(x) be the following positive matrix
and its determinant, respectively,

G(x) = (95 (@)]lnxn = [a5(@)]5xn, p(2) = detlgij(@)]nxn, Vo €R™. (2.1)

For each © = (21,2, ...,z,) € R", define the inner product and norm over the tangent
space R? of R™ by

n
Yg = E gijaiﬁja
i,j=1

(2.2)
Xy = (X, X)L/2, VX = Za, VY = Zﬁz - € R

Then (R™, g) becomes a Riemannian manifold with Riemannian metric ¢ [34]. Denote
by D the Levi-Civita connection with respect to g. Let N be a smooth vector field on
(R™, g). Then for each x € R™, the covariant differential DN of N determines a bilinear
form on R?,

DN(X,Y) = (DxN,Y),, VX,Y € R", (2.3)
where Dx N stands for the covariant derivative of the vector field N with respect to X.
For any ¢ € C?(R™) and N = Y_" | hi(x )(% , denote
oh' Op 0
divo(N , Do = = i
1V0( ) 8 Y= 990 ;1 Q45 8I] arz
div, (V) = ip—mi(pl/m
! i=1 Oz
G 0 Op
=D P <P1/2 @5 > = —Py + (Dq)e, q(z) = 1/2log(p(x)),
2,7=1

where divy is the divergence operator in Euclidean space R", and V4, div, and A, are the
gradient operator, the divergence operator and the Beltrami-Laplace operator in (R", g),
respectively.

Denote by p = ‘7% the unit outward-pointing normal to 92 in terms of the Rie-
mannian metric g. The following Lemma 2.1, providing some useful identities [28] pp.
128, 138], will be used frequently in subsequent sections.

LEMMA 2.1. Let ¢, € C'(Q) and N be a vector field on (R",g). Then we have the
following.
(1) Divergence formulae and theorems:

divo(pN) = @divo(N) + N(p), divy(pN) = @divy(N) + N(p),

/leo da:—/N vdr, /leq dx—/( w)gdl.
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(2) Green’s first formulae:

/isoda:— /wa—“”dr+/< o0, Vo) d
/Qi/)Aggde—A¢g—ids—/52<vgw,vgw>gd9

(3) Green’s second formulae:

VP dr — pdr = — 92 ar dr,
[rose- [rovis= [ o [ 25

81/A (9V_A

/wA 0 dQ — /Aqud(z /w s — /a @dT,

where df) and dS are the canonical volume elements on Q and I, respectively.
Similar to (4) of Lemma 2.1 in [33], we have the following multiplier identity.

LEMMA 2.2. Let N be a smooth real vector field on (R, g). For z € C*(Q), the following
formula holds:

1., 1 .
(Vgz,Vy4(N(2)))g = DN(Vyz,Vy2) + gdlvg(lng\ﬁN) - §|V92|3d1V9(N)- (2.4)
The following Lemma 2.3 is straightforward.

LEMMA 2.3. Let ¢ be a complex function defined on Q with suitable regularity. Then
there exist some constants C’s possibly depending on g, N and €2, such that

(1)
suB|N\g <C, suB|DN\g <C, suB|divg(N)| <C, suE\Dq\g <C,

€ € zE€Q TEQ
sup |V4(divgN)|g < C
z€Q

(2)
IN()| < C|Vgplg, [Da(p)l < C|Vgelg, [DN(Vgp,Vp)| < C|V9<P|£2,’
Vg, Vg(divgN))el < ClVgiplg,

where ¢(z) = 1/2log(p(x)) and p is given by 21));
(3)

2 2 2
[ 161 da < Cllellay | 190 do < Cllelipay, [ 1V3(Po)do < Clieliragay.

Now we are in a position to cast the system (1) into an abstract form of a first-order
system in the Hilbert state space H = H~1(Q).

By Green’s first formula, an extension @ € L(H}(Q), H71(Q)) of A can be defined
by

<42{180a¢>H*1(Q)><H(}(Q) :/Q< ) g¢> drz, V%%//EH(%(Q)-
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Then &7 is a positive self-adjoint operator in H, and by means of the Lax-Milgram
theorem, . is a canonical isomorphism from D(<) = H}(Q) onto H. It is easily shown
(see e.g., [18]) that D(7/?) = L*(€) and "/? is a canonical isomorphism from L2(Q)
onto H.

Define the Dirichlet map T € £(L*(T'), H'/2(Q)) (|21] p. 189) as follows:

Py =0in Q,
Tu=p<— (2.5)
olr = u.
Then ([I.J]) can be written as
0 — i (v—"Tu) =0. (2.6)

Identifying H with its dual H’, we have the following relations:
D(#h) € D) H=H' < [D(4)] < [D(a4)]
Define an extension A; € E(D(.;zfll/Q), [D(f;a/llm)]/) of @4 by
(A1) prtsoywprertisy = (9200 0w, Voo € D), (2.7)

where (-, )z is the inner product on H~(Q). In this way, iA; generates a Cy-group on
[D(;afll/z)]'. Hence (2.6) can be written in [D(<)]" as

v = iA1v + Byu, (2.8)
where By € L(U, [D(Jz{ll/z)}’) is given by
Biu = —iA;Tu, VueU. (2.9)
Define B} € E(D(,;z{llm), U), the adjoint of By, by
<Blu7f>[D(g¢11/2)]/xD(g¢f/2) =(u,B{flu, V f€ D(ﬂfll/Z) =L*(Q),uecl.
Then for any f € L*(Q) and u € C§°(I"), we have
{Brs Fip e/ < piar’?)

= (—id; Yu, f) = —i(}*Yu, A )y

[D(e,/?)]) x D(at}/?)

— —i<TU,A(A71f>L2(Q) = /Q TUP(ZAilf) d(E

:/P(Tu)iA—lfdx—/Tuw dF+/ O =T ar
Q T I

81/A
(=22
- ) (‘31/,4 U;

where in the last two steps, we used Green’s second formula and the definitions of T and
A. Since C$°(T') is dense in L?(T), we obtain
OATLS

Bif = i Y feL*(Q). (2.10)
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System (1) is then formulated as an abstract form of a first-order system in the state
Hilbert space H:

V= 7;1‘[1’0 + Byu,
(2.11)

y = Bijv,

where Ay, By, and B} are defined by (27, (Z9), and @I0), respectively. The abstract
study for system (ZIT]) can be found in [22].

Next, we formulate the system ([2)) as an abstract second-order system in H =
H}(Q) x H. Let A be the positive self-adjoint operator in L?(£2) defined by

Ap = P,
D(4) ={peL*Q); P*p e L*(Q),¢lr = Pylr = 0}
={p e HY(Q); ¢lr = Pylr = 0}.
Just as in [I5], it can be shown that
A = A,

where A is given by ([L4)), and furthermore, we have the following space identifications
with equivalent norms [9] 21]:

D(A%) = {p e H¥(Q);¢lr =0} = H¥(Q) N HL(Q),1/8 < 6 < 5/8,
{ D(A%) = {p € H*(Q); ¢|r = Pp|r =0},5/8 <6 < 1.
By ([2I12), we have
V £ D(A¥Y) = {p € H*(Q); ¢|r = Pplr = 0}.

(2.12)

Define an extension operator &7 of A to the domain V' as
() = (AP0, A2, ¥ o € V. (2.13)
Then & is positive self-adjoint in H. In fact, for some constants C,C’" > 0, we have
(o o)u = (A2, AV2p) g = (Ao, A4 ) 12(q)
2 CH@H%?(Q) z Cl||A_1/4(PH%2(Q) =C'oll, Vo e V.
We identify H with its dual H’. Then the following relations hold:
D(#/'?) — H = H' — [D('/?]'.
An extension A € L(D(e/'/?),[D(a7/?)]') of of is defined by
(AL, 9) (e s2yy sz = (A2 f, a2 ¥ f,g € D(a'?). (2.14)
Define the map G € L£(L*(T), H>/?(Q)) [21 p. 189] so that Gu = ¢ if and only if
P2p(x) =0, z €Q,
{ ¢(@)|lr =0, Po(z)|r = u(x).
By virtue of the operators A and G, (LZ) can be written in [D(2/'/2)] as
W + Aw = Bu, (2.16)

(2.15)
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where B € L(U, [D(</'/?)]') is given by
Bu = AGu, Y u € U. (2.17)
Define B* € L(D(&/'/?),U) by
(Bu, f)ip(arrzyxparrzy = (w, B*flu, ¥ f € D(o/"?) = Hy(Q),u € U.
Then for any f € D(&/'/?) and u € C§°(T), we have

(Bu, f>[D(A1/2)]’><D(A1/2)

= <*’21Gu>f>[D(A1/2)]/><D(A1/2) = <,5271/2Gu,.;z{1/2f>H

= (o Gu, A(A f)yg = (A" AGu, A7VAA(A ) 1200
= (AGu, A(A™')) 120

_ 2 T-1if OA-Lf -1
f/QP (Gu)A 1fdx+/P(Gu) — dF+/F(A f)

r
B OA~Lf
=\ aV_A U ’

where we used Green’s second formula and the definitions of G and A. Since C§°(T) is
dense in L?(T'), we actually obtain

OP(Gu)
8U_A

dr’

gy OATY

,Vf e D('?) = H (). (2.18)
r

81/A

Finally, we cast the open-loop system (LZ) into the abstract form of a second-order
collocated system in H,

W+ Aw = Bu,
(2.19)

y = B*w,

where A, B, and B* are defined by (Z14), (ZI7), and (2I8), respectively. System (ZIJ)
was well studied in [2] [10].

3. Proof of Theorem 1.1. For brevity in notation, we shall denote by Cr, in subse-
quent sections, a positive constant depending only on the time 7" that may have different
values in different contexts. First, we show that B; is admissible for e*”1*, the Cy-group
generated by iy on H. Since the system () is collocated, B; is admissible for e*”1*
if and only if BY is admissible for e *¥1t = et (see [29]). Therefore, we need to show
the estimate

T
*( 4 2
/O | Bi (e “’%O)HLQ(F) dt < Crllvoll3-1(qy, ¥ vo € D(ah) = Hg(S). (3.1)
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Set z = o7 'v. Instead of (ZI1]), we consider the following z equation in the space Hg (Q)

that is derived from (29), (ZI0), and ZTTI):

Zt(l'vt) = iPZ({E,t) - i(TU(~,t))($), (.’E,t) €N x (OvT]a

z(x,0) = zp(x), x € Q,

z(x,t) =0, (z,t) € T x [0,T), (3.2)
y(w, ) = _iag(jj), (2,6) €T x [0, .

Let f(z,t) = —i(Yu(-,t))(z). By the definition of the Dirichlet map T, we have

T T
/0 1FCo 1) 2y dt < Cr / -, 8) 12 (3.3)

By Lemma 4.1 of [15], there exists a C2 vector field N on € such that
N(z) =p(z), z €T; |IN(z)|y, <1, ze. (3.4)

Multiply both sides of the first equation in (8:2]) by N(Z) and integrate over €2, to give
0= / th(E)daj—i/ PzN(E)dx—/ fN(Z)dz
Q Q Q
= / 2 N(Z)dx +1 / (Agz — (Dg)z)N(Z) dzx — / fN(Z)dz
Q Q Q
= / th(E)daj—Fi/ 02
Q r

m
—i/Q(Dq)zN(E)da:—/QfN(E) dx.

It then follows that

/5‘2
r

dF—i/Q<ng,Vg(N(E))>gdaz

o dar :Re/Q<ng,Vg(N(E))>gdx

(3.5)
—Im/taN(E) da:+Re/Q(Dq)zN(E)da:—i—Im/QfN(E)dx.

By Lemma 2.2, one has
- 1. 1 .
Re(V,2,V,(N(Z)))y = Re DN(V,2,V,Z) + 5dwg(|vgz|§N) - 5\vgzgchvgjv. (3.6)
Substitute (8] into (B3]), to obtain

J

0z

2
dF:Re/DNVZ,Vde
a,u Q (Q !])

1 1 _
—|—§/F\ng|§dF—i/ﬂ\vgzgdlvg]vdx (3.7)

—Im/taN(z) dx+Re/Q(Dq)zN(z)d:z;+Im/QfN(z)dx.
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Notice that for any x € T, it has

0z(x)
op

Vyz(a) = (Vgz (@), p(z))gp(z) + Y (2) = px) +Y (2)

for some Y (x) € R} with (Y (z), u(x))y = 0, which implies that Y (z) - v(z) = 0. This
fact together with the boundary condtion z|r = 0 gives
\ng(a?)@, = (Vyz(2), VyZ()),

0z(x)
ou

2 2 (3.8)

1
, Veel,

" a@)2

0z(x)
aVA

= Vyz(2)(Z(x)) =

where we used the fact p = 74-. In addition, by 3, (T3, and Z2)), we have

v
VA|g.

1
min >
zel |VA(I)|§ -

1
- (3.9)

By (88) and (39), making use of the Cauchy-Schwartz inequality and Lemma 2.3, we
deduce, from ([B.1), that

2
drgb/
r

= 2bRe/ DN(V,2,V,%) dx—b/ |vgz\§divgzvdx—2b1m/ 2N (%) dx
Q Q Q

2

0z T

Ll

0z

op

VA

(3.10)
—|—2bRe/ (Dq)zN(z) dx + 2bIm/ fN(Z)dz
Q Q

<C (/ |ng\3dx+/ |f2da:> —2bIm/ 2N (Z) dx.
Q Q Q

Now we compute the last term in (3I0). By the divergence formula and ([B3.2)), it follows
that

divg(2ZN) = zzdivgN + N(2)Z + N(Z) 2

= (iPz+ f)zdivyN + %(EN(Z)) —ZiN(2)+ NZ)z

= (iPz + f)zdivyN + %(EN(Z)) + 2iIm z, N (%).

Integrate the above equality over €2, to give
. _ , . d [ _
2ilm | zN(Z)dx = | [i(Ay — Dq)z — flzdivgyN doz — — [ ZN(z)dz
Q Q dt Jo

= —i/ (Vgz,Vg4(zdivgN)) gy dx — z/ Dq(z)zdivgN da — / fzdivyN dx
Q Q Q

_4 ZN(2) dx.
dt Jq
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Therefore,

—2blm / / 2z N(Z) dxdt

T
= / / (Vgz,V4(Zdivg(N))) g dedt + / Dq(z)zdivg(N) dzdt
0o Ja 0o Ja

T
+i / / fzdivg(N) dzdt + i / ZN(z) dx
0 Q Q 0
Using (3.11]) and integrating both sides of ([3I0) over [0, T], we obtain

T

2
drdt < Crp (Ilz\liz<o,T;Hl<m>

81/A

HIA 2 oz + N rorrncan ) -
Let f = —iTu =0 in B2). For any 29 € D(&) = H}(Q), it has
¢ty € O((0,T); D(o)) N C((0,T); H),
and hence, by (B12), we have

Atz |
( » o) drdt < Crllzol D) ¥ 70 € D().
This implies
7“52{11‘,&(2{ )

dl'dt < CTH’U()HH 1(Q) Vg € D(,Qfl)

By the deﬁnltlon of B, (BI{I) is just (B). Therefore, B; is admissible.

(3.11)

(3.12)

(3.13)

(3.14)

Next, we show the boundedness of input-output map for the system (B.2)), that is, for

some (and hence for all) T > 0, the solution to [B.2)) with zy = 0 satisfies
dz(x,t)]?

Noticing that the solution to [B.2]) with zo = 0 is given by

z(z,t) = /t [eml(t’s)f(',s)} (z)ds = —i/ot [eiAl(t*S)TU(ys) (z)ds,

0
and the admissibility just verified, we have [30]

Arz(z,t) =—i /Ot {eiAl(t—s)A'lru(.,s)} (z)ds

_ /t [eﬁgl(tismlu(.’s)} (z)ds € C([0,T); H).

0
It then follows that
2 € O([0,T); HY(Q)).

T
drdt < CT/ /|u(ac,t)|2dth, Yu e L*(0,T; L*(T)).
0 r

(3.15)

(3.16)

This together with (B3) and ([B.I12) shows that ([BIH) is valid. The proof is complete. O
REMARK 3.1. From Proposition 4.1 of [23], (B.I5) implies the admissibility of B (so

is for B*), but we do not use this fact here.
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4. Proof of Theorem 1.2. By definition of the well-posedness (see [6]), Theorem
1.2 is equivalent to saying that B is admissible (so is B*), and the solution to (2] with
zero initial data satisfies

||ZUH2L2(0,T;L2(F)) < CTHU||2L2(0,T;L2(F))a Vue LZ(Oa T LZ(F))- (4.1)
Introduce the following transform
2(t) = A" w(t) € C(0,T; V). (4.2)

Instead of (L2)), we consider the following system in V' x H}(Q):

2t (z,t) + P22(x,t) = Yu(z,t), (x,t) € Qx(0,T] 2 Q,

2(x,0) =0, z(z,0) =0, T €,

2(z,t) =0, Pz(x,t) =0, (z,t) eT x (0,T] 2 %, (4.3)
. aZt

y(.’[,t) - E(x,t)a ({E,t) € Ev

where the operator T is defined by (Z3]), and the validity of the first equation in (£3) is
attributed to the fact

A YAGu = AY2Gu = AGu = Tu, Y u € L*(T).

Therefore, Theorem 1.2 is valid if and only if B is admissible, and for some (and hence
for all) T' > 0, there exists a Cr > 0 such that the solution to (&3] satisfies

J

Step 1 (Energy identity). Let N be the C? vector field on Q satisfying (3.4]). Multiply
the both sides of [@3]) by N(PZz), to give

%(1'7 t)

2
dy. < CT/ lu(z, t)[2dX. (4.4)
vy 5

/ 24N (PZ) dQ + / P?2N(Pz)dQ — / YuN(PZ%)dQ = 0. (4.5)
Q Q Q

Compute the first term on the left-hand side of ([£3]) to yield

T

/tatN(PE)dQ:/QzN(PE)d:UO —/taN(Pz_t)dQ

T

z/zN(PE) dx —/[N(thz_t)—N(zt)Pz_t} dQ
Q 0 Q
T
z/zN(PE) dx —/zt(Pz_t)<N,u>gdZ+/ zt(Pz_t)divgNdQ—i—/ N(z)PZ; dQ
Q 0 ) Q Q
T
- / *N(Pz)dz| + / 2(Pz)divyN dQ + / N(z)PzdQ.
Q 0 Q Q



124 BAO-ZHU GUO anp ZHI-CHAO SHAO

Since

Re/ 2¢(PZ;)divy N dQ = —Re/ ztdngNAgz—tdQ—i—Re/ 2:Dq(Zr) dQ
Q Q Q

-
ZZ IS + Re / (Vy(2divgN), V%) dQ + Re / % Dq(7) dQ
Q Q

:—Re/zdivN
by e ou

:/ divgN\ngtE dQ+Re/ 2V g(divgN)(Z) dQ+Re/ z:Dq(Z) dQ
Q Q Q
. 1 . 1
:/ d1vgN|ngt|§dQ+—/ Vg(dlvgN)(|zt\2)dQ+—/ Dq(|z|*)dQ,
Q 2Jq 2Jq

and

Re / N(2)PZ dQ = —Re / N(2)A, 7 dQ + Re / N(2)Dq(%) dQ
Q Q Q

o5 _ _
_ —Re/EN(zt)a—udZ—I—Re/Q<ngt,Vg(N(zt))>ng—&—Re/QN(zt)Dq(zt)dQ

Oz

:_/z: o

1 . —
-5 / |ngt|§d1vgN dQ + Re/ N(z)Dq(Z) dQ
Q Q

_1/
=5 /.

+Re /Q N (=) Da(z) dQ.

2
1
dE+Re/ DN(V,2, V%) dQ+§/ divy(|V,z|2N) dQ
Q Q

8Zt

2
1
dZ—i—Re/ DN (V gz, V%) dQ — —/ V2| 2divg N dQ

where the formulae (30]) and ([B.8) were used for the computation of the above identity,
it follows that

T

Re/ 2 N(Pz)dQ = Re/ zN(Pz)dx
Q

Q

1
+§/ divyN|Vyz |2 dQ
Q

2
dy (4.6)

0
aZt

o

+3 [ Vol M=) 0 + 5 [ Datlz a3 [

—&—Re/QDN(ngt,ng_t) dQ—l—Re/QN(zt)Dq(z_t) dQ.
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By Green’s first formula, (3:6) and 338]), the second term on the left-hand side of (Z3])
is computed as

Re / P?2N(Pz)dQ = Re / (V4(Pz),V,(N(PZ))),dQ
Q Q

—Re/E %N(PE) ¥ = Re/QDN(Vg(Pz),Vg(PE)) dQ
1 1
* /Q div, 1V, (P=) LX) dQ — | /Q 1V,(P2)2div, N dQ (4.7)

¥

1 . 1
_§/Q|Vg(Pz)|3d1VgNdQ— 5/2
Combine [{@H), (£4), and (@), to obtain

1/ 0z 2 0Pz
2)s

oul| | o
Ry =Re / DN(V,(Pz),V,(P%))dQ + Re / DN(V,2,V,%) dQ
Q Q

0Pz
e

2d2 =Re / DN(V4(Pz),V,(Pz))dQ
Q

2

0Pz I

o

2
> d¥ =Ry + Rs + br, (4.8)

where

1 1 .
—1—5/ Dq(|z]?) dQ + 5/ divgN (|Vgze|2 — [V4(P2)]2) dQ (4.9)
Q Q
1 . —
+§/Qvg(d1vgN)(|zt|2)dQ+Re/QN(zt)Dq(zt)dQ,
Ry = —/ TuN(PZz)dQ, (4.10)
Q
T
by = Re/ zN(Pz)dx (4.11)
Q 0
Step 2 (Estimate of Ry). It is easy to show
Ztt —|— uQ{Z = O,
2(0) = zo, 2:(0) = 21, (4.12)
y = B* Az,

where o7 and A are given by (ZI3]) and (L4, respectively, which is the dual system of
([Z18)), associates with a Co-group solution in the space V x H}(€2). That is to say, for any
(20,21) € V x HE(£), the corresponding solution to ([II2) satisfies (2,2;) € V x H}(Q),
and depends continuously on (zp,z1). By this fact, letting Yu = 0 in (@8] and using

B3) and B9), we obtain from 8] that

0z |?
|| = < CrliGo, 2l ey (113)

va
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which is equivalent to saying that for any initial data (wg,w1) € Hg(2) x H, the solution
to the system ([L2) with u = 0 satisfies

J

This shows that B* is admissible; so is B [29]. In other words,

2

OA Tw
———=| d% < Cr[[(wo, w771 0y s (4.14)

81/A

u +— {w,w;} is continuous from L?(X) — C([0,T); Hy () x H). (4.15)
By ({I5), we have
(2,2) € C([0,T]; V x H3(Q)) continuously in u € L*(X). (4.16)
Hence
Ry < Crllulfsgs), ¥ u e L3 (D), (4.17)

where we used Lemma 2.3.
Step 3 (Estimate of Ry and br). From (@I0) and (&I, by virtue of (£I0), we
readily obtain

Ry +br < CrllullZz(sy, Vu e LA(%). (4.18)

Step 4 (Final estimate). Combining (@I7), (I8), and @), and using (BJ)) and
B3], we finally obtain
2
o
b

[ [t

This concludes (£4). This together with (I3 completes the proof of Theorem 1.2. O

REMARK 4.1. It was realized in Corollary A.2 of [22] that ({1, the boundedness of
the input-output map, implies the admissibility of B (so is for B*), but the proof there
is incorrect. A simple proof was given in [4]. But here we do not need this fact.

3
8U_A

0Pz . 1)

2
dy, < CT/ [u(z,t)|?dS. (4.19)
v 4 by

5. Proofs of Theorems 1.4 and 1.5. It is known from the Appendix of [10] that
the transfer functions of the systems ([2I1) and ([2I9]) are, respectively,

Hy(\) = Bf(A—idy) "' By (5.1)
and

H(\) = AB*(\2 4+ A)7'B, (5.2)
where A1, By, and B} are given by (2.1), (Z9), and ZI0); A, B, and B* are given by
@I4), &T1), and (2I]]), respectively. Moreover, from the well-posedness claimed by
Theorems 1.1 and 1.2, it follows that there exist constants M, «, 8 > 0 such that [§]

sup ||[Hy(A)ll gy < M (5.3)
ReA>a

and

sup [[HA)|l gy < M. (5.4)
ReA> S
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PROPOSITION 5.1. Theorem 1.4 is valid if for any u € C§°(T") and & > 0, the solution v,
to the following equation

el (z) —iPv.(x) =0, x€Q,
(5.5)
ve(z) = u(z), rel,
satisfies
ov. |2
. € o
51—1>I(IJ1+ g 58%4 dl’ = 0. (5.6)

Proof. We need only show that Hj(A)u converges to zero in the strong topology of U
along the positive axis (see [32]), that is,

- _ 2
)\ERgrg+oo Hi(Mu=0, Vue L*(T). (5.7)

Due to (B3] and a density argument, it suffices to show that (B.7) is satisfied for all
u € C§°(T). To this end, let u € C§°(T"). Denote by

vy = (A —iA;) " Byu. (5.8)

Then along the line from (Z3]) to ([Z3)), we conclude that vy satisfies

{ Avy(z) —iPur(z) =0, z€Q, (5.9)
ua(z) = u(z), zel.
It follows from (ZI0), (58], and (BI) that

(Hi(Nu)(x) = —im(x), Vzel. (5.10)

Since u € C§°(I"), there exists a unique classical solution to ([B.9]). Let o € C*°(Q2) be the
unique solution to the boundary value problem

Py(z)=0, =ze€Q,
{ o(x) =u(z), zel.
Then ([B.9) can be written as
idva(z) — P(ua(z) — 0(x)) =0, z€Q,
{ ua(z) —0(z) =0, zel,
or equivalently,
iAAT oy = vy — D
Hence, (5I0) becomes

1 dvy, 1 9p

(Hi(MNu)(x) = —X%(x) + X%(x)’ Vr eT.

Letting ve = vy with e = %, we obtain the required result. O
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Proof of Theorem 1.4. By Proposition 5.1, we only need to prove (5.6)).
Let N be the C? vector field on Q satisfying (3.4). Multiply both sides of the first
equation of (BH) by N(7.) and integrate over §2. Using Green’s first formula and the

fact that N(T.) = (V,4Te, N)g = 36% on I', we obtain

0 :/6711}5]\7(58)611‘—1'/PUEN(Ee)dI
Q

Q

=¢! / VN (Te) dx — 1 / (—Ay + Dq)v-N(7.) dz
Q Q

zgfl/vaN(@-)dac—i—i/
Q r

—i/ Dq(ve)N(T.) de.
Q

Ov,
o

2
dr—z'/wgva,VgN(ia»gdﬂf
Q

It then follows that

J

Ov,
ou

2
dl = Re/ (Vyve, VyN(0.))gdr — e Hm | v.N(v.)dx
Q Q (511)

+Re /Q Dq(v.)N(v.) dx.

Substitute 38 into (BI1)), and make use of the divergence theorem, ([B:8]) and Lemma
2.3 to give

J

Ov,
ou

2
dl' = 2Re / DN (V 4, Vy0.) dx — / |V gve[2divy (N) da
Q Q

—25*11m/ vEN(EE)dI+2Re/ Dq(v-)N(v.) dx
@ @ (5.12)

< C’/ \nga@ da:—2€*11m/ v N (T.) dz
Q Q

gc/ \vgualﬁdﬂs*"/?/ |u5|2dx+s*1/2/ Vgvel? da
Q Q Q

where C' is a positive constant independent of ¢.
Next, multiply both sides of the first equation of (B3] by U, and integrate over £ by

parts to obtain
0 = 671/ |ve|? dx —i/ Puv.v. dx

Q Q ) (5.13)
1 2 . Ve _ . 2
=c Ve d:E—i—z/ udI‘—@/VvE dx.
[JoePdosi [ 52 [ 19,0l
Compare the imaginary part of the identity (.13) and multiply by £%/2 to give
1/2 5/2 v 2
32 [ V0 2de < S— [ Ju2dl + =— = | dr. 5.14
2 [ Vylde < S [+ S [ 120 (514)
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The same treatment to the real part of the identity (.13 yields

0
1/2/ |ve|? d < <t |u\2dF+ —/ ‘ Ve (5.15)
81/A
Combining (512), (&14), and (m), and making use of (B:8)) and ([B3]), we obtain
. |2
e ar < CbEQ/ Vv |2 do + bel/Q/ |uf2 dT
Ova o 7 r
1/2 Ove ? € 1/2 2
+be eoe | dr < (Cbs +bet/2) | Juf2ar (5.16)
r| ova 2 r
2
+ (@51/2 + b) 51/2/ 5% dr.
2 r vaA
This implies that
ov. |
lim = dr = 0.
e=0+ Jp | Ovg
The proof is complete. O

PROPOSITION 5.2. Theorem 1.5 is valid if for any v € C3°(T") and € > 0, the solution w,
to the equation

we(x) + 2 P2w.(x) = 0, T €Q,
(5.17)
we(z) =0, Pws(z) =u(z), €l
satisfies 5
Pw.
lm [ 289 r (5.18)
e—0+ T aV_A

Proof. As in the beginning of proof of Proposition 5.1, (1) is equivalent to, in the
strong topology of L?(T"), that

. _ 2
/\eRg\ngoo HMNu=0, Yue LI, (5.19)

where H()) is given by (B.2). Due to (5.4]) and a density argument, it suffices to show
that (B.19) is satisfied for all uw € C§°(I"). Now let u € C§°(I"). Denote by

wy(z) = (A2 + A) " Bu)(z), ¥z € Q.

Then w) (x) satisfies

Nwy(x) + P?wy(z) =0, x € Q,
(5.20)
wy(z) =0, Pwy(x) =u(x), zeT,
and the transfer function H(A) can be written as
-1
(HO)u)(2) = AB wy = \2A "2 (0) vaer. (5.21)

aVA
Since u € C§°(I'), there exists a unique classical solution to (B20). Let w € C*°(Q2) be
the unique solution to the following boundary value problem

{ P2 (z) = 0, z €Q,
w(z) =0, Po(z) =u(z), zel.
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Then (520) becomes
{ A2wy (z) + P2(wy(z) — w(x)) = 0, x € Q,
wa(x) — b{x) = 0, Plws(x) —i(x)) =0, z €T,

or equivalently,

N A wy = Pwy — P (5.22)
Substitute (£.22)) into (E21I)), to obtain
_ 19(Pw,) 10(Pw)

(HOw) @) = =52 ) - 5 @),

Since Pw is independent of A, letting w.(z) = wy(z) with ¢ = 1/, we conclude the
required result. ([l
Proof of Theorem 1.5. By Proposition 5.2, it suffices to prove (EI8).
We decompose u into the real part and the imaginary part. Let u = u; + tus, where
uy and ugy are real functions in C§°(T"). Then the solution w. to (EI7) can be uniquely
decomposed as w. = wie + tws. corresponding to the decomposition of u, where the real

function wy. verifies the equation
Wie (7) + €2 P2wye (7) = 0, z €Q,
(5.23)
wie () =0, Pwge(x) = ug(x), z €l

for k = 1,2. Then (G.I8) is equivalent to

68(Pwk5)

2
dl =0, Vk=1,2.
81/A

lim
e—0+ r

Therefore, it is sufficient to show (B.I8) for real functions u € C§°(I"). Now assume that
u € C§°(I') is a real function. Denote by
oo (z) = e tw. () + iPw.(z), Vo € Q. (5.24)
Then ¢, satisfies the equation
e o () —iPp.(x) =0, z€Q,
(5.25)
ve(x) = —iu(x), zel.

While (525)) is the same type with that of (2.]). It follows from (5:6) and (B24]) that
2 2

Pu.) |2
0= tim [ 2% ar= tm [ |2 ar s m [ 280
e—0+ r VA e—0+ r 6V.A e—0+ r 6V.A
Therefore, (BI8]) is valid. The proof is complete. O
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