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Abstract. A half-space constrained Eshelby inclusion (in an infinite elastic matrix)
with general uniform eigenstrain (or transformation strain) is analyzed when the plane
boundary is moving in general subsonic motion starting from rest. The radiated fields
are calculated based on the Willis expression for constrained time-dependent inclusions,
which involves the three-dimensional dynamic Green’s function in an infinite traction-
free body, and they constitute the unique elastodynamic solution, with initial condition
the Eshelby static fields obtained as the unique minimum energy solutions by a limiting
process from the spherical inclusion. The mechanical energy-release rate and associ-
ated “driving force” to create dynamically an incremental region of eigenstrain (due to
any physical process) is calculated for general uniform eigenstrain. For dilatational eigen-
strain the solution coincides with the one obtained by a limiting process from a spherically
expanding inclusion, while for shear eigenstrain the fields are due to the propagation of
the rotation. The “driving force” has the same expression both for expanding and shrink-
ing motions, resulting in expenditure of the energy rate for motion of the boundary in
both cases. By superposition from the half-space inclusions, the fields and “driving force”
for a strip inclusion with both boundaries moving are obtained. The “driving force” con-
sists also of a contribution from the other boundary when it has time to arrive. The
presence of applied loading contributes the counterpart of the Peach-Koehler force of
dislocations, in addition to the self-force.

Introduction. In a recent publication, Markenscoff and Ni (2010) obtained the
energy-release rate required to create dynamically an incremental region of dilatational
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uniform eigenstrain by an expanding spherical inclusion, as well as by an expanding
plane boundary, through a limiting process from the sphere. Here, the energy release
rate to create an incremental region of general uniform eigenstrain £;; by a moving plane
boundary of a constrained inclusion is obtained. Markenscoff and Ni (2010) obtained the
radiated fields from a spherical inclusion with dilatational eigenstrain (constrained in
an infinite linearly elastic matrix) expanding in a general subsonic motion based on the
analysis of Willis (1965) for inclusions with time-dependent eigenstrain (transformation
strain) constrained in an elastic matrix that is traction-free at the boundary at infinity.
It results in an expression for the displacement in terms of the dynamic Green’s function,
analogous to the Eshelby one (1957) for static inclusions. The static Eshelby solution
for a spherical inclusion (1957) was obtained from this elastodynamic expression when
evaluated from t = —oo to t = 0, and the Hadamard jump conditions were shown to
be satisfied. Using these fields, the energy-release rate required to create an incremental
volume of eigenstrain as the spherical inclusion expands was computed. It may be noted
here that the energy-release rate expression of Atkinson and Eshelby (1968), Rice (1968),
and Freund (1972), derived initially for moving cracks when evaluated for a singularity
that is a jump discontinuity (Stolz, 2003), gives an expression which coincides with that
of the associated “driving force” in the thermodynamic literature (Truskinovky, 1982)
for a system that is purely mechanical. The energy-release rate is equivalent to the path-
independent dynamic J integral derived on the basis of Noether’s theorem (Freund (1990),
Maugin (1990), Gupta and Markenscoff (in preparation)) for an “elastic singularity” for
which the integrals involved exist (as Cauchy Principal Values). The radiated fields and
energy-release rate to move a plane boundary with dilatational eigenstrain were obtained
by Markenscoff and Ni (2010) by a limiting process from the spherically expanding in-
clusion, as the radius of the sphere tends to infinity, and that solution, radiated fields
and self-force is recovered here as a special case of eigenstrain. The energy-release rate,
and associated “driving force”, or “self-force” of the moving plane boundary, has a static
part coinciding with the one based on the expression given by Eshelby (1970, 1977) and
independently calculated by Gavazza (1977) for a spherical inclusion. The dynamic part
of the self-force for a plane boundary depends only on the current value of the velocity,
and not the acceleration, and thus the plane phase boundary has no effective mass, in
contrast to the dislocation (Ni and Markenscoff, 2008). However, for a spherical inclu-
sion the furthermost point of the back of the inclusion, where a discontinuity occurs, also
contributes to the “driving force” on the front boundary.

In the present treatment, the radiated fields from a constrained (in an elastic matrix)
three-dimensional linearly elastic inclusion occupying =1 < Ry for ¢t < 0, and expand-
ing/shrinking in a general subsonic motion of the plane inclusion boundary according
to x1 = Rp + {(t), are calculated based on Willis (1965, equation (26)) for inclusions
with time-dependent boundaries constrained in an elastic matrix that is traction-free on
the boundary. The Willis expression involves the three-dimensional dynamic Green'’s
function for a point force in an infinite elastic body, and is the exact dynamic analog to
the static Eshelby expression (1957). The eigenstrain is general, but due to antisymme-
tries in some terms of the dynamic Green’s function, the evaluation of the integrals is
simplified. The solution for the displacement is obtained (modulo rigid body motion),
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from which the strains, rotations, jumps thereof, and “driving force” are obtained for
general uniform eigenstrain. In the dynamic case, here as well as in Markenscoff and Ni
(2010), for the same reason as in the static half-plane inclusion (Dundurs and Marken-
scoff, 2009), the obtained solution is unique, since it is derived by the elasticity solution
for a constrained inclusion in an infinite medium with zero tractions on the boundary
at infinity, having as initial condition the Eshelby static fields. No superposed compat-
ible externally applied fields at infinity are allowed (which would increase the energy,
e.g. Mura (1982), and, which were called by Dundurs and Markenscoff, 2009, “rogue
states”). The “driving force” has the same expression both for expanding and shrinking
motion, resulting in expenditure of energy for motion of the boundary both cases. The
case of shear eigenstrain e},, which is frequently of interest in phase transformations
(e.g. Mura, 1982), is part of the solution. By superposition of the half-space fields, the
radiated fields for a strip inclusion with shear eigenstrain, expanding and shrinking in
either direction, are obtained, and the “driving force” computed. The “driving force”
has a contribution also from the jump discontinuity at the other boundary, when it has
the time to arrive, similar to the contribution to the front boundary from the back of the
spherically expanding inclusion (Markenscoff and Ni, 2010).

In the present treatment, the radiated fields from a constrained (in an elastic matrix)
three-dimensional linearly elastic inclusion occupying z1 < Ry for ¢t < 0, and expand-
ing/shrinking in a general subsonic motion of the plane inclusion boundary according
to 1 = Ro + {(t), are calculated based on Willis (1965, equation (26)) for inclusions
with time-dependent boundaries constrained in an elastic matrix that is traction-free on
the boundary. The Willis expression involves the three-dimensional dynamic Green’s
function for a point force in an infinite elastic body, and is the exact dynamic analog to
the static Eshelby expression (1957). The eigenstrain is general, but due to antisymme-
tries in some terms of the dynamic Green’s function, the evaluation of the integrals is
simplified. The solution for the displacement is obtained (modulo rigid body motion),
from which the strains, rotations, jumps thereof, and “driving force” are obtained for
general uniform eigenstrain. In the dynamic case, here as well as in Markenscoff and Ni
(2010), for the same reason as in the static half-plane inclusion (Dundurs and Marken-
scoff, 2009), the obtained solution is unique, since it is derived by the elasticity solution
for a constrained inclusion in an infinite medium with zero tractions on the boundary at
infinity, having as initial condition the Eshelby static fields. The static Eshelby fields for
the half-space inclusion are unique minimum energy ones, as derived from the minimum
energy solution of the spherical inclusion by a limiting process. No superposed compat-
ible externally applied fields at infinity are allowed (which would increase the energy,
e.g. Mura (1982), and which were called by Dundurs and Markenscoff, 2009, “rogue
states”). The “driving force” has the same expression both for expanding and shrinking
motion, resulting in expenditure of energy for motion of the boundary in both cases.
The case of shear eigenstrain €7,, which is frequently of interest in phase transformations
(e.g. Mura, 1982), is part of the solution. By superposition of the half-space fields, the
radiated fields for a strip inclusion with shear eigenstrain, expanding and shrinking in
either direction, are obtained, and the “driving force” computed. The “driving force”
has a contribution also from the jump discontinuity at the other boundary, when it has
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the time to arrive, similar to the contribution to the front boundary from the back of
the spherically expanding inclusion (Markenscoff and Ni, 2010). The presence of applied
loading contributes the counterpart of the Peach-Koehler force of dislocations, in addition
to the self-force. In the absence of dissipation, the vanishing of the total driving force,
as required by Noether’s theorem (also, Eshelby, 1970), provides the relation between
loading and velocity of the plane inclusion boundary.

The applications are wide-ranging: the obtained result is the supply of work into
the moving interface, by no matter what source of energy rate. Also, the radiated
fields obtained can be used as the external loading on the interaction with other de-
fects. The dynamically expanding Eshelby inclusion may have important applications
in the phenomena of moving phase boundaries, such as in martensitic transformations
due to dynamic loading, and in earthquake modelling. Recently, Yang, Escobar and
Clifton (2009) used a constrained Eshelby inclusion analysis to model the inducement of
martensitic phase transformations from applied loading; we refer to this reference for an
updated review of the literature on this topic. In geophysics, Burridge and Willis (1969)
treated briefly the ellipsoidal inclusion with transformation strain in an anisotropic ma-
terial expanding self-similarly, and suggested that it may be an earthquake source model.
Some transformation strain models applied to geophysics are referenced here and con-
cern: the mechanisms at the focus of deep earthquakes (Randall and Knopoff, 1970),
analysis based on successive transformation strains applied quasi-statically presented by
Mendlguren and Aki, 1978, as a self-organizing mechanism of faulting (Green and Burn-
ley, 1989), fault reactivation at great depth (Houston and Williams, 1991; Wiens and
Snider, 2001), shearing instabilities due to transformation strains modeling the mechan-
ics of deep earthquakes (H.W. Green II, 2007). Also, large locked fault patches modeled
by transformation strain are shown to control the rapture process in earthquakes (Chlieh
et al., 2008, Kanamori, 2008).

Radiated fields from an expanding constrained half-space inclusion with
general eigenstrain. We follow the analysis of Willis (1965) treating constrained in-
clusions with time-dependent eigenstrain, and, more specifically, equation (26) of Willis
(1965) for the displacement field u;(x,?) due to eigenstrain €7;:

“+oo
u;(x,t) = / dt’ /D CiktmEpm (X, t)aikaij(x —x' t—tdV’, (1)

where D denotes the whole 3-dimensional space, €;; the eigenstrain and G;; the dynamic
Green’s function (e.g., Love, 1944),

Oij o T
Gij(x —x';t —t') = gij(ca) — gij(c1) + 4@23775@ - g)’
where B
_Jt(3nri di PN m 1 Ty ]
gij(c) = {7“2 ( 73 e > H(C t) 3 625(15 c) yo” (2)
with

t=t—t, Fm=x;—x/, 7= (v —2))*+ (2 — 25>+ (23 — 25)?,
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ca=vA+2u)/p, co=+/pi/p.
We will apply equation (1) to a constrained inclusion occupying the half-space x; < Ry
for t <0 and expanding according to x; = Rg + £(t), such that £(t) =0 for ¢t <0, i.e.,
Epm(X,1) = €f H(Ro + £(t) — x1). (3)

We will consider the solution of the problem with eigenstrain given by equation (3), as
the superposition of the two problems, so that for Problem II, boundary conditions of
zero tractions at infinity apply:

PROBLEM I. Eigenstrain &7, (Rg — 1) for t < 0, and corresponding displacement
ud(z).

ProBLEM II. Eigenstrain € [H (Ro+£(t) — 1) — H(Ro — z1)] and corresponding dis-
placement denoted by v} and defined by

uy (%, 1) = u;(x, 1) — u(x). (4)

We proceed with the solution of Problem II. Considering the fundamental equation
(1), we have

+oo +oo
uf(x,t) = / dt’/ day dztydxClgemep, [H(Ro + £(t') — )
—o0 -0

0
— Gii(x—xt—t
) g G ) .
(') “+o0
- / a / 4, dydatCnomes [5(Ro + £(t) — 2)
0 —0o0
— (5(R0 — .Z‘/l)] Gij(X — X/, t— t/)

since G,;; = 0 at 2} = +o0, i = 1,2,3, and £(t) = 0 for t < 0.
Thus, the problem reduces to the evaluation of the integral in (5), namely

— H(Ro—.l?/l

[e's) +oo
wH(x, ) = /O it / 42, Ciomes [S(R(E) — o))
+oo
— 0(Ro — JU'1)]/ dradisGij (71, T2, T35 t).

— 00

(6)

The evaluation is simplified by noting that the Green’s function G;(71,72,73;t) is an
odd function in 7y and 75 for ¢ # j. Hence, the nonzero contributions to (6) are for i = j
only. For an isotropic material the elastic coefficient tensor is

Ciikem = ANjkOem + 1(0500km + OjmOre),
so that
Criemely = Criniely + Crizagsy + Crizzely = (A +2p)ely + Mesg +e33) = A1 (7)

and equation (6) reduces, for i = 1, to
e8] +o0 +oo
W, ) = / dt’/ da AL S(R() — 22)) — 6(Ro — xg)]/ dFsdisGia (7o, T, P ).
0 — 00 — o0
(8)
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To evaluate the integral with respect to drs, diis, using (2), we have

oo oo 5(t—7/c
/_Oo drodr3Ghy (71,72, T35 1) = /_Oo dradrs [911(02) —gu(er) + (Zch%/;) 9)
We proceed with the evaluation of the following integral for ¢ > 0:
/+°° drsgna () 2t ) V22 — R?2H(ct — R) (72— 72) 272 H (ct — R) (10)
T c)=—|1- - T —T5) — ———t
. 3911 RA ol 12 R2ev/ 212 — R2’
where R? = 72 + 73, and
+o0 +o0 o0
/ de/ drs [g11(c2) — g11(e1)] = / dry [p(c1) — ¢(c2)] (11)
where
#(0) 1 (2(f} —73) V22 — R?H(ct — R) N 272H (ct — R)
c)=— .
drp Ric R2cvV2E2 — R2
Since we have N
Sl 1 H(ct —|r1])
/_OO dra(c) = 5 . ; (12)
then
Hoo Hoo 1 [H(at—|r H(cot — |F
/ d'FQ/ dfg [911(62) —911(01)] = 2_ |: ( 1 | 1‘) _ ( 2 | 1|):| ) (13)
— 00 — 00 14 C1 Co

As for the integration of the last term of Gq1(x — x/,t — '), we have

+oo +<>o _ +oo r_ I |=
[ [T [ el B el
dmpcs —o 2mpeay/c3t2 — R2 2pcy
Therefore, from (10) to (14) we have the evaluation of (9 ( ) as

oo oo H(le— "Fl‘) ClH(le—|$1—$,|)
dradrsGyy (71, To, T3: 1) = = L. 15
R R L 2(3+24) "

Substituting (15) into (8) we have
j— / j—
u’{(x,t):/ ar 2L s [H ({_ w)_ﬂ({_ M)} (16)
0 2 C1 C1

All * A * *
Ay = Nt 20 = (511 + m(%z +533)> . (17)

Moreover, it can be shown that

/ dt’ H( poms RO') = (t— 21 = Bo| _R°|) H(t— o1 = T _RO), (18)
C1 C1 C1
J— J— / J—
/ dt’H(t—t/—M> =nH (t—M>, (19)
0 C1 C1

where 71, 0 < 71 < ¢, is the unique solution of the equation

filt)=ca(t—7)—|z1— Ro—£4(7)|=0 (20)

where
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because the function fi(7) is monotonic for subsonic motion |¢| < ¢, and f(0) > 0,
f(t) <0, since it is solved only for ¢1t > |1 — Rp.
From (16), (18) and (19), we have the solution for uj(x,t):

ui (x,t) = 01;1 {71 - (t — Ll C_IROH H <t - Ll c_1R0|> . (21)

Similarly, from (1),

o0 +oo
Wy, £) = / ' / Ao, dathdwyCromet,, [5(R(E) — &) = 8(Ro — )]

X Goj(x —x/',t = 1)
+oo
/ ' [ dat 2ushy SR — o) = 8(Ro =) (22)

X/ d?“gd?“gGQg(I‘,t—t),

where the last integral factor is written as

e e S(t —|r|/ca)
dradrsGog = / drodrs |:922(02) - 922(01) + ——]. (23)
/_oo —o0 47 pcar
The calculation shows that N
/ d’ng’Fgggg(C) =0 (24)
and (22) reduces to the evaluation of the term
Feo Feo t—|r H(cot — |7
/ dradrzGag = / dradrs A 4 |T|2/7C2) = (cof — |7) (25)
e o TPC5T 2pco

according to (14). Substituting (25) into (22), we have
,2 _ — ! _ _
w3 (x, 1) / ar 21 [ - (t_w) _H(t_ o1 Rﬂ
2p62 Co Co
:C2A2 {T2_<t_ |$1_R0>}H<f— |961—RO|)7 (26)
2 C2 C2

where Ay = 2e3, and 19, 0 < 75 < t, is the unique solution of the equation
fo(r)=co(t —7) — |x1 — Ry — 4(7)| =0 (27)

for subsonic motion |£| < c;.
In view of the symmetry between the x5 and x3 coordinates, we have

A — B _
ui(x,t) = 622 3 l:Tg — (t_ 2 CQRO)} H (t — |21 02R0|> 7 (28)

where Az = 2¢7.
Thus, we finally obtain the solution for the displacement of the dynamic half-space
constrained expanding inclusion (superposition of Problem I plus Problem II):

wn(x, ) = 61;1 {ﬁ _ (t— '“’%Roﬂ H (t _ M) Fudx),  (29)

&1
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un(x, 1) = 242 {TQ - (t— M)} H <t— LRO') +ud(x),  (30)

2 C2 Co
A — R — R
) = 251 [ro = (1= T gy (o= R g, )
2 C2 C2
where
* A * *
Ap=¢ej; + m(Em +e33),
Ag =¢ly + &5 = 2¢7y,
Ag =el5 +e5 = 2e], (32)

and 7;, 0 < 7; < t, is the unique solution for subsonic motion \€| < ¢g of the equation
Ci(t—Ti) = |1‘1 —Ro—f(ﬂ” (33)

for i = 1,2, respectively, and u?(x) for i = 1,2, 3 are the displacement solutions (modulo
rigid body motion) for the static constrained half-space inclusion ej; H(Ro — z1) that are
obtained here for general eigenstrain. In Markenscoff and Ni (2010), the static half-space
inclusion solution was obtained only for dilatational eigenstrain.

The static solution for a half-space inclusion was first obtained in 2D by Dundurs and
Markenscoff (2009) on the basis of a limiting procedure as the radius of a circular inclusion
tends to infinity. This limit corresponds to the Eshelby (1957) solution for the interior
domain, plus the Hill (1961) jump conditions for the outside domain. This is the mini-
mum energy solution for the half-space inclusion, since any superposed self-equilibrated
and compatible tractions at infinity (“rogue states”, Dundurs and Markenscoff, 2009)
increase the total energy of the system (Mura, 1982, p. 83, Eqn. (13.8)). In three
dimensions, similarly, the fields for the half-space inclusion with uniform general eigen-
strain are the Eshelby ones for the interior domain for the sphere (Mura, 1982, p. 68,
Eqn. (11.21)a), plus the Hill (1961) jump conditions for the exterior, or equivalently,
continuity of tractions and compatibility of the deformation at the interface (see, also,
Markenscoff, 1998). They constitute the solution of Problem I.

Radiated stress field and jump relations for an expanding/shrinking half-
space inclusion. Now we analyze and obtain the stress field for the dynamic half-space
inclusion, either for motion with ¢(¢t) > 0, or for motion with £(t) < 0, including all
possible subsonic motions with velocities of any sign, which would correspond to both
expanding and shrinking motions.

The total dynamic deformation (strain) field is obtained from the dynamic displace-
ment solution (29)-(31):

8’&1 - 8’&){ 8_’&(1) 8u2 o 8U3

511:8_33178151 oz’ 82278—332’ 63378—91:3’

1 (0u;  Ousy 1 /ou)  Ouy  Oud 1 0us 0
=5z -t5-)=35 | =55 T
2 (9.’[:2 8:51 2 2 6.’51
1 0uj

f18 = 5 a.’IIl

0xo + o0x1 + 0x1

+ &3, €23 = €93, (34)
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where 6 . for 4,5 = 1,2,3 are the total strain fields for the static half-space inclusion
with the eigenstrain e, H (Ro — 1), which in the interior are given from the eigenstrain
and the Eshelby tensor for the sphere (e.g., Mura, Eqn. (11.21)), and at the exterior are
calculated from the coupled system of equations that express the continuity of tractions
and compatibility of deformation at the interface.

By using (34) in the strain-stress relation for inclusions,

0ij = Nij(Epp — €kr) + 21(g;; — €15), (35)
we calculate the stress components for the dynamic fields:
(a) Stress o11:

o1 = (A+2p)(eq; — e H(R(E) — 21)) + AN(eg — €5, H(R(t) — 1))
+ Aegs — e H(R(t) — 21))
= (A+2p)e1; + Aegs +e33) (A + 2p)ely + Aesy + Aesg) H(R(E) — 1))

= (A +2p) Zﬁ + (A +20)ely + Meda +€33)) — (A + 2u) AL H (R(t) — 1)
= O+ 234 ot — o+ 20 A4 [HR() — 1) — H(Ro 1)) (36)

From (21), we have, for ¢1t > |x1 — Ry,

our | (GE+a), wi> R, o
Ory ) @A (om _ 1 R (37)
1 2 Oz c1 ) Z1 < L.
From equation (27) defining 71, we have
87—1 { m, xr1 > RO + E(Tl), (38)
1t !
0xq rter? x1 < Ro +£(71).

It is proved that, for the subsonic motion, i.e.,

;, 1 < Ry + ¢(7;) if and only if

x1 < R + £(t), for i = 1,2, respectively, so that (38) implies
871 - Z(lejfcl’ X1 > RO + f(t)’
6.231 a m, r < Ro + e(t)

(39)

We consider separately the two cases, of motion £(¢) > 0 and of motion £(t) < 0:
For ¢(t) > 0, so that R(t) > Ry, we have for the total stress o1; the solution

ClAl 1 1 |:E1 - RO|
= 2 - - — | H — H({t— ——
on = ont ()= (6(71) e ﬁ) o =) ( 2 )

+ (0 +2u) 61;11 ( 1+ —+ é) [H(R(t) — 21) — H(Ro — 21)]

(A +2p) ClAl ( 11> H(xy — R(t)H <t _ |z = Rl R0|>

C1

_Cl

) —x1) — H(Ro — 1)

(£(
clAl 1 1
= o)+ [()\4—2 ) <€(71)+cl — a) H(R(t) — z1)

- (A + 2#)141 [H(R
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+ (/\+2N)01A1 (é(nl + i) H(xy — R(t))} H <t e = Rl RO')

2 )—c € 1

(AN+2u)A; (1)

_ 0 — 2
= On B é(ﬁ) +C1H(R(t) )
A +2m)A; U(7my) lz1 — Ry
_ : Born) = ClH(xl —R(t)| H (t B > . (40)

For motion with ¢(t) < 0, R(t) < Ry, we have

o1 = of + (O + 2 S (é( ! —i>H(R(t)—x1)H(t——|I1_RO)

2 7))+ €1
+ (A +2p) Cl;h (é(ﬁ)l_ o - %) [H(Ro — 1) — H(R(t) — x1)]

A 1 1 — R
+(/\+2u)0121 ( +—> H(xl—Ro)H(t—u)

— (A +2p) A1 [H(R(t) — 1) — H(Ro — x1)]
— 0 c1dy 1 4 —z

O+ Qu)clfl ( _ l) H(zr — R(t))] " (t _ M) )

Ur)—ca @ 1

Hence, for both £(t) > 0 and £(t) < 0, 011 is given by (40), which is the same expression

as (41).
Noting that the static traction is continuous, we have
(09) ) = (o9) ™ = o), (42)
where
o _ 32u(A+p) o 2up(TA+2p)

o1 50\ + 200) €11 150\ + 200) (€32 +€33) (43)

so that from (40) the jump relation for the dynamic stress component o; across the
moving inclusion boundary follows:

— * * * é2 2
[onll = o1t — o1 = (A +2p)ey + Aesy + Aely) = ) 5 (44)
2(t) — cf
where the brackets denote jumps and
of = lim  oy;. (45)

z1—R(t)E
(b) Stresses o9 and o33:
o2 = Ay — e H(R() — 21)] + (A + 2p) [e9y — €20 H(R(t) — 21)]
+ Aess — ez H(R(t) — 21)]

ouy  ouf oug  oul
= — — 2 — —_—
A <8$1 + o0x1 % “)ax2 +)\8$3

—[(A+2p)e3; + Aey + e50) H(R(E) — 1)
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*
ouj

31:1
The static part is obtained from Mura (Eqn. (11.21)) for the interior field quantities,
while the exterior ones are calculated from the coupled system of equations that express

= 09+ =[N+ 2p)e5y + (el + e30)] [H(R(t) —x1) —H(Ro—w1)] . (46)

the continuity of tractions and compatibility of deformation at the interface, and the
constitutive relations (35), from which is obtained:

(n) | [4uA+p) 220,
09y = 09, [ Nt 2 €99 + >\+2ﬂ€33

Assuming first motion with £(¢) > 0 and, consequently, R(t) > Ry,

4p(A +p) 2\p
[ Ntou 2 + Nt op 3 (1 = Ro)

+
+ )\012A1 ( - ! — i) H(RO — .’L’l)H (t — 4|$1 — RO)

} H(z1 — Ry). (47)

Um) 4+ @ C2
1 1

i)+ " a> [H(R() —21) = H(Ro — 21)]

L ads < I 1) H(ry — R())H (t - M)
(

Z(Tl) —C1 C1 Co

— Dty + (A4 2p)e3, + Aeis] [H(R(E) — 1) — H(Ro — 1))

[ o (in) )\C1A1 ( 1 1 ) ( |£L'1 — R0|):|
= + : - —)H(t-—=——2)|HRy —z

722 2 \Un)+a «a C2 o =)

+ . — )+
[ 2 Ur)+a @ A+2 22

2\ « x
+ oyt~ Ol O 2ty + Ae%)} [H(R(t) = v1) = H(Ro — 71)]

109, 4 A ( 1 i) H (t R RO')} H(xy — R(1))

2 Ur) - @ C2

e M i) |~ Rol .
- _032 2 (é(Tl) + 01> " <t C2 ) HE(E) =~ o)
+ _082(6") + % <—g(fl()ﬁ_) C1> H (t |z = Rl ;R(J) H(w - R(t). (48)

Similarly, calculating ogo for £(t) < 0, it is verified that for ¢(t) < 0, the expression of
099 s also given by (48).
The jump relation for the stress oos is
(At 2, D S (1)
[[o22]] = < Nt 21 €99 T )\‘1'2#833 + | Aer + m(sm +€33) m (49)
In view of symmetry between the xo and z3 coordinates, o33 and its jump are obtained

by interchanging the indices 2 and 3 in the expression for oos.
(c) Stresses 012 and oy3:

012 =2 [e1y — e H(R(t) — 1) H(Ro — 1)
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o 1 8’U,1 8UQ %
=24 {2 (8322 + (3331) — el H(R(t) — zl)}

oul  duy  Ouf )
Ka_l‘z T ows a_a:l> —2e], H(R(1) - xl)]

*

— ot [gi 9ty (H(R(1) — 1) — H(Ro — :u))} . (50)

In a similar manner, as in deriving the stress 011, we have, for cot > |x1 — Ry,

ouy | 252 +4).  m> R,
T R A (51)
T1 s ﬁ—a , r1 < Ry
and
ory mv x> Ro + (1), (52)
o0x1 a m, r < R()—l—f(t)
Assuming first £(t) > 0, we obtain
A 1 1 |£L'1—R0|
- —00+“C“(. ——)HR—x H(t——
12 12 9 i) tca © (Ro 1) o
IU/CQAQ 1 1)
+ ; + — | |H(R(t) —x1) —H(Ryg— =
2 (G o) RO =) = Ry =)
/,[/CQAQ 1 1 ) ( ‘.Tl - R0|>
+ - +— |H(x1—Rt)H (t — ——
2 (f(Tg) —cy  C2 (21 ®) c2
— ,uAQ [H(R(t) — .’51) — H(RO — .’[1)}
A 1 1
_004{“622(. ——)HRt—x
o |25 (e ) RO )
MCQAQ 1 1 ) :l ( |$1 - R0|)
+ - +— |H(x1—R{t)|H|t— ———
2 (K(Tg) —cy  C2 (@1 ®) Co
U(72)
12 lﬂ 126(7'2)4—@ (R(1) 1)
vty e — ) H(t—LRO') (53)
U12) — co Co

It is verified by the analogous calculation that for motion with £(¢) < 0, 012 is also given
by (53).

Noting that (09,)() = (09,)(*¥) we evaluate for the dynamic stress component o2
the jump across the moving plane inclusion boundary

(1)

Fo-a (54)

[[o12]] = peds

By symmetry,
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o5 = 0% — [u# (R() 1)
. A(m) |21 — Ry
HETS 2(7'2) a H(xy — R(t))| H (t — T) ,
. P
vl = i g~ (55)

(d) Stress oag3:

o 1 8u2 8U3 %
raa=2n |5 (G + G2 ) = ey H(R(E) — )|

1 /0uy  Oul .
|5 (G2 + 522 ) (R - )
=09 — 2e54 (H(R(t) — 21) — H(Ro — 21))] - (56)

Noting that the static component is

033 = Ugg(m) —2uess H(x1 — Ry), (57)
we have for the total stress os3,
035 = 0% " H(R() — 1) + 0% H (a1 — R(1)), (58)
[[o2s]] = 2pe33, (59)
0 (ex) _ 8u(6A+11p)
= TPk 60
023 150\ + 21) €23 (60)

Thus, all the three-dimensional stress components radiated from a half-space contained
inclusion with general uniform eigenstrain moving from rest in general subsonic expand-
ing or shrinking motion £(¢) have been evaluated at any field point (z1, t), and the jumps
across the moving plane boundary have also been evaluated. The Hadamard jump con-
ditions can be easily shown to be satisfied, as in Markenscoft and Ni (2010).

The dynamic rotation field and its jumps for an expanding half-space in-
clusion under shear eigenstrain. By the fundamental Clebsch theorem of elastody-
namics (Sternberg, 1960), any dynamic displacement solution of the Navier equations
can be uniquely decomposed into a dilatational part propagating with the dilatational
wave speed ¢, and a rotational part with the shear wave speed co. We calculate here
the rotation as a function of (x1, t, £(t)), as well as its jump at the moving inclusion
boundary, since, for shear eigenstrain inclusion, what propagates is the rotation.

It may be noted here that the rotation inside a spherical static inclusion with general
eigenstrain is zero (Eshelby, 1961), and that, for shear eigenstrain, there is a jump on
the boundary, so that in the outside domain the rotation is nonzero, and is calculated
from the jump conditions.

The dynamic rotation field is evaluated below. The rotation is defined by

1/ 0u, Ouy,
- == _ f =1,2,3. 1
Wem, 5 (8$m 0, ) or £,m ,2,3 (61)



542 X. MARKENSCOFF anp L. NI

We examine first the rotation wys, for £(t) > 0,
" 1 (Bul 8u2> 1 (8u‘1) o’ 8u8> 1 (8u‘1) 8ug) 1 Ous
12: _—— — = — _— = — = — —_— —
2

5 8.12 81‘1 2 3:1:2 8%1 81‘1 3:1:2 8%1 B §8$1
0 1 |:02A2< 1 1)
= — — - — — | H(Ry —
Wiz T 5 9 i)+ 2 (Ro — 1)
CQAQ 1 1
. + — | (H(R(t) — — H(Ry —
(G o) (R0 =) = R =)

+@f(_:l +i)m@—3@4HG—E£i@). (62)

Ura) —ca C2 C2

The initial rotation in the interior of a spherical static inclusion is zero (Eshelby, 1961),
while the jump is determined from the jump in the deformation gradient:

Ouz 1 (Ouy = Ouy 1 /0uy Oug
81‘1 - 2 <6$1 + 8%‘2) + 2 (81‘1 6332) ’ (63)

H%”‘EW%H%” (64)

w?2 = E;lH(Jﬁl — RQ) (65)

so that the initial rotation is

From (62) and (65) we have for the total rotation (61) and its jump across the moving
boundary:

wmze;Hua—Ru»+f§ Zé%%gHuﬂﬂ—xﬁ
+a%%5HmfR@)HG—E%;@>, (66)
o)) = 1, 220 (67)

=gl ————=.

P22t
The rotation w3 can be obtained by replacing the index 2 by 3 in the expression of wys.
Moreover, for the third component of the rotation,

1 (Oup Ouz\ 1 [oud Oug\
was = 2 <6$3 81,‘2) a 2 <8.Z‘3 81‘2 — W2 = 0- (68)

Driving force on a plane half-space expanding/shrinking inclusion bound-
ary with general eigenstrain. The “driving force” on the dynamic half-space inclusion
with boundary {x |z; = Ro + £(t) } and with general eigenstrain ¢j; H(R(t) — 1) will be
defined in terms of the energy-release rate for a moving singularity in a purely mechanical
system, as obtained in the context of moving cracks by Atkinson and Eshelby (1968),
Rice (1968), and Freund (1972).

For the moving plane boundary {(z1, z2,x3)|z1 = Ro + £(t)}, the integral surface S.
enclosing the boundary consists of the plane {(z1, 22, x3)|r1 = Ro + £(t) £ &} on either
side of the moving boundary for an infinitesimal number € > 0 (plus the areas at lateral
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boundaries at infinity which will give negligible contribution), so that the total energy-
release rate is

é=lim [’rle'Z‘j’l'Li + Un(W + T)] ds

e—0 S,
:/O; /O; (nj [[ozjaa] + € [[W1] +é[[T]]) daodas, (69)

where n = (ny,n2,n3) is the outward normal of the moving boundary, v, = (v%,n), W
and T are the potential and kinetic energy densities, respectively (as in Markenscoff and
Ni, 2010).

The energy-release rate expression (69) further reduces for the moving plane boundary
to the expression (Stolz, 2003, Markenscoff and Ni, 2010)

N I )

where we defined the symbol ( ) by

(A) = %(A"’ LA,

Since the integrand in (70) is uniform and independent of (x2, x3), the “driving force”
per unit area in the direction to the boundary is defined to be

F=1vi-t | |52 | ()

Noting that for static or moving inclusions,

1 du;
W= Zg,. [ —* —¢&* 2
971 <8xj E”)’ (72)

with

8uk «
0ij = Cijkm <—6x - 5km) ;
m

equation (71) reduces (Markenscoff and Ni, 2010) to
f=—(okm) [lerm(x, D] (73)

This expression is evaluated here for general eigenstrain, rather than only dilatational
in Markenscoff and Ni (2010), with the values of the stresses obtained in equations (40),
(48), (53), (58) and (60) above.

Thus, the “driving force”, or “self-force”, and energy-release rate (according to (70))
of a constrained half-space inclusion boundary moving in general expanding or shrinking
motion is obtained as:

f=—{okm) [[ekm (D]

1 * in ex % in ex * in X * in ex
Z B} 11(‘71(1' 4 Ui(i )) "‘512(‘752) +U§2 )) +513(U§3) "‘US )) +523(Ué3) + Ugs ))
=1

fo—

()

LA +2p)ety + Mesp +e33)]° eal(t)  2uel(t)
2 (A +2p) A -2 E—-2(@)

(1) + (e12)°] » (74)
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where fy is the “self-force” or “driving force” on the boundary of a static half-space
inclusion given by

1 (in) (ex) 1 (in) (ex)
Jo = 5?10?1+55§2(ng + 05, )+§5§3(023 +035 )

+ 200567, + 2613005 + 533(033(111) + ‘783(8X))

_ _32M()\+M)( )2 2p(A + p) (( V(e )2> _Au(TA+2p)
15\ +2p) M 15\ 4 2p) \V22 33 A +2u) M

2u(A — 4p) 4p(9A + 14p) 2 2\ 2u(BA—2u)  , 1o
A S * * L S * * L L * . 75
15()\_’_2#)522533 5O+ 20) ((512) + (e13) ) 5O+ 20) (e33)"-  (75)
We compare the value of the “driving force” from equation (74) for the case of dilata-
tional eigenstrain €; = d;;¢* to the one obtained by Markenscoff and Ni (2010) by the
limiting process from a spherically expanding inclusion. Expression (74) for dilatational

(€32 +€33)

eigenstrain reduces to
2u(32 +2p) (BA+2u)%(e)? et
(A +2p) 200 +21) 2 —2(1)
in agreement with (Markenscoff and Ni, 2010). The first static term in the above ex-

pression coincides with the value obtained by Gavazza (1977), also Eshelby (1977). The
“driving force”, or “self-force” is negative, implying expenditure of the energy rate to

- ) -

move the plane boundary, either in expanding or shrinking motion.
It may be noted that in the presence of externally applied loading o7 ! equation (73)
will yield the additional term to the driving force:

—(omt™) llere (e 1)) (76)
which is the counterpart to the Peach-Koehler force of dislocations. This includes the
interaction energies in (72) and shows that the applied loading is associated only with the
eigenstrain, and not the velocity of the boundary, similarly as in dislocations. Moreover,
when the term given in (76) is added to equation (74), the total driving force is obtained,
and, in the absence of dissipation, the vanishing of it, as required by Noether’s theorem
(also, Eshelby, 1970), provides the kinetic relation between loading and velocity of the
plane inclusion boundary. The inclusion boundary remains at rest until the applied force
term given by equation (76) overcomes the static self-force f of equation (75) (Eshelby,
1977; Gavazza, 1977), at which point it becomes unstable and starts moving.

Radiated fields and “driving forces” on moving strip boundaries. The fun-
damental radiated fields solution for the half-space inclusion allows for the calculation
of the fields of an expanding/shrinking strip of general eigenstrain (see Fig. 1). Here,
only the strip with shear eigenstrain will be calculated explicitly, as this appears more
frequently in applications.

At rest, a strip is situated in the interval Ry < 1 < R; with the eigenstrain

Erj = &ij [H(Rl — :L‘l) — H(RQ — :171)] .

We assume that, starting from rest, the boundary z; = R; is expanding with velocity
01(t) > 0, while the boundary z; = Ry is expanding with velocity —{a(t), ¢2(t) > 0.
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The expanding strip is considered as a superposition of two dynamic half-space inclu-
sions:

(I): 21 < Ry expanding in velocity ¢, (¢) with €55
(I1): 2, < Ry < Ry shrinking in velocity —fo(t), f2(t) > 0, and with eigenstrain
—e};,
by superposition of equations (53), valid both for expanding and shrinking motions, we

assuming that the eigenstrain has only shear component ¢35, = ¢j5 # 0; then,

have, as the total radiated stress,

(D) (I1)
012 =013 — Oj2

e M »
o lél(TB) +62H(R1 +4(1) 1)
_ %H(m — Ry — f1(t))] H <t _ @)
+ pety lﬁH(Rz —l(t) — )
%H(m — Ry + fz(t))] H (t _ |wlc——2Ro|) -

where 73 is the unique solution of

ca(t —73) = |1 — Ry — £1(73)]
and 74 is the unique solution of

co(t — 74) = |x1 — Ry + {a(74)|

provided that the motion is subsonic, i.e., [1], |f2] < ca.

Moreover, from the continuity of the traction of the static problem we have (co{,) () _

(0?2)(6}(), so that 092 0 = og)o and these two terms cancel each other on the right-hand
side of equation (77), and the static fields do not contribute to the total stress for the
strip. It may also be noted that the stress o917 = 015 has discontinuities at the boundaries
x1 =Ry +(1(t) and 21 = Ry — l5(t) (Fig. 1).

Considering the value of the stress in equation (53), for early times when Rs + cot <
Ry + ¢1(t), i.e., when the contribution from the other boundary x; = Ry — ¢2(t) has no
time yet to reach the boundary xz; = Ry + ¢1(t), the “driving force” on the boundary
1 = Ry +€1(t) is
_ QHCQél (t)&TQQ

-G

At the time ¢t when Rg + cot = Ry + ¢4 (t), the contribution from the back boundary is
just reaching the front one, and the “driving force” on the boundary x1 = Ry + £1(t) is

f=—{ow) [le1(x, 1)]] = (78)

2pcpli (et | pla(0)er,”
3 —£(t) l2(0) + c2

f= (79)
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Lk ‘ Ix—R|
Oy =01, =—HE, {f (11'()1-:-)6 H(Rl+[l(t)_xl)_z (‘;'(;-3—)6 H(x[_Rl_[l(l))}H(t_ ch : j
1) +6 173) =6 2

2,(,) 2,(z,)

. |

+ﬂ812|:—22(74)+62 H(Rl_eZ(t)_x‘)+kz(T4)+Cz i, J

S>> PS> >D> S>> S>> S>> >

N N N ’—'

D i D D
R, _gz(t) Rz R1 R| +Z1(t)

H(xl—R2+lz(t))]H Lt Y

N

Fic. 1. An expanding strip with shear eigenstrain

and, immediately after, when Rg +caot > Ry +£1(t), and the waves emitted from the back
boundary surpass the front one, the “driving force” on the boundary x; = Ry + ¢4 (¢t) is
_QMCQél(t)E*{zQ pilo (T%)ety>

3 — £(t) Uo(r*) +e5

f= (80)

where 7% is the unique solution of
[Ry — R + 61(t) + bo(77)| = co(t — 77).

As it appears from the last term in equations (79) and (80), the driving force on the
boundary of the strip also has a contribution from the motion of the other boundary
of the strip, when it has the time to reach it. The driving force on the back boundary
is similarly obtained. For expanding/shrinking strips of general eigenstrain, the driving
force can be similarly obtained by superposition of two half-space expanding/shrinking
inclusions, for which all the fields have been obtained here. A finite number of strips of
general eigenstrain, expanding/shrinking independently, can be obtained from the fields
obtained here, by superposition of all the contributions that have the time to reach the
boundary in question.
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