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Abstract. This paper is concerned with the global existence of smooth solutions to a

system of equations describing one-dimensional motion of a self-gravitating, radiative and

chemically reactive gas. We have proved that for any arbitrary large smooth initial data,

the problem under consideration admits a unique globally smooth (classical) solution.

Our results have improved those results by Umehara and Tani ([J. Differential Equations,

234(2007), 439-463; Proc. Japan Acad., 84, Ser. A(2008), 123-128]) and also by Qin,

Hu, Huang, and Ma.

1. Introduction. Radiation hydrodynamics [17], [19], [30] describes the propagation

of thermal radiation through a fluid or gas. Similarly to ordinary fluid mechanics, the

equations of motion are derived from conservation laws for macroscopic quantities. How-

ever, when radiation is present, the classical “material” flow has to be coupled with the

radiation, which is an assembly of photons and needs a priori a relativistic treatment

(the photons are massless particles traveling at the speed of light). The whole problem

under consideration when the matter is in local thermodynamical equilibrium (LTE) is

thus a coupling between standard hydrodynamics for the matter and a radiative trans-

fer equation for the photon’s distribution; through a suitable description, as in plasma

when the radiation is LTE with matter and velocities are not too large, a nonrelativistic

one-temperature description is possible [17], [30]. Moreover, if the matter is extremely
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radiative opaque, so that the matter-free path of photons is much smaller than the typ-

ical length of the flow, we obtain a simplified description (radiation hydrodynamics in

the diffusion limit) which amounts to solving a standard hydrodynamical (compressible

Navier-Stokes) problem system with additional correction terms in the pressure, the in-

ternal energy and the thermal conduction. To describe richer physical processes, for

simplicity we may consider the fluid as reactive and couple the dynamics with the first-

order chemical kinetics of combustion type, namely the one-order Arrhenius kinetics.

Although it is simplified, this model can be proved to model correctly some astrophysical

situations of interest such as stellar evolution or interstellar medium dynamics (see, e.g.,

[4]).

In this paper, we are concerned with the free-boundary problem describing the mo-

tion of a compressible, viscous and heat-conducting gas which is self-gravitating, radiative

and chemically reactive. Such a gaseous motion, especially in the processes of the uni-

molecular reactions whose kinetic order is one, is described by the following equations in

Lagrangian mass coordinates:

vt = ux, (1.1)

ut =
(
− p+ μ

ux

v

)
x
−G(x− 1

2
), (1.2)

et =
(
−p+ μ

ux

v

)
ux + (κ

θx
v
)x + λφz, (1.3)

zt = d
(zx
v2

)
x
− φz (1.4)

in Ω×(0,∞) with Ω = (0, 1). Here the specific volume v = v(x, t), the velocity u = u(x, t),

the absolute temperature θ = θ(x, t) and the mass fraction of the reactant z = z(x, t) are

the unknown quantities, and the positive constants μ,G, d and λ are the bulk viscosity,

the Newtonian gravitational constant, the species diffusion coefficient and the difference

in heat between the reactant and the product, respectively. The pressure p and the

internal energy per unit mass e are defined by

p = p(v, θ) =
Rθ

v
+

a

3
θ4, e = e(v, θ) = cV θ + avθ4, (1.5)

where the positive constants R, cV and a are the perfect gas constant, the specific heat

capacity at constant volume and the radiation-density constant, respectively. The second

terms on the right-hand side of both relations in (1.5) stand for the effect of the radiation

phenomena, whose forms are given by the famous Stefan-Boltzmann law. In the radiating

regime, we naturally take into account the heat flux from the radiative contribution, not

only from the heat-conductive contribution. As such a simple one (see [5], [27], [28],

[21]), we assume that the thermal conductivity κ = κ(v, θ) takes the form

κ(v, θ) = κ1 + κ2vθ
q

(1.6)

with positive constants κ1, κ2 and q. Furthermore we assume that the reaction rate

function φ = φ(θ) is defined, from the Arrhenius law, by

φ(θ) = Kθβe−A/θ, (1.7)
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where the positive constants K and A are the coefficient of rate of the reactant and the

activation energy, respectively, and β is a nonnegative real number.

We consider (1.1)-(1.4) subject to the following boundary condition:

(σ, θx, zx) |x=0,1= (−pe, 0, 0), t > 0, (1.8)

with the stress σ = −p+μux

v and the external pressure pe (a positive constant), and the

initial condition

(v, u, θ, z) |t=0= (v0(x), u0(x), θ0(x), z0(x)), x ∈ [0, 1]. (1.9)

Without loss of generality, we may assume that (see, e.g., [27], [28], [21])∫ 1

0

u0(x)dx = 0. (1.10)

The notation in this paper will be as follows: Let m be a nonnegative integer and

0 < α,α′ < 1. By Cm+α(Ω) we denote the spaces of functions u = u(x) which have

bounded derivatives up to order m and dmu/dxm is uniformly Hölder continuous with

exponent α. Let T be a positive constant and QT = Ω× (0, T ). For a function u defined

on QT , we say that u ∈ Cα,α′

x,t (QT ) if

|u|(0) = sup
(x,t)∈QT

|u(x, t)| < ∞ (1.11)

and u is uniformly Hölder continuous in x and t with exponents α and α′, respectively.

Its norm is denoted by | · |α,α′ . We also say that u ∈ C
2+α,1+α/2
x,t (QT ) if u is bounded,

has bounded derivative ux, and (uxx, ut) ∈
(
C

α,α/2
x,t (QT )

)2

. Its norm is denoted by

| · |2+α,1+α/2. Lp, 1 ≤ p ≤ +∞, Wm,p, m ∈ IN, H1 = W 1,2, H1
0 = W 1,2

0 denote the

usual (Sobolev) spaces on [0, 1]. In addition, ‖ · ‖B denotes the norm in the space B; we

also put ‖·‖ = ‖·‖L2(0,1). We use C0 to denote the generic positive constant depending on

the initial data, but independent of t. The constant C > 0 stands for the generic positive

constant depending only on the initial data and T > 0. Without danger of confusion,

we will use the same symbol to denote the state functions as well as their values along a

dynamic process, e.g., p(v, θ), p(v(x, t), θ(x, t)) and p(x, t).

Let E = E1 ∪ E2 be a set in the (q, β)-plane in R2, where

E1 = {(q, β) ∈ R2 : 2 ≤ q < 3, 0 ≤ β < 2q + 6},
E2 = {(q, β) ∈ R2 : 3 ≤ q, 0 ≤ β < q + 9}.

Our results read as follows:

Theorem 1.1. Let (q, β) ∈ E and α ∈ (0, 1). Assume that the initial data

(v0, u0, θ0, z0) ∈ C1+α(Ω)× (C2+α(Ω))3 (1.12)

satisfies the compatibility conditions, (1.10) and v0(x) > 0, θ0(x) > 0, 0 ≤ z0(x) ≤ 1

for any x ∈ [0, 1]. Then there exists a unique solution (v, u, θ, z) of the initial boundary

value problem (1.1)-(1.4), (1.8)-(1.9) such that for any T > 0,

(v, vx, vt) ∈
(
C

α,α/2
x,t (QT )

)3

, (v, θ, z) ∈
(
C

2+α,1+α/2
x,t (QT )

)3

. (1.13)
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Moreover, for any (x, t) ∈ QT ,

v(x, t) > 0, θ(x, t) > 0, 0 ≤ z(x, t) ≤ 1. (1.14)

In recent years, the heat-conducting radiative viscous gas has drawn the attention

of mathematicians (see, e.g., [2]–[15], [21], [23], [24], [27], [28]). For the compressible

viscous and heat-conducting model in one space dimension, the global existence and

large-time behavior of smooth (strong, weak) solutions have been established by many au-

thors. Among them, Antontsev, Kazhikhov and Monakhov [1], Chen [2], Kazhikhov and

Shelukhin [15], Ducomet [4], Ducomet and Zlotnik [13]–[14] studied a one-dimensional

gaseous model similar to ours, i.e., a radiative and reactive model with the free-boundary

in the external force field. However, in a series of papers [4], [13], [14], they adopted

as a self-gravitation, a special form independent-of-time variable explicitly in the La-

grangian mass coordinate system, not the exact form (see (1.8) in [28]), which is called

the “pancakes models” relevant to some large-scale structure of the universe (see, e.g.,

[24]). Qin [20] established the global existence, exponential stability and the existence

of global attractors for a 1D viscous heat-conducting real gas. Moreover, we note the

global existence of solutions to some initial boundary value problem (1.1)-(1.4), not the

pure free-boundary case (1.8), but with partially Dirichlet boundary conditions. For

q ≥ 4, β > 0, Ducomet [5] proved the global existence and exponential decay in H1 of

solutions to (1.1)-(1.4) with the boundary conditions

(u, θx, zx) |x=0,1= 0. (1.15)

However, there exist some defects in the argumentation of the main results in [5]. Re-

cently, Qin et al. [22] corrected these defects in [5] and established the global existence

and exponential stability of solutions in Hi (i = 1, 2, 4) to (1.1)-(1.4) with boundary

condition (1.15), which has improved the range of (q, β) in [5]. For our problem, Ume-

hara and Tani [27] proved the global solvability of smooth solutions for 4 ≤ q ≤ 16 and

0 ≤ β ≤ 13/2. Later on, they further improved their results in [28] with the larger range

of (q, β) ∈ E2 than that in [27]. Recently, Qin et al. [21] further improved the results in

[27]–[28] with a larger range for

(q, β) ∈ {(q, β) : 9/4 < q < 3, 0 ≤ β < 2q + 6} ∪ {(q, β) : 3 ≤ q, 0 ≤ β < q + 9}

than those in [27]–[28].

The aim of this paper is to further improve those results in [21], [27], [28] with the

larger range of (q, β) ∈ E = E1 ∪ E2 than those in [21], [27]–[28].

The main mathematical difficulty arises from the higher-order nonlinearities of the

temperature θ in p(v, θ), e(v, θ) and κ(v, θ) in (1.5)-(1.6). To overcome this difficulty,

we shall first use the delicate interpolation techniques to reduce the order of θ, and then

bound the norms of (v, u, θ, z) and their derivatives in terms of expressions of the form

AΛ ≡
(

sup
0≤s≤t

‖θ(s)‖L∞

)Λ

(1.16)

with Λ being a positive constant depending only on q and β.
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The local existence of solutions can be established by the standard method (see, e.g.,

[25]–[26]). Therefore to prove our results, it suffices to continue the local solutions by

establishing the following a priori estimates.

Theorem 1.2. Let T > 0 be an arbitrarily given constant. Under the assumptions of

Theorem 1.1, we assume further that problem (1.1)-(1.4), (1.8)-(1.9) possesses a solution

(v, u, θ, z) such that

(v, vx, vt) ∈
(
C

α,α/2
x,t (QT )

)3

, (u, θ, z) ∈
(
C

2+α,1+α/2
x,t (QT )

)3

. (1.17)

Then there exists a positive constant C depending on the initial data and T such that

|(v, vx, vt)|α,α/2 + |(u, θ, z)|2+α,1+α/2 ≤ C (1.18)

and for any (x, t) ∈ QT ,

v(x, t), θ(x, t) ≥ C−1 > 0, 0 ≤ z(x, t) ≤ 1. (1.19)

2. Proof of Theorem 1.1. To prove Theorem 1.1, we only need to prove Theorem

1.2. To this end, we shall establish several lemmas concerning the estimates of the

solution and its derivatives. Our methods are mainly based on the techniques in Qin

[20]–[21]; that is, we estimate delicately the solution and its higher derivatives in terms

of functions A, X, Y and Z (see their definitions below) and by means of the delicate

interpolation techniques.

Now define the following functions:

|u|(0) := sup
(x,t)∈QT

|u(x, t)|, A = A(t) := sup
0≤s≤t

‖θ(s)‖L∞(Ω),

X = X(t) :=

∫ t

0

∫ 1

0

(1 + θq+3)θ2t dxds, Y = Y (T ) := max
t∈[0,T ]

∫ 1

0

(1 + θ2q)θ2xdx,

Z = Z(T ) := max
t∈[0,T ]

‖uxx(t)‖2.

Lemma 2.1. For any t ∈ [0, T ], we have

A ≤ |θ|(0) ≤ C + CY
1

2q+6 , (2.1)

max
t∈[0,T ]

‖ux‖2 ≤ C + CZ
1
2 , (2.2)

|ux|(0) ≤ C + CZ
3
8 , (2.3)

|u|(0) ≤ C + CZ
1
8 . (2.4)

Proof. See, e.g., [27]–[28]. �

Lemma 2.2. For any t ∈ [0, T ], we have∫ 1

0

(
1

2
u2 + e+ λz + f(x)v)dx = E0, (2.5)

U(t) +

∫ t

0

V (τ )dτ ≤ C0, (2.6)
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∫ 1

0

zdx+

∫ t

0

∫ 1

0

φzdxdτ =

∫ 1

0

z0dx, (2.7)

∫ 1

0

1

2
z2dx+

∫ t

0

∫ 1

0

(
d

v2
z2x + φz2)dxdτ =

∫ 1

0

1

2
z20dx, (2.8)

∫ t

0

max
x∈Ω

θrdτ ≤ C, 0 ≤ r ≤ q + 4, q ≥ 0, (2.9)

‖u(t)‖2 +
∫ t

0

‖ux(τ )‖2dτ ≤ C, (2.10)

‖vx(t)‖2 +
∫ t

0

∫ 1

0

θv2xdxdτ ≤ C, q ≥ 2, (2.11)

∫ t

0

∫ 1

0

u3
xdxdτ ≤ C, q ≥ 4, (2.12)

0 ≤ z(x, t) ≤ 1,

0 < C−1 ≤ v(x, t) ≤ C, (2.13)

where

E0 :=

∫ 1

0

(
1

2
u2
0 + e0 + λz0 + f(x)v0)dx,

U(t) :=

∫ 1

0

[cV (θ − 1− log(θ)) +R(v − 1− log v)]dx,

V (t) :=

∫ 1

0

(
μu2

x

vθ
+

kθ2x
vθ2

+
λφ

θ
z)dx,

e0 := cV θ0 + av0θ
4
0, f(x) = pe +

1

2
Gx(1− x).

Proof. For the proof of this lemma we mainly use the standard energy methods (see,

e.g., [27]–[28]). �
From Lemma 2.2 we can easily obtain the following estimates (see, e.g., [21]).

Lemma 2.3. For any t > 0, we have ∫ t

0

‖u‖2L∞ds ≤ C, (2.14)

∫ 1

0

θrdx ≤ C, 0 ≤ r ≤ 4, (2.15)

∫ 1

0

vθr

1 + vθq
dx ≤ C, 0 ≤ r ≤ q + 4. (2.16)

Proof. By the Gagliardo-Nirenberg interpolation inequality and (2.5), (2.10), we have∫ t

0

‖u(s)‖2L∞(Ω)ds ≤ C

∫ t

0

‖u(s)‖‖ux(s)‖ds

≤ C

∫ t

0

‖ux(s)‖ds

≤ C.
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For 0 ≤ r ≤ 4, by the Hölder inequality (2.5) and (2.13), we derive that∫ 1

0

θr(x, t)dx ≤ (

∫ 1

0

θ4(x, t)dx)
r
4 (

∫ 1

0

1 dx)1−
r
4

≤ C(

∫ 1

0

θ4(x, t)dx)
r
4

≤ C.

For 0 ≤ r ≤ q + 4, we infer from (2.13) and (2.15) that∫ 1

0

vθr

1 + vθq
dx ≤

∫ 1

0

(1 + θ)r−qdx

≤ C.

The proof is now complete. �

Lemma 2.4. If q ≥ 2, 0 ≤ m ≤ q+4
2 , for ∀ t ∈ (0, T ], the following inequalities hold:∫ t

0

∫ 1

0

(1 + θ)2mv2xdxds ≤ C, (2.17)

∫ t

0

∫ 1

0

(1 + θ)2mu2dxds ≤ C. (2.18)

Proof. Since there exist constants b(t) ∈ [0, 1] and r1, r2 > 0, such that

0 < r1 ≤
∫ 1

0

θ(x, t)dx = θ(b(t), t) := θ1 ≤ r2,

by (2.6), (2.16) and the Hölder inequality, we deduce that for 0 ≤ m ≤ q+4
2 ,

|θm(x, t)− θm1 | ≤ C

∫ 1

0

|θm−1θx|dx

≤ C(R(t))
1
2 (

∫ 1

0

vθ2m

k
dx)

1
2

≤ C(R(t))
1
2 .

Here we denote R(t) :=
∫ 1

0
kθ2

x

vθ2 dx, which implies

C − C1R(t) ≤ θ2m(x, t) ≤ C + C1R(t), 0 ≤ m ≤ q + 4

2
. (2.19)

If 0 ≤ m ≤ q+4
2 , then by (2.6), (2.11) and (2.19), we have∫ t

0

∫ 1

0

(1 + θ)2mv2xdxds ≤ C

∫ t

0

∫ 1

0

v2xdxds+ C

∫ t

0

R(s)

∫ 1

0

v2xdxdds

≤ C + C

∫ t

0

R(s)ds

≤ C,∫ t

0

∫ 1

0

(1 + θ)2mu2dxds ≤ C

∫ t

0

∫ 1

0

u2dxds+ C

∫ t

0

∫ 1

0

u2dxR(s)ds

≤ C.
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Thus the proof is complete. �

Lemma 2.5. If q ≥ 2 and 0 ≤ m ≤ q+4
2 , for any ε > 0 and any t ∈ (0, T ], the following

estimates hold:

‖ux(t)‖2 +
∫ t

0

‖uxx(s)‖2ds ≤ C + εX + CAq3 + CZ
2
3 , (2.20)

∫ t

0

∫ 1

0

(1 + θ)2mu2
xdxds ≤ C + εX + CAq3 + CZ

2
3 , (2.21)

where q1 = max(8− q, 0), q2 = max(3− q, 0), q3 = max(q1, 2q2,
4
3 ).

Proof. Multiplying (1.2) by uxx and integrating it on (0, 1)×(0, t), t ∈ (0, T ], we arrive

at∫ t

0

∫ 1

0

utuxxdxds =

∫ t

0

∫ 1

0

(−pxuxx + μ
u2
xx

v
− μ

uxvxuxx

v2
−G(x− 1

2
)uxx)dxds

=

∫ t

0

∫ 1

0

(−pxuxx + μ
u2
xx

v
− μ

uxvxuxx

v2
)dxds−

∫ t

0

G(x− 1

2
)uxxds

whence, by Lemmas 1.1-1.4,

‖ux(t)‖2 +
∫ t

0

‖uxx(s)‖2ds ≤ C + C

∫ t

0

‖ut‖L∞(Ω)‖ux‖L∞(Ω)ds+ C

∫ t

0

‖ux‖L∞(Ω)ds

+ C

∫ t

0

∫ 1

0

[(1 + θ3)|θxuxx|+ |θvxuxx|+ |uxx|]dxds.

Using Lemmas 2.1-2.4, the Gagliardo-Nirenberg interpolation inequality, Young’s in-

equality, and Hölder’s inequality, we easily derive that for any ε > 0,∫ t

0

∫ 1

0

(1 + θ3)|θxuxx|dxds ≤ ε

∫ t

0

∫ 1

0

u2
xxdxds+ C

∫ t

0

∫ 1

0

(1 + θ3)2θ2xdxds

≤ ε

∫ t

0

∫ 1

0

u2
xxdxds+ C sup

0≤s≤t
‖ (1 + θ3)2θ2

k
‖L∞(Ω)

∫ t

0

R(s)ds

≤ ε

∫ t

0

∫ 1

0

u2
xxdxds+ C + CAq1 , (2.22)

∫ t

0

∫ 1

0

|θvxuxx|dxds ≤ ε

∫ t

0

∫ 1

0

u2
xxdxds+ C

∫ t

0

∫ 1

0

θ2v2xdxds

≤ ε

∫ t

0

∫ 1

0

u2
xxdxds+ C, (2.23)

∫ t

0

∫ 1

0

|uxvxuxx|dxds ≤ ε

∫ t

0

∫ 1

0

u2
xxdxds+ C

∫ t

0

∫ 1

0

u2
xv

2
xdxds

≤ ε

∫ t

0

∫ 1

0

u2
xxdxds+ C

∫ t

0

‖ux‖2L∞‖vx‖2ds

≤ ε

∫ t

0

∫ 1

0

u2
xxdxds+ C

∫ t

0

‖ux‖‖uxx‖ds (2.24)

≤ 2ε

∫ t

0

∫ 1

0

u2
xxdxds+ C,
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∫ t

0

∫ 1

0

|uxx|dxds ≤ ε

∫ t

0

‖uxx‖2ds+ C, (2.25)

∫ t

0

‖ut‖L∞‖ux‖L∞ds ≤ C

∫ t

0

(‖ut‖
1
2 ‖uxt‖

1
2 + ‖ut‖)(‖ux‖

1
2 ‖uxx‖

1
2 + ‖ux‖)ds

≤ C

(∫ t

0

(‖uxt‖‖ut‖+ ‖ut‖2)ds
) 1

2
(∫ t

0

(‖ux‖‖uxx‖+ ‖ux‖2)ds
) 1

2

≤ C

(
(

∫ t

0

‖ux‖2ds)
1
4 (

∫ t

0

‖uxx‖2ds)
1
4 + (

∫ t

0

‖ux‖2ds)
1
2

)

×
(
(

∫ t

0

‖uxt‖2ds)
1
4 (

∫ t

0

‖ut‖2ds)
1
4 + (

∫ t

0

‖ut‖2ds)
1
2

)

≤ ε

∫ t

0

‖uxx‖2ds+ C

(
(

∫ t

0

‖uxt‖2ds)
1
4 (

∫ t

0

‖ut‖2ds)
1
4 + (

∫ t

0

‖ut‖2ds)
1
2

) 4
3

+ C

(
(

∫ t

0

‖uxt‖2ds)
1
4 (

∫ t

0

‖ut‖2ds)
1
4 + (

∫ t

0

‖ut‖2ds)
1
2

)

≤ ε

∫ t

0

‖uxx‖2ds+ C + C(

∫ t

0

‖uxt‖2ds)
1
3 (

∫ t

0

‖ut‖2ds)
1
3

+ C(

∫ t

0

‖ut‖2ds)
2
3

≤ ε

∫ t

0

‖uxx‖2ds+ C + C(

∫ t

0

‖uxt‖2ds)
1
3 sup
0≤s≤t

‖ut(s)‖2/3

+ C sup
0≤s≤t

‖ut(s)‖4/3. (2.26)

In order to estimate the inequality (2.27), we differentiate (1.2) with respect to t, multiply

it by ut and integrate it with respect to x. Then we have

d

dt

∫ 1

0

1

2
u2
tdx+

∫ 1

0

μ

v
u2
xtdx =

∫ 1

0

(ptuxt +
μ

v
u2
xuxt)dx,

which gives

‖ut(t)‖2 +
∫ t

0

‖uxt‖2ds ≤ C + C

∫ t

0

∫ 1

0

(|ptuxt|+ |u2
xuxt|)dxds

≤ ε

∫ t

0

‖uxt(s)‖2ds+ C

∫ t

0

∫ 1

0

(p2t + u4
x)dxds+ C.

(2.27)

Here ε > 0 is small enough.

Note the following facts:

∫ t

0

∫ 1

0

p2tdxds ≤ C

∫ t

0

∫ 1

0

[(1 + θ3)2θ2t + |θux|2]dxds

≤ C(1 +A)q2X + C + CA2

∫ t

0

∫ 1

0

u2
xdxds (2.28)

≤ C(1 +A)q2X + CA2 + C,
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∫ t

0

∫ 1

0

u4
xdxds ≤ C

∫ t

0

(‖ux‖3‖uxx‖+ ‖ux‖4)dxds

≤ ε

∫ t

0

‖uxx‖2ds+ C

∫ t

0

‖ux‖6ds

≤ ε

∫ t

0

‖uxx‖2ds+ C max
t∈[0,T ]

‖ux‖4
∫ t

0

‖ux‖2ds (2.29)

≤ ε

∫ t

0

‖uxx‖2ds+ C + CZ.

We insert (2.29)-(2.30) into (2.28) to derive

sup
0≤s≤t

‖ut(s)‖2 +
∫ t

0

‖uxt‖2ds ≤ ε

∫ t

0

‖uxx‖2ds+ C + CZ + CA2 + C(1 +A)q2X,

(2.30)

which, inserted into (2.27), implies that∫ t

0

‖ut‖L∞‖ux‖L∞ds ≤ 2ε

∫ t

0

‖uxx‖2ds+ C + CA
4
3 + CZ

2
3 + εX + CA2q2 . (2.31)

From (2.23)-(2.26) and (2.32), we can easily get the inequality (2.20). By (2.20) we can

easily prove the inequality (2.21). �

Lemma 2.6. If q > 2, then the following inequality holds:

‖θ + θ4‖2 +
∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds ≤ C + CAq6 + εX
1
2 + CZ

1
3 , (2.32)

where q0 = max(4 − q, 0), q4 = max(7 − 2q, q0), q∗ = max((12 − q)/2, 0), and q6 =

max(q4, q3/2, 4, q∗).

Proof. Multiplying (1.3) by e and integrating the resulting equation over Qt ≡ (0, 1)×
(0, t), we arrive at

1

2
‖e‖2 =

1

2
‖e0‖2 +

∫ t

0

(−pe)u|10ds−
∫ t

0

∫ 1

0

(−pe)xudxds+

∫ t

0

∫ 1

0

μ
u2
xe

v
dxds

−
∫ t

0

∫ 1

0

kθx
v

exdxds+

∫ t

0

∫ 1

0

λφzedxds,

whence

‖e‖2 +
∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds ≤ C + C

∫ t

0

∫ 1

0

[|(pe)xu|+ |eu2
x|+ |kθxθ4vx|

+ |λφze|]dxds+
∫ t

0

‖peu‖L∞ds.

(2.33)

By Lemmas 2.1-2.5, Young’s inequality and the Gagliardo-Nirenberg interpolation in-

equality, we infer that for any ε > 0,∫ t

0

∫ 1

0

|(pe)xu|dxds ≤ C

∫ t

0

∫ 1

0

[(1 + θ7)|θxu|+ (1 + θ5)|vxu|+ (1 + θ8)|vxu|]dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds+ C

∫ t

0

∫ 1

0

[(1 + θ)11−qu2
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+ (1 + θ5)|vxu|+ (1 + θ8)|vxu|]dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds+ C + CAmax(7−2q,0)

+ C

∫ t

0

∫ 1

0

(1 + θ)8v2xdxds+ C

∫ t

0

∫ 1

0

(1 + θ)8u2dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds+ C + CAmax(7−2q,0) + CAq0

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds+ CAq4 + C, (2.34)

∫ t

0

∫ 1

0

|eu2
x|dxds ≤ C

∫ t

0

‖ux‖2L∞

∫ 1

0

edxds

≤ C

∫ t

0

‖ux‖2L∞ds

≤ C

∫ t

0

(‖ux‖‖uxx‖+ ‖ux‖2)ds (2.35)

≤ C(

∫ t

0

‖uxx‖2ds)
1
2 + C

≤ C + εX
1
2 + CA

q3
2 + CZ

1
3 ,∫ t

0

∫ 1

0

|kθxθ4vx|dxds ≤ C

∫ t

0

∫ 1

0

(1 + θ)q+4|θxvx|dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds+ C

∫ t

0

∫ 1

0

(1 + θ)q+5v2xdxds (2.36)

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds+ C + CA,

∫ t

0

∫ 1

0

|λφze|dxds ≤ C

∫ t

0

∫ 1

0

φedxds

≤ C sup
0≤s≤t

‖e‖L∞

∫ t

0

∫ 1

0

φdxds (2.37)

≤ C + CA4,∫ t

0

∫ 1

0

‖peu‖L∞dxds ≤ (

∫ t

0

‖u‖2L∞ds)
1
2 (

∫ t

0

‖pe‖2L∞ds)
1
2

≤ C(

∫ t

0

‖pe‖2L∞ds)
1
2 (2.38)

≤ C

(∫ t

0

‖(1 + θ4)2‖2L∞ds

) 1
2

≤ C + CAq∗ .

Inserting (2.35)-(2.39) into (2.34), we can readily get the inequality (2.33). �
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Next we denote the function H by the following:

H = H(v, θ) :=

∫ θ

0

k(v, ξ)

v
dξ.

Since (1.3) is rewritten as

eθθt + θpθux =
μ

v
u2
x + (

k

v
θx)x + λφz, (2.39)

multiplying (2.39) by Ht and integrating it over Ω× [0, t] yields
∫ t

0

∫ 1

0

eθθtHtdxds+

∫ t

0

∫ 1

0

k

v
θxHxtdxds =

∫ t

0

∫ 1

0

(−θpθux +
μ

v
u2
x + λφz)Htdxds.

(2.40)

Here

Ht = Hvux +
k

v
θt,

Hxt = (
kθx
v

)t +Hvuxx +Hvvvxux + (
k

v
)vvxθt,

|Hv|, |Hvv| ≤ Cθ.

Lemma 2.7. If 2 ≤ q < 3 and 0 ≤ β < 2q + 6 or q ≥ 3 and 0 ≤ β < q + 9, then there

exists a number δ, 0 < δ < 1 such that

X + Y ≤ C(1 + Zδ). (2.41)

Proof. From (2.13) and the definitions of X and Y , we can immediately derive the

inequalities ∫ t

0

∫ 1

0

eθθt
k

v
θtdxds =

∫ t

0

∫ 1

0

(cV + 4avθ3)
k1 + k2vθ

q

v
θ2t dxds (2.42)

≥ CX,∫ t

0

∫ 1

0

kθx
v

(
kθx
v

)tdxds =
1

2

∫ 1

0

(
kθx
v

)2|t0dx (2.43)

≥ CY − C.

In the same way as that in [22], by Young’s inequality and Hölder’s inequality, for any

ε > 0, it is not difficult to get the following estimates by using Lemmas 1.1-1.6:∫ t

0

∫ 1

0

eθθtHvuxdxds ≤ C

∫ t

0

∫ 1

0

(1 + θ)4θtuxdxds

≤ εX + C

∫ t

0

∫ 1

0

(1 + θ)5−qu2
xdxds (2.44)

≤ εX + C + CAq3 + CZ
2
3

≤ ε(X + Y ) + C + CZ
2
3 ,∫ t

0

∫ 1

0

(θpθux − μ

v
u2
x)Hvuxdxds ≤ C

∫ t

0

∫ 1

0

[(1 + θ5)u2
x + θu3

x]dxds
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≤ C + εX + CAq3 + CZ
2
3 + C

∫ t

0

∫ 1

0

θu3
xdxds

≤ C + CAq3 + CZ
2
3 + εX + CA|ux|(0) (2.45)

≤ C + CAq3 + CZ
2
3 + εX + CA+ CZ

3
8A

≤ ε(X + Y ) + C + CZ
2
3 ,∫ t

0

∫ 1

0

(θpθux − μ

v
u2
x)

k

v
θtdxds ≤ C

∫ t

0

∫ 1

0

(1 + θ)q+4|θtux|dxds

+ C

∫ t

0

∫ 1

0

(1 + θ)q|θtu2
x|dxds

≤ εX + C

∫ t

0

∫ 1

0

[(1 + θ)q+5u2
x + (1 + θ)q−3u4

x]dxds

≤ εX + C(1 + A)q+5 + C

∫ t

0

∫ 1

0

(1 + θ)q−3u4
xdxds

≤ ε(X + Y ) + C + C

∫ t

0

∫ 1

0

(1 + θ)q−3u4
xdxds,

which gives, for 2 ≤ q < 3,

∫ t

0

∫ 1

0

(θpθux − μ

v
u2
x)

k

v
θtdxds ≤ C + ε(X + Y ) + C

∫ t

0

∫ 1

0

(1 + θ)q−3u4
xdxds

≤ ε(X + Y ) + C + C

∫ t

0

∫ 1

0

u4
xdxds

≤ ε(X + Y ) + C + C|u2
x|(0)

∫ t

0

∫ 1

0

u2
xdxds

≤ ε(X + Y ) + C + CZ
3
4 ,

(2.46)

or for 3 ≤ q < 4,

∫ t

0

∫ 1

0

(θpθux − μ

v
u2
x)

k

v
θtdxds ≤ C + ε(X + Y ) + C

∫ t

0

∫ 1

0

(1 + θ)q−3u4
xdxds

≤ ε(X + Y ) + C + C

∫ t

0

∫ 1

0

(1 + θ)u4
xdxds

≤ ε(X + Y ) + C + C(1 +A)|u2
x|(0)

∫ t

0

∫ 1

0

u2
xdxds

≤ ε(X + Y ) + C + CZ
3
4 + CA+ CAZ

3
4

≤ ε(X + Y ) + C + CZ
3(q+3)
2(2q+5) ,

(2.47)

or for q ≥ 4,
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∫ t

0

∫ 1

0

(θpθux − μ

v
u2
x)

k

v
θtdxds ≤ ε(X + Y ) + C + C

∫ t

0

∫ 1

0

(1 + θ)q−3u4
xdxds

≤ ε(X + Y ) + C + C(1 +A)q−3|ux|(0)
∫ t

0

∫ 1

0

u3
xdxds

≤ ε(X + Y ) + C + C(1 +A)q−3Z
3
8 + CZ

3
8

≤ ε(X + Y ) + C + CZ
3(q+3)
4(q+9) , (2.48)∫ t

0

∫ 1

0

kθx
v

Hvuxxdxds ≤ C

∫ t

0

∫ 1

0

(1 + θ)q+1|θxuxx|dxds

≤ C

(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2

×
(∫ t

0

∫ 1

0

(1 + θ)q−1u2
xxdxds

) 1
2

≤ C

(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2

×
(

max
t∈[0,T ]

‖uxx‖2
∫ t

0

max
x∈Ω

(1 + θ)q−1ds

) 1
2

≤ C
(
1 +Aq6 + Z

1
3 + εX

1
2

) 1
2

Z
1
2

≤ CZ
1
2 + CA

q6
2 Z

1
2 + εX

1
4Z

1
2 + CZ

2
3

≤ ε(X + Y ) + C + CZδ
′

. (2.49)

Here we require

q6 < 2q + 6 (2.50)

in order to make A
q6
2 < εY + C, and 0 < δ

′
= max( 23 ,

q+3
2q+6−q6/2

) < 1 hold.

Similarly,
∫ t

0

∫ 1

0

kθx
v

Hvvvxuxdxds ≤ C

∫ t

0

∫ 1

0

(1 + θ)q+1|θxvxux|dxds

≤ C

(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2

×
(∫ t

0

∫ 1

0

(1 + θ)q−1v2xu
2
xdxds

) 1
2

≤ C

(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2

(2.51)

×
(
|u2

x|(0)
∫ t

0

∫ 1

0

(1 + θ)q−1v2xdxds

) 1
2

≤ C(1 +Aq6 + Z
1
3 + εX

1
2 )

1
2 (1 + Z

3
8 )
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≤ C + CA
q6
2 + CZ

1
6 + εX

1
4 + CZ

3
8 + CZ

3
8A

q6
2

+ CZ
13
24 + εX

1
4Z

3
8

≤ ε(X + Y ) + C + CZδ1 ,

where δ1 = max( 1324 ,
3(q+3)

4(2q+6−q6/2)
). By (2.51), we know that q6/2 < 2q + 6 and Aq6/2 <

εY + C, 0 < δ1 < 1.

By (2.39), we have

(
kθx
v

)x = eθθt + θpθux − μ
u2
x

v
− λφz,

which gives∫ t

0

‖(kθx
v

)x‖2ds ≤ C

∫ t

0

[‖eθθt‖2 + ‖θpθux‖2 + ‖u2
x‖2 + ‖φ‖2]ds

≤ C

∫ t

0

∫ 1

0

[(1 + θ)6θ2t + (1 + θ)8u2
x + u4

x + φ2]dxds

≤ C(1 +A)q2X + C + CA8 + CAβ + C|u2
x|(0)

∫ t

0

∫ 1

0

u2
xdxds

≤ C + C(1 +A)q2X + CA8 + CAβ + CZ
3
4 .

(2.52)

Here we have used the fact that∫ t

0

∫ 1

0

φ2dxds ≤ CAβ

∫ t

0

∫ 1

0

φdxds

≤ C + CAβ .

Then we infer from (2.52),∫ t

0

∫ 1

0

kθx
v

(
k

v
)vvxθtdxds ≤ C

∫ t

0

∫ 1

0

(1 + θ)q|θxvxθt|dxds

≤ εX + C

∫ t

0

‖kθx
v

‖2L∞

(∫ 1

0

(1 + θ)q−3

k2
v2xdx

)
ds

≤ εX + C

∫ t

0

‖kθx
v

‖‖(kθx
v

)x‖ds

≤ εX + C(1 +A)q7/2
(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2

×
(∫ t

0

‖(kθx
v

)x‖2ds
) 1

2

≤ εX + C(1 +A)
q7
2

(
C + CAq6 + εX

1
2 + CZ

1
3

) 1
2

×
(
C + C(1 +A)q2X + CA8 + CAβ + CZ

3
4

) 1
2

≤ εX +
(
C + CA

q7
2 )(C + CA

q6
2 + εX

1
4 + CZ

1
6

)

×
(
C + C(1 +A)

q2
2 X

1
2 + CA4 + CA

β
2 + CZ

3
8

)
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≤ εX +
(
C + εX

1
4A

q7
2 + CA

q6+q7
2 + CA

q7
2 Z

1
6

)

×
(
C + C(1 +A)

q2
2 X

1
2 + CA4 + CA

β
2 + CZ

3
8

)

≤ 2εX + (A2(q2+q7) +A
4
3 (4+

q7
2 ) +A

4
3 (

β+q7
2 ) +Aq2+q6+q7

+A4+
q6+q7

2 +A
β+q6+q7

2 ) + (Z
13
24 +A

2q7
3 Z

1
2 +Aq2+q7Z

1
3

+A4+
q7
2 Z

1
6 +A

q7+β
2 Z

1
6 +A

q7
2 Z

13
24 )

≤ 2ε(X + Y ) + C + CZδ2 , (2.53)

where q7 = max(q − 3, 0), and

δ2 = max(
13

24
,

q + 3

2q + 6− 2q7
3

,
2q + 6

3(2q + 6− q2 − q7)
,

q + 3

3(2q + 2− q7
2 )

,

q + 3

3(2q + 6− β+q7
2 )

,
13(q + 3)

12(2q + 6− q7
2 )

).

Here in order to make (2.54) hold and 0 < δ2 < 1, we must demand⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0 ≤ q2 + q6 + q7 < 2q + 6,

0 ≤ 4 + q6+q7
2 < 2q + 6,

0 ≤ β+q6+q7
2 < 2q + 6,

0 ≤ 2(q2 + q7) < 2q + 6,

0 ≤ 4
3 (4 +

q7
2 ) < 2q + 6,

0 ≤ 4
3
β+q7

2 < 2q + 6,

that is, ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0 ≤ q2 + q6 + q7 < 2q + 6,

0 ≤ q6 + q7 < 4q + 4,

0 ≤ q6 + q7 + β < 4q + 12,

0 ≤ q2 + q7 < q + 3,

0 ≤ q7 < 3q + 1,

0 ≤ q7 + β < 3q + 9

(2.54)

or ⎧⎨
⎩

0 ≤ q7 < 3
2 (q + 3),

0 ≤ β + q7 < 10
3 (q + 3),

0 ≤ q2 + q7 < 4
3 (q + 3)

(2.55)

and ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0 ≤ q+3
2q+6− 2

3 q7
< 1,

0 ≤ 2q+6
3(2q+6−q2−q7)

< 1,

0 ≤ q+3
3(2q+2− q7

2 )
< 1,

0 ≤ q+3

3(2q+6− q7+β
2 )

< 1,

0 ≤ 13(q+3)

12(2q+6− q7
2 )

< 1.

(2.56)
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Similarly,∫ t

0

∫ 1

0

λφzHtdxds ≤ C

∫ t

0

∫ 1

0

φ|Hvux +
k

v
θt|dxds

≤ C

∫ t

0

∫ 1

0

[(1 + θ)|uxφ|+ (1 + θ)q|θtφ|]dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C

∫ t

0

∫ 1

0

(1 + θ)q−3φ2dxds

+ C

(∫ t

0

∫ 1

0

(1 + θ)2u2
xdxds

) 1
2
(∫ t

0

∫ 1

0

φ2dxds

) 1
2

≤ εX + C + CAq7+β + C
(
C + εX + CAq3 + CZ

2
3

) 1
2 (

C + CAβ
) 1

2

≤ εX + C + CAq7+β +
(
C + CA

q3
2 + CZ

1
3 + εX

1
2

)(
C + CA

β
2

)

≤ εX + C + CAq7+β + CA
q3
2 + CZ

1
3 + CX

1
2 + CA

β
2 + CA

q3+β
2

+ CA
β
2 Z

1
3 + CA

β
2 X

1
2

≤ εX + C + CAq7+β + CA
q3+β

2 + CZ
1
3 + CA

β
2 Z

1
3

≤ ε(X + Y ) + C + CZδ3 ,

(2.57)

where δ3 = max( 13 ,
2q+6

3(2q+6− β
2 )
). Here in order to make the inequality (2.57) hold and

0 < δ3 < 1, we must require ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 ≤ q7 + β < 2q + 6,

0 ≤ q3+β
2 < 2q + 6,

0 ≤ β
2 < 2q + 6,

0 ≤ 2q+6

3(2q+6− β
2 )

< 1,

which implies ⎧⎨
⎩

0 ≤ q7 + β < 2q + 6,

0 ≤ q3 + β < 4q + 12,

0 ≤ β < 8
3 (q + 3).

(2.58)

In a word, for 2 ≤ q < 3 and 0 ≤ β < 2q + 6 or q ≥ 3 and 0 ≤ β < q + 9, we can prove

that (2.51), (2.55)-(2.58) hold, i.e.,

0 < δ
′
, δ1, δ2, δ3 < 1.

Combining (2.42)-(2.57) and taking ε small, we obtain (2.41). Here if 2 ≤ q < 3, then

we may take

δ = max(
2

3
,
3

4
, δ

′
, δ1, δ2, δ3).

If 3 ≤ q < 4, then we choose

δ = max(
2

3
,
3(q + 3)

2(2q + 5)
, δ

′
, δ1, δ2, δ3)
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and if q ≥ 4, then we may pick

δ = max(
2

3
,
3(q + 3)

4(q + 9)
, δ

′
, δ1, δ2, δ3).

The proof is now complete. �

Lemma 2.8. If 2 ≤ q < 3 and 0 ≤ β < 2q+6 or q ≥ 3 and 0 ≤ β < q+9, i.e., (q, β) ∈ E,

then for any t ∈ [0, T ],

‖ux, uxx, ut, θx, θxx, θt, zx, zxx, zt‖2 +
∫ t

0

‖uxt, θxt, zxt‖2ds ≤ C, (2.59)

|ux|(0), |u|(0), |θ|(0) ≤ C, (2.60)

θ(x, t) ≥ C, ∀(x, t) ∈ QT . (2.61)

Proof. Differentiating (1.2) with respect to t, multiplying it by ut and integrating it

with respect to x, we have

d

dt

∫ 1

0

1

2
u2
tdx+

∫ 1

0

μ

v
u2
xtdx =

∫ 1

0

(ptuxt +
μ

v2
u2
xuxt)dx.

Since pt = (Rv + 4
3aθ

3)θt − R
v2 θux, for δ > 3

4 , we get

‖ut(t)‖2 +
∫ t

0

‖uxt‖2ds ≤ C

∫ t

0

∫ 1

0

(1 + θ6)θ2t dxds+ C|u2
x|(0)

∫ t

0

(‖θ‖2 + ‖ux‖2)ds

≤ C(1 +A)q2X + C + CZ
3
4

≤ C + CZδ(1+
q2

2q+6 ).

(2.62)

From Lemma 2.7, by squaring (1.2) and noting px = (Rv + 4
3aθ

3)θx − R
v2 θvx, it follows

from (2.62) that for any t ∈ [0, T ],

‖uxx‖ ≤ C[1 + ‖ut‖2 +
∫ 1

0

(1 + θ6)θ2xdx+ (|θ2|(0) + |ux|(0))‖vx‖2]

≤ C + CZδ(1+
q2

2q+6 ) + CZ
3
4 + CA2 + C(1 +A)2q2Y

≤ C + CZδ(1+
2q2
2q+6 ),

whence

Z ≤ C + CZδ(1+
2q2
2q+6 ).

If 2 ≤ q < 3, 0 ≤ β < 2q+6, then q0 = 4− q, q1 = 8− q, q2 = 3− q, q3 = 8− q, q4 =

7 − 2q, q∗ = 12−q
2 , q6 = 12−q

2 , q7 = 0. We can easily prove that when 2 ≤ q < 3 and

0 ≤ β < 2q + 6,

0 < δ(1 +
2q2

2q + 6
) < 1,

which thus gives

Z ≤ C. (2.63)
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If q ≥ 3 and 0 ≤ β < q + 9, we can also prove that

0 < δ(1 +
2q2

2q + 6
) < 1

and

Z ≤ C,

which also implies (2.63). Hence we conclude that Z is bounded, and we can see

from Lemma 2.7 and the definitions of A,X, Y, Z that ‖ux, uxx, ut, θx‖, |u, θ|(0) and∫ t

0
‖uxt, θt‖2ds are also bounded. For the boundedness of other quantities in (2.59)-

(2.61), whose proofs are very standard and so we omit them here, we can refer to the

proofs of Lemmas 10-13 in [27].

The proof of Theorem 1.2, and hence of Theorem 1.1, is complete. �
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