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Abstract. Considered herein is the stability of solitary-wave solutions of the Ostrov-
sky equation which is an adaptation of the Korteweg-de Vries equation widely used to
describe the effect of rotation on the surface and internal solitary waves or the capillary
waves. It is shown that the ground state solitary waves are global minimizers of energy
functionals with the constrained variational problem and are deduced to be nonlinearly
stable for the small effect of rotation. The analysis makes frequent use of the variational
properties of the ground states.

1. Introduction. The nonlinear dispersive equation
(ut — BUgys + (u2)m)$ =~u, x€R, (1.1)

with v > 0 originally derived by Ostrovsky [Os] in dimensionless space-time variables
(z,t) is a model for the unidirectional propagation of weakly nonlinear long surface
and internal waves of small amplitude in a rotating fluid. The liquid is assumed to be
incompressible and inviscid. The subscripts in (1.1) denote partial derivatives. Here x
is the longitudinal coordinate in the horizontal plane and the free surface u(t,z) has
been rendered nondimensional with respect to the constant depth h of the liquid and
the gravitational acceleration g and the parameter v > 0 measures the effect of rotation.
The parameter 5 determines the type of dispersion, namely, 8 < 0 (negative dispersion)
for surface and internal waves in the ocean or surface waves in a shallow channel with
an uneven bottom and 5 > 0 (positive dispersion) for capillary waves on the surface of
the liquid or for oblique magneto-acoustic waves in plasma [Be], [GaSt], [GiGrSt].

Setting v = 0 in (1.1) and integrating with respect to = in R and assuming that the
solution u(t,z) and all the derivatives are vanishing at infinity, one obtains the well-
known Korteweg-de Vries equation(KdV)

U — PUpps + (uQ)x =0, xz€R. (1.2)
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Although the structure of (1.1) is very similar to that of (1.2), but unlike KdV equation
(1.2), the Ostrovsky equation (1.1) is evidently nonintegrable by the method of inverse
scattering transform [GiGrSt], [OsSt]. Invariance, conserved quantities, and solitary-
wave solutions are fundamental features of (1.1). First, we recall the invariances which
can be checked easily by direct computations.

(1) Equation (1.1) is space and time translation invariant. If u(¢,z) is a solution of
(1.1), then for all ¢; > 0 and zp € R, w(t,x) = u(t +1to,x + x0) is also a solution of (1.1).

(2) Equation (1.1) is not Galilean invariant. Moving into a Galilean frame & = x — ct
with velocity ¢, so that u(t, z) = w(t, §) + ¢/2, this equation transforms to

(we — Bwgee + (w?)¢) ¢ = Yuwe.

Second, we recall the corresponding conservation laws:

V(u(t)) = %/u2 = V(u(0)) (Momentum), (1.3)
E(u(t)) = / gui + g (D;lu)2 + %ug = E(u(0)) (Energy), (1.4)

I(u(t)) = /u =0, (1.5)
and
Ir(u(u)) = /xu =0, (1.6)

where the operator D * for any natural integer k acts on functions f € Lo(R) such that

R f(€) € Ly(R). It is defined by the Fourier transform (D7 *f)(€) = (i€) % f(¢).
Another interesting fact is that the structure of (1.1) is also similar to that of the
Kadomtsev-Petviashvili equation [KaPe],

(ut — Bugps + (u2)m)x = Ylyy- (1.7)

But unlike equation (1.7), (1.1) is one dimensional and equation (1.7) is completely
integrable.

In what follows, we denote the norm of L,(R) by | - |, and the Sobolev space H*(R)
by || - ||s- We define the space X5, s > 0, by

X, ={f € H*(R), D;'f € H*(R)}

equipped with the norm

1£llx. = £l + || D72 fL -

Assume f € X;. Note that if D;1f € Ly(R), then there is a g € La(R) such that
f = g at least in the sense of distribution. On the other hand, since f € Xj, so
f € HY(R), whence g,, € L2(R). Thus g lies in H*(R). Actually, a very natural space
to look for solutions of the Ostrovsky equation (1.1) is the energy space X; suggested by
the conservation law (1.4).

An important ingredient needed in our development is a local existence theory for the
initial-value problem. It has been provided by Varlamov and Liu [VaLi].
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PROPOSITION 1.1 ([VaLi]). Let ug € X5, s > 3/2, such that {24y € Ly(R). Then there
exist T > 0 and a unique solution u € C([0,7), Xs) N C*([0,T), Xs—3) of (1.1) with the
following property: either 7" = oo or else T" < oo and tlirr% [lu(t)]

have the conserved functionals (1.3), (1.4), (1.5), and (1.6).

x, = 0o. Moreover, we

The focus of the development in this section is the solitary-wave solutions of (1.1).
Localized, traveling-wave solutions of nonlinear, dispersive wave equations are known
in many circumstances to play a central role in the long-time evolution of an initial
disturbance.

By a solitary wave, we mean a traveling-wave solution of (1.1) with the form u(¢,z) =
ve(x — ct) where ¢ € R is a given parameter and .., or just denoted by ¢, is a ground
state of the stationary problem

_ _ 2 — D71
(=Bpra —cp+¢?), =D, LeR. (1)
p e le ¥ 7é 07
To define a ground state, we introduce some notation:
1 .
L.(u) = E(u) — ¢V (u) = / gui + % (D;lu)2 + §u3 — g/uz, (1.9)

Qe={ue Xy, u#0, L.(u)=0}= the setof the solutions for (1.8),

and
G.={u€ Q. L.(u) <L.(v), Vv €Q.} (1.10)

where G, is called the set of the ground states of (1.8).

It was proved by Liu and Varlamov [LiVa] that if 3 > 0 and ¢ < 24/40, then G, is
not empty.

It is known that equation (1.2) has a unique soliton up to translation in the form

3c o1 [c
pe(x) = 5sech (5 Wx)
for any 8 < 0 and ¢ > 0. However, it is shown in [GaSt], [GiGrSt], [LiVa] that equation
(1.8) does not admit any nontrivial solitary waves in the energy space provided 8 < 0 and
for some positive ¢ with ¢ < 1/1407|8|. Hence, the question of how an initial perturbation
in the form of a KdV soliton will be destroyed is more interesting to investigate. On the
other hand, it is known that the KdV equation (1.2) does not have any nontrivial solitary
waves in the energy space, when 8 > 0 and ¢ > 0. However, unlike (1.2), the equation
(1.1) does have solitary-wave solutions even for some positive ¢ satisfying ¢ < 24/93 with
any > 0 [LiVa]. This notable property of the equation makes the search of its stability
of solitary waves highly desirable.
Define the number I, by

I, =inf{E(u): wue X, V(u) =g}, (1.11)
where ¢ = V() for some ¢, € G.. The set of minimizers for I, is

Yg={g9eX1: E(g)=1;V(g) =4} (1.12)
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The Euler-Lagrange equation for the constrained minimization problem solved by the
functions in ¥, is
6E(g) = AoV (g),

where ) is the Lagrange multiplier. It is found that if g € ¥, then g is a solution of
(1.8) with wave speed ¢ = .
In this paper, we are considering nonlinear stability with respect to arbitrary pertur-
bations of set 34, since solitary waves might not be unique up to translation.
DEFINITION 1.2. A set S C X is called X-stable with respect to equation (1.1) if for
a given € > 0, there exists such a § > 0 such that for any ug € X N X, s > 3/2, with

322 [luo —v]|x <6, (1.13)

the solution u(t) of (1.1) with initial value ug can be extended to a solution in C'([0, c0),
X N X;) and satisfies
11612 lu(t) —v||x <€ (1.14)

for all t > 0. Otherwise we say that the set S is X-unstable. The principal result of the
present paper is the following.

THEOREM 1.3 (Nonlinear stability). Let 5 > 0 and ¢ < 24/73. Then there exists 79 > 0
such that for any v < 79, the set ¥, is X;-stable.

Stability of the set of ground states G. was proved in [LiVa] under the assumption of
convexity of the action d(c) = E(p.) — ¢V (p.) with ¢, € G,. It can be done by showing
the solitary wave ¢, is a local constrained minimizer of a Hamiltonian functional with this
condition of d(c). However, being different from the case of the KAV or KP equations, the
scaling and dilation technique does not give the description of action d(c) explicitly. To
remove this assumption of convexity of d(c), an alternate approach to proving stability
of solitary waves is that, rather than using local analysis, we start instead with the
constrained variational problem for global minimizer. The proof of Theorem 1.3 is to
employ a modification of the concentration compactness principle [Lio] together with a
rigorous justification of global analysis of minimizers, but the small effect of rotation
~v > 0 is required. An easy corollary of proving such a minimizer is that the set of global
minimizers is a stable set for the associated initial value problem.

The remainder of the paper is organized as follows. In Section 2, we study the prop-
erties of the ground states of (1.8). We consider the associated minimization problem
and employ a refined Fatou Lemma [BrLi] to obtain again the set of ground states. In
Section 3, we show in detail based on an outline of [Lio] how it is used to prove stability
of ground states of (1.1). Finally, in Section 4, as a consequence of global minimizers
of functional E, we are able to prove dynamical stability of global minimizers (Theorem
1.3).

2. The solitary waves. The existence and the qualitative properties of solitary
waves for equation (1.1) are known in part. For example, in [LiVa], Liu and Varlamov
investigate the existence, regularity and decay estimates of solitary waves of (1.8) .

We start with the existence and nonexistence of solutions of solitary waves of (1.1).
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PROPOSITION 2.1. Suppose 8 < 0 and ¢ < 1/1407|3|. Then equation (1.1) does not
admit any nontrivial solitary-wave solutions ¢, € Xj.

Proof. The proof is given in [LiVa, Theorem 2.1] by using the Pohojaev-type identities.

O

REMARK. It is also possible to show the nonexistence of any nontrivial solitary-waves

in X1,if 8 > 0 and ¢ > 21/70. In fact, suppose u(t, z) = @.(x —ct) is a nontrivial solitary-

wave solution of (1.1) satisfying equation (1.8). Since . € H!, a bootstrap argument

shows the solution ¢, € H* and . — 0 together with its derivatives as || — oco. Thus,

to consider the asymptotic state of the solution ¢, of (1.8), it thus suffices to study the
solution ¢, of the linearized equation by neglecting the nonlinear term (¢?),,, that is,

BOpde — cOrpe — Yoo = 0. (2.1)
The characteristic equation of (2.1) is
BAL+ N +9=0 (2.2)

and the roots of (2.2) have the form

2 _ —ChVE—4p
A= — o5 (2.3)
In the case of 8 > 0 and ¢ > 2,/783, we obtain from (2.3) that there are only pure
imaginary roots of (2.2). It turns out that the solution ¢. of (2.1) does not vanish as
|| — oo. Since @, ~ ¢, as |x| — oo, this contradicts the fact that ¢. vanishes at
infinity. Note for § < 0 that this result of the nonexistence of solitary waves is sharp in
the following sense.

PrOPOSITION 2.2. Assume that # > 0 and ¢ < 2/7(3. Then there exists a ground state
@ of (1.8), that is, the solitary-wave solution of (1.1) in Xj.

Proof. See Theorem 2.3 in [LiVa]. O

REMARK. It is shown in [LiVa] that 2%|p.|s < Cp. In fact, we have an optimal decay
result by showing that the solution ¢, of (1.8) decays to zero exponentially as || — oo.
To see this, first we find that the solution ¢, of (1.8) is in H* and therefore ¢. € C5(R)
is a classical solution of (1.8). Next, we rewrite (1.8) as a system for . = (pc, ¥2, ¥3, Pa)
ie.

dg. . S

- :AQDCJFN(SOC)a
where

0O 1 0 0
0O 0 1 0
A=lo 0 0 1

_ _c
5 0 -5 0

and N(p.) = <0, 0,0, % (93 + <pc<p3)> . From the characteristic equation (2.2) of A , it is
easy to verify that A has two eigenvalues with positive real parts and two with negative
real parts provided g > 0 and ¢ < 2v/73. Hence the exponential decay of . follows
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from the stable-manifold theorem if one can show that ¢, and its first three derivatives
approach zero as x — +o0. Since . € H4(R), it is easy to show by the fact

lpclles (nnt1y < Colleclmannry — 0, as n— oo,
We next define
P(u) = /ﬁui + (D, u)? — cu® + . (2.4)
Then we can rewrite (1.9) as
L.(u) = %P(u) - %/u?’. (2.5)

The following result gives a description of ground state as a minimizer of L. with con-
straint P(u) = 0. This property of ground states will be used to prove the stability result
in Theorem 1.3.

PrOPOSITION 2.3. Assume [ > 0 and ¢ < 24/7(. Then there exists ¢. € X; satisfying
P(¢.) = 0 such that

L.(pc) = inf {L.(u), u € X1, u#0, P(u) =0}. (2.6)

Such a minimizer p. of (2.6) is a ground state of (1.8), that is, ¢. € G.. Moreover, if
any ¢ € G, then ¢ is a solution of the minimization problem (2.6).

The proof of Proposition 2.3 is approached via a series of lemmas.

LEMMA 2.4 (Frohlich, Lieb and Loss [FrLiLo]). Let 1 < o < p < v and let f(x) be
a measurable function on R such that |f|o < Ca, |flp > Cu > 0 and |f|, < C, for
some positive constants Cy, C}, and C,. Then for some positive constants i and cy the
Lebesgue measure meas{z € R, |f(z)| > n} > Co, where ¢y depends on a, p1, v, Cy, Cy,
and C),, but not on f.

LeEmMMA 2.5 (Lieb [Lie]). Let {f;} be a bounded sequence in H'(R) such that
meas{z; |f;(x)| >n} > Co

for some positive constants n and Cp > 0. Then there exists a sequence {y; } € R such that
for some subsequence (still denoted by the same letter) and f € H', f;j(- —y;) = [ #0
weakly in H!(R).

The following lemma is called the refined Fatou lemma due to Brézis and Lieb [BrLi].

LEMMA 2.6. Let {f;} be a bounded sequence in L,(R) for 0 < r < oc0. If f; — f a.e. in
R, then

\file =15 = flr = 1f17 = 0

as j — 0o. When r = 2, the assumption that f; — f a.e. in R is not necessary.

Now we are in the position to prove Proposition 2.3.
Proof of Proposition 2.3. We define

d. = inf{L.(u), P(u) =0} (2.7)
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and
m. = inf{Ll(u), P(u) <0} (2.8)
where

L = o) - 3P = 5 (8 [ 4 forrp e ). o)

By the assumption of Proposition 2.3 and the fact that fu2 =— fuzDglu, it is easy to
verify that

Le(u) = Co(B,7,¢) (1D "ul3 + |uzl3),  Vue X (2.10)

with some constant Cy(3,7,c). We first claim that d. = m.. Suppose u € X; satisfies
that P(u) < 0. Since

P(Au) = \? <5/u§+7/(D;1u)2 —c/u2> +)\3/u3 >0 (2.11)

for some sufficiently small A > 0, there exists Ao € (0, 1) such that P(Au) = 0. Hence it
follows from the definition of m. that

do < Lo(Aou) = A2 <§/u§+g/(pglu)2—g/u2) +%g/u3
:A(Z)(g/ui—l—%/(D;lu)Q—g/uQ)—?(ﬂ/ui—!—v/(D;lu)g—c/uz)
:%Ag (ﬁ/ui+7/(D;1u)2—c/u2> (2.12)

<%(5/u§+7/(Dm1u)2—c/u2)

=Ll (u)

o(u).

This implies that d. < m, and therefore d. = m,.. As a consequence, to show the
existence of a minimizer of d., it suffices to show there exists a minimizer of m.. Let
{u,} be a minimizing sequence satisfying lim L}(u,) = m, with P(u,) < 0. Then by

n—oo

the estimate (2.10), the minimizing sequence {u,,} is bounded in X;. Hence, there exists
a function uy € X; such that a subsequence (still denoted by wu,) weakly converges to ug
in X;. Next we show that such a solution wg is a minimizer of m.., that is, L!(ug) = m..
with P(ug). Toward this end, we split the proof into five steps. a

Step 1. inf |u,|3 > 0.

n
Proof. To prove this statement, we argue by contradiction. If inf |un|§ = 0, then there
n
exists a subsequence, still denoted by w,, such that u, # 0,¥n > 1 and lim |un|§ =0.
n—oo

It follows from P(u,) < 0 that

o @ty [Dr e [t <= [ub <ufi—0  (213)
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as n — 00. On the other hand, using the Sobolev embedding, we have

unld < 4V2[unl3 D5 unl§ 100l
< Co (|D;1un|§ + |ax“n|§)% |D;1un|2% |0 tin |2 (2.14)
< Co(ID; unl} + |0sunl3)
< Co (Bl0uunl} +7ID; "unl3 — Clual3)*

where Cj represents various constants depending only on £, v, and ¢. Combining (2.13)
with (2.15) yields

1
(810tun 3 + 7107 w3 = clunl3) (1= Co (Bl0sunl3 +21D5 " unl3 = clunf3) *) < 0.

(2.15)

This implies that
Co (maﬂcunl% +7]D; g3 — C‘ung) > 1, (2.16)
which contradicts (2.13). O

Step 2. The solution uy # 0, a.e. in R.

Proof. Using Step 1, it is simply an application of Lemma 2.4 and Lemma 2.5 for the
choice of @ =2, p = 3, and v = 4. O

Step 3. Ll(ug) = me.

Proof. By Lemma 2.6, we deduce that

Li(un) — Li(un —ug) — L}

[

(ug) — 0, (2.17)

as n — 00. On the other hand, we have

/U?L - /(Un —ug)® — /ug = —/ (—3uZug + 3u,uf — uj) (2.18)

:3/u,21u073/unu3—»3/u873/u0u3:O,

as n — 00, since u, — ug weakly in X; and u, — up a.e. in R imply that u, — ug
weakly in Ly and u? — uf weakly in Lo.
It follows from (2.19) that

P(uy,) — P(un, —ug) — P(ug) — 0 (2.19)
as n — 0o. Now we claim that P(ug) < 0. Toward this end, we argue by contradiction.
Suppose P(up) > 0. Then from the fact that P(u,) < 0,Vn and (2.19), we obtain that
P(u, —up) <0, as n — oo. By the definition of m,, it turns out that LL(u, —ug) > m..
But LL(u,) — m. as n — oo. Hence it can be deduced from (2.17) that L.(ug) < 0, that
is

5/(8;1;%)2 +“//(D;1uo)2 - c/ug <0. (2.20)

Since

C(6,7,0) ( @2+ [ <D;1uo>2) <5 [@ou + [ (D7 )~ [ ud (220

it implies from (2.21) that up = 0 a.e. in R, which is a contradiction. Hence P(ug) <
0. O
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Step 4. P(ug) =0.
Proof. Again we argue by contradiction. Suppose P(up) < 0. Then choosing some
sufficiently small A > 0, we have

P(Aug) = A\ (ﬁ/(@xuo)Z —l—'y/(ngluo)2 - c/u%) + Ag/ug > 0. (2.22)
By continuity of P, there exists Ao € (0, 1) such that

Applying (2.16) to the minimization problem of m. would yield a contradiction, that is,

me < L'(Aouo) = %Ag (ﬁ/(amuo)ufy/(pgluof _c/ug) (2.24)

< (0 f@awr 4o [0rw2 —c [ ) =m.

and hence, P(ug) = 0. O
Step 5. ug € G, that is, ug is a ground state of (1.8).
Proof. It follows from the results in Step 3 and Step 4 that

me = de = inf{L.(u), P(u) =0} = L.(ug). (2.25)
Hence, by the Lagrange multiplier principle, there exists i € R such that
Ll (ug) + uP' (up) =0 (2.26)

where L. (up) and P’(ug) are the Fréchet derivatives of L. and P at ug. It is thereby
inferred from (2.26) that

<L,c(u0)v u0> =H <P/(U0), U0> . (227)
But
(Li(uo), uo) = P(ug) =0

(P'(ug),up) = 2 (6/(81u0)2+’y/(D;1u0)2 —c/uﬁ) +3/ug
= 2(5 @2+ [0 w0 e [ ) (2.25)
=3(5 @+ [0 wr —c [ )
- _ (ﬁ/(awuo)Q +7/(D;1u0)2 —c/ug) < 0.

It then follows from (2.26) and (2.27) that A = 0 and L/ (ug) = 0. On the other hand,
for any nonzero v € X, if L’(v) = 0, then we have P(v) = dLlALC()\v)IAi1 = (L. (v),v) =
0. By the definition of d., we thus deduce that L.(ug) < L.(v), namely, ug € G..
Furthermore, if ¢, € G, then L. (p.) =0 and L.(¢.) < L.(v) for any v € X; satisfying
L!(u) = 0. Since

and

L] = @),

P(’U) = aLC N1
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for any v € X, it follows that ¢, is a minimizer of d., and d. = m. = L.(¢.) = d(c).
This completes the proof of Proposition 2.3. g

3. Minimizers of the energy. It was proved in [LiVa] that the set of the ground
states G, is nonlinearly stable in the energy space X; under the assumption of d”(¢) > 0,
since the scaling and dilation technique does not give the description of action d(c) ex-
plicitly in terms of the wave’s speed c¢. We will now use another characterization of the
ground states solutions of (1.8) in order to show that the set of global minimizers is non-
linearly stable. The proof of the existence of a ground state as well as its implications
for stability follows the outline by Cazenave and Lions [Cali] concerning the stability of
standing waves for the nonlinear Schrédinger equation. In this regard, we consider the
ground states solutions characterized as minimizers of the energy function E constrained
by the constant momentum V. The argument is based on an outline of the concentration
compactness lemma [Lio]. But the difficult part of applying the concentration compact-
ness lemma is that the scaling and dilation technique cannot give the exact description
of the minimization of the energy E with the constant constraint of the momentum V.
To avoid this difficulty, we have to restrict the effect of rotation + to be small enough.

Suppose that ¢, € G, for ¢ < 2¢/93 and 8 > 0. Define ¢ = V(¢.). The central role
will be played by minimization problem I, defined by

I,=inf{E(u): uve Xy, V(u)=q}. (3.1)

The set of minimizers for I, is defined by

Y,={ueX;: Euw) =1, V(u =g}, (3.2)
and the minimizing sequence for I, is any sequence {u,} of functions in X, satisfying
Viup)=¢q, ¥Yn=>1 (3.3)
and
nlL»Irgo E(uy) = 1. (3.4)

The stability of the set ¥, is a natural consequence of the following theorem.

THEOREM 3.1. Let 3> 0 and ¢ < 2y/93. Then

(1)  there exists 7o > 0 such that if 0 < v < 7, then the set ¥, is not empty,

(2) any minimizing sequence {u,} for I, is relatively compact in X; up to transla-
tions, that is, there exists a sequence {y,} and an element g € X, such that u, (- + y»)
has a subsequence converging strongly in X; to g,

@ Jm ot el y) — gl =0,

(4)  lim inf |u, —g|lx, =0, and

n—oo gex

(5) each g € ¥, with P(g) = 0 is a ground-state solution of (1.1), where P is defined
in (2.4).

Let us denote by I, for u > 0, the minimization problem

I, =inf{E(u): uve Xy, V(u) =pu}. (3.5)
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u)zg/ui—kg/(D;lu)Q%-%/ug

Recall that
and

The proof of the theorem is approached via a series of lemmas.

LeMMA 3.2. For all i1 > 0, there exists vp > 0, such that if 0 < v < 9, then —co < I, <
0.

Proof. Let ¢ be a ground state in G, with v =1 for ¢; < 24/8. Then

—/¢3=6/(6x¢>2+/(D;1¢>2—cl/¢2z(zﬂ_cl)/¢2>o.

For p < 1 we define the function w = a¢, where a > 0 is chosen so that V(w) = u and
/w3 = a3/¢3 < 0. For each 1 > 0, define the function w, by

wy(x) = /().
Then for all n > 0, we have V(w,) = V(w) = p and

Zﬁ/ (D! )—i—%/w?’.

2

If we choose n = ’yZ > 0 such that yn=° = 772, then by taking -y > 0 sufficiently small,

we get for all v < 7y,

E(wn)—nl (nzﬁ/ Oz w) % (D;lw)2+%/w3> <0,

and it follows that I, < 0 for any pu < 1.
It remains to show that I, < O for any p > 1 as well. To see this, let w; be the
function constructed as above for p = 1 so that E(w;) < 0 and V(w;) = 1. For any given

p > 1, we define wy = \/pw;. Since /g > 1 and /wi’ < 0, we have

3

B2 [y + 8 [0t + 2 [t
u<2/(3w1)2 2 [t 5 [ut) = nen) <o

But V(w2) = pV(w1) = p, and so it has been proved that I, < 0 for all > 0.
To prove that I, > —oo, let v denote any function in X; satisfying V(v) = p. Note

E(w2)

IN

from a standard Sobolev embedding and the interpolation theorem that we have

/-

where Cj denotes a universal constant which is independent of v. Then applying Young’s

inequality
/v

<‘1)‘3<O ” 3 <C % %
< lol} < Colloll} < Colol 1ol

5 10
< elfvlli + Celvly’
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for a small € > 0 yields

E(v) = E()+p6V(v BV( )
1
- e fod o
S e N
> R a0t - > oo
where € is chosen sufficiently small such that 0 < € < W g

LEMMA 3.3. Let 8 > 0 and ¢ < 2/93. If {u,} is a minimizing sequence for I, then
there exist constants K > 0 and § > 0 such that

@) luallx, <K, Va1,

(b) |un|s > ¢ for all sufficiently large n, and

(c) there is a subsequence, still denoted by wu,,, such that nlingo unll%, = a>0.

Proof. To prove statement (a), we observe that

5 (8 [ @y [0t —c [a2)
= E(u,) — cV(un) + %/Ui (3.6)

5 1
< sup E(un) — c¢q + Colun|3 HUHH)QQ
n

1
< Co (1+ %, )

where C is a universal constant which is independent of n. Since ¢ < 2/v0, we have
Co (10suaf} + Dy 0aff) < 8 [ @eun)? +0 [N = [z @)

where the constant Cj satisfies that 0 < Cy < min {%, 11—:65} with § = i—g — % It
then follows from the estimate (3.6) and (3.7) that |lu,||x, < K where the constant

K = K(c, 38,7, q) but is independent of n.
To prove statement (b), we argue by contradiction. If no such constant § exists, then
lim inf |un|3 =0. (3.8)

n—oo

I, = lim <§ [+ [0+ g [ u3>

1
> -3 lim inf |u,|3 = 0,

n—oo

So

contradicting Lemma 3.2.
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To prove statement (c), using (a), we obtain that lim |lu,| x, = « exists for a subse-
n—oo
quence {uy}. It then follows from (b) that
3 3 Sip-1, |3 3
0<0” < ‘un|3 < CO|un|22 |D, Un|22 |02 Un |2 < COHUnuxl-
It thus transpires that o > 0. O
LEMMA 3.4 (Subadditivity). For all pq, pe > 0, suppose uq + o = p. Then
I, < Iy +1,.

Proof. First we claim that for any po, g > 0 with pg < p,

5
3
I, > (‘l‘f) 1. (3.9)

To see this, associated to each function v € X; with V(u) = p, the function w(x) is
defined by w(z) = au(bz) for a, b > 0 to be chosen later. Then

a?b~!
V(w) = 5 /u2 =a’b'pu (3.10)
and 2 273 37—1
E(w) = aQbB /ui + a b2 il /(D;lu)2 + a4 Z /us. (3.11)
Let a?b = a®b™!, or, equivalently, a = b%. Then
—4
E(w) =b° (g /ui L 27 /(D;lu)2 + ;/m) : (3.12)

o=

On the other hand, for any pg < p, choose the constant b by b = (%) . Then b < 1
and a?b~p = pg, or V(w) = po by (3.10). It then follows from ((3.12) that

%
E(w) > PE(u) = (%) E(u). (3.13)
This implies that

5
‘LL 3
L, > (:) L. (3.14)

As a consequence, for any 1, po > 0 satisfying @y + pa = p, we have

3 3
Iﬂl +I,u2 Z l(ij) + <lL2> ‘| IIL > IlLa

which is the expected result. |
Proof of Theorem 3.1. To show statement (1), we basically apply the concentration
compactness lemma [Lio] with

pn = D |* + [un |* + |0pun | (3.15)

where {u, } is a minimizing sequence for I, with /pn = |Jun|%, — @ >0 as n — oo,

as proved in Lemma 3.3(c).
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(i) The “vanishing” case is avoided. We argue by contradiction. Assume that
“vanishing” occurs, that is, for any r > 0,

x+r
lim sup/ (I1D5 'un|? + |un)?® + [0zun]?) = 0. (3.16)
x

=0 zeR Jg—r

Applying Sobolev’s inequality, we obtain

T+r % +r i T+r %
f;j: |Un‘3 < 4\/5 (/ |Un|2> (/ |D;1U’n|2) (/ 8g;un2) (3.17)

T+r 2
§4\/§ (sup (/ (Dzlun|2—|—|un|2—|—|amun|2)>>
z€R T—r

Now, covering R by intervals with the length 1, in such a way, each point in R is
contained in at most two intervals. We get

x+r 2
/|un\3 <832 (sup/ (1D un? + fun? + azun|2)> 0 (3.18)

ze€R Jx—r
as n — 00. So, it turns out that

. B y _ 1
I, = lim (5 [+ 7 [0t + gl

which contradicts Lemma 3.2.

(ii)  In the “dichotomy” case, we claim by following the idea from [Lio] that for some
0 < n < « and any € > 0, there exists d(¢) > 0 (with d(e) — 0 as € — 0), two sequences
{w,} and {v,} in X;, and an integer ng > 0 such that for n > ng,

[wn +vn — unllx, <d(e),
lwalle, = n| < o),
[lvll%, = (@ =m)] < 6(e),

[1unf3 = leal = oal3] < 6(6),

and
dist (supp (wn),supp (vy,)) — +o0

)

as n — oo. In fact, assume that “dichotomy’

Jim Q) =n<a

occurs, i.e. that

where for ¢t > 0,

v = tm_sw [ g
zo+ By

n—+00 2 eR
and Bp denotes the ball of radius R centered at 0. Then for any fixed € > 0, there are
Ry >0 and R, > 0 with R,, /" 400 and z,, € R such that

nZ/ (tnl? + Von? + O ?) > 17— €
Tn+BR
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and Q,(2R,,) < n+ € for n > ng, where u,, = 9,;h,, and

Qn(t) = sup/ (Jtnl? + [l + |Botnl?)
zo€ER J 2o+ By

It then follows that
/ (Jtn? + [ + |Bytun ) < 2e.
Ro<|z—z0|<2R,
Let £ and 6 € C§°(R) such that 0 < £ <1,0<60<1,{=1on By,supp{ C By, =1

on R\ By, and supp § C R\ By. Define &, = ¢ (}i) and 6, =6 (;i) . Now let us

consider
Wy = 0z (§o(hn — an)), Un = 0p(0n (i — by))
where a,, and b,, are sequences which will be chosen later. Moreover, let us set
wy = Dy twn = En(hy — an)
and
vl = DY, = 60, (hy — by).

Then we deduce that
|w}7, + U}L - hn|2 < ‘gn(hn - an)|2 + |9n(hn - bn)‘Z + \/Z

1/2
|£n(hn - an)|2 = (/ ‘§n|2|hn - an|2>
Ri<|z—z,|<2Ry

1/2
Ri<|z—2,|<2R;

1 /
= Sa hn = mg, (hy)
VOI(Qwo,Rl) Ri<|z—x0|<2R:1 '
with Qz r, ={z € R; Ri < |z — 20| < 2Ry}, we have

1/2
|§n(hn - an)|2 <C (/ |Un|2> < Cye.
Ry <|z—20|<2Ry

In the same way, choosing b, = mg, (h,) leads to the bound

1/2
Rn<|z—zo|<2R,

Hence the desired estimate on |w71l + ol —hy, |2 can be obtained by the above inequalities
and the estimate on |w,, + v, — uy|, is obtained in the same way. Attention is now turned
to estimate |Ogwy, + 0zvy, — OzUy|y . It is found that

|azwn + Oy — amun|2 = |8§(f(hn - an)) + éﬁwn(hn - bn)) - éﬁhn‘g
< [(0260) (B — an)|y + [(0200) (B — by |, + (1 = & — ) Dt |2
+2|(az§n)un|2 + 2|(am9n)un|2~

and

Now choosing

an
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The first three terms in the right hand side of the above inequality are bounded as the
preceding ones. For the last two terms, we have

1/2
Ri1<|z—zo|<2R,

All the other terms in (ii) can be estimated in a similar way and the last bound follows
from the first one, the fact that supp w} Nsupp v} = @ and the injection of X; into LZ.
Now taking subsequences if necessary, we may assume

lim [ (wn)? = Ai(e), lim [ (vn)? = Xa(e)

with [A1(e) + Aa(e) — ¢ < d(¢). Then in view of the estimates in (ii), we deduce that
lim._,q )\1(6) > 0, lim¢_,q )\2(6) > 0 and

I>\1 +I)\2 < Iq+5(6)

We then reach a contradiction by letting e tend to zero and the subadditivity property
of I, in Lemma, 3.4. This rules out the “dichotomy” case.

(iii) The only remaining possibility is then the “concentration” of the sequence {u,, }
up to translations. That is, there exists a sequence {y, } with y,, € R for all n > 1, such
that for any € > 0, there exists r > 0 and ng > 0, for all n > nyg, i.e.

Yn+T
/ (1D un* + |unl?® + |0pun|?) dz > o — €. (3.19)
y

n—T

This implies that for n large enough,

Yn+T
/ |2 > / |2 — 2¢. (3.20)
Yn—T R

Since u,, is bounded in X4, one may assume that a subsequence of w,, (still denoted by
uy,) converges weakly in Xy to some g € X;. It then follows that
Yn+T
/ lgI*> < lim inf [ |u,|* < lim inf/ [ |? + 2e. (3.21)
R n—oo R n—o00 Yn—T
On the other hand, using the relative compactness of the injection X; C L, it then
follows from (3.21) that some subsequence of {u,, (-+y,)} with y,, € R converges strongly
in Lo (R). By interpolation
3 CAIMAIES
lul3 < 4\/§\u|2 ||UHX17
and one obtains that the sequence u, (- + y,) also converges to g strongly in Ls. As a
consequence, it follows that

E(g) < lim inf B(u,) < E(g) = I,

This shows that g is a solution of I; and the set ¥, is not empty. Note that from the
above proof, we also obtain that a subsequence of {u, (- + y,)} is strongly convergent
to g € X;. This proves statement (2). Now suppose that statement (3) does not hold.
Then there exists a subsequence {uy, } of {u,} and a small number ¢ > 0 such that

inf (- - >4 3.22
geszyeR”“ Wty —glx, > (3.22)
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for all k& > 1. Since {uy, } is itself a minimizing sequence for I, from statement (1), it
follows that there exists a sequence {yi} and go € ¥, such that

Iclggo ||unk( + yk) - gO||X1 =0.

This contradicts (3.22). For statement (4), we note that the functionals £ and V are
invariant under translations. This implies that g(- —y) € X, for any y € R provided
g € Xg4. It then turns out that

lim inf |Ju, —g|lx, < lim inf ||u, —g(- —y)|x, = lim
n—oo q n—oo

inf : - =0.
n—o00 geY, 9es mzq lun(- + ) = gllx,

ge

This completes the proof of statement (4). For statement (5), it follows from Proposition
2.3 that ¢. € G, and therefore if g € ¥, then

Le(g) < Le(pe) < Le(f)

for any f € Q.. By the definition of 3, and the Lagrange multiplier principle, for each
g € Y4 there exists A € R such that

6E(g) = AoV (g), (3.23)
where the Fréchet derivatives 60E(g) and 6V (g) are given by

SE(g) = —Bgyx — YD %g + ¢

and
oV (9) =9

Therefore g solves (1.8) with the wavespeed A. In view of (3.23), we have

/ﬂgi +9(D;1g)* +g° = )\/92- (3.24)
As a consequence, we obtain from (3.24) that

P(g) + 6/92 = )\/92. (3.25)

In view of P(g) = 0, it is concluded that A = ¢ as claimed and the proof of Theorem 3.1
is complete. ]

4. Dynamical stability. We are now in the position to prove the dynamical stability
result, Theorem 1.3. It is an immediate consequence of Theorem 3.1.

Proof of Theorem 1.3. Suppose the set ¥, is not stable. Then there exists a real
number € > 0, a sequence {¢,} in X;, and ¢, > 0 such that

1
inf — < —
gIEan H¢n g||X1 n
and

giélgq ||un(,tn) - g”Xl Z €



588 YUE LIU

for all n > 1, where uy,(z,t) solves (1.1) with u,(z,0) = ¢,. Since ¢, — ¢ in X; and
since E(g) = I, and V(g) = ¢ for some g € ¥, we have E(¢,) — I, and V(¢,) — ¢, as
n — oo. But E(u,) = E(¢n) — Iy and V(uy) = V(¢,) — ¢. Choose

Then a,, — 1 and V(a,u,) = ¢ for all n, and u, (-, t,) is uniformly bounded, say, by M.
Therefore, f, = ayu, is a minimizing sequence of I;. It then follows from Theorem 3.1
that for all n sufficiently large there exists g,, € X, such that || f, — gnllx, < §. But then

€ <Hu(,tn) = gnllx, < llun(tn) = fallx, +[1fn — gnllx,

€ €
<= anllun( tn)llx, + 3 <1 —an|M+ B}

and taking n — oo gives € < 5, a contradiction. This completes the proof of Theorem

1.3. O
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