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Abstract. In [Math. Meth. Appl. Sci. 19 (1996) 53-62], C. Marchioro examined the
problem of vorticity confinement in the exterior of a smooth bounded domain. The main
result in Marchioro’s paper is that solutions of the incompressible 2D Euler equations
with compactly supported nonnegative initial vorticity in the exterior of a connected
bounded region have vorticity support with diameter growing at most like O(t(1/2)+¢),
for any € > 0. In addition, if the domain is the exterior of a disk, then the vorticity
support is contained in a disk of radius (’)(tl/ 3). The purpose of the present article is to
refine Marchioro’s results. We will prove that, if the initial vorticity is even with respect
to the origin, then the exponent for the exterior of the disk may be improved to 1/4. For
flows in the exterior of a smooth, connected, bounded domain we prove a confinement
estimate with exponent 1/2 (i.e. we remove the €) and in certain cases, depending on the
harmonic part of the flow, we establish a logarithmic improvement over the exponent 1/2.
The main new ingredients in our approach are: (1) a detailed asymptotic description of
solutions to the exterior Poisson problem near infinity, obtained by the use of Riemann
mappings; (2) renormalized energy estimates and bounds on logarithmic moments of
vorticity and (3) a new a priori estimate on time derivatives of logarithmic perturbations
of the moment of inertia.
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1. Introduction. Two-dimensional incompressible ideal flow can be described as the
active transport of vorticity; see [3]. Vorticity with changing sign may scatter through the
divergent motion of soliton-like vortex pairs (see the discussion in [5] and references there
contained), but single-signed vorticity tends to rotate around, and spreads very slowly.
Studying the rate at which single-signed vorticity spreads is the problem of vorticity
confinement.

In 1996, C. Marchioro presented some results concerning vorticity confinement in the
case of exterior domain flow; see [I1]. Marchioro observed cubic-root confinement in
the case of the exterior of a disk, i.e. single-signed, compactly supported, vorticity has
its support contained in a space-time region whose diameter grows like the cubic-root
of time. This result follows from the proof of similar cubic-root confinement obtained
previously by Marchioro for full plane flow; see [I0]. For flows in the exterior of a general
connected domain, Marchioro proved (1/2 + €)-root confinement. The purpose of this
article is to refine Marchioro’s estimates. Our main result is unqualified square-root
confinement for exterior flow. We improve this estimate to a logarithmic refinement
of square-root confinement under certain conditions on the harmonic part of the flow.
In addition, we prove almost fourth-root vorticity confinement in the exterior of a disk
if the initial vorticity is even with respect to its center. Technically, we begin with
the construction of a conformal map between the exterior of a general domain and the
exterior of the unit disk, which behaves nicely up to the boundary, taken from [4]. This
conformal map is used to obtain explicit formulas for the Green’s function of the exterior
domain, the Biot-Savart law and the harmonic part of the velocity. We then prove a
priori estimates: first, a renormalized energy estimate, next, in some cases, estimates
on logarithmic moments of vorticity, and finally an estimate of linear growth in time
for logarithmic perturbations of the moment of inertia. Finally, we use these a priori
estimates to obtain our confinement results.

From a broad viewpoint, the problem of confinement is related with scaling. Roughly
speaking, scaling in an evolution equation is determined by the behavior in time of the
radius of effective influence of a small localized perturbation. For a parabolic system,
the scaling is « ~ +/t and for a hyperbolic system it is  ~ ¢. Incompressible ideal flow
has interesting behavior at hyperbolic scaling, i.e. waves, but this requires vortex pairs,
and therefore vorticity changing sign; see [5] [0 [7] for details. One important issue is
whether there is a natural scaling associated with incompressible, ideal 2D flow with
distinguished signed vorticity. Confinement estimates explore this issue of scaling, and
therefore, are useful in studying the qualitative behavior of solutions. For example, con-
finement estimates have been used in the rigorous justification of point vortex dynamics
as an asymptotic description of the dynamics of highly concentrated vorticity; see [14] [16]
and in the results on vortex scattering in [5] [6]. In addition, the issue of confinement has
attracted attention in other contexts, such as confinement for slightly viscous flow; see
[13]. For axisymmetric flow, see [I} [9} [15], for the Vlasov-Poisson system, see [2], and for
the quasigeostrophic system, see [12].

The point of departure on vorticity confinement research is the 1994 article [10], by
C. Marchioro, in which he proved cubic-root confinement for flows in the full plane.
Marchioro used in an essential way the conservation of the moment of inertia, which
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is associated to the rotational symmetry of full plane flow. This result was improved,
independently by Ph. Serfati, [I7] and by D. Iftimie, T. Sideris and P. Gamblin (see [7]) to
nearly fourth root in time. The improvement relied on using, in addition to the moment
of inertia, conservation of the center of vorticity, which is associated to the translational
symmetry of the plane. However, scaling should be a robust qualitative property, and
not dependent on the presence of symmetry. One of the main points of this article is
to further explore the role that symmetry has in the problem of confinement. To this
end we break symmetry by considering exterior domain flows, both in the exterior of a
disk, where only translational symmetry is broken and in more general exterior domains,
where translational and rotational symmetry are broken. We begin with the following two
questions: (1) Is it possible to use the center of vorticity to improve Marchioro’s estimate
for the exterior domain in the same way that Serfati, Iftimie, Sideris and Gamblin did in
the full-plane case? (2) Given that, without symmetry, there are no conserved quantities,
is it still possible to find quantities which remain bounded in time and that could play the
role of the moment of inertia for confinement estimates? Perhaps our most important
result is negative — we have not found coercive quantities like the moment of inertia
for which we could prove boundedness or slow growth. We proved boundedness for
logarithmic moments of vorticity related to conservation of energy, and we proved that
certain logarithmic perturbations of the moment of inertia grow at most linearly in
time. Using these estimates we obtained small improvements over Marchioro’s original
estimate. Our results support the roughly parabolic natural scaling for incompressible
ideal two-dimensional flow with distinguished signed vorticity, obtained originally by
Marchioro.

The remainder of this paper is divided into five sections. In Section 2 we set up the
problem and we collect preliminary information on Riemann mappings and the Laplacian
in an exterior domain. In Section 3 we derive a renormalized energy estimate and we prove
that, under appropriate hypothesis’, boundedness of a logarithmic moment of vorticity
can be deduced from the energy estimate. In Section 4 we obtain a linear-in-time estimate
for logarithmic perturbations of quadratic moments of vorticity. In Section 5 we use the
estimates deduced in Sections 3 and 4 to obtain new confinement estimates for flows in
the exterior of a general connected domain. Finally, in Section 6 we consider flow induced
by even vorticity in the exterior of a disk, obtaining nearly fourth-root confinement.

2. Preliminaries on exterior domain flow. The purpose of this section is to col-
lect information on exterior domain flow, particularly the discussion on Riemann map-
pings and solutions of the Dirichlet and Poisson problems in an exterior domain developed
in [4], supplementing the available results as required.

We begin by discussing the asymptotic behavior, near infinity, of solutions to a 2D
exterior domain Poisson equation. Let I' € R? be a smooth Jordan curve dividing the
plane into a bounded connected component 2 and an unbounded connected component
denoted Q°¢. For x € T, denote by 7i(x) the unit exterior normal to Q¢ at x. Note that
both € and €2¢ are open. The Green’s function for the Laplacian in Q¢ is denoted by
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Gqe. We consider w € C°(§2°) and we introduce:

vie) = [ Galw )iy (2.1)

Let S = {|Jz| = 1} and D° = {Jz| > 1}. Denote the inversion with respect to S by
z +— z* = z/|z|%. The Green’s function in the case of the exterior of the unit disk can
be written explicitly as:
1 [z —yl
Gpe(z,y) o log = ol

It is easy to obtain detailed information on the asymptotic behavior of ¥ and its deriva-
tives, in the case of the exterior of the disk, by means of the representation formula
above. The objective of this section is to obtain similar information for general exterior
domains. We begin with a version of Lemma 2.1 of [4].

LEMMA 1. There exists a conformal mapping T : Q¢ — D¢ extending continuously up
to the boundary, mapping I' to S. Furthermore, there exist 3, a positive real number,
and h, a bounded holomorphic function in Q°¢, such that

T(z) = Bz + h(z2).

In addition, there exists a constant M; > 0 such that |h'(2)| < My/|z|?, |W'(z)] <
M /|z|3. Furthermore, if T is regarded as a real mapping between Q¢ and {|z| > 1},
then we have HDT”Lao < M and ||DT_1HL°° < Mj.

Proof. Most of the facts claimed above are either proved in Lemma 2.1 of [4] or in
the remark following it. One modification is that § can be assumed positive, which we
can obtain by composing 7" with a rotation, if necessary. The only other difference is
the estimate on h” which follows by differentiating the relation h'(z) = —(1/22)g'(1/2),
together with the fact that, by construction, ¢’ and ¢’ are bounded. O

It is easy to verify that, if zo € D¢ and ¢ satisfies A¢ = §(z — xp) in a neighborhood
of xg, then ¢ = ¢ o T satisfies Ap = d(y — T~ 1(xy)) in a neighborhood of T~ (). We
use this fact on the Green’s function Gpe in order to write:

T (z) - T(y)|

1
Car(:9) = 5 18 TRy — T [T @) 22)

We now formulate precisely the initial value problem for incompressible fluid flow
in an exterior domain. In this, we follow Section 3.1 of [4]. Let us denote by u =
u(x,t) = (u1(x1, x2,t), ua(x1, 22,t)) the velocity of an incompressible, ideal fluid flow in
the exterior domain Q°. We assume that v is tangent to I and «w — 0 when |z| — oo. The
evolution of such a flow is governed by the Euler equations. We write the initial-boundary
value problem as:

ug+u-Vu=-Vp in Q°x (0,00),

divu=0 in Q¢ x [0, 00),
u-n=0 inT x [0, 00), (2.3)
lim| ) oo u =0 for t € [0, 00),

u(x,0) = up(x) in Q°,
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where p = p(z,t) is the scalar pressure. If ug is sufficiently smooth, global well-posedness
of this problem was proved by K. Kikuchi in [§].

We introduce w = curl u, the vorticity of the flow. Vorticity satisfies the transport
equation:

wt+u-Vw =0, in Q° x (0,00).

Our purpose is to reformulate problem (23] in terms of vorticity. In order to do this
we require a version of the Biot-Savart law, which recovers velocity from vorticity. Since
Q¢ is not simply connected, we must use Hodge-deRham theory (see [18]). Recall that
a harmonic vector field in € is a divergence-free, curl-free vector field tangent to I' and
vanishing at infinity. By Hodge’s Theorem, the vector space of harmonic vector fields, in
our setting, is one-dimensional; see Section 2.3 in [4]. Therefore, every harmonic vector
field is a multiple of a unique harmonic vector field, denoted Hge, defined by requiring

that
T

(Throughout this paper circulation will be computed in the counterclockwise orientation.)
We recall identity (2.11) in [4], which gives an explicit expression for Hge in terms of T
We have

1 1 (T(x)DT(gc))l 1 DTt(x)(T(a:))l
Hoe(z) = —Vitlog|T(z)] = — = 2.4
ac(7) = 5Vl [T(@)] = 50— 7 o |T(2)P (24)
With this notation we can show that there exists o € R such that:
u =V +aHge, (2.5)

where ¢ is the stream function introduced in (ZI)). Indeed, by (Z38), V% vanishes at
infinity and, since 1) vanishes on I', V+1 is tangent to I'. Clearly V14 is divergence-free
and its curl is w. Thus w — V+1) is a harmonic vector field, which must then be a real
multiple of Hqe (see [, Proposition 2.1]).

In the language of Hodge theory, the vector field aHqe is called the harmonic part of
the flow u. In principle this harmonic part is time-dependent, but as a consequence of
Kelvin’s Circulation Theorem, it is actually a constant of motion.

LEMMA 2. If u is a solution of (23), then « is constant in time.

This is Lemma 3.1 in [4]. More precisely, let ug be such that curl ug is compactly
supported and set wg = curl ug. Then

a= / Ug ds+/ wodz. (2.6)
F c

With this notation the vorticity formulation of the initial-boundary value problem

23) is:

wr+u-Vw=0 in Q¢ x (0, 00),
u=V1ty+aHqe in Q¢ x [0, 00), 2.7)
Y(x,t) = [ Gae(z,y)w(y, t)dy  in Q° x [0, 00), '
w(x,0) = wp(x) in Q°.

The fact that vorticity is transported by a divergence free vector field implies that its
LP-norm is conserved for any 1 < p < co.
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We will also require information on the time-dependent stream function ¥ = (-, 1),
defined by 1) with w = w(-, t).

LEMMA 3. There exists a constant C' = C(t) > 0, depending on the diameter of the
support of w(-,t) such that

sup |¢(z,t)] < C(1).
TENC

Proof. We repeat the argument leading to relation (4.10) in [4], substituting w; by w,
to obtain

s+ 5 [ ol a] -0 (1),

Since w(+,t) has compact support, the conclusion follows. O
In addition, we recall estimates (2.8) and (4.11) of [4]:
Cl(t Cl(t
Vol < S ad Ve, < S (2.5)

|[? = e

where, again, C(t) > 0 depends on the diameter of the support of w(:, ).

3. Generalized energy and logarithmic moment. The purpose of this section
is to derive a new a priori bound on the logarithmic moment of vorticity, in terms of
global conserved quantities of the flow. Our point of departure is the exact conservation
of an energy-like quantity which we will call generalized energy. To define this quantity,
let us consider u = u(x,t) a smooth solution of problem ([23) with compactly supported
vorticity. Using (28] and (Z3) we conclude that:

v(x,t) = u(z,t) — aHge(z) = (V) (z,t) = O(1/|z]?), when |z| — co. (3.1)
DEFINITION 4. We define the generalized energy E by:

E E/ (Jv|* + 2aHgqe - v)dz.

The observation on the asymptotic behavior of v as |z| — oo allows us to conclude
that F is finite. Indeed v is O(]x|~2), and from (Z4) and Lemma [l the vector field Hge
is O(|z|~1) so that the integrand above is O(|z|~3), which is an integrable function at
infinity.

PrOPOSITION 5. The generalized energy E is a constant of motion for smooth flows on
Qe.

Proof. We begin this proof by noting that, thanks to (Z.8]), for each fixed time ¢ > 0

we have
Jue(w, )] = [on(z, 8)] = [V, 1) = O(1/[2f?), as |z] — oo

The construction of Hqe given in (2.4) implies that |DHqc| = O(1/|x]?) as |z| — oo.
Hence, the same argument used above for w; yields the conclusion that |Du|(x,t) =
O(1/|z|?) as well. Equation (Z3)) implies that the same conclusion holds for the behavior
of |Vp| at infinity. By integrating along rays, recalling that p is only defined up to a
constant, we can conclude that p = O(1/|z|) as |z| — oo.
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We use the velocity formulation ([2.3]) and Lemmal[Z to compute the time derivative of
E as follows:
dE
— = (2v - vy + 2aHqe - v)dx
dt Qe

=2 lim [—v(u-Vu+ Vp) — aHge(u - Vu + Vp)|dx
R—co Jpo;R)\Q

—2 lim / u- (u-Vu)dr + / u - Vpdz
R—oo \ JB(0;R)\Q B(0;R)\Q

= -2 lim (Il +IQ)
R—o0

We estimate these integrals:

. ulul? lul>  x lul2 . 1
1'1:/ dlvidx:/ —u-—=dS+ [ —u-ndS=0|—=|,
B(O;R)\ 2 z=r 2 R r 2 R?

and
. T . 1
Iy = div (up)dx = pu-=)dS+ [ plu-n)dS=0|=].
B(0;R)\Q |z|=R R r R
Thus, dE/dt = 0, as we desired. O
Instead of estimating the logarithmic moment of vorticity directly, we will estimate a
quantity that resembles the logarithmic moment, but which is adapted to the geometry
of the domain under consideration. Recall that T is the conformal map that takes {2¢ into
the exterior of the unit disk. We introduce the modified logarithmic moment of vorticity
by:
1
L) = o [ (ogITw) eyt (32)
Throughout the remainder of this paper we will assume that wg is smooth, nonnegative
and compactly supported. Since w is a solution of a transport equation with smooth
velocity, it remains compactly supported and nonnegative for positive time. The total
mass of vorticity is a conserved quantity, and we denote it by

m= wo(x)dx :/ w(z,t)d.
Qc c

THEOREM 6. If either o < 0 or @ > m, then there exists a constant Ms > 0 such that

L(t) < Mo.

Proof. We first rewrite the generalized energy in terms of vorticity. By (B) and (24
we have

E = \v\g +2aHqe - vdr = Vi - vdz + o / (VL log |T'(2)|) - vdx
Qe T JQe

Qec

=— [ Ywdr— 2/ log |T'(z)|wdz,
Qc ™ JOc

where the boundary terms vanish since, on I', ¢ and log |T'| vanish, and at infinity we
have, by Lemma [3 that ¢ is bounded and, by (B.1]), that v decays like O(|z|~2).
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Using () and ([Z2]), we rewrite the energy in the following way:

—ZWE_//log T T T D, 1) dady 42 /log|T( Vw(z, £)d,

where, in the three integrals, the domain of integration is {2¢. Therefore we have

—27E = // log |T(z) — T(y)|w(z, t)w(y, t)dzdy + 2(a — m) /log |T(x)|w(x, t)dx

T ()|
—|—// log Ww(x,t)w(y,t)dxdy. (3.3)
We begin by observing that the last integral on the right-hand side of ([B3]) is bounded
independently of time. Indeed, if 21,2y € R? with |23| > 1 and |z;| > 2, then we have
that
22| 2 |a1] + |23] = |21 — 23] = [21] = |23] = |z1]/2.

Applying this inequality with z; = T'(x) and 22 = T'(y) yields

’// log%w(m,t)w(y,t)dmdy’

@ i
/1<|T(m><z/log T (x) — T(y)*| (2, t)w(y, t)dxzdy

< 2m?log2 + / / llog |T(z) — T(y)* || w(z, ) (y, t)dedy
1<|T(x)|<2

<m?log2 +

< 2m?log 2 + [lwl|~ / ( / llog [T'(x) — T(y)" | dx) w(y, t)dy
1<|T(z) <2

§2m210g2+m||w|\Loo( sup detDT(T_l(n))_l)/< | log |n||dn,
n|<3

1<|nl<2

where we used the boundedness of derivatives of T and 7! stated in Lemma Il This
establishes the desired time-independent bound.
Next we decompose ¢ x Q€ as

0° x Q° = (Q° x Q° N {|T(z) — T(y)| < 1})U(Q° x QN {|T(x) - T(y)| > 1}) = A; U As.

An argument similar to the one carried out above implies that
‘// log |T(z) — T(y)|w(z, t)w(y, t)dxdy
Ay

< mlllz= sup [det DTT )|~ [ [log(luldn.
Inl>1 Inl<1

These estimates, together with (8:3) and conservation of energy imply that
I(t)= // log |T(z) — T(y)|w(z, t)w(y, t)dxdy + 2(ac — m) /log |T(2)|w(z,t)dz (3.4)
As

is bounded independently of time. Now, if a > m both terms are nonnegative and the
logarithmic moment bound follows immediately.
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Lastly, we treat the case a < 0. Since |T'(x)|, |T(y)| > 1 it follows that
log |T'(x) — T(y)| < log |T'(x)| + log |T'(y)| + log 2.

Therefore,

’//A log |T(z) — T(y)|w(z, )w(y, t)dzdy| < m?log?2 + Zm/log |T(2)|w(z,t)dz,

which, together with the boundedness of Z concludes the proof. (Il

We conclude this section with an estimate which applies to the extreme case a = 0.
We do not have a logarithmic moment bound in this case, but we can prove another
estimate which we will be able to use in place of a logarithmic moment bound in the
analysis that follows.

LEMMA 7. Assume that o = 0. Then there exists a constant M3z > 0 such that
T ()| (y)| )
log < w(z, tw(y, t)dedy < Ms.
//Qcmc T (z) = T(y)|
Proof. First recall the definition of Z(¢) given in (34]). Next observe that, if o = 0,
then the integral we wish to estimate is equal to

I(t) - / /A log |T(z) — T(y) w(z, hw(y, t)dedy,

in this case. Finally, the proof of Theorem [6] shows that both of these terms are bounded
independently of the choice of a. O
REMARK 8. If either o < 0 or & > m, then there exists a constant M, > 0 such that

/ /QQ llog min (T («), 17 (y)))] w(, )eo(y, t)dardy < M. (3.5)

Indeed, if & < 0 or @ > m, then the relation above is an immediate consequence of
Theorem [l If o = 0, then ([B.5) follows from Lemma [7] after we observe that

T()||T() win(|T(@), 7))
tog (|T<x> - T<y>|) > log ( 2 ) |

4. Other moment bounds. The purpose of this section is to derive bounds on log-
arithmic perturbations of the moment of inertia, which will later be used to improve
Marchioro’s confinement estimate. We begin with a technical lemma regarding the con-
formal map T'.

LEMMA 9. Let z,y € Q°. We have
T(2) - (T(y)*| < min{|T(2)],|[T(y)|}T(x) = T(y)], (4.1)
and there exists My > 0 such that

T(x) = T(y)
min{|7(z)],|T(y)[}*

—~
:J;
N}

~

17" (2)* = 1T (y)[*| < Ms
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Proof. Let us first prove ([&1I)). We observe that

() - (T(y) | = (T(2) = T(y)) - (T(y) | < 1T () =TT (y)]-

Similarly,

(@) - (T(y) | =1T(x) - (T(x) = T(y)*| < IT(x) = T(y)||T(x)]-

Hence, (1) follows from both of these inequalities.
Next we prove [@2]). We use Lemma [I] to compute

T ()] = |T"(y)*| = [28Re(h’ (z) — 1'(y)) + |1’ (2)]* = |1’ (y) |
< O (x) = h'(y)| + ([0 (@) * — |0 ()|
< CIW'(z) = W' ()I(L + [ (@) + [P (y)])
< C|h'(z) = W (y)l,

since, by Lemma [Tl |A'| is bounded.

Therefore, to conclude our proof it is enough to show that |h'(z) — h'(y)| is bounded
by the right-hand side of (2.

We first remark that a uniform bound on the first derivatives of a map defined on Q¢
implies a global Lipschitz bound. Next note that, since, by Lemma [I »” is bounded,
the argument above implies that k' is globally Lipschitz and therefore |h/(x) — h'(y)| <
Clz — y|. Furthermore, |z —y| < C|T(z) — T(y)|, with C being the Lipschitz constant
associated to 7!, and again using the global bound on the derivatives of T—!. Therefore,
if either x or y is contained in a ball of radius R, then

W(@) — () |
T 7w =~ = P m{r @l e

It remains only to prove this inequality assuming both || > R and |y| > R. In this case,
there exists a smooth path + : [0,1] — {|z| > R}, whose length is less than 2|z — y|, and
such that v(0) = x, v(1) = y. Suppose first that |z| < |y|. We can also assume that
v(s) € {z | |z| < |z| < |y|} for all s € [0,1]. We then have:

/ dt\ / W () 1 8

Clo—y| _ ClT(z) —T(y)|
(min [z], [y[)> = (min[z], |y[)?

W' (y) — W' ()| =

Length(y) <

\xl -
where we have used, in the second inequality, the decay estimate for |h”| from Lemma [Tl
A similar argument holds for |y| < |z|. This completes the proof. O
The final result in this section is an estimate on the growth of logarithmic perturbations
of the moment of inertia.
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THEOREM 10. There exists a constant Mg > 0 such that
/C |T ()2 (log |T(x)|) w(z, t)dz < Mg(1 +1t),
for all £ > 0. Moreover, if either a < 0 or o > m, then
/ |T(£L‘)|2 (log2 |T(x)|) w(z,t)de < Mg(1 +t),
for all t > 0.

Proof. Let 0 : (1,00) — R be a smooth function and define

T-(t) = /CU(|T(x)|2)w(a:,t)da:.

Clearly it is enough to prove that, for the appropriate choice of o (either o(s) = slogs
or o(s) = slog®s), the time-derivative of J, is bounded independently of time. We
estimate directly

Tt = — / o (T(@)?) divlwe)(z, t)da
=/ V(e(|T(2)]%)) - u(a, t)w(z, t)dx

= o V(o(|T(2)*)) - v(z, t)w(z, t)de + « o V(o(|T(2)|?)) - Hae(2)w(z, t)dx
= Il + IQ.

We begin by observing that Iy = 0. Indeed,
_ 1ot _ 1ol 2
Hqe(x) = 27TV log(|T(z)|) = 47TV log |T'(x)]*.

Clearly, o(|(T(z)|?) and log(|T'(x)|?) are functionally dependent, which implies that their
gradients are proportional everywhere. Therefore, the integrand in I5 vanishes identically.

Next, we estimate |I1|. We use the explicit expression of the Biot-Savart kernel in [4],
equation (2.5) to write

[ ([(T@) - T)DT@)]*  [(T(x) - T()")DT(x)]*
wwt= [ ( @) - TWE 2@ TP ) (- t)dy.
We write Il = Ill — 112 with

_ 2y [(T(@) - T())DT(@)]*
Iy = //Q V(@) S (e D, tdedy

and

_ . (@) ~ T(9)") DT(2)]*
o= [ V() A e . sty ey

We estimate I, first. We further decompose

]12:/ / -~-dyd;v+/ / <dydx = Iioy + 122,
1<|T(z)|<2 JQe 2<(T(2)| J Qe
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‘We have
t d
[1121] < Cm sup / de < Om||w||p= sup / <
<1 \Ji<ir@@)<2 [T (@) — 1| mi<1 \Ji<j¢i<2 ¢ =l
d
< Cmllw| p= / d¢ < Cml|w||pe-
cl<s 1<l

Next we treat I192. Suppose first that o(s) = s log2 s. Then
V(o(|T(2)|*) = 20" (|T(2)*)T (x) DT ()
= 4flog?(|T(x)]) + log(|T(x) )T (x) DT (x) = [o(|T (x)|)] T () DT (x).

Hence, using the fact that T'(z) = Bz + O(1) and DT(x) = B1d+ O(1/|x|?) (see Lemma
), we obtain, when |T'(z)| > 2, that:

LE@ODT@
C/lT(r)ZQ/C[O“T(x)D]T(x)DT(m) 2 T(@) — T(5) P (2, )w(y, t)dedy

[T122| =

B (EAC))

T (r@)z2y 1T(@)]

which shows that |I122] is bounded independently of time.

A similar argument may be used in case o(s) = slogs.

Finally, we must estimate I1;. First we observe that if we consider the holomorphic
map 7T as a real map from R? to itself, we have that (vDT)+ = v+ DT*. We also note
that, by the Cauchy-Riemann relations, the matrix DT has the form

a b
b a |’
and therefore, DT (x)DT*(x) = det(DT (z))Id = |T'(x)|*Id. Consequently,

V(e(IT(2)]*) - (T(2)~T(y) DT (x)]*

= 20"(|T(2)*)[T(2) DT ()] - [(T(2) — T(y))* DT(x)]
= 20'(IT(2)*)[T(2) DT (x) DT* (x)] - (T (x) — T(y))*
= —20'(|T(«)]*)|T" () PT(x) - T(y)*.

Plugging this expression in the definition of I1; we get

x) - +
fn == [[ (@B g T e, ety tdady

_ o 217 ()2 — o 2T ()2 T(x)-T(y)* ol Dw -
= [l @B W) ~ T @PIT @R 5 ettty ey

= / / Az, y)w(z, )w(y, t)ddy.
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To obtain the second line in the previous relation, we observed that
T(x)-T(y)* = ~T(y) - T(x)*

and we symmetrized, by adding half of the integrand with half of the same expression,
but with  and y interchanged.

We see that, to conclude the proof, it is sufficient to prove that if ¢'(s) = 14log s, then
|A| is bounded by a constant and, in view of B3), if 0/(s) = log® s + 2log s, then |A| is
bounded by C + Clog min(|T(z)|,|T(y)|). Observe next that, since A(x,y) is symmetric
in z and y, we can assume for example that |T(y)| < |T(z)|. Using Lemma [ we first
bound

2r|A(z,y)| = ‘{[G’OT(@IQ) = ' (IT()H)]IT" (=)

’ 2 / 2 _ 2 M
(TP P - 7)) T
o 2)12) — &/ 2 2 & o’ 2y Ms
< [0 (IT@F) = o (T PIPT i s 7 (TP s
/ 2 _0_/ 2 miy”
< Clo (7)) = o (1T P g — 1 * €

where the last inequality holds since, for both choices o/(s) = 1 + logs and o'(s) =
log? s + 2log s, we have |o/(T'(y))| = o(|T(y))).
Let us now consider the case o/(s) = 1+ logs. We will use the elementary inequality

ja — b
— < .
|loga —logb| < min(a.b)’ a, b>0, (4.3)
to observe that |T( )|
o' (IT(2)]%) = o' (IT(y)]*)| ok — < 2
| @) - 1wl

which implies that A is bounded.
Finally, if o/(s) = log? s + 2log s, we use the inequality
[1 + log min(a, b)]

|log® a + 2loga — log® b — 21log b| < 2|a — b| .
min(a, b)

(4.4)
together with (@3] to deduce that

o' (IT(2)*) =o' (IT(y)] )||T(x) —T(y)]

The proof is completed. O

<12481log [T(y)| < Cl1+logmin(|T(@)], [T(y)])]

5. Dispersion of vorticity. In this section, we use the bounds on the logarithmic
moments of inertia obtained in Section @ to deduce some confinement results for the
support of vorticity. We start with a useful estimate.

LEMMA 11. Let S C Q¢ and ¢ : S — RT be a function belonging to L*(S) N L>(S).
There exists a constant C' > 0 such that

() 12 g2 )
/SmdySC”CHU(S)HCHLW(S) Vr eR
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and

C(y) 1/2 1/2
[ ey < CICE g K2 )+ Ol Vel > 1.

Proof. The case T = Id of the first relation is [7, Lemma 2.1]. The general case follows
from this particular case in the following manner:

C(y) 1 ~1(:))dz
s It s ez ()

1

2

< CHCH%&(S) (/T(S) C(T_l(z))dz)

< Ol s) (/S )y

Above we used the fact that the Jacobians of 7" and 7! lie between two positive constants
to deduce the first and third lines; we also used the particular case T' = Id to obtain the
second line.

The second inequality follows from the first one after we observe that if |z| > 2 or
IT(y)| > 2, then |z — T(y)*| > %, while if |z| < 2 and |T(y)| < 2, then |z — T(y)*| =
jall2* — T)/T W) > [2* — T(y)|/2. O

We now prove following theorem.

THEOREM 12. Assume that the initial vorticity wg is nonnegative, bounded, compactly
supported and let w(z,t) be the solution of ([277)). There exists a constant M; > 0 such
that the support of w(zx,t) is confined in the set |z| < M, (14 t)%. Furthermore, if either
a <0 or a > m, then the support of w(x,t) is confined in the set

|| < M7(1+ )% [log(2 + )] 74

Proof. We introduce the following parameter 6: we set § = 2 if either « <0 or a > m
and 6 = 1 otherwise. According to Theorem [I0, there exists a constant Mg > 0 such
that

/QC IT(2)[2 log® | T(2)|w(x, t) d < Me(1 + 1) (5.1)

for all t. The conclusion of Theorem is tantamount to proving that there exists a
constant M7 > 0 such that the support of w(z,t) is confined in the set
2] < My(1+1)%[log(2+ )] 7 .
For notational convenience we assume without loss of generality that ¢t > 2. We will
repeatedly use in the sequel that, for ¢ > 0 and b € R, there exists a constant C' > 0
such that

t
/ s%(log 5)* ds < Ct**(logt)’. (5.2)
2
It suffices to prove that there exists a sufficiently large constant C such that if |z| >
C1t (logt) 7", then

|“—| cu(z,t) < Oyt? (logt) =% |z| 2,
x
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This will imply that a fluid particle cannot escape the region |z| < Mtz (log t) ® for
a sufficiently large constant M. To see this we reason by contradiction, following the
trajectory of a fluid particle in a region like |z| > Clt%(log t)#; we note that ‘:”7' S
is the radial velocity of said particle, and we integrate the resulting ODE using (&.2]) to
deduce that the trajectory will remain in the region |z < Cgté (logt)~¢ for some Cy > 0.
The conclusion follows since Cyt2 (logt)~¢ < Mtz (logt) - * for some My > 0.

Let @(z,t) = w(w,t)( [y w(z,t)dz) ' Since the function [1,0) 2 s — o(s) =
s21log? s is convex and the integral of vorticity is a conserved quantity, we deduce from
the Jensen inequality that

o[ M@l dr) < [ 176@)F 08" 17(@)5 .t de < Ms(1 + 1)l

9

Next, one easily checks that o=1(p) ~ 22 pz (log p)
a constant C3 such that

_e .
2 as p — oo. Therefore, there exists

/ @)t 1) dr < Cyt (log )%, (5.3)

We now assume that |z| > C1t2 (log t) * for a sufficiently large constant C; to be
determined later. We decompose u = v + aHge where

U@J%:/L<KT@)—T@DDT@HL KTOO—T@YﬂﬂwwH)w@JMy

2n|T(z) = T(y)? 2n|T(z) = T(y)*|?

= [ K(z,yw(y,t)dy,

Qc
where K (z,y) is the kernel from the first integral in the formula above. We first estimate
. . a b _ ‘a—b‘
v. From the identity ‘W — | = Tamr Ve deduce that
T(y) —T(y)"| 2|T(y)|

K (2,y)] < [|DT| L~ < I1DT || o

2m|T(x) = T(y)IIT () - T(y)* m|T(z) = T()|IT(x)

Above we used the fact that the constant C; may be chosen sufficiently large so as to
have |T'(x)| > 2 > 2|T(y)*|. We infer that

¢ T(y)
IT( ) Jae [T(2) = T(y)]

o(z, 1) < w(y, t)dy

/ 1T(y)]
|T N 1@ =15 1112 1T (@) = T(y)]

1T(y)|
@) T(z)| / T(2)-T(y)|<|T@)/2 | T(®) = T(y)|
=1+ Is.

w(y, t)dy

w(y,t)dy

Next, by (B3] we have that

b < o [ Tty < O logt) 4] 2,
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and from Lemma [T1] we deduce that

1
I < c(/ w(y Hdy)
TWI>T@)/2

Next we estimate the radial component of aHge. From the explicit formula for the

harmonic vector field Hqe given in relation ([Z4) and from Lemma/[Il we infer that
x x ot _ _
7.HQc(x):7-( +0(|z] 2)) = 0(|z|2).

] [ \27|xf?

According to Proposition [[3] below, if the constant C is large enough, then the term I
is also O(|z|72), so we finally deduce that

|$_| cua,t) < oz, t)] + O‘|x_| - Ho:(x) < Ct2 (logt) ™ #|a| 2,
x x
with C' = (4.
This completes the proof of Theorem [12] once Proposition [13] below is proved. O

ProPOSITION 13. Under the hypothesis of Theorem [I2] we have that, for all & > 0 there
exists a constant Mg > 0 such that

w(x,t)de < —>
/|T(w)>'r rk

1-6
4 .

for all r > Mgt (logt)

Proof. As before we assume t > 2.
Let us introduce the following approximation for the mass of vorticity in the region of

fr(t) = /Cn(W)w(x,w dz,

where A = A(r) € (0,1) is to be chosen later, and n(s) = 1‘? verifies that

[ ()| < min{n(s), e}, 0" (s)] < n(s). (5-4)

: : : _ [ 1T@?—r? / _ o 1T@?—r?
To simplify notation, we set 7,.(x) =n o and n.(z) =7 o . Clearly,

interest:

it suffices to prove that f,(t) < r=* for r > Mgt2 (log t)¥ and Mg sufficiently large.
We differentiate f, to obtain

fi0) = [ n@ow=— [ nu-vo= [ wn

- / / Vi (z) - K (2, y)w (e, Hwly, t) de dy.
QexQe

Above we used the fact that V), - Hge = 0 pointwise; this follows after noticing that the
first term is proportional to V|T'| while the second one is proportional to V+|T’|. Using
the explicit formula for K(z,y) we finally obtain that

w0 =5z [ @I @DT@) (K@) D7) sl (s, 6 drdy,
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where
T(x) —T(y) T(x) —T(y)"

() = T(y)?  |T(x) = T(y)*[*
From Lemma [l one can deduce that DT = (BId + O(W)
Lemma [IT] implies that [, |K (z,y)|w(y, t) dy < C. We infer that

i K(z,y)*w(z, w x i n;(@w:c x
#O- 25 [ @re) R st g dedyz O [ T ae

1

Using (54), for |T(z)| < r/v/2 we bound &( < e~ 2x, while for |T(z)| > r/v2 we
bound 2= < nr(x)y/2/r. This implies that

IN((:c,y) =

On the other hand,

[T ()] =
Tf(t) < J+ %fr(t) + %e*%, (5.5)
where
(z) - [T(z) — T(y)]*
~ n? //chgr (@ |T(x) —T(y)|? w(z, t)w(y,t) dr dy

T(@) - [7a) - T()') 50
a2 //beQc I \T(x) — T(y)*|2 w(a:, t)w(y7 t) dzx dy

EJ1+J2.

We first bound J,. Clearly we may assume, without loss of generality, that r? > 8.
We decompose the integral in J; into an integral over {|T'(x)| < 2} and an integral over
{|T'(z)| = 2}, and we write Jy = Jo1 + Joo for each portion.

Now, if |T(x)| <2 < 7/+/2 we estimate

o\ T) [T() -~ T()]*
O T

Hence, by Lemma [TT] we have

T(y) - [T(x) - T _ e
T(x) = T(y)*[? T T (z) - T(y) |

= | ()

2
‘J21| S C’%e*i.
Next, if |T'(x)| > 2, then, since |T(y)*| < 1, we find
T(2) - [T(@) =TT _ |T@)- [T 4
T (z) = T(y)*? T(x) = T(y)*1* ~ 1T()
Hence, after further decomposing the integral in Jo, we repeat the argument used to
obtain (B3] to find

C _1
|J22| 76 2 —fr(t)
Putting these two estimates together we infer that

C C 1
< - — e 2%, )
‘J2| — )\T,3f"'(t) + )\T,Qe (5 7)

We now turn to the estimate of J;. Using the change of variables (z,y) < (y,z) we

next write
h= i [ L et dedy (58)
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where n
/ / T(SE) ) [T(CC) — T(y)

We divide the domain of integration Q¢ x Q¢ in three pieces: A = {|[T'(z)|—|T(y)|| >
r/4}, B ={|T(x)| and [T(y)| & (r/2,3r/2)} and C' = {|T(z)| and |T(y)| € [r/4,5r/4]}.
Clearly Q¢ x Q¢ =AUBUC.

For (z,y) € A we use (1) and (54) to bound

1Lz, )| < [0 (x) + . (y)] min[| T ()], [T (y) ]

so that, in view of (5.3)

SRS

< e @ITW)] +m I,

fr t3(logt) 2. (5.9)

2)\r2/ |L(z, y)w(z, t)w(y,t )dxdy<C

3

In the region B, as a consequence of (54 both n/.(z) and 7..(y) are less than e~ 3x.
Therefore, by Lemma [I1]

=[] ket oty ) dedy

e~

i 1
N2 o T (> )|(/QL mw(y,t) dy)w(x,t) dx

e_ﬁ
T
_CM2 /C| (@) (z,t) d

2]

t? (logt)™ 2.

<C

(5.10)

<C’

Next, by the mean value theorem, relation (B4 and since 7 is increasing, one has that

T ()] - |T(2)]? = |T(y)|
Ar2 Ar2

PP ey <

() —m.(y)| = + (9],

for some ¢ between '~ (w)l{r and 1T =’ . Therefore, in view of , for (z,y) € C
Ar Ar2

we can bound

|7 ()]> - T ()| min(|T'(z)], [T(y)[] _ 25

|L(z,y)| < 2 [1r-(@) + 17 (y)] T(@) -T@)| < oy (@) + 1, (y)]
SO that
2532 Ctf,
o [ ettty < ZEsg) [ s G
(5.11)

where we used (B to bound the mass of vorticity in the region |T'(x)| > r/4 by
My (1 + )16r=2[log(r/4)] .

Collecting relations (B.3)) to (511l we finally deduce the following differential inequality
verified by f;:

Nf=
=

t t et
-+ )+ O
Ard3(logt)z  A?rtlog’r Ar(logt

f16) < Of(

(SIS

~—
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Since w(-,2) is compactly supported, choosing r sufficiently large one has that f,.(2) <
e~ 2x lwollz:- Applying the Gronwall lemma in the inequality above for ¢ > 2 and using
B2, we deduce that there exists a constant Cy such that

3 3
t2 Cit2 Cht? 1
116 < 0 (14 ) exp( g + 5 — 51
Ar(logt)2 M3(logt)s  A2rtlog’r 2
We finally choose A = - llogr and r sufficiently large such that
Cyt3 112 1
0 + ] < -
/\T3(10g t)E A2rtlog” r 4\

It is a straightforward calculation to check that the above restriction is implied by the
condition r > Chtz (log t)% for some large constant C5. For this choice one has that

o ( Ct% + Ct2 1 ) < pn
X - .
P Ar3(logt)z  Nrdlog?r 20/ T

3
For a large enough constant n this term dominates C7 + ﬁ, and we obtain f,.(t) <
r(logt)?2

r~F ag desired. O

6. Even vorticity on the exterior of the disk. We now consider the case when
Q = D(0,1). The conformal map T is simply the identity, so that the Biot-Savart law
becomes:

(z—y* (@-y)* zt
oru(z, t) = [ - } ) dy + at— 6.1
mitet) = [~ T vl o1
where « is a real constant and y* = # It is an easy calculation to show that the

moment of inertia is conserved. We prove the following theorem:

THEOREM 14. Suppose that the initial vorticity is nonnegative and even (wo(—z) =
wo(x) VYz). There exists a constant Mg > 0 such that

suppw(-,t) C {|x| < M, [(1 +t)log(2 + t)]1/4}
for some constant M.

Proof. The proof follows the lines of the argument given in [7] with the modifications
induced by the new terms in the Biot-Savart law. Indeed, the two keys facts used in [7]
are also true in this situation: both the moment of inertia and the center of mass are
conserved quantities (the center of mass is at 0 since the vorticity is even). It suffices to
assume that ¢ > 2 and to prove that there exists a constant C; such that

(6.2)

for any |z| > C(tlogt)'/* such that x is a point in the support of w(-,t) whose distance
to the origin is the largest possible.
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Note that w(—=z,t) = w(x,t) for all z,¢t. Next, let = be a point as described above.
Then,

o L () = = /( v v )w(y,t)dy: %/(y“yﬂw(y,t)dy

|| xS Ne =y eyl

x %L #_L o 1 _L
vl e ) () Jeona

For symmetry reasons,

/(y*L —y)wly,t)dy = 0. (6.3)
We also observe that, for any = and z we have
11z (2z—2)
[z =22 22 [aPle - 22

We deduce that

T 1y 2z —y) 1Y 2z —y)
2r— -u(z,t :/:c~y ——w(y,t dyf/:vy e w(y,t)dy. (6.4)
ER Pl —yp WY P — P

I, Iz
Recall that, by assumption, we always have that |y| < |z| in the integrands above. To
bound the first integral, note that |y*| < 1 so that |z — y*| > |z|/2 and |22 — y*| < 3|z].
Consequently,

12 [ . 12
h<s / Pty ) dy < o / Wy, t) dy. (6.5)

We now go to the estimate of Is and split the domain of integration in two pieces:
{ly| < |z|/2} and {|z|/2 < |y| < |z|}. For |y| < |z|/2, we still have that |z — y| > |z|/2
and |2z — y| < 3|z|, so as in the estimate for I, we can bound

lz]

5

. _ 2
1y (22 yg‘ < 12]y|

. Yyl <
Pl FE

o
Next, for |z|/2 < |y| < |z| we write
(22 — (22 — 222 — 3
.u/g(x yz’:’(x_y)_lyg(x yz‘gly\glx vl .
|z[*lz =y [z =y [zl —yl ~ |z —yl
We infer that

12
BI< s / yPw(y, t) dy + 3 /|

yi>lel/2 1T =Yl

12 1
< o [ Pt dy + ol (|
)

where we used that the moment of inertia is conserved and also Lemma [TT}
Clearly relation ([G.2]) now follows from (G4]), ([G3), (6.6) and from Lemma [IH below.
This completes the proof of Theorem [I4] once Lemma [I5] is proved. O

w(y,t)dy

w(y,t) dy) %,

[>]z|/2

LEMMA 15. For every k € N there exists a constant Mjo(k) such that

M
/ w(z,t)de < % for > Myo(tlogt)'/*.
2|27 "
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Proof. Let
10 = [ o@)otat) da,
where
B |J£“2 _ T'2 B e
907’(55)*77( )\7"2 )a 77(5)* 1+€S’

and A = A(r) < 1 is a positive function to be chosen later. It suffices to prove that

f(t) < S
As in the proof of Proposition [[3] we deduce that f/.(¢) can be written under the form

i) = [[ (5o~ ) Vel it dedy
:// mfW)y*L~Vg0r(:c)w(x,t)w(y,t)dxdy

—~ //(ﬁ - ﬁ)zﬁ Ver(@)w(z, t)w(y,t) de dy

Ja2

where we have used relation (G.3]).
If we follow the analysis from relation (8) to the bottom of page 1720 of [7], then we
find that the second term can be estimated by

fr

C _ 1
Ja < C)\2T4 + W 23, (68)
It remains to estimate
n= [ (o )0 - Ve eyt dod
1= T w2 T )y =) Ve T)wiT, 1)WY, €Tay
|z|<r/2 lz —y*? |zf?
Ll(aj#y)
2z —y*) .1
Y Ver(@)w(z, tw(y, t) dz dy.
//|z>r/2 |22 — y*[?
La(z,y)
From the definition of ¢,., we have that
22,/ |z)? —7“2)
(z) = —n' [ ——n—). 6.9
Ve (@) = o5 (5 (6.9)

For |z| <r/2, one has that % < — 3. Since |/ (s)| < €, it follows that
/ |$‘2 — 72 — L
()=

so that, using also that |z|,r > 1,

)
S

1 1 2la] Ce” %
L= ( L
Lewl < (Tm tpp)le v Ree <5t

> Q
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which, in view of Lemma [IT] implies that

[ neweuwded| < Sk,
ol <r/2 A

e

(6.10)

To estimate Lo(z,y), we again use equation (6.9) and the facts that |[y*| < 1 and |[n'| <7
to deduce that, for |x| > r/2,

y e —y') 1 22 /(\$|2—7“2>‘
Ar2

L = |- -
Lot = [Ty o

C
< W%(@'
We infer that o
[ Lo geta ot dedy] < 0.0 (6.11)
jal27/2 Ar
Relations (G.I0) and (@.II) now imply that
C _ 1

i < Sem B 4+ T f(t).

Combining this with (G.7) and (G.8) we get

fioye s €

- A2T4

After integration, we obtain
t t c
Fo(8) < (£r(2) + MrtemF)exdm < exsia ™3 (O + Art),

Lemma [I3] now follows by choosing Alogr sufficiently small as we did at the end of the
proof of Proposition I3 a

Let us conclude with the remark that, although we assumed that wy was smooth, our
results hold, with minor modifications, if wy € LP for some p > 2.
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