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Abstract. The mixed Dirichlet-Neumann problem for the Laplace equation in an
unbounded plane domain with cuts (cracks) is studied. The Dirichlet condition is given
on closed curves making up the boundary of the domain, while the Neumann condition is
specified on the cuts. The existence of a classical solution is proved by potential theory
and a boundary integral equation method. The integral representation for a solution
is obtained in the form of potentials. The density of the potentials satisfies a uniquely
solvable Fredholm integral equation of the second kind and index zero. Singularities of
the gradient of the solution at the tips of the cuts are investigated.

1. Introduction. The boundary of a 2-D cracked domain consists of both closed
curves and open arcs (cuts). Open arcs model cracks in solids and screens or wings
in fluids. Different physical processes in cracked domains can be described by boundary
value problems for the Laplace equation, for example, distribution of stationary heat and
electric fields in cracked solids, electric flow in cracked semiconductors, flow of an ideal
fluid over several obstacles and wings, etc. Appropriate boundary conditions must be
specified on the total boundary, i.e., on both closed curves and open arcs (cracks). The
Neumann boundary condition reflects the nonflow (of fluid, electric current, etc.) through
the boundary. The Dirichlet boundary condition corresponds to the given temperature
in heat theory, fluid pressure in hydrodynamics, electric potential in electrostatics, etc.

Boundary value problems with mixed boundary conditions were not treated in cracked
domains by rigorous mathematical methods before. Even in the case of Laplace and
Helmholtz equations the problems in domains bounded by closed curves [2], [13]-[17]
and problems in the exterior of cuts (cracks) [14, 6], [I8]-[20] were treated separately,
because different methods were used in their analysis. Previously the Neumann problem
in the exterior of a cut was reduced to a hypersingular integral equation [14, 16}, 18| 19] or
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to an infinite algebraic system of equations [20], while the Dirichlet problem in domains
bounded by closed curves was reduced to the Fredholm equation of the second kind [13]-
[I7]. The combination of these methods in the case of domains bounded by closed curves
and cuts leads to an integral equation, which is algebraic or hypersingular on cuts, while
it is an equation of the second kind with compact integral operators on the closed curves.
The integral equation on the whole boundary is rather complicated to be effectively
studied by standard methods. The approach suggested in the present paper enables us
to reduce the mixed Dirichlet—-Neumann problem in a cracked domain to the Fredholm
integral equation of the second kind and index zero on the whole boundary with the help
of a nonclassical angular potential. It is shown that the Fredholm integral equation is
uniquely solvable; therefore the integral equation can be computed by a standard code
by discretization and inversion of the matrix. So our approach is constructive, because it
gives the way for finding the numerical solution for a mixed boundary value problem with
complicated boundary in an exterior domain. Our approach is based on [5]-[6], where the
problems in the exterior of cuts were reduced to the Fredholm integral equations using the
angular potential. At first these problems were reduced to the Cauchy singular integral
equation with additional conditions. Next, the singular integral equation was reduced
to the Fredholm integral equation of the 2nd kind and index zero by regularization.
In [7]-[10] our approach has been applied to the Dirichlet and Neumann problems for
the Laplace and Helmholtz equation in cracked domains. Some nonlinear problems of
fluid dynamics were studied in [4]. Using an integral representation for a solution of
our problem in the form of potentials, obtained in the present paper, we derive explicit
asymptotic formulas for singularities of the gradient of the solution at the tips of the cuts
(cracks).

2. Formulation of the problem. By a simple open curve we mean a nonclosed
smooth arc of finite length without self-intersections [16].

In the plane z = (z1,22) € R? we consider the exterior multiply connected domain
bounded by simple open curves I'{, ..., F}Vl € C** and simple closed curves I'?, ..., F%VQ €
CYA, X € (0,1], so that the curves have no points in common. We put

N N.
1:UF1 FQ:LjF2 r=rturz
n=1 n=1

The exterior connected domain bounded by I'? will be called D. We assume that each
curve I'® is parametrized by the arc length s :

I ={z: o =2(s) = (21(s), 22(5)), s € [aX, bF ]}, n=1,.., Ny, k=1,2,

n-n
so that aj < bj < ... <ay, <by, <ai <b] <..<ai, <b}, and the domain D is on
the right when the parameter s increases on I'2. Therefore points x € I’ and values of
the parameter s are in one-to-one correspondence except a2, b2, which correspond to
the same point = for n = 1, ..., No. The sets of intervals on the Os axis
Ny

N-
Uttt Ul () U et
n=1

n=1 k=1n=1
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will be denoted by the same symbols as the corresponding sets of curves, that is, by I'!,
I'? and T respectively.
We put CO(T'2) = {F(s) : F(s) € C°la2,b?], F(a2) = F(b2)}, and

No
cor?) = () CO(rh).
n=1

By D,, we denote the interior domain bounded by the curve I'Z for n = 1, ..., Na.

The tangent vector to I' at the point x(s) we denote by 7, = (cosa(s), sina(s)),
where cos a(s) = 2/ (s), sina(s) = x5(s). Let n, = (sina(s), —cosa(s)) be the normal
vector to I' at x(s). The direction of n, is chosen such that it will coincide with the
direction of 7, if n, is rotated counterclockwise through an angle of 7/2. Therefore n,
is the inward normal for D on I'2.

We consider the curves I'! as a set of cuts. The side of I'' which is on the left, when the
parameter s increases, will be denoted by (I'')™, and the opposite side will be denoted
by (T'1)~.

We say that the function u(z) belongs to the smoothness class K if

1) u e COD\IT) N CA(D\T),

2) Vu € CO(D\I''\I'?\ X), where X is a point-set, consisting of the end-points of T'* :

Ni
X = L—J1 (z(ay) Uz(by))

3) in the neighbourhood of any point z(d) € X for some constants C > 0, € > —1 the
following inequality holds:

Vul <Cla —2(d)|", (1)
where ¥ — x(d) and d =al or d=10., n=1,...,N;.

REMARK. In the definition of the class K we consider I'! as a set of cuts. In particular,
by C°(D\I'!) we denote a class of functions, which are continuously extended on the cuts
I'! from the left and right and are continuous at the tips of the cuts I''. However, values
of these functions on I'! from the left and right can be different everywhere except at the
tips, so that the functions may have a jump on I''.

Let us formulate the mixed Dirichlet-Neumann problem for the Laplace equation in
the domain D\I'".

Problem U. Find a function u(z) of class K so that u(x) satisfies the Laplace equation

Ugyzy (T) + Usgpwy () =0, =z € D\Fl,

the boundary conditions

T — i, Q0 ~ P,
o lo(sern+ o lo(ser)- (22)
u(z(s))|r2 = F(s),
and the following conditions as |z| = y/z? + 25 — oco:
|u(x)] < const, |Vu| = o(|z| ™). (2b)

All conditions of the problem U must be satisfied in the classical sense.
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The edge condition (1) ensures the absence of point sources at the ends of I't. It
is assumed that No > 1. If N; = 0 and the cuts I'' are absent, then the problem U
transforms to the classical Dirichlet problem in an exterior domain D without cuts.
Using the energy equalities we can prove the following assertion.

THEOREM 1. The problem U has at most one solution.

By [k - do we mean

Proof. Consider the homogeneous problem U and assume that wug(z) is a solution
of the homogeneous problem (with F*(s) = 0, F(s) = 0). Our aim is to show that
ug(x) = 0. Since I'? € OV and ug(z) € K, from [3, Remark to Lemma 6.18] we have
ug(x) € CH(D\ T?) (see also [16, Remark to Section 65.4]). Combining this result with
the smoothness ensured for ug(z) by the class K, we have Vug(z) € CO(D\ T\ X),
and inequality (1) holds at the tips of I''. We envelop each cut I'l (n =1,...,N;) by a
closed contour so that all contours lie in D\I'*. Next we write the energy equalities for
a domain, bounded by our auxiliary contours, I'?> and the circle of a large enough radius
r. We allow the auxiliary contours to shrink to I'' and let r tend to infinity. Using the
conditions at infinity (2b) and the smoothness of ug(z) established above, we obtain

Aug \ * Jug \ ou

2 _ + 0 - 0 0

||VUOHL2(D\F1) —/ [Uo (8nx> — U <8nx> 1 ds — annx ds.
rt T2

Taking into account the homogeneous boundary conditions (2a), we have

2
HVUOHL2(D\F1) =0.

Hence ug(z) = const and const = 0 due to the homogeneous Dirichlet boundary condition
on I'2. Therefore ug(x) = 0, and the theorem is proved thanks to the linearity of the
problem U. O

3. Integral equations at the boundary. Below we assume that
Ft(s),F~(s) € CONTY), F(s) € C°(T?), X (0,1]. (3)

Note that the Holder exponent A in the description of smoothness of these functions and
in the description of smoothness of the boundary I' is the same. If the exponents are
different in practice, then by A we denote the least.

If Bi(T''), By(I'?) are Banach spaces of functions given on I'' and T'?, then for
functions given on I' we introduce the Banach space Bi(I'') N B2(I'?) with the norm
Il 5, (r1ynsar2y = I-lls ) + 15, (r2) - An example of such a Banach space is CoI") =
Co(rt)y nCo(r?2).

‘We shall construct the solution of the problem U from the smoothness class K with
the help of potential theory for harmonic functions.
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We consider an angular potential [1l 5], [I2] Appendix] for the Laplace equation:

wilil(w) = 5= [ W)V (. y(o))do (4)
Tt
The kernel V(x,y(o)) is defined (up to indeterminacy 27wm, m = +1, £2,...) by the
formulae () ()
Ty —Yyi1(o . T2 — Y2(o
cosV(z,y(o)) = T yo)l’ sin V(z,y(0)) = T—y0)’
where

y=y(0) = (y1(0),12(0)) €T, |z —y(o)| = V(21 — 41(0))? + (22 — y2(0))2.

One can see that V(z,0) is the angle between the vector m and the direction of the
Ox; axis. More precisely, V(z,y(o)) is a many-valued harmonic function conjugate to
In fz — y(o)].

Below by V(z,y(0)) we denote an arbitrary fixed branch of this function, which varies
continuously with o along each curve '} (n = 1,..., N7) for given fixed = ¢ T'L.

Under this definition of V' (z, y(o)), the potential wy[u](z) is a many-valued function.
In order that the potential w;[u](z) be single-valued, it is necessary to impose the fol-
lowing additional conditions:

b,
/M(O’) do=0, n=1,...,Ny. (5)
a,
Below we suppose that the density p(o) belongs to the Banach space Cy (), we
(0,1], ¢ € [0,1) and satisfies conditions (5).
We say that p(s) € C#(I') if

Ny
u(s) T |s —anl"[s —bn|" € O (M),
n=1

where C%%(T'!) is a Hélder space with exponent w and

Ny

pu(s) [T s —anl”|s — o}

n=1

15(8) | oy =

Co.w(T1)

As shown in [1], [5], [12, Appendix], for such u(o) the angular potential wi[u](x)
belongs to the class K. In particular, the inequality (1) holds with e = —¢q if ¢ € (0, 1).
Moreover, integrating wq[u](z) by parts and using (5), we express the angular potential
in terms of a double layer potential

1 0
wilil@) = 5= [ p(0) 5o Ine — y(o)] do.
Tt Y
with the density

p(U):/u(f) d¢, o€lal,bl], n=1,..,N;.

1
an
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Consequently, w1 [p](x) satisfies the Laplace equation outside I'! and the conditions at
infinity (2b).

Let us construct a solution of the problem U. We seek a solution of the problem in
the following form:

v, () = v [)(w) + wlul() + hly, ) 0), ()
where
wll(z) = walul (@) + walpl(z),
ulil@) = 5 [ vio) il (o)l do,
I (7a)
walpl(a) = ~5- [ o) gl = (o)
FQ

and wy [p](x) is given by (4). By hlv, p](x) we denote the sum of point sources placed at
the fixed points Y} lying inside I'} (k = 1,..., N3) and a constant:

hlv, p)(z) = —% Z /u(a)da In|z — Y|
k=2 [

T+ /u@M0+/V@WU*/MWWUlm$*Yﬂ+/ﬂwma

2T
r2 rt r2 r2
1
- /V(cr)dcr In |z — V3| + hali](z).
]_"1

Here

Na
alil(e) == > [ nlo)do nfe - il
k=2 Fi

1
+— /u(a)da—/u(a)da ln|x—Y1\+/,u(U)da; Y. €Dy, k=1,...,Ny.

27
2 r? 2
(7b)
N2
Clearly, hv, u](z) obeys the Laplace equation in R?\ U Y: and belongs to
k=1

N3
ce* (RQ\ U Yk> :
k=1
Furthermore, if z(s) € T, then hlv,pu|(z(s)) € CY*(T) in s. We need the function
hlv, p](z) to construct a uniquely solvable integral equation. Moreover, hlv, p](x) is
taken in such a way that u[v, u](x) in (6) satisfies conditions (2b) at infinity.
We will look for the density v(a) in the space C%*(T'!).
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We will seek p(s) in the Banach space C¢(I'') N C%(I?), w € (0,1], ¢ € [0,1)
with the norm H'”C;’(Fl)ﬁCO(F?) = ||'||qu(r1) + ||l cor2) - Furthermore, fi(s) must satisfy
conditions (5).

It follows from [Il [5, [I7], [I2, Appendix] that for such p(s), v(s) the function (6)
belongs to the class K and satisfies all the conditions of the problem U except the
boundary conditions (2a).

To satisfy the boundary conditions, we insert (6) in (2a), use limit formulas for the
normal derivative of the angular potential [II, [5], [I2, Appendix] and arrive at the system
of integral equations for the densities u(s), v(s):

Lo eoso(a(s).ulo)
50 + 5 [ (o) () — y(o)]

1"1
1 /H(U) sin po(2(5),y(0))

“an ) 1) ) =
o [ 1) ailnms) o) do + bl pl(a(s)) = F¥(s), s €T,
— L [ wo o)y da——/ Jnfa(s) —y(o)] do
J
o) = 5 | u(o)a%lnu(s)—y(o)da+h[v,ul<x<s>> — F(s), seT® w
J

By @o(x,y) we denote the angle between the vector 7 and the direction of the normal
n,. The angle ¢y (x,y) is taken to be positive if it is measured counterclockwise from n,
and negative if it is measured clockwise from n,. Also, @o(z,y) is continuous in z,y € T
if  # y. Note that for 2(s),y(c) € T’ and x # y we have the relationships

5 nle(s) = (o)) = 5 V(a(s),() = -V (0(5).4(0)

_cospo (2(s),y(0)) _  sin(V(x(s),y(0)) — als))

2(5) ~ y(o)] EOEGI
5V (0(5),3(0)) =~ 5 na(s) — y(0)| = — 5= Inla(s) (o)
s (0(9),9(0)) __cos(V((s),9(0)) — a(s)
(s) ~ y(o)] FORETe -

where «(s) is the inclination of the tangent 7, to the Oz axis, and V(x,y(c)) is the
kernel of the angular potential (4).

The second integral term in (8a) is a Cauchy singular integral. The kernel of the third
integral term in (8b) has a weak singularity as s = o.

Equation (8a) is obtained as z — z(s) € (I'')* and comprises two integral equations.
The upper sign denotes the integral equation on (I'')*, and the lower sign denotes the
integral equation on (I'!)~.

In addition to the integral equations written above we have conditions (5).
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Subtracting the integral equations (8a), we find
v(s) = (F+(s) —F(s)) € oM. (9)

We note that v(s) is found completely and satisfies all required conditions. Hence, the
potential vy [v](z) is found completely as well. Additionally,

1
bl (@) = o= [(F¥(0) = F~(@))dortuo = Yi| + halpa),
Tt
where ha[u](z) is given by (7b).
We introduce the function f(s) on I' by the formulas

£(5) = 5 (F*(s) + F~(5))
1 o) (o)) SO P0 (@(),y(0) o
o | OO T Sy (109)
1 (Ft (o) — F~(0))do 0 In|z(s) - Yy|, s€T!
o2 on, ’ ’
and
1) = F(s) + 5 [ (F5(0) = F(@) afa(s) — (0)ldo
, m (10b)
5 (Ft(0) = F~(0))doIn|z(s) — Yi|, s€T?
Fl

where F*(s) and F(s) are specified in (2a) and satisfy conditions (3). As is shown in
[6], if s € T'L, then f(s) € C%*(T'!). Consequently,

f(s) e COMNTYH N CO(T?). (10c)
Adding the integral equations (8a) we obtain the integral equation for p(s) on I':
1 sin @ (2(s), y(0))
- o do 11a
o / MO ey~ ulo) e
1 o 0 0 1
57 | 0 g g b~ (o) do el @(s) = (), s €T
T2
where f(s) is given by (10a).
Equation (8b) on I'? takes the form
1
5= [ WOV (a(s), y(o))do (11b)
T
4il) = o= [ o) 5o nla(s) = y(o)] dor+ halpl(a(s)) = F(5), s €T
51(5) ~ 5 | H(o) gl (s) —y(0)]do+ hall(a(s) = S(5), 5 €T,

T2

where f(s) is given in (10b).
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Thus, if 4(s) is a solution of equations (11), (5) from the space C&(I'') N C°(T'?) with
w € (0,1], ¢ €[0,1), then the potential (6) with v(s) from (9) satisfies all conditions of
the problem U and belongs to the class K.

The following theorem holds.

THEOREM 2. Let I'! € C?*, T2 € C1* and conditions (3) hold. If equations (11), (5)
have a solution y(s) from the Banach space C¥(I'") N C%(I'?) for some w € (0,1] and
g € [0,1), then the solution of the problem U exists, belongs to the class K and is given
by (6), where v(s) is defined in (9).

If s € ', then (11b) is an equation of the second kind with a weak singularity in the
kernel. If s € T'!, then (11a) is a Cauchy singular integral equation of the first kind [16].

Our further treatment will be aimed at the proof of the solvability of the system (11),
(5) in the Banach space C¢(I'") N C°(I"?). Moreover, we reduce the system (11), (5) to a
Fredholm equation of the second kind and index zero, which can be easily computed by
classical methods.

Equation (11b) on I'? can be rewritten in the form

u(s) + [ (o) Aals,0)do =2£(s), s €12, (12)

where

+%(Mraa)—5@ia»hux@y—n|+2arﬁw}.

By 6(7, o) we denote the characteristic function of the set 7:

[0, ifodn,
5(%0)_{ 1, ifoen.

The kernel Ay (s, o) has a weak singularity if s = o € I'?, and Ay(s, o) is continuous if
s#0 (sel? oel).
REMARK. Evidently, f(a2) = f(b2) and Az(a2,0) = Az(b2,0) for 0 € T, 0 # a2, b2

N3
(n = 1,...,No). Hence, if u(s) is a solution of equation (12) from C° (U [ai,bi]),
n=1

then, according to the equality (12), u(s) automatically satisfies the matching conditions
w(a2) = u(b?) for n = 1, ..., Ny and, therefore, belongs to C°(I'?). This observation can
be helpful in finding numerical solutions, since we may discard the matching conditions
w(a2) = p(b?2) (n=1,...,Ng), which are automatically fulfilled.

It can be easily proved that

23 16—y singola®).9(0) 1 coapa

s |s — ol [2(s) —ylo)] o —s
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(see [, [6] for details). Therefore we can rewrite (11a) in the form

™ g — S8
rt r

! / o) 274 / W(o)M(s,0)do = —2f(s), s € T", (13)

where

M) = {<1 o, (HEFEE - )

o | o X
+0(I% 0 )5 la— In |z(s) — y(o)| + Y _ 6(FF,0)In|z(s) — Vi
z Iy k=2

—(1—=6(T%,0))In|z(s) — Yl] }

and M(s,o) € COMNT! x T).

4. The Fredholm integral equation and the solution of the problem. Invert-
ing the singular integral operator in (13), we arrive at the following integral equation of
the second kind [5l [0]:

Ni—1

1 1
wu(s) + Ql—(S),F/ w(o)Ao(s,0) d0+ Z Gps (s) Dy(s), sl (14)

where

1 [ M(,0)
-2 / D,
Ny
s) = H ‘\/s —ak+/bl — slsign(s —al),
= L [ 20510,

og—s
Tt
and Gy, ..., Gn,—1 are arbitrary constants.
To derive equations for Gy, ..., Gy, 1, we substitute p(s) from (14) in the conditions
(5). Then we obtain

Ni—1

/,LL(CT)ln(U)dU+ Z Banm = ns n= ]-7 "'7N1 ) (15)

r m=0
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where

By B we denote the Ny x N matrix with the elements By, from (16). As shown in
[6, Lemma 7], [T1] the matrix B is invertible. The elements of the inverse matrix will be
called (B™1),,,. Inverting the matrix B in (15), we express the constants Gy, ..., Gn, _1
in terms of pu(s) as

N
Gn=> (B )pm |Hm— /u(a)lm(a)da
m=1 T
We substitute G, in (14) and obtain the following integral equation for pu(s) on I'':
1

1 1
wu(s) + 0105) F/,LL(G)Al(S,cr)dcr = Qli(S)(I)l(S)’ sel™, (17)

where
Ni—1 Ny

Ai(s,0) = Ag(5,0) = Y "D (B )umlm(0),

n=0 m=1

Ni-1 N
Oi(s) = Do(s) = > 5" Y (B pmHm -
n=0 m=1

It can be verified directly that any solution of (17) in the required space satisfies con-
ditions (5) automatically. It can be shown using the properties of singular integrals [2],
[16] that ®o(s), Aq(s,o) are Holder continuous functions if s € I't, o € I'. Therefore,
®,(s), Ai(s,0) are also Holder continuous functions if s € I'!, o € I'. Consequently,
any solution of (17) belongs to C},(I'"), and below we look for x(s) on I' in this space.

We put

Q(s) = (1—-6(I%,5)) Q:(s) +6(I'?,s), sel.

Instead of u(s) € C)y (I') N C°(I'?) we introduce the new unknown function ju,(s) =

u(s)Q(s) € CO¥(I't) N C°(I'?) and rewrite (12), (17) in the form of one equation:

o)+ [ 1)@ ) Als,0)do = (), s €T, (18)
r

where
A(s, o) = (1 - 6(F2a S)) Ai(s,0) + 5(F27 s)Asz(s, o),
®(s) = (1—6(I2,s)) P1(s) + 26(I2,5) f(s).
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Thus, the system of equations (5), (11) for u(s) has been reduced to the equation (18)
for the function p,(s). It is clear from our consideration that any solution of (18) gives
a solution of system (5), (11) and conversely.

As noted above, ®1(s) and A;(s, o) are Holder continuous functions if s € I'', o € T.
More precisely (see [6]), Ai(s,o) belongs to C%P(T'!) in s uniformly with respect to
o €T, where p = min{1/2, A\}. Furthermore, taking into account (10c) we have ®;(s) €
CYP(T'Y). Consequently, from equation (18) we can conclude the following assertion.

LeEMMA. Let 't € 022, T2 € C1*) X € (0,1], and ®(s) € COP(I'Y) N C°(T?), where
p = min{\,1/2}. If p.(s) from C°(T) satisfies equation (18), then pu.(s) belongs to
COr(Ih)y N Co(T?).

The condition ®(s) € C%P(I'') N C°(T'?) holds if conditions (3) hold.
Hence below we will seek ji,(s) from CO(T).
Consider equation (18). The integral operator

[ 1)@ @) Aals,0)d0 = [ 10101 0)Ax(s,0)do + [ () Aals, )

r Tt 2

is compact from C°(T) into C°(T'?). Indeed, using Arzela’s theorem one can verify
that the first term is a compact operator from C°(I'!) into C°(I'?), because Aa(s, o) €
CO(I'? x T'!). The second term is a compact operator from C°(I'2) into C°(I'2), because
As(s,0) is a polar kernel [I7]; i.e., it has a weak singularity as s = o € I'? and it is
continuous if s # o (s,0 € I'?). Furthermore, using Arzela’s theorem one can show
that the integral operator / i+ (0)Q ™ (o) A1 (s, 0)do is compact from C°(T) into CO(T'")
r
since A1(s,0) € CO(I't x I'). Therefore the integral operator from (18):

Ap9) = [ 1(0)Q ) A(s,0)do

T

is a compact operator mapping C°(T') into itself. Therefore, (18) is a Fredholm equation
of the second kind and index zero in the Banach space C°(T").

Let us show that if u2(s) is a solution of the homogeneous equation (18) from C°(T'),
then it is the trivial solution, i.e., u2(s) = 0. Let u2(s) € C°(T') be a solution of the
homogeneous equation (18). According to the lemma, p%(s) € COP(I'')yN C%(I'?), p =
min{\, 1/2}. Therefore the function p°(s) = ul(s)Q"1(s) € Cf/z(lﬂ) N C%T?) converts
the homogeneous equations (12), (17) into identities. Using the homogeneous identity
(17), we check that p°(s) satisfies conditions (5). Furthermore, acting on the homoge-
neous identity (17) with a singular operator with the kernel (s —t)~!, we find that u%(s)
satisfies the homogeneous equation (13). Consequently, u°(s) satisfies the homogeneous
equations (11). On the basis of Theorem 2, the function u[0, u°)(z) = w[u®](x)+ha[u°](z)
given by (6), (7) is a solution of the homogeneous problem U. According to Theorem 1,
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(w[uo](x) + hq [uo](:c)> =0, € D\I'". Using the limit formulas for tangential deriva-

tives of an angular potential [I} 5], [I2, Appendix], we obtain

2 (wln]0) + halu)r) )

li —
m—m(sl)rél(l‘l)Jr 0Ty
0
— (w[uo}(:v) + hg[uo](x)> =u’(s)=0, seT’

I
a:—»oc(sl)rél(Fl)— 0Ty,

Honce, (wlul(a) + nalp)o) ) = (w2l)0) + halu](@)) = 0. @ € D, and 4G
satisfies (11b), which takes the form

1, 1 [ o . 0
Si(s) = o= [ p(o)5—Infz(s) —y(o)|do
2 271'1! on, (19)
+ho[u’)(z(s)) =0, seT?,

where ha[u](z) is specified in (7b). The Fredholm equation (19) arises when solving the
homogeneous Dirichlet problem for harmonic functions in the exterior domain D by the
double layer potential with the sum of point sources placed inside the curves '}, ..., T} .
The equation (19) has only the trivial solution x°(s) = 0 in C°(I'?). This is shown in the
appendix.

Consequently, if s € T', then p%(s) =0, wu2(s) = u°(s)Q~*(s) = 0. Thus, the homo-
geneous Fredholm equation (18) has only the trivial solution in C°(T).

We have proved the following assertion.

THEOREM 3. If Tt € C?*, T? € CM*, X € (0,1], then (18) is a Fredholm equation of
the second kind and index zero in the space C°(I"). Moreover, equation (18) has a unique
solution p.(s) € CO(T) for any ®(s) € C°(T).

As a consequence of Theorem 3 and the lemma we obtain

COROLLARY. IfI't € %A T2 € CVA) )\ € (0, 1], then equation (18) has a unique solution
ps(s) € COP(TL) N CO(T?), for any ®(s) € COP(T1) N CO(I'?), where p = min{\, 1/2}.

We recall that ®(s) belongs to the class of smoothness required in the corollary if
f(s) € COMTYYNCO(T?). As mentioned above, if . (s) € COP(I'')NC°(T?) is a solution
of (18), then u(s) = u«(s)Q71(s) € C’]f/Z(Fl) N CO(I'?) is a solution of system (5), (11).
We obtain the following statement.

THEOREM 4. If T! € C2* T? € C%*, ) € (0,1], then the system of equations (5),
(11) has a solution u(s) € Cf/2(F1) N CO%T?), p = min{1/2, A}, for any f(s) € CONT1)N
C°(I'?). Moreover, this solution is expressed by the formula u(s) = p.(s)Q~1(s), where

ps(s) € COP(T'1) N CO(T'?) is the unique solution of the Fredholm equation (18) in C°(T).

REMARK. The solution of the system (5), (11) ensured by Theorem 4 is unique in the
space C’f}’Q(Fl) N C°(T?) for any p, € (0,p]. More precisely, the system (5), (11) has at
most one solution in the space C¢(I') N CY(I'?) for any w € (0,1] and ¢ € [0,1). The
proof of this fact almost coincides with the proof of Theorem 3.
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According to (10), f(s) belongs to C%*(T'') N C°(T'?) if (3) holds. Therefore, the
condition f(s) € COMNTI'') N C%(I'?) in Theorem 4 can be replaced by the condition that
(3) holds. On the basis of Theorem 2 and Theorem 4 we arrive at the final result.

THEOREM 5. If I't € C%* T2 € C1* and condition (3) holds, then the solution of the
problem U exists, belongs to the class K and is given by (6), where v(s) is defined in
(9) and p(s) is a solution of system (5), (11) from C’f/Q(Fl) NC%T?), p=min{1/2, A},
ensured by Theorem 4.

It can be checked directly that the solution of the problem U constructed in
Theorem 5 satisfies condition (1) with e = —1/2. Explicit expressions for the singu-
larities of the solution gradient at the endpoints of the open curves will be presented in
the next section.

Theorem 5 ensures the existence of a classical solution of the problem U when I'! €
C?*, T? € CY, and condition (3) holds. The uniqueness of the classical solution
follows from Theorem 1. On the basis of our consideration we suggest the following
scheme for solving the problem U. At first, we find the unique solution .(s) of the
Fredholm equation (18) from C°(T'). This solution automatically belongs to C%P(T'1) N
C°(T?), p = min{A, 1/2}. Secondly, we construct the solution of equations (5), (11) from
Cr (TN CO(T'?) by the formula p(s) = p.(s)Q~1(s). Finally, substituting v(s) from
(9) and u(s) in (6), we obtain the solution of the problem U.

5. The behaviour of the gradient of the solution at the tips of the cuts I''. In
the present section by u(z) = u[v, u](z) we denote the solution of problem U constructed
in the previous section. The integral representation for w(z) obtained in Theorem 5
enables us to derive explicit formulas for the singularities of Vu at the tips of the cuts
I'l. It follows from the definition of the class K that the gradient of the solution of the
problem U might be unbounded at the endpoints of I'*, where the estimate (1) holds
with € = —1/2. Our aim now is to investigate in detail the behaviour of Vu(z) at the
endpoints of I'!. Let z(d) be one of these points (d = al or d = b, where n =1, ..., Ny).
In the neighbourhoods of z(d) we introduce the polar system of coordinates

z1 = 21(d) + |z — z(d)|cosp, w3 = x2(d) + |x — x(d)]| sin ¢.

We will assume that ¢ € (a(d),a(d) + 27) if d = al, and ¢ € (a(d) — 7, a(d) + m) if

= bl. Recall that a(s) is the angle between the O axis and the tangent vector 7,
drawn at the point x(s) € I'. Hence, a(d) = a(al +0) if d = al, and a(d) = (b}, —0) if
d = bL. Thus, the angle ¢ varies continuously in a neighbourhood of z(d) cut along the
contour I't.

Let pn(s) = a(s) s —d]"> = Q@ (s)pua(s)|s— "/ and put iy (d) = pus (L) = pr (ak + 0)
if.d = al, a(d) = ur (b1) = pa (B} — 0) if d = b,

Recall that X is the set of endpoints of I'*. The following theorem is easily proved
using the results obtained in [5] and using the properties of Cauchy type integrals near
the endpoints of the integration line given in [I6] section 22], [2, section 8§].
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THEOREM 6. Let * — z(d) € X. Then in the neighbourhood of the point z(d), the
derivatives of the solution of the problem U satisfy the relations

iu::c =—(— miul(d) sin

ey = () ing
—(—1)’”%@ |z — z(d)| cosa(d) + ¢sina(d)] + O(1),

9 @) = (1) —ta D

0z, (@) =1 2|oc—;1c(d)|1/2 K
+(71)m%;l)[f In |z — 2(d)|sina(d) + ¢ cos a(d)] + O(1),

where m =0, v = [p+a(d) —7]/2if d = al, and m = 1, v = [p + a(d)]/2 if d = b}, and
where O(1) denotes functions which are continuous at the point z(d). Furthermore, the
functions denoted by O(1) are continuous in the neighbourhood of the point x(d), cut
along the contour I'l.

This theorem establishes the following curious fact. In the general case, the derivatives
of the solution of the problem U near the endpoint z(d) of the contour I'! behave as
O(|z — x(d)\71/2)+0(1n |z — z(d)| ™). However, if y11(d) = v(d) = 0, then Vu(z) will be
bounded and even continuous at the endpoint z(d) of I't. This effect of disappearence of
singularities happens for certain functions F*(s), F(s) given in the boundary condition
(2a), since the condition us(d) = v(d) = 0 specifies restrictions on these functions.

Appendix. Here we prove the following assertion.

ProposITION A. If T? € CY* X\ € (0, 1], then there exists only the trivial solution of
the homogeneous Fredholm equation (19) in C°(T'?).

Proof. Let pi°(s) € C°(I'?) be a nontrivial solution of the homogeneous equation (19).
The kernel of the integral term in (19) has a weak singularity. It can be shown with the
help of [16, Sec. 51] that the integral term in (19) belongs to C%*4(T'?) in s; therefore
ul(s) € COM4(T?). Now we consider the function

glu°) (@) = wau) (@) + ha[u")(x), (A1)
where wo[u?](x) and ha[u®](z) were introduced in (7a), (7b). The function g[u°](z)
belongs to C°(D) N C?(D) and satisfies the following homogeneous Dirichlet problem for
the Laplace equation:

Ag=0in D, g|r>=0, |g| <const in D.

Indeed, substituting g[u°](z) in the boundary condition, we get the identity (19). Ac-
cording to the uniqueness theorem for the Dirichlet problem, we have

g[u°](x) =0, zeD. (A2)
Therefore, letting |z| — oo in the expression for g[u°](z), we obtain

/uo(o)da =0. (A3)

T2
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We consider the function

o)) =5 | - [ w(@) 5 e~ y(oldo
T2

(A4)

Na
+ %(o)do V(x,Yy) — Yo)do — %(o)do | V(z, Y1) |,
kz_;r[u i /u /u

Ir2 r?

where V (z,y) is the kernel of the angular potential from (4). The function g*[u°](x) is the
harmonic conjugate to g[u°](z), i.e., the Cauchy-Riemann relations 0., 9 = 95,9%, 0z,9 =
—0,,g* hold. Consequently, g*[1°](z) = Const in D. It is clear from (A4), that g*[1°](z)
is a many-valued function, because V(z,Y})) are many-valued functions (k = 1,..., Na).
Indeed, when passing around the point Y the value of the function V(z,Y}) changes for
27. Evidently, g*[1°](x) can be constant in D only if g*[u°](x) is single-valued. In order
for g*[11°](z) to be single-valued, the following No conditions must hold:

/MO(U)dU =0, k=2,...,.N5,

3
/uo(a)da - /MO(J)dJ =0.
r? 2
Along with (A3) we obtain
/,uo(a)dazo, kE=1,.., Ns. (A5)
3

Under these conditions, g*[u°](x) takes the form of the modified single-layer potential
[16]
g1} (@) = wiu)(a) = - /MO(U)2 In|z —y(o)|do (A6)
2m 0o ’
2
and g[u°](z) transforms to the ordinary double-layer potential

1

ol)(w) = wali)(x) = —5= [ 1) 5 o = i)l

Iz (A7)
€ C°(R2\I'2) N C%(R?\I?).

The potentials (A6) and (A7) are connected by the Cauchy-Riemann relations in R?\I'2.
Because of 10(s) € C%*4(I'?), the potential (A6) is a harmonic function, which belongs
to CO(R?)NC?%(R?*\I'?) (see [16] for details). Note that (A6) is continuous when passing
through I'? and is represented on I'2 by a singular integral (for this we have stressed that
u0(s) is a Holder continuous function).

As stated above, w}[u°](z) in D is equal to a constant, which is equal to zero due to
the behaviour of this potential at infinity, so that w}[u°](z) =0 in D.
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We consider the internal domain Dy, bounded by I's (k = 1, ..., Na). In this domain
the potential (A6) satisfies the Dirichlet problem

Aw; =0 in Dy,  wj|pz =0,
which has the unique solution
wi[u](x) =0, x €Dy (k=1,..,Ny).
It follows from the Cauchy-Riemann relations and the smoothness of the double-layer
potential that
U)Q[ILLO:I(x) =cCk, € D7k3 k= 1’ "'7N23

where ¢y, ..., cy, are constants. Using (A2) and the jump relation for the double-layer
potential wo[1¥](z) on T'?, we get

u0(8)|1~% =—c, k=1,...,No.
According to (A5), ¢x =0, k=1,..., No, and therefore
,uo(s)|ri =0, k=1,..,No.
Consequently,
p’(s) =0 on I'%
Hence, the homogeneous equation (19) has only the trivial solution. The proof is com-
pleted. O

Because (19) is a Fredholm equation of the second kind and index zero, the following
corollary holds.

COROLLARY A. If T? € CY*, X € (0,1], then the inhomogeneous Fredholm equation
(19) is uniquely solvable in C°(I'?) for any right-hand side from C°(I'?).

The inhomogeneous equation (19) is a particular case of (11b) if the exterior domain

D does not contain cuts.
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