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Abstract. We consider a shape optimization problem related to a nonlinear system
of PDE describing the gas dynamics in a free air-porous domain, including gas concen-
trations, temperature, velocity and pressure. The velocity and pressure are described by
the Stokes and Darcy laws, while concentrations and temperature are given by mass and
heat conservation laws. The system represents a simplified dry model of gas dynamics
in the channel and graphite diffusive layers of hydrogen fuel cells. The model is coupled
with the other part of the domain through some mixed boundary conditions, involving
nonlinearities, and pressure boundary conditions. Under some assumptions we prove
that the system has a solution and that there exists a channel domain in the class of
Lipschitz domains minimizing a certain functional measuring the membrane temperature
distribution, total current, water vapor transport and channel inlet/outlet pressure drop.

1. Introduction. Position of the problem. In this paper we consider a two-
dimensional nonlinear PDE system which comprises Stokes and Darcy’s laws coupled
with a system of mass and heat conservation lows in a free air-porous domain. The
equations describe the fluid dynamics in the cathode channel and graphite diffusive layers
in hydrogen fuel cells (HFC).

HFC are useful devices, producing electricity by reacting the oxygen and hydrogen as
shown in Figure [[I Namely, this is realized by pumping fresh air (O3) in the cathode
channel and hydrogen in the anode channel. The oxygen in the cathode channels diffuses
through the cathode graphite diffusive layer (GDL), a porous domain, while hydrogen
diffuses through the anode GDL. The hydrogen, at the anode catalyst layer (CL) contact,
dissociates into ions. The electrons, through an external circuit, travel towards the
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cathode GDL, producing useful electric current, and ionize the oxygen molecules at the
cathode CL. Anode hydrogen ions diffuse through the membrane, and upon contact with
oxygen ions at the cathode CL and membrane, enter into reaction and produce heat and
water. It has been observed experimentally that the reaction is located at the CL layer,
on the cathode side, mainly close to the inlet (close to 1 = 0; see Figure [IJ), which
exposes this part of the HFC to high temperatures and thus reduces its lifetime. Thus,
it is required to operate the fuel cell at a uniform temperature. Meanwhile, it is required
to increase the total current produced, which is very closely related to water transport
to the cathode outlet (at x1 = I; see Figure [M). Also, for reducing the cost of current
production, it is required to reduce the cathode channel drop pressure to between x; = 0
and z1 = [.

In this paper we deal with a two dimensional dry model in a cathode channel and
GDL layers, and we consider the optimal channel shape optimizing a shape functional,
motivated by the constraints mentioned in the previous paragraph.
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F1G. 1. a) The air (O2, H20 vapor) flows through the cathode chan-
nel and diffuses in the cathode GDL layer. The hydrogen flows
through the anode channel and diffuses through the anode GDL
layer. The reaction takes place in the cathode catalyst layer and
the membrane. b) A 2D (z1,z2) cross section

Moreover, we will consider the two-dimensional case in the (1, x2) cross section, as
indicated in Figure 1b. We assume the gas contains oxygen and water vapor with mass
concentration respectively ¢° and é”. As ¢° 4+ ¢é” = 1 we can eliminate one of them, let’s
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say ¢¥, from the analysis. Thus the unknowns are (¢, 7,10, p), where ¢ = ¢é°, 7 is the
temperature, i = (41, G2) is the gas mixture velocity and p is the pressure. The variable
¢ obeys the mass conservation law, while 7 obeys the heat conservation law, both in
the channel and the GDL. Usually, the gas velocity @ in the channel obeys the Stokes
equation to a good approximation, and the gas is considered incompressible; thus the
density p = pg, po constant. In the GDL the velocity obeys the Darcy law. We will
assume that even in the GDL the gas is also incompressible.

The assumption for p ensures the existence of a solution for our system of equations.
Otherwise, the resulting PDE system is not trivially with elliptic principal part. The
main difficulty is to establish an appropriate L>° estimation for p, sufficient for making
the system unconditionally elliptic.

To couple the velocities in the channel and the GDL, we will impose u;(07) = 0 on
the interface X at x5 = 0 separating the channel and the GDL, which physically states
the no-slip condition on the air-porous domain interface. Other boundary conditions
are used in [2], [I0], and [I1], where a slip condition is considered. This condition
is reported to better represent the underlying physics, though often it leads to several
analytic difficulties, mainly due to the control of tangential stress dsuq on 3. We consider
a no-slip condition and continuity of normal velocity and pressure, which is a common
choice in the engineering literature and leads to a more attractive mathematical analysis.

Let £ > 0, @ = (a1, a2), B = (61, F2) be given satisfying ag < oy < 0, By < f1 < 0,
and consider O, the set of uniform Lipschitz functions, as follows:

O = {y:00,]] = (00,0, [v(z1) —v(y1)| < k[z1 — y1],
ap <(0) < a1, Bo <) < B} (1.1)

For v € O, set

AY = {(z1,72), 71 € (0,1), y(z1) <22 <0)}, (0,7) x (0, h)

G =
FV {(-/I:17,Y(x1))7 T € (Oal)}7 Fl = {0} X (7(0)’0)7 FO = {l} ( ( )
% =(0,1) x {0}, M =(0,0) x{h},  Tw=({0}u{l})x ( h),
Q, = ATUSUG.

Also, we define n?, resp. n, and v, (or simply v when there is no confusion) to be the
exterior unit normal vector to A7, resp. G, €2,. From the mass and heat conservation
laws for ¢, 7 and the Stokes and Darcy laws for @1, with the assumption that the density
p is constant, it follows that (¢, 7,0) satisfies

V.- (-DVé+eén) = 0 inQ, (1.2)

V(—kVi+7a) = 0 inQ, (1.3)

(— uAquVp)IlAer(% 0+ Vp)le = 0 inA'UG, (1.4)
Voa = 0inAUG. (1.5)



644 ARIAN NOVRUZI

These equations are equipped with the following boundary conditions, which are common
in the HFC engineering literature:

é—CZ‘ = %—Ti = ¢—fr“ﬁ1 = ﬂz = ﬁ—pi = O, Fi,

o, ¢ = 0,7 = ' Ug = p—po = 0, T,
dyé = 0i+(F—Tw) = W = 4 = 0, T,

(€] =[0:8] = [F] = [07] = . (07) = [dg] = [p] = 0, %,
Oné = O+ (T—7Tw) = = 0, Ty
Oné+é = Onf—c¢ = 2 +g(e) = 0, M,
(1.6)
with g(¢) = 5= +C, D, k, ¢, p, given constants and p; an unknown constant. As the

pressure is defined up to a constant we will take p, = 0.
Here and throughout this paper, for a function ¢ defined in A, UG, [¢] : ¥ — R denotes
the so-called slope function on ¥. If ¢ is smooth on each side of ¥, say ¢ € C%(A, UY),
p € CY(GUY), then

lel(z) = dim op(wr,ze) = lim  o(1, —x2), Yoy € (0,1).
If ¢ is less regular, then the trace of ¢ on ¥, in any appropriate sense, will be considered.
For example, if o € H'(A, UG), then [p] € HY/?(X) is defined as the difference of the
trace on ¥ of ¢ € H*(G) with the trace on X of ¢ € H(A,), and the above formula for
[¢](x) holds for almost all z1 € (0,1).

In real applications, the Oy concentration ¢ on M has a large variation, which leads to
a non-uniform current production. This implies a non-uniform temperature distribution
with a maximum value near (0, k), which decreases the HFC lifetime. So, it is required to
control the ¢ concentration by making it as constant as possible, while making the ¢ total
membrane mass (L'(M) norm) as high as possible. Also, it is required to optimize the
water (vapor) transport through the outlet I', (in order to maintain a stable reaction)
and to reduce the amount of pressure drop between I'; and T',, (in order to reduce current
production cost).

The only control we consider is . For given v set é(y) = ¢, ¢’(y) = 1 — é(),
7(), a(), p(7), let be the solution of (LZ)—(LE) corresponding to the domain AY. The
discussion in the previous paragraph motivates the introduction of the following shape
functional

BO) = 160) ~ f ey = [ ) =4 / Sp) (L)

where A, §, o are positive parameters. We look for a ~, solution of
E(v.) = min{E(y), 7€ O}. (1.8)

Let us point out that assuming (L2)—(LH) has a smooth solution, one can easily obtain

p /A AP+ A / : / /F P(7)in (7) /Mmmm).

As p = p; on I';, from (L0) it follows that fr )l = p;p, which gives

pi = % (u/A IVa(y)]? + —/ it +po/ / p(v)ﬁg(v)) (1.9)
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Then, the functional E(v) takes the form

E() ][ Ditaan = [ et =0 [ &)

. %(“/m' et [ @ [ wo+ [ sne). 110)

2. Variational formulation. Assuming (L2)—(L6) has a smooth solution, we mul-
tiply (L2)—-(L3H) by smooth test functions ¢, 6, v, with V - v = 0, and integrate second
order derivative terms by parts. We get

/ D(Vé-Vo)+ (a-Vé)p = / Dyd, c+/ Dyo,é+ [ Dgo.é
I UT,UTy, M

= / Dy, c—/ Déy, (2.1)
/ f@@&,f'—l—/ f@@&,f'—l—/ K 00,7

r; Jr,ur,ury, Jum

/ f@@&,f'—l—/ HO(Tw—%)—i—/ K &, (2.2)
r; .Ul M

[ ouwa-vv+ [ L [ ntvowa)= [ gt — [ v

A G oA oA oG

/ p(—v10101 — v20112) +/ p(v10101 + v20112)
r

i o

/ K(V# V) + (0~ V#)0
Q

~

B)
2
I

+/ w(v - Opr 1) +/ p(v10201 + v202102)
r >

~

+/ pivl_/ povl—/ ﬁ(v-n”)—/ p(v-n)
r; r,us SUT UM

i o

= —/ MU201UQ+/ ;wgc’)lﬁz—i-/ /.L(V anwﬁ)
I;

—&—/,Lw1(~,0 V0211 (-, 0™ /pzvl / (v-vy). (2.3)
b qurqu

In the last equality we have used the boundary conditions (L)), in particular the condi-
tion concerning the slope [-], so that the terms on ¥ originating from both the A, and
G domain equations disappear. Also, we use the divergence free condition V - u = 0,
assumed to be true on the closures A¥ and G, which implies 9;7; = —9s0 = 0 on T; UT,
because @y = 0, and Ostis = —91%; = 0 on X because i; = 0 (let us note that &t and v
are assumed smooth enough, say C? functions). The boundary conditions ([L6]) suggest
the choice of spaces associated to ¢, 7 and u. Namely, let us introduce the following
spaces:

C(A)={¢eDR?), ¢=c;onT;}, C(A")=C(A")—¢,

H'”Hl(ﬂ,y)

C(AY) = C(A) . e =c@an ey (2.4)
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where the overline sign denotes the closure with respect to the corresponding norm.
Similarly, let us introduce the spaces for 7 and .

T(A) ={reDR?, #=7onT;},T(A")=T(4) -,
A A7H'HH1(Q_Y)

T (A7) =T (A7) T(AY) = T(A) e (= e(amy), (2.5)
U(AY) = {a = (41,1) € D(R%;R?), V-a =0,

/F =0, Uy, =0, ﬁg‘fufimfo =0},
i

UAY) = {v=(v,0) =0-10°, @ a°eU(A), @° fixed, vs|_ =0},

-l e camy -2 6

UAY) =UA) . UAY) = M”‘”Humﬁlﬁlm(@.

(2.6)

We point out that the “hat”(") sets are affine spaces and the corresponding “non-hat”
sets are linear spaces.

REMARK 2.1. From the construction of the space Z:I(AV), it follows that for all 4 =
(111, 72) € U(AY), the trace a(-,0) on X is well defined and @y (-,0) € H'/2(%). Indeed,
let 0" = (47, 44) € U(AY) with 0" — 1 in U(A"). Tt follows that 0" — @ in H'(A7),
which implies @5 (-,07) — d2(-,07) in H?(X). On the other hand, we have 4" — 1
in L?(G). This implies that ds(-,07), the trace on ¥ of 4y € L*(G), is well defined
in H=1/2(%) because [;, dovy = [0 Vg, v = (v1,v2) € U(A"); see [I8]. This gives
a3(-,07) — dz(-,07) in H=Y/2(X). But 45(-,07) = 45 (-,07), which implies dy(-,07) =
iiz(-,0%) € HY2(Y).

For the 71 component of 1 in general, unlike for s, we do not have “continuity” on
Y. In fact, we have

G1(-,07) =0 in HY2(X), 01a1(-,07) = datia(-,07) =0 in HYV2(%). (2.7)

Indeed, the first equality comes from the continuity of the embedding H'(AY) c H'/2(%).
For the second equality of (277)), from V-t =0 and G-n" € H'/2(9A7), it follows that
i € C°(AY). Therefore, we have 9ot € L?(A7) x L?(AY) and V0ot = 95(V-11) = 0. It
follows that the map dott € L?(AY) x L?(AY) — (dyt1-nY) € H-'/2(DA") is continuous
(see [18]), which implies the continuity of the map dstt € L%(A7) x L?(AY) + Oaiia €
H_l/Q(E). As (91@1 = —32112 in LZ(APY) it follows that 82f1 = (321:61, —81’1)1) S LQ(A’Y) X
L*(AY) — =910y € H-Y?(%) is also continuous, and therefore 011, € H~'/?(X) and
iy = —Dlip in H-Y/2(). Finally, we get D10y = Oaliy = 0 in H~Y/2(2) because U is
the H(AY) x H*(A") closure of free divergence elements @t with 0 = 4; = 9141 = — 021z
on ¥, and therefore the continuity of ot € L2(AY) x L?(AY) + Oyl = —0O11l; €
H~'/2(%) proves (270). O
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Using (L4), @I)- (I?:ﬂ) and the spaces (I?ZI) 25), we get the following weak formu-
lation. Find (¢,7,1) € C(A") x T(AY) x U(A") with Gy = —g(é) on M, satisfying

J

¢
/ (Ve Vo) + (a-Ve)p+ [ Dép = 0, Voec(An), (2.8)

M

K(VF - V0) + (@- V)0 +/ k70— / &0 / kb, V9 ET(AY), (2.9)
Iy Ul M Iy Uy

~

N TR _ 5
/m u(Vu~Vv)+/G§(u~v) = 0, VWwel(A"). (2.10)

The boundary terms of (23] disappear because of the choice of the space U. Finally, we
can look for the solution of (28)—(210) in the form
(c,7,u) € C(AY) x T(AY) xU(AY), é=c+¢, T=7+7, U=u+u",
u® = (uivug) € a(AW)a uy = 79(6) on M,

(2.11)
satisfying
/ D(Ve-V)+ (- Ve)p +/ Dcp = —/ Decip, VpecC(AY), (2.12)
Q, M M
/ H(VT-VG)+(ﬁ-VT)9+/ HTQ—/KCQ = / K (Tw — 7:)0
Q, Uy, M I, Uy,
+ / ke, VO e T(AY), (2.13)
M
/ ,LL(Vu~VV)+/ ﬁ(u~v) = / /L(fVuc-Vv)Jr/ ﬁ(fuc-v),
A o K AY a K

Vv e U(AY). (2.14)

Let us emphasize that the choice of the space U(A7) and the decomposition &t = u + u
are appropriate for proving the existence of the solution, as they eliminate the pressure
term (the integral on M) from the G equation (23]).

Finally, problems (2.8)—(210) and (2I12)—(2I4) are equivalent in the following sense.
A solution (¢, 7,u) of (ZI2)-(2I4) gives a solution (¢,7,0) = (¢ + ¢;, 7 + 7, u + uc) of
23)-@I0). On the other hand, a solution (¢, 7,0) of [Z8)-(2I0) in general may give
many solutions (¢, 7, u) of (ZI2)—(214), depending on the decomposition @ = u+u€. In
what follows, for a given (¢, 7,0), we will consider a unique decomposition @ = u + u¢,
with u¢ given by Proposition

3. Existence of the state solution and of the optimal shape. In this section we
consider the system of PDEs [2.11]), (212)—(2.14), and the shape optimization problem
([CR). We will prove that the system has a solution using a compactness argument.
Namely, we will first show that for a given & € LI(Q2,), ¢ > 2, there exists a unique
(¢,7) € C(AY) x T(A") solution of (ZX), [ZI), uniformly bounded in H'(€2,)%. Then,
(ZI0) has a unique solution @ uniformly bounded in H!(2,). A compactness argument
gives an existence result for (2.8)—(2I0]).

There is a large amount of literature for elliptic nonlinear PDE systems, for exam-
ple (certainly a non-exhaustive list) [3], [4], [12], [I5]. The particularity of the system
E3)—(Z10) is that the principal part of the third equation does not involve the second



648 ARIAN NOVRUZI

derivatives in the whole domain and so, in general, the terms (i1 - Vé)p and (- V7)6
are not well defined. Also, the set of boundary conditions requires particular attention
as they involve nonlinearities and the pressure boundary conditions. For these reasons
this system of equations needs a particular treatment.

PROPOSITION 3.1. Let € LY(AYUG), q > 2, (¢,7) € C(AY) x T(A") satisfying (2.8,
@23). Then (c,7) € C*(Q,), 0 < a < 1.

Proof. The function c satisfies, in the weak sense, —DAc = f in Q,, f = —-Vc, with
mixed Dirichlet and Neumann boundary conditions on 8€,. Moreover, f € (W'?(Q,))’,
p=(29)/(q — 2) > 2 because for ¢ € W'?({2,,) we have

/wa

~

< [IVellzzp lallraa)llellize@,)-

From [5] (Theorem 4), it follows that ¢ € W1P(€,), for a p > 2, and from Morrey’s

theorem it follows that ¢ € C%(Q,,). The proof for T is exactly as for c. O
REMARK 3.2. (i) The continuity and C'®-regularity of ¢, 7 may be proven in different

ways, for example using the techniques in [I2] estimating osc (Sec. 4, Chapter 2).

(ii) The previous proposition provides C° bounds for ¢, 7. In order to obtain a more

explicit dependence of all the constants involved on these bounds, we will prove directly

the C° boundedness of ¢, 7.

PROPOSITION 3.3. Assume 0 € LI(AYUG), ¢ > 2, (¢,7) € C(A") x T(A") satisfying

@I12), @I3). Then é =c+¢;, 7 =7 + 7; satisfy

0< ¢ <g¢, €802
<

i
v, X € Q,y, (32)

>

T = min{r,inf 7, } <
where 7; depends only on (¢;, 74, 7w, k, @, 3, G).
Proof. The proof follows the techniques used in [6], [12].
a) ¢ > 0. We can apply the technique used for proving the weak maximum principle
in [6]. Indeed, let m = inf{é(z), € Q4}. Assume for a moment that m < 0. For
m < k <0, set ¢, = min{é — k,0}. Then ¢, € C(A"), Ve, =Vé=Vein Zy = {é < k},
and of course ¢ = ¢ — k in Zj, and ¢ = 0 in Q,\Z;. Taking ¢ = ¢, in [2.12)), we get

0< | DIVe|* = —/ Déck—/ (- Ve)er
M Z,

Zy

(as o, > 0) < / (it - Ver)ex|
Zy

2q X
(r=25) < Dallaolzosz eal o Vel
. . i
(from Sob. ineq.) < C(Q)[[allpa(z,)|Zk| 2> ||Vck||2Lz(Zk),

which implies D < C(Q)|[0z4(z,)| 2"/ *?) with C(Q,) not depending on Zj. As
k # m it follows that ||Veg||r2(z,) # 0. This implies that 1 < K|[Z[*/(*P), which is
impossible if we let k — m because |Z;|'/(?*P) — 0. This proves m > 0.
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b) é < ¢;. Let m = sup{é(x), = € Q,}. Assume for a moment that m > ¢;. Then for
¢i < k < 'm, as in part a), set ¢y = max{¢— k,0}, Z; = {¢ > k}. Again, ¢ € C(A7) and
ccr, > 0. As in case a), we find that

0< [ DIVl < [8zsc I1lzoncan el oncz Ve sz
k

We proceed exactly as in part a) and we find that m > ¢; leads to a contradiction, which
implies ¢ < ¢;.

¢) T > Tm. The proof very closely follows the proof for part a). Indeed, let m =
inf{7(z), * € Q,} and assume for a moment that m < 7,,. For m < k < 7,,, set
T = min{7 — k,0}. Then 7, € T(A") and V7, = V7 = V7 in Zj, := {7 < k}. Taking

0 = 13, in (ZI3) we get
0< / K| VT2 = / KCTE +/ K(Tw — T)Tk —/ (0 V7g)m
Z M I, Uly, Zk

(as ér, (T —T)TK, < 0in Zi) < /|(ﬁ'VTk)Tk|
Z

IN

lallLaz) 12z 17xl 220 (2 IV TR L2 (2, -

Next, we proceed exactly as we did in part a).
d) 7 < 7as. The proof of this estimation is a little bit different, due to the boundary
conditions. However, in the case D = k the proof is very easy by considering v = c+ 7,
0= ¢+ 7. Then
/ k(Vv-VO)+ (u-Vv)d = / (21, — 0)0, VO e T(AY).
Q, rur,

We proceed as in a) and easily obtain an upper bound for v and also for 7.
In general, we use the result in [[2] (Lemma 5.3, Chap. 2). Indeed, let ky =
max{sup 7, + ¢;, 7 }. For k > ko set 7, = max{7 — k,0}. From (2.I3) we get

/ /<;|VT|2
Z

= / KETY, —I—/ K(Tw — T)Tk — / (0 V)7
M Ul Zy,

< ,tg(ci/ Tk+/ (Tw—f')ﬂc> +/ ‘(ﬁVTk)Tk‘
M ', Uy, Z
= k|¢ 8271@*@/ V;TkJF/ (Tw — 7) 7k +/ |(Q - V)7
Zy r, I'yuly Z,
= n(ci am+/ (waciug—%)TkJr/ (wa)Tk> +/ [(Q- Vi) 78|
Zk F’Y Fw Zk
< kel el Lz + 10l Loz |l 2o (2o |7k | 220 (2) 1V TR L2 (20
< k(€N Zkl + €| VTkllTzz) + € 2P+ eCla, B, ) 070 20 IV TN 22 21
< e M kalZ| + 12 MP) + e(kiei + Cla, B, G) al[Fai ) VT2 @IV 22,
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because T, — vgc; < 7, T, < 7 in Zg. In the previous estimations we have used the
Poincaré inequality in 2, which makes the constant C'(k, o, 3,G) appear. For e > 0
small, it follows that V7724, < K|Z,|'/?. From Lemma 5.3, Chap. 2, [12] follows
the upper boundedness of 7, and consequently of 7. O

PROPOSITION 3.4. For given G € L1(AY UG), ¢ > 2, the system ([212), 2I3) has a
unique solution (¢, 7) € C(AY) x T (A") satisfying

IVellrzia,y) < C(G)ei(l+ [z () (3.3)

IVTllrz@,) < Ck o, B,G)(ci+ |1 — Twl + Tul0llL20,))- (3.4)

Proof. If we assume uniqueness, then the existence of the solution is obtained following

the classical existence theory for second order elliptic linear PDE (systems), as in [6], [12].

For sake of completeness we will present a direct proof. Equation (2I2)) is independent

from (2I3)), so we can solve c first. We set L : C — C*, where C* is the dual space of C,
defined by

Le(p) = /Q D(Ve- Vo) + (0-Ve)p + /M Dcp, Ve, el

and L(c,p) = Le(p). We point out that [2.12)) is equivalent to L(c) = I, where I(p) =
— [y ci. To prove the existence of ¢ we follow the technique used in [6] (Section 8.2).
The bilinear form £ is continuous in C because

Ll o)l < fo, DIVe: Ve + - Vel|gl
< DIVellzza) Vel + lallLa@plielr@ Vel 2@,y G+5=3)
< D|Vellrz,)IVellr,)
+||ﬁHL‘?(QW)C(Q'y)HVSDHZLQ(QW)HVCH%?(QW) (Sobolev ineq.)
<

CHVC”L%QW) ”v‘P”L?(Qw)-

[allzaoy lellze @ IVellzz@,) (G + 5 = 3)

[l za@,) (C(E)llel o, + €l Velliz,)
[llze () (C(e) (K(e)llellFz(q,) + (I Vellfz(,)) (Ehrling’s ineq.)

Also, we have |£(c,c)| > DHVH%%QW) — Jo_ - Ve)e|. From the estimation
o 18- V0)e| <
<

IA

6HVC”%2(QW))
[l za0,) (COE(E)llelZaq,) + 26 VelFa, )

where we have used Ehrling’s inequality ||c[|z»(o,) < C(e)llc]z2(q,) +ellcllar (,), because
the embedding H'(§2,) C LP(£,) is compact and LP(§2,) C L*(f2,) is continuous, and
lab] < K(e)a® + €b®. For € small, it follows that |L(c,c)| > K||Vc||2L2(QW) - )\Hc||2L2(QW),
for any K, A > 0. From the Lax-Milgram lemma it follows that the equation Lyc =1,
with Lyc = Lc + Ae, has a unique solution in C. The equation Lc = [ is equivalent to
(Lx — M)c =1, or (I = ALy'I)c = L 'l, where I : C :— C* is the identity operator,
which is compact, and L;l is the inverse of Ly, which is continuous. It follows that L;ll
is compact. Assuming that Lc¢ = [ has at most one solution, it follows that the kernel of

IN +
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I—AL'T = L' L is reduced to {0}. From Fredholm alternatives for compact operators
follows the existence of c.

To prove the existence of 7 we proceed in a similar way.

For uniqueness, let us assume that the system has at least two solutions and let
d. € C(A7), resp. 6, € T(A"), be the difference of two ¢, resp. 7 solutions. Then d,.
satisfies

/ D(V6, - V) + (ﬁ-V(SC)(p—i-/ Déup =0, Ve C(AY).
Q, M

Using Proposition B3] for d. instead of ¢, it follows that 6. = 0 a.e. in .. Then, from

BI3) we get

/ H(vaT.va)+(ﬁ-v5T)0+/ K00 = 0, YOeT(A).
Q r.,ur

~

Following exactly the same technique as in the proof of Proposition [3.3] it is easy to
deduce that §, = 0, and thus uniqueness is proved.

Now let us prove (B3)), (34]). Taking ¢ = ¢ in [212)) we get
/ D|Vc|? +/ Dc? / Dczc—/ (@-Ve)e< ¢ / || +/ |a- V¢l
Q, M M Q,

C(G)ei(1 + [lall2 @) Vel 2@,
where we have used trace inequality. Thus ([B.3)) is proved.
For the estimation of (34), taking 6 = 7 in (ZI3) implies

/ li|v7'|2+/ kTl = / H(waTi)T+/ IiéT*/ (- -V7r)r
Q Ty Uy T Uy, M Q

~

< (Klrw—mil + ) / 7] + / i Vr|7|
90 Q

~

IN

~

< Clha,8,6) (I =7l + e + Al zzcan) ) 197120,

which proves the proposition. ([l
Now, let us turn our attention to equation (ZI4). For given ¢ € C(A"), the function
u’ = (u§,u§) can be constructed similarly to [12], [I8]. Namely, we have

PROPOSITION 3.5. Let é = ¢+ ¢; € C(A?) be given. There exists u® = (i, iig) € U(A?)
satisfying @iy = —g(¢) on M in the H'/?(X)-sense and

[ul[ 1 cavny + 0| Loy < Ok, 0, B,G) (@ + ||l Lo (ar)), 1<p<oo.  (35)
Proof. For v € O, if we set

Ag = {(x1,22),0 < 21 < =51, y(1) < 29 < 0},
A = {(.’tl,xg),l+ ’6’;1 < I < , ’}/(Zl) < xTo < 0},

then Ao U A; C A7. Now, let ¢ € D(R?) be such that

supp() N{(0,0), (1,0), (0,7(0)), (I,7(1))} = empty, AY Nsupp(p) C AgU Ay,
=1

Jap= fr Y= fr
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We can choose the velocity u® to satisfy the following boundary conditions:

uy = —g(¢) on M,
ug 0 on I'y,
us = 0, uf = o¢p on I,
us = 0, uf = (¢+[,,9(@))e on I,
ug 0, w5 = 0 on I

Let us point out that u® satisfies the divergence-free compatibility conditions |, YR

n” = [,,u’-n=0. We look for u® in the form u® = (9%, —d11)). Then such a ¢ must
satisfy

1) on I'y, N {zy = 0},
o+ fy ) (t,h)dt on M,
¢)+f0 ¢)(t, h)dt on 'y, N{zy =1},
Glwr,me) = O+ [o900) [ ot on X, (3.7)
¢f ~+(0) (0, t)dt on I';,
(0+ [19(0) [50) w(l.t)dt on T,
0 on I

An extension of u¢ in G can be constructed as follows. Let
vlarae) = 9+ €a) [ gt hdt+&h—w2) [ o0t [ g(0)
0 0 M

where £(t) € C°°(R) is an appropriate function satisfying

§t)=1-&h—t)=¢t) - ¢ (h—1), tER,
(1) =¢'(t) =0, t< b

The function £ may be constructed as follows. Let 7(t) be given by

Et)y=¢&h—t)—1=0, t<
{ E(t) =2t —1, ih

|/\ wl=

Sh7

2
3

let 7(t) be the standard mollifier and let 1, (t) = n~2n(n"'t). Then &(t) = n, * & satisfies
the requirements. It follows that

u§ = &(z) [} o g(e)(t, h)dt —¢& fng ©(t,0)dt [,, g(¢)
us = —€(x2)g(e)(21,h) — E(h — x2)p(21,0) [y, 9(¢)

As ¢ is bounded and positive it follows that |g(¢)| < &, |g(¢)||lrary < ||€llLe(ar) and

u® e LP(G), [[u’|lzr() < C(G)g(@)Lrary < C(G)IéllLr(ar)- (3.8)

Let us point out that the previous estimation does not depend on . Moreover, u§ is
differentiable w.r.t. 5 and u?(x1,h) = —g(¢) € HY/?(Z).



OPTIMAL SHAPE FOR A PDE SYSTEM IN A FREE AIR-POROUS DOMAIN 653

The extension of ¥ in AY may be constructed as follows. For x = (x1,x2) €
AY\(Ap U 4;) we set 1p(x) = 0. In Ag U A; we set

(0,22 — k)¢ (370 ) +lor — 2,00¢ (7557) | x € Ay,
Y(x) = 22h (21-D%h
(0,22 + k(I — e1)é (it ) + (o + 2,006 ({255, ) xe A
(3.9)

Let us point out that from the choice of supp(y), in a neighborhood of (0,0), resp.
(1,0), we have ¢(x1,22) = (0,0) = ¢, resp. p(x1,22) = ¥(1,0) = ¢ + [;, g(¢). Also,
u§ = 0 in a neighborhood of ¥ because from the properties of £ we have (x1,z2) =
¥ (x1,0). Similarly, we have u§ = 0 in a neighborhood of T'; and T'y. From the extension
B3) it follows that |[u®l|f1(4+) will be bounded only by || (z1,0)| a2, [|¢(0,22)] x>,
l0(1, 22)| 2. From [B7) it follows that ||u®||g1(av) < C(k, o, B,G) (¢ + €]l z2(ar)) (as €
is bounded and positive), which with B8] proves the estimation (B3)).

Finally, let us point out that u® belongs to LA{(AV). Indeed, first we may extend u® to
an H!(R?)? function with compact support, because 0 is Lipschitz. Next, consider the
sequence u" = 7, * u¢ + a, v, with v.€ D(R?;R?), fixed, supp(v) N ¥ empty, V- v = 0,
fFi v1 = 1, and appropriate o, such that fFi ul = ¢. Of course 1, * u¢ — u‘ in
U(A7). Tt follows that Jr,ut — Jp, uf = ¢, and thus ey, — 0. For n large we have
u e (A7) because of the choice of the support of ¢ and the function £, which proves
that u® € U(A"). O

REMARK 3.6. Assume @ € LY(AY U G)? ¢ > 2. From Proposition Bl we have
¢ € C°(Q,), and from Proposition B3 we get

[ul[mran) + 06y < Ok, @, B,G) (¢ + ¢i). (3.10)

PROPOSITION 3.7. For given ¢ € C(AY) let u® = (u$,us) € U(AY), u§ = —g(&) as in
Proposition Then equation ([2I4) has a unique solution u € U(A"). Moreover,
d=u+u®e€U(A”)N H (A7 UG)? is the unique solution of ZI0) and

1Al g1 avy + Q]| 1oy < Clk, e, B,G)(ci + (14 ¢i) (@ + ||€llL2(an)))- (3.11)

Proof. The existence of the solution u € U(A?) follows immediately from the Lax-
Milgram lemma. For the estimation (3.I1]), taking v = u in (2.I4)) yields

A

[ c B e
[V [ Eul < Tl [Vl + el

IN

1% 1/
(Il o + 2 e )
cl|2 H c||2 1/2
(BIVO e ary + 0y (3.12)
which implies |[ullzgav) < C|lullg(a~). Combining this estimation with ([B.3) gives

allzecary + l[alleary < Clk, e, B,G) (b + ||Ell 2 ary)- (3.13)
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Now, let us prove 1 € H'(G)? and let us find an estimation for ||Val|p2(gy. From [12],
[15], [18], the decomposition L? = H @ H; @ Hy is valid for a Lipschitz domain. Here

L2 = [%(G) x L3(G), H ={ael? V-a=0, tr(a) =0},
H, ={a=Vp, pc H(G), Ap=0}, Hy={a=Vg e Hj(G)},

where “tr” is the trace operator on dG, well defined as G is Lipschitz domain, and L?(G),
H'(G), H}(G) are the usual Sobolev spaces. For 1 = u + u®, with u being the solution
of [2I4), we have @ € L? and [, 0 -v = 0 for all v € H. This implies u € H; ® Hy, and
thus = Vp, p € HY(G). As V-1 = 0 it follows that Ap = 0, so & € H;. Following the
construction of Hy in [I5], [18] we find that

Vp, pe H(G), Ap=0inG, Onp=1-nondG.

a
Let us recall that
@-n=-g(¢) on M, a4-n=0 onl,, - -n=—d(,0")=—0(-,07) onX.
It follows that p € H?(G). Indeed, the function p can be extended by reflection to a
harmonic function in a domain, say R = {(z1,%2),—! < 21 < 2I, 0 < 3 < h}. The

extension is possible because 01p(0,-) = 01p(l,-) = 0. Let p be the extension of p in R
as follows:

If)(xh') :p(_$17')7 Ty € (_la0)7 If)(xh') :p(2l — T, ')7 Ty € (072Z)
As we have

ﬂQ(_Ilvo)v T1 € (_lvo)a g(é)(_xlvh)v T1 € (_lvo)a
82]15(1'170) = a2(x170)7 T1 € (O7l): _aQIf)(xhh) = g(é)(x17h)7 T1 € (O7l)7
U2(20 — 21,0), 1 € (1,20), g(&)(2l — z1,h), w1 € (1,20),

from the construction of the spaces C(AY) and U(A") it follows that dop (1, 0), O (21, h)
belong to H'/2(—1,2l) because g(¢) € H(Q,), i € H'(A7). From regularity results for
the Neumann problem, [7], [I5], it follows that p € H?*(R). Thus p € H?*(G) and
16— f2:0lla2) < C(G)||[G-nllgi/25¢g). From the boundedness of ¢ it follows that
9@l < 1elms gy and we get

Al < VBl e < OG0 n|geoe
< CG)llellm () + 1allmav))
(using B3), < C(G)(ci(l+ [[allL2(a,)) + 1Al av))
< CG)(ei+ (1 +ci)llallegcary)
using @I3)) < C(k,0,8,G)(ci + (1 +¢)(¢+ [I€ll2an)), (3.14)
which completes (B.1)). O

REMARK 3.8. For K large, estimation (B.I1]) is independent of K. Indeed, estimation
(B.12) gives an estimation for || Vu||z2(4+) independent of K because of the bounds (B.3])
or (B.I0). We can proceed with the estimation of [[ul|g1 () given by (B.14), which is
given only in terms of &1 on ¥ and of ¢ on M, independent of K.

PROPOSITION 3.9. The system (Z8)—(2I0) has a solution (& 7,10) € C(AY) x T (A7) x
U(AY), (¢,7,0) = (c+ ¢;, T+ T, u+uc). If ¢;, ¢ are small enough, then the solution is
unique.
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Proof. The existence of a solution follows by using a classical compactness argument.
Indeed, let (&°,7%) = (¢;, ;) be given. For n € N, we assume that (¢", 7") is given and we
set 0" = u"+u" , where u¢” is given by Proposition BB for ¢ = ¢ and u” is the solution
of @I4)). Moreover, we set ("1 #7+1) = (¢"+1 4 ¢; 77! 4 ;) where ("1, 77H1) is
the solution of [212]), (ZI3) for t = ™. The estimations B.1)), 32)), B3), B.4), B3,
BI0), BII) give uniform bounds for the sequence (¢",7",a") in H*(Q,)%. It follows
that the sequence of (¢, 7,a") will converge weakly in H'(£2,)?, and strongly in H*(,)%,
s < 1. It also follows that the sequence of the traces on 92, of ¢* and 7" will converge
strongly in H*~1/ 2(89), which also implies the convergence in L*(M) of the sequence
of g(¢™). Then, we can pass to the limit in equations (Z.8)—(2.10).

For uniqueness, let us assume that the system has at least two solutions (¢, T, Um) =
(em + Ciy T + Ti, W, +um), m = 1,2, and let §, = ¢ — éa, 6, = 71 — T2, dy = U1 — Ug,
due = ut —u®. From (ZI2)), 2I4) it follows that J. and 4§, satisfy

/ D(V6, - Vi) + / Doy —-— / (f1 - V6.)¢ + (3a - Vea)ig, (3.15)
Q, M Q

~

/m M(V&u-Vv)-i-/G%(éu.v) = —/A7 M(V5uc~vv)—/c%(5uc-v), (3.16)

for all p € C(A7) and v € U(A"). Now, with ¢ = §. in ([BI5) we obtain

DIVa e,y < [ Il V85| + (G- Tea)s
Yy
< Nallza o) 982 6el oy + I8l acan) I Vezll ooy 16l 11ca
< O (Il V82, + [8all o) IVerllzaa,) ) V2, - (317)

Let us estimate [|0a]/z4(q,) in terms of [|[Vd.|z2(q. ). Equation B.I6) with v = 4, gives
l0ulleecary < Cllducllescary. Proposition B3 with . instead of ¢ gives

[6uellzr1(av) + 16ue|lr(@y < Ok, @, B, G)|[6cl rar)y, 1 <p < oo, (3.18)
because 6. = 0 on I';. It follows that
[6all 71 (avy + 10allLe@) < C(k, 0, B, G)[|0c|| L2 (ar) < C(ks a, B, G)||Vie| L2(ay- (3.19)

It remains to find an estimation for ||da/z4(g) in terms of [[Vé.| z2(q, ). Let us remember
that
V.63 =0 inQ,,
o ¢
5ﬁ'n:759 = 7m OnM,
5{1-11:0 on Fw, 5ﬁ'n:—5ﬁ2(',0+):—5122(',0_) on Y.

From Proposition B3], B4} B7 it’s easy to prove that for 1 < ¢ < 2 we have
logllwraey < Cl@)ldcllz2@y + [IVeallL2 @y IVl L2(a))
< C(q,k/’,a,,@,G)Q(Ci,(b)HV(SCHLZ(Q,Y), (320)

where Q(c;, @) is a polynomial function of (¢;, ¢). Then, from L9 regularity results for
the Neumann problem, as in Proposition B (but with 1 < ¢ < 2 instead of ¢ = 2, [1]),
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it follows that dg € W14(G) and

ldallwiaa < CG)([6gllwraa) + [1dallw. q(m))
(using @19, B20)) < C(g,k, o, B,G)Q(ci, )| Vel L2
which from the Sobolev inequality for ¢ ~ 2 gives
l6allze@) < Clg, ky e, B,G)Q(ci, §) Vel L2(q,)- (3.21)

From BI1) we obtain

2 ~
D|Véellz2@,) < C(‘)(Hul|‘L4(Qw)||V5C||L2(QA,)JFHél”l”L‘l(Qw)”vc?”L?(QW)) Vécllz2(a,)

(using @ZD), < COQE) (Illzsa, + IVeallzzcan) ) V072,
using @3), < CC)QC)(UllLaa,) + (1 + el L2, Ve HL2 Q)
< COHROIlar(a,ue) (Ve HLQ(QA,)
using GID), BD) < COQE)(e + (1+e)(d+e)Vallia,),

with C(-) = C(q, k, o, B, G) and Q(-) = Q(c;, ¢) a polynomial function. If || V4[|, 2(0,) 7
0, this implies
D <CHRM)(ei+ (1 +ci)(d+ i)

For ¢; and ¢ small enough, this inequality is impossible. It follows that HV(SCH%?(Q,Y) =0,
and thus 0. = 0. The estimation (BI9) implies that 65 = 0. Writing the equation for §,
and using a similar technique as for ¢, it’s easy to conclude that §, = 0, which proves
the theorem. |

Now let us describe in more detail some properties of the weak solution (¢,7,1) €

C(AY) x T(AY) x U(A") of Z)210).

PROPOSITION 3.10. There exists p € L*(Q2,) such that (¢,7,0,p) satisfies (L2)-(LH) in
the distribution sense.

Proof. The first two equations of the proposition follow immediately from (ZI2)-
@13). The third equation follows from (23] and Lemma 2.1, [I§]. O

The verification of boundary conditions in a stronger sense than that given by (2.8])—
[2.10)) is a matter of regularity results, which is not the purpose of this paper. However,
in order to address the shape optimization problem (L8], we will describe the boundary
conditions related to p and prove the formula giving p on T';.

PROPOSITION 3.11. There exists p € L?(AY) N H?(G) satisfying (L2)—(LH) in the dis-
tribution sense and

i) p=p;on Ty p; €R;

ii) p=po(=0) on I'y;

iii) the trace of p € L2(AY) on ¥ is well defined in the H=1/2() x H)/?()-sense and
[p] = 0 on X in H~Y/2(%);

iv) the constant p; is given by

pi = % (u/ |Val? + / /M ﬁﬂg) : (3.22)
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Proof. Equality 2I4) and Remark 1.9, [I8], imply the existence of p € L?(£2,) such
that At = Vp in D'(AY) and pa + KVp =0 in D'(G). Moreover, from the interior
regularity results for the Stokes equation it follows that e C2(AUG), pe CL(AUG),
and from Proposition B.71 we have p € H?(G).

Now, let us prove that the trace of p € L?(AY) on I'; UT, U ¥ exists. The function
0 € H'(A")? can be extended by reflections as follows. Let

7(7991)’ HANS (*Z,O),
g(ml) = ’Y(xl)v T € (Oal)a
v(2l —x1), x1 € (1,2]),

and set AY = {(z1,22), 1 € (—1,2]), g(z1) < 2 < 0}. We can define @1 = (011, 112), an
extension of & in A7, by

ﬂl(—wl,itz), xr1 € (—l,O), _712(_-T17$2): T1 € (_l:0)7
Tﬁl(th?): 121(131,1‘2), T1 € (071)7 ﬂ2($1,$2): 122(.1}1,1}2), T1 € (071)7
ﬂl(Ql — xl,mg), xr1 € (Z,Ql), —17,2(21 — xl,mg), xr1 € (l,Ql).

It is trivial to prove that 11 € H!(AY)2, V - @1 = 0. Moreover, for v = (vi,vs) € D(A7)?,
Vv = 0, we have [, Vii- Vv = 0. Indeed, let us focus on the case supp(v) C {z; <[}
(the general case being similar). We have (in all of the following calculus, all of the
partial derivatives 0; are w.r.t. x, unless otherwise noted)

Vu-Vv = Vu(zy,x2) - Vv(x, z2)
Av A~

+ / Vnﬁl(xl,xg) -VW1($1,$2)+v1f12(x1,x2) 'VV2($1,$2)
AY\ A~

= / Vu(zy,ze) - Vv(zy, x2)
AY

+ / Oty (—x1, 22)01vi (21, T2) + Oolir (—x1, X2) 0oV (21, X2)
AT\A7
—01lg(—x1, 22)01va (21, X2) — Oolia(—21, 22)Dova (21, 22)

= Vﬁ($17$2) 'VW($171'2)
A

(subs. y; = —x1) + 011 (Y1, 22)01V1(—Y1, 22) + Ooti1 (Y1, T2)02v1(—Yy1, T2)
AY

—O1t2 (Y1, £2)01Va(—y1, x2) — O2l2(y1, 22)O2va(—y1, x2)

Viu(zy,xs) - Vv(zy, x2)
AV

+ / Oy, 1 (Y1, 22) Oy, V1 (—y1, T2) + 02ty (Y1, 22)02v1 (—y1, T2)
AY

+0y, U2 (y1, 22)0y, (—va(—y1,72))
+0212(y1, ¥2) 02 (—Va(—y1, 2))

(from @I0)) = /A7 Via(zy,ze) - Vv(zy,x2) =0,
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because v = (v1,v2) = (vi(z1,22) + vi(—21, 22), Va(z1,22) — Va2(—21, z2)) belongs to
U(AY) as v = 0 and
v = —/ (%
I

0=/ V~v:/ V-lﬂ:/ V-zﬂ—/
A HAY I, Ur,Us I,

i i

In previous equalities 0;, resp. 0y,, denotes the derivative w.r.t. the ith variable, resp.
*; variable. Then, there exists p € L?(A7) such that —pAd +p = 0 in D’(AY). From
the interior regularity results for the Stokes equation it follows that 1 € C’ﬁfc(A”)2 and
D € C2 (A7), Thus, p € C®°(A7\(S UT,)), which implies p € C2.(I; UT,).

For the trace of p € L?(A") on X, we proceed as follows. Let € < 0 and set A€ =
A" N{ze < €}, B¢ = (0,1) x {e}. For v € D(X) let v = (v1,v2) € U(AY), va = v on X,
v=0onI;UT,UTl,. From —pAt+ Vp =0 in C2(A)?, it follows that

/ pv = / (v - Og) — / p(v-n’)— / uw(Via - Vv)
€ DAY I',Ul, U, Ave
— / (v - O21a) —/ w(Va-Vv) = —/ uw(Va-Vv), as e —0, (3.23)
by A~ A7
because daily = 0 in H~/2(X) and v; = 0 on ¥. By continuity, we define
/ pv = —/ uVa-Vv, Vv e Hé/2(2), v = (v1,v2) €EU(AY), vl =v. (3.24)
by A~

The definition is consistent because if w € U(AY), wy = v on X, from ([ZI4) we have
Jar V- V(v —w) = 0. Equation [24) defines [y, pv in the H~/?(%)-sense.

Now, let v € U(A7). For € < 0 small, from (2I4]) and local regularity of @, p in A7,
we have

[ = [ wwa-vve [ )

(Vﬁ-Vv)+/G%(ﬁ-v)

= lim o
€—=0 J pv,e

= / —pu(v - 010) + pug + / (v - 01) — pug + hH(lJ (v - 0201) — Pug
r; r, €0 Jxe

By continuity it follows that
pur = / (P —po)u1 = / [Plva =0, Vv e U(AY). (3.25)
T, T, b

Asp e O (T;UT,), (i) and (ii) follow. Moreover, we get [5] = 0 on ¥ in the H~1/2(%) x
H'/?(%)-sense.
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The proof of [B:22) starts with the estimation of [, u|Va|? + [, %£0® . Namely, let
V" € U(AY), v — 1. Then

/mu(va-vm + /G%(ﬁ-o")

= lim [ p(va-ve)+ [ L@

e—0 A€ GE

= [ nr oy it + [ o) iy
T, o

bolim [ p("-8pa) — oy — | V- en
€0 /5. el

- /ﬁ@?—/ ﬁ@?—/[ﬁ]@g—/ Py
I; T, b)) M
—/ ﬁ@?—/ piy.
r, M

p [ o= [ uvaevenys [ Raeenyep [ [ i
T, A7 a K T, M

which by letting n — oo gives (3.22)). O

Now, let us return to the shape optimization problem (L8)). Let us consider (c¢(vy) +
ci, T+ 7i(7),u(y) + u™) a solution of ZV)-(ZI0) in 2, p(y) = p with p given by
Proposition BTl and ¢¥(y) = 1 — é(7), and consider the shape functional E(v) given by
(LI0). We have the following results.

|
s
3>
>
=3

This gives

THEOREM 3.12. There exists a solution v, € O of ([LJ).

Proof. Let v, € O be a minimizing sequence of E(v), and as v(0), y() are bounded
and ~y, are uniformly Lipschitz functions, there exists a rectangle R = (0,1) x (0, k), for
any r < 0, such that Q" :== A UX UG C RUX UG =: QF. As 7, is Lipschitz, we can
extend 2" := (¢", 7", 4") to V := H'(QF)2 x HY(RUG) x H*(QF) functions. In fact, 0"
is extended simply by zero in QF\Q". We denote these extensions with the same letters.

From estimations (B3)), B4), B3), BI0), and BII), the sequence 2" is uniformly
bounded in V', and from the fact that -, are uniformly Lipschitz functions, there exists
a subsequence of 2" converging to 2* strongly in V* := H*(Qf)? x H*(RUG) x H*(QF),
s < 1, [I4], weakly in V, and a subsequence of 7, converging to v, € O strongly in
C°([0,1]), so that the sequence of domains Q" converges to Q* = A7 UX UG in the
sense of Hausdorff, of compacts and of characteristic functions, [8], [9]. We use the same
notations for these subsequences as for the original sequences.

It is easy to prove that (&*,7*,a*) € C(A7) x T (A7) x U(A). Indeed, from
the construction of the spaces C(A™), T(A™), U(A™), we can find (&",7",0") €
C(AM) x T (Ar) x U(A™), where AT = {(x1,23), z1 € (0,1), Yn(1) + 6, < 22 < 0},
where 6, = min{||v. — Yallco(jo,7), 0}, such that

" = e"llecarm) + 17" = 7|z (amm) + 0" = 0" [leggamm) < on,
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,0") € C(A7) x
x U(A), which

n n

with d,,, o, tending to zero as n — oo. It follows that for n large (",
T (A7) x U(A™) and converges to (¢*,7*,0*) in C(A7+) x T (A
proves the claim.

As 2™ converges strongly in V*, s < 1, and weakly in V, it follows trivially that ¢*, 7*
solve ([28)), (Z9) and G* satisfies (Z10) with A"~ rather than A7. Of course, uj = —g(c*)
on M due to the strong convergence of the sequence 2" in V* s < 1. Thus, we have
proved that (¢*,7*,0*) satisfy (Z8)—(ZI0) with A7~ instead of AY. This means that the
map v — (¢(),7(7),a(vy)) is compact from O to V weakly, and to V*, s < 1, strongly.
From the continuity of the trace operator ¢ € V* — ¢ € L*(M) x LY(T',), s < 1, s =~ 1,
and lower semi-continuity of [, |Va(y)[?, it follows that the functional v — E(v) is
lower semi-continuous in @, which proves that v, is a minimizer of E(y) in O. ]

Let us finish this paper with a result giving more information on the optimal do-
main A7*.

)

PROPOSITION 3.13. Let vx be the solution of (L) for a given K. Then, for K large
enough we have vx < 0; thus the boundary I',, does not intersect 3.

Proof. For a given K, let vx be the solution of (LJ]). Assume for a moment that there
exists a sequence {K}, K — oo, such that Iy, N ¥ is not empty. As in Theorem B.12]
let 25 := (eX,#K @) be the solution of (Z8)-(ZI0) in AVx.

Like in Theorem BI2 from the uniformity of the bounds 3], B4), BI), BI0)
and (B.II) (also Remark [3.8), there exists a subsequence of 2% converging weakly in V
and strongly in V¥, s < 1, and a subsequence of g converging in C°([0,1]), so that
the sequence of domains Q¥ := AY%< U ¥ U G converges to Q* = A7 UX UG in the
sense of Hausdorff, of compacts and of characteristic functions, [8], [9]. We use the same
notations for these subsequences as for the original sequences.

From (ZI0) for v = vX we get
u/ (VE< - vv) + ﬁ/(ﬁK.v) —0, Vv eU(A).
AVYK K G

Letting K tend to oo, from the weak convergence of u’® and uniform (w.r.t. K, Remark

B) bound BII) we get

Va*-Vv =0, YvelU(A™).
A7
Again, like in Theorem B2, we have t* € U(A?*), and similarly to Proposition B2 we
have u* € H'(A")2. Moreover, it follows trivially that I',, N'¥ is not empty, fl“i = ¢.
We can extend @* to H' (A7), where A" = {(z1,22), —lo < 21 < lo, |z2| < |7 (|z1])|},
lo = min{y1, v« (y1) = 0}. Namely, we set

t (21,22) = —sign(za)i(|z1], |z2]),

tp(21,22) = sign(z1)da(|za], z2]).
As 4* = 0 on I, it follows that ©1* € H{(A")? because (0,0) has zero capacity, [].
As in Proposition BII] it is easy to prove that [, Vii* - Vv = 0, for v € Hg(A7)?. It
follows that ©1* = 0, which implies fF‘ u] = 0. This is a contradiction and completes the
proof. O
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