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Abstract. The Vlasov-Maxwell system models collisionless plasma. Solutions are
considered that depend on one spatial variable, x, and two velocity variables, v; and
va. As x — —oo it is required that the phase space densities of particles approach a
prescribed function, F (vq,vs), and all field components approach zero. It is assumed
that F (vy,v) = 0 if v1 < Wi, where W is a positive constant. An external magnetic
field is prescribed and taken small enough so that no particle is reflected (vq remains
positive).

The main issue is to identify the large-time behavior; is a steady state approached and,
if so, can it be identified from the time independent Vlasov-Maxwell system? The time-
dependent problem is solved numerically using a particle method, and it is observed
that a steady state is approached (on a bounded z interval) for large time. For this
steady state, one component of the electric field is zero at all points, the other oscillates
without decay for x large; in contrast the magnetic field tends to zero for large . Then
it is proven analytically that if the external magnetic field is sufficiently small, then (a
reformulation of) the steady problem has a unique solution with B — 0 as z — +o0.
Thus the “downstream” condition, B — 0 as x — 400, is used to identify the large time
limit of the system.

1. Introduction. A collisionless plasma is commonly modeled with the Vlasov-Max-
well system:

8tf+v-wa—|—mif(E+c_1v><B)~va:0,
3tg+v-ng—mig(E+c_lva)-va=0,

O = ¢V x B —A4rj V- E = 4mp, (1)
0B =—-cVXFE V-B=0,

p=c[(7 g j=e[(7-gwav.
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Here x € R? is position, v € R? is velocity (not momentum), and t is time. The
function f(t,z,v) gives the distribution of positive ions (with mass m; and charge e)
in phase space; similarly g(¢,x,v) gives the distribution of negative ions. The speed
of light is ¢. Consider the so-called “one and one-half dimensional” case in which
f = ftz1,v,v), g = g(t,x1,v1,v2), E = (Eq1(t,z1), Ea(t,z1),0), and B =
(0,0, Bs (t,x1)). We will also impose a given external magnetic field, B4 = (0, 0, B3 (xl)),
so that the total magnetic field is B = BY + B4. Then the problem becomes

8tf + vlf)‘mlf + mLf [(El + Cil’l)QBg) 8v1f
+ (B2 — ¢ vy Bs) 0, f] =0,

g +v102,9 — o~ [(Ey + ¢ tvaBs) O, g
+ (B2 — ¢ v Bs) Ou,9] =0,

8tlgl = _47T.j1 8111E1 = 471'97
atEg = —C@wle)]’D — 47‘1']'27

athl)j = —Caleg,

p= e//(f — g)dvzdvy,

ji:e//(f—g)vidvgdvl fori=1,2,

Bs(t,r1) = BY (t,21) + B4 (21) .

Unnecessary subscripts will be dropped, so = 1 and B(t,z) = Bs (¢, 1) from now on.
Similarly, let v = (v, v2) and dv = dvadvy.

This work is guided by the desire to model the flow of the solar wind past the magnetic
field of the earth (BA(QC)). Thus an “upstream” condition is imposed:

lim_f(t,z,0)= lim_g(t,z,v) = F(v). (3)

Tr— —0Q

Here F is a given nonnegative continuous function with F(v) = 0 if v; < W; where
W1 > 0. Similarly, it is assumed that B is compactly supported and that the conditions

lim Fq(t,x) = lim Es(t,z) = lim B(t,z)=0 (4)
T——00

Tr——00 Tr— —00

are imposed. Note that if B4 =0, then f = g = F and E; = E; = B = 0 is a steady
solution of @), @), @).
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The large-time behavior of solutions is of interest. Is a steady state approached as ¢t —
400? In Section 2 numerical evidence will be presented that steady state is approached
ast — +oo (on bounded intervals), when B4 is small enough and f(0,z,v) = ¢(0,z,v) =
F(v). It is desirable to be able to identify this limit as a time-independent solution of (2]),
but what behavior to require as x — +oo is not clear. It is observed from the numerical
computation that

lim lim BY(t,z) =0

r——400 t——+o0

and that

lim lim FEy(¢,x)
T—+oot——+00
does not exist. In Section 3, the steady problem is reformulated in terms of potentials,
and it is shown analytically that there is a unique solution of this problem (for B4 small)
with
lim Fy(z) = lim B (z) =0

T—— 00 T——00
and

lim Bf(z) =o0. (5)
r— 400
Thus the downstream condition () is used to get a well-posed steady problem.

The global existence of weak solutions of (] is established in [4]. Many papers on the
Vlasov-Maxwell system consider the natural relativistic version of the system. Lower-
dimensional versions of the relativistic version of () are shown to have smooth global
solutions in [7]-[I0]; these works rely on the fundamental work [I3]. Global existence of
smooth solutions in three dimensions is also known for small data and nearly symmetric
data, [6], [12], [25], [29].

The Vlasov-Poisson system results from (Il) by formally setting B = 0 (or letting
¢ — +o0; see [28]). For this system the global existence of smooth solutions in three
dimensions was established in [22] and independently in [20] (see also extensions of [22] in
[19] and [26]). For a more complete discussion of the Vlasov-Maxwell and Vlasov-Poisson
systems, see [5].

The plasma physics literature on collisionless shocks is extensive; for example, see [2],
[21], [30]. Many mathematical works consider the existence of steady states ([ [15] [24])
and the stability of steady states ([I4] 16} [17] 18] [23]) in collisionless plasma. This work
differs from those mentioned above in that the applied field, B, is included and F (v) is
taken to model the flow past the obstacle, BA. A similar treatment for the Vlasov-Poisson
system was presented in [27].

It is interesting to compare this paper with [I5]. Both consider steady solutions of ([2))
and use the same potential formulation of the problem. It is shown in [I5] that there are
steady solutions with very different behavior for x+ — —oco and & — +oo. This is evident
in the solutions considered in this work, although the context is different due to B4 and
the assumptions made on F'(v) here.
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2. The dynamic problem. In this section the system (@), @), ) is solved numer-
ically with a particle method. The goal is to observe the large-time behavior. The initial
condition is taken to be

f(O,:L‘,U) = g(O,xm):F(v),

Ey(0,z) = BF(0,2)=0.

The spatial domain must be truncated, so the computation will be performed on an
interval —L < 2 < L, and (@) and (@) are replaced with

ft,—L,v) =g(t,—L,v) = F(v)

and
Ei(t,—L)=0.

The particle method used here is described for a periodic problem in Chapter 6 of
[B] (see also [I1] for convergence analysis). In the present context particles continually
move into the computational domain, [—L, L], from the left and out through the right.
A convenient way to describe the method is to refer to particles which lie outside of
[-L, L], even though they cannot influence the implementation until they enter [—L, L].
Let dy, dvy, dvy be positive, and for any (i, j, k) € Z* define

Xfijk(0) = Xgijn(0) = (i — %) dy,

V3fi(0) = V'gi(0) = (j —3)dvr,
V2fi(0) = VZ2gi.(0) = (k — 1) dva,
Qijk = F (Vlfljk(()),v2f”k(0)) dyd"Ul d’UQ.

Xfijk(t),Xgijk(t),Vlfijk(t),Vlgijk(t),v2fijk(t),V2gijk(t) for t > 0 will be defined
later. The basic approximations are

t x, ’U Zq”kd Xfijk(t)) 0 (’U1 — Vlfijk(t)) 1) (Ug — Vinjk(t)) , (6)

1,5,k
g(t,z,v) quk5 — Xgije(t)) 6 (v1 = VV'gii(t)) 0 (va — Vgiju(1)) (7)
1,5,k
where
) (dz)~t (1 - %) if |z| < dux,
6(x) =

0 otherwise,
and dz is a positive integer times dy (dz will be the spacing of the mesh used to compute
Ey and BP). Note that (@) and () are written for all 2, not only 2 € [~L, L]. The
approximations of p and j are obtained by integrating (@) and (@) in v.
Let dt > 0 and define dz = cdt. It is assumed that d’” and L are integers. Let

t" = ndt and zy = £dx for n € {0 } and £ € {O £l :I:l i23,...}, and (for
example)

19 525"

(Ev)y = E1 (1", x¢) .
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Assume that for some integer n > 1

X fije ™), Xgiji (07), V! fijk (t”_%) Viik (t"_%) ,

V2 fijk (t”_%) 295k (t”_%)
are known for all (i, 7, k) € Z> and that
(B} (B); (BT);
are known for all integers ¢ with |¢| < . For |¢| > 2 it is convenient to take
(B1); = () = (BY); =0.
Define (E1)" (z), (E2)" (z), (BY)" (z) by linear interpolation and V! f;j (t"*‘%) and
V2 fijk (t”+%) by

Vlfijk(tn+%)_vlfijk(t"_%)

dt
= g [(E)" sz”’“(t"%);cvzf”k(t’“%) (BP)" + BA)
X fijre(t™)
and
V2fijk(t"+%),VZfijk(t"7%>
dt
1e n+l 1p n—l
= |y T ) (s
Xfijk(t")

Vlgijk (thr%) and V2gijk (t"Jr%) are defined similarly. Next define
szjk (t"+1) = szyk (tn) + dtVlfijk (tn""%) ,

X fijk (t"Jr%) = X fir (") + 2dtV fiji (t"Jr%) ;

and similarly for Xg;;p.
Next the fields must be advanced. Define

pfﬂze/waHaWJo—guMaxm@>m

for integers ¢ and p"T!(z) by linear interpolation. Then define

Te
(B, =/ P (y)dy

-L
for integers ¢ with (| < . Note from (2) that
O (By + BY) + c0, (B2 + BY) = —4mj,
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and
O (By — BY) — c0, (B> — BY) = —4rj,
follow. Define, via (@) and (@),

(j2)z+1% = 6/02 (f (thr%,fEe_;aU) -9 (thr%,fEe_;,U)) dv
-3 2 2
for integers ¢. Then define (Eg)?+1 and (B” )ZH as follows:

(B2 + BF); ™ = (Ba+ BY)), — a4 ()]} o

forﬂzl—iﬂ—i,...,% and
n+1 n an+1
(E2_BP)£ e (EZ_BP)(+1_47T(']2)Z+§ dt
forf:—%,l—%,...,%—l. Forﬂz—i take
P n+1 o
(E2+B )e =0,
and for ¢ = % take
(B, - BY), ' =o.
Consider the following choice for F: Let
s _ s if s>0,
o0 if s<o,

d.(s)

=2 (1- (7))

+

F(v) = coeffd. (\/((vl W)+ v§)+> .

The above method was implemented for several choices of B4 (z) and the parameters
coeff, ¢, W, e,ms, mg, and c. The results of one choice will be presented: the results of the
others were similar. Take ¢ = 1073, coeff = 107, W = 107!, e = 1,my = 103, m, = 1,
and ¢ = 1. So the wind speed is roughly 11—0 the speed of light in this choice. Take

for s € R,e > 0, and

BA(z) = —(amp)z (1- 4x2)i

with amp = 1.6. Note that B4(z) = 0 if |z| > 4. The coefficient, amp, was taken
small enough that Vlfijk and Vlgijk remain positive (for ijk such that ¢;;, # 0). The
computational (spatial) domain was [—L, L] where L = 5. Figures 1 through 7 show
E1, E,, and BT at times t = 1,2,3,20,40,80, and 160, respectively. Times t = 1,2,3
show a transient wave in Fy and BF spreading out from (—1,1). In Figures 4, 5, 6, 7
a steady pattern emerges on the interval —5 < x < 5. Note that Figures 6 (¢ = 80) and
7 (t = 160) are identical; taking ¢ larger produces no further change. The particles that
are first disturbed by B are between —% and % at time zero. Their speed is roughly
%0, so the time for them to leave the interval [—5,5] is roughly 2 = 50. Thus steady
conditions cannot be expected before ¢ = 50. If L is taken larger, then more time elapses
before steady state is reached on the whole interval [—L, L], but the same steady state
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emerges. Figure 8 shows B4 and BY (with t = 160). Note that B (the steady magnetic
field produced by the plasma in response to B4) is smaller than B4 but tends to cancel
BA.

In all runs (with B4 sufficiently small to avoid reflecting particles) steady state
emerged by roughly ¢ = % For the steady state Fy = 0, BY — 0 as ¢ — —o0
and as * — +o00, and E; exhibits roughly periodic oscilations for z large.

In the next section the existence of a steady solution of ([2), @), () with

lim B(x)=0
r——+o0
is established using a fixed point iteration. Figure 9 shows E; and B that result from
this iteration (Fs is not graphed since for the iteration it is identically zero). Figure 9
is identical to Figures 6 and 7. Hence the solution constructed with the iteration agrees
with the steady state observed with the particle simulation.

3. The steady problem. The following are assumed throughout: B“(z) is con-
tinuously differentiable and compactly supported. F(v) is nonnegative, continuously
differentiable, and compactly supported. Moreover, there exist W7 > 0 and W5 > 0 such
that F (v1,v9) = 0 if vy < Wj or if |vg| > Wo. Let 24 = if > 0 and 0 if z < 0. Also,
let I,, >0=11if vy > 0and 0if v; <0. The letter C denotes a generic constant which
changes from line to line. When the value of a constant needs to be fixed, a subscript is
added, so, for example, C; denotes a fixed positive constant.

Define R : R? - R and J : R?> — R by

R = f F<\/<2—L—2—(,fj)2) +,;>
+
(8)
—F (\/(’U%-'—%_F%_ (Cfr?g)Z) , Ug — cfri,)] IU1>()d'U
+
and

J(u,b) = 6/’[)2

2
-F <\/<v% + —2;2”92 + 277%5 - (—Cifq) ) , Uy — Cfﬁq)} I, >odv.
. N .

Then we have the following:

THEOREM 1. Assume that/ : R — R and B : R — R are twice continuously differentiable
and satisfy

lim U(x)= lim U'(z)= lim B(z)= lim B'(z) =0, (10)

rT——00 Tr— —0Q r— —0Q Tr— —0Q
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and for all z

cmin(myg, m 2
|B(z)| < —(8ef’ 2 min (WQ, %) : (11)
()] < ML)y (12)
U (x) = 47R U(z),B(z)), (13)
7 1 dB4
B'(x) = —4wc™ T (U(x), B(x)) + - (14)

Define

2
ey = (-2 -2 (YY) e 2 1
+
2
o) = r (st 2 - (5] ) 0
+

Ei=U, F,=0, B=A8.

Then f,g, F1, E2, B is a time-independent, continuously differentiable solution of (&),

@), @.

Proof. Note first that since F(vy,v9) = 0 if v; < Wj (in particular for v; near 0), the
function

(z,v) — F <U%  2eB(x)vs 2eU(x) (eB(:c)>2> ot eB(z)
+

Cm g cmy Cm ¢ Cm ¢
is continuously differentiable at all points. Also
2eBuy 2l B\* 1 u B\*
v;_ﬂ_e__<e_> :2<_|U|z_e_) _<v2+e_> ,
cmy my cmy 2 my cmy

so on the set vy > 0, fis a C' function of $|v|> — f;L—L; and vg + Cfff. It follows (by
explicit computation) that on vy > 0, f satisfies the Vlasov equation (the equation for f

in @))). Claim that f(z,v) =0if v; < ,/%Wl. Suppose f(z,v) # 0; then by (I

f 8

and by (1)) and (12)

< v+ SR a4 2y
< 9W2(1W1)+2(§W1)

_ 2 25 2
= vy + ﬁWI'
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But for f(x,v) #0, v; >0 and
2
\/U%_Qerg _2el ( eB) _—
cmf mf ijr
v% + %Wf > W12,

v > \/3—72W1.

The claim now follows and hence the fact that f is C' and satisfies the equation for f
in ([@). Similar reasoning shows that g is C! and satisfies the equation for g in ().
By () and (@) it follows that

B, = U"=47RU,B)

must hold, and hence

= 47re/(f — g)dv = 47p.
Similarly, by &) and (@) it follows that
8,B” = 9,(B-BA) =B -8 — _4rc' 7 (U, B)

= —471-6716/“ — g)vadv = —47Tc’1j2.

Noting that j; = 0 follows from the Vlasov equations for f and g, () is established.
Since Y’ — 0 and B’ — 0 as x — —oo and E3 = 0, () follows immediately. Also

lim f(z,v) =F <\/U%,U2> Ly, >0 = F(v),

since F(v) = 0 if v; < 0. A similar conclusion holds for g and the proof is complete.
The next goal is to find solutions of (I0)), (I3), (I4)). The behavior of R and J near
(0,0) will be crucial, so we consider this first.

LEMMA 1. Let ¢; € R for i =1,2,3,4, and let h € C°(R). Define

o(u,b) = /F (\/(v% + c1bug + cou + c3b?) v + C4b) h (ve) dv;
then ¢ is C'*° on some neighborhood of (0, 0).

Comment: It follows that R and J are C'™ on some neighborhood of (0, 0).
Proof of Lemma 1. Let € = \/(v% + c1bvg + cou + 0362)+ and £ = vy + c4b. Consider
vy >0, € > Wy, and |¢| < Wa. Then for |u| + |b| sufficiently small,

|’U2| < |£| + |C4b| < 2W,

and

v = Ve2—cibuy — cou — c3b?

v

\/VV12 — |c1b] 2Wy — |62u| — |03b2\ > %Wl-
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Hence
¢(u,b)

F(e,0)h(vy)dv

'U1>O,E>W1,|€|<W2 (15)

= ~ F(E f)h(é C4b)s
N /W2 Wi \/52_01 (—cab)—cou— Csbzd{fdﬂ,

1
The lemma now follows since (e2 — c1b(f — c4b) — cou — c3b®) ? is C™ for € > Wh,
|| < Ws, and |u| + |b] small.
LEMMA 2. Assume that

F (’Ul, —’Ug) =F (1}1, ’Ug) (16)

for all v. Then
0,R(0,0) <0,

9J(0,0) <0,
and
OR(0,0) = 0,7(0,0) = 0.
Moreover, for u near zero

J(u,0) = 9, T (u,0) = 0.
Proof. By ([[3) it follows that

_1
2eb(4— €t 2\ °
/ / F(e,0)e (52—1—76( m'f)-l-%—“—k(—eb,))
W cmf mf CWLf
1

b 2\
e 2eb(L+:2-) _zew (e
cmg mg cmg

/ / (e, 0 (e-ay)
Wy 2cb<z—cfyff)

N[

] de dl

and

€2+ o +2eu+(cmf)2
+ eb
— ( ( - r)mg) de de.

2eb( L+ cfng ou P

\/62_ cmg 3"g +(”ﬂg)
By direct computation (without using (Ig]))

0uR(0,0) = —€? mf +m—1 / / ddé<o
w, €

and

o J(0,0) = —€? +m / / (e, ) <1+£>d£dﬂ<0
Wi
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Similarly,

HBR(0,0) = —e? Y+ my // (e,0)e 2tde dl,
Wi

which is zero by ([6]). Finally for u near 0

J(u,0) = e/ / (g,0)e ¢ — ¢ de dl,
W 52 + 2eu \/82 _ 2eu
mpy

mg

which is also zero by ([I@l). The lemma now follows.
Define

w = —470, R(0,0),

A = /—4rc19,7(0,0)
G(u,b) = 47R(u,b) + w?u,

H(u,b) = —4wc 1T (u,b) — A2,
and note that by Lemma 2
G(0,0) = 0,G(0,0) = 0,G(0,0) =0
and
H(0,0) = 9,H(0,0) = 8,H(0,0) = 0.
Equations (I3) and (Id) may be written as
U'(z) +w’U(x) = GU),B),
B'(z) — NB(z) = H(U(x) Bx))+ 22,
The linearization about Y = B =10 is
U+ = 0,

" 2 _ dB*
B'—X\B = 4B

629

so oscillatory behavior may be expected of U and exponential behavior of B (as was

observed in Section 2).
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A solution will be constructed with the contraction mapping principle. To set this up,
define
o(z) = min(w,\)(—2)4,

B@) = IA(-2)s - L min, V(@)

[Ullp = sup (eio@ u()),

Il = sup (*) (),
1Bl = sup (2 B()]),
1Bl = sup (e4#1B(2)]),
and for § > 0
S5 = {U.B) € C*(R) x C2(R) : [Ulls < 6, || < 6,

|Bls <0, and ||B'||p < 6}.
Then for (U, B) € Sy define F (U, B) = (U, B) by
U+ =G U,B),

B _, (17)
lim U(z)= lim U (z)=0,
and N
Blx) = —L [ Aol B
= — Y H — dy. 1
Bla) = 55 [ e U, B) + =) ) dy (18)
A few comments are in order. Note that the definition of S5 involves || - ||z and || - || 5,
not |||l or |||||lz- Also for ||U||g and ||B]||  finite
11111 U(x) = lim B(z)= liIJIrl B(z) =

but U(z) need not tend to zero as © — +o00; moreover, for all x
U(x)[ + 1B(z)| < ld]|z + 1Blls,

so restricting ||U|| g + ||B|| s ensures that R (U(x), B(x)) (for example) is defined and C?.
It will be shown that for ¢ sufficiently small F : Ss — Ss is a contraction in the norm
1|z + 1118l 5+ 11td ||| 2+ |||B'||| 5. Note that G in equation [I7) is evaluated at (U, B),
not (U, B). Also, it may be shown that for (U, B) € S5 (6 small)

B' - )\B=HU,B)+ &,
lim B(z) = lim B(z) = lim B (z) =

Therefore the iteration consists of solving a boundary value problem for B and an evo-
lution problem for . (]
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THEOREM 2. Assume that (I8) holds. Then there exists C' > 0 and dp > 0 such that for
0<o< 5() and

dBA
= i<
[ e |z <Co

there is a unique (U, B) € Ss which satisfies (I0), ([I3)), (I)), and
li "(z) = 0.
B () =0

Proof. By Lemma 2, J(u,0) = 0 for u small, so H(u,0) =0 and 9, H(u,0) =0 for u
small. Using the mean value theorem (twice) there exists & and & between 0 and b (for
|u| + |b] small) such that

H(uvb) = H(U,b) - H(U,O) = 8bI{ (uafl) b
and
OuH (u, ) = 0, H (u,b) — 0y H(u,0) = 0p0, H (u, &) b.

Since G and H are C'™ in a neighborhood of (0,0) and recalling Lemma 2, it now follows
that there exist 6; > 0 and C > 0 such that for vu? + b2 < §;

|G (u,b)| < C (u? +b?), (
|H (u,b)| < CVu2 + b2|p), (20
(
(

|0uG(u,b)| + |0pG(u,b)| + |0pH (u, b)| < Cv/u?+ b2,
|0 H (u, )| < Cb].

Consider (U, B) € Ss with 0 < § < d;. Note that
|H (U(x),B(x))] < C\/U(x)+ B*(x)|B(z)]

Co||B||ge 3l

(23)

IN

decays as * — +00, even though U(x) may not. This would not follow from
|H(u,b)| < C (u* +0%).
From (I8) note that

— 1

Ble) = [ Msgnta — ) (B, B0) + S-0)) dy
(where sgn(z) =1if x > 0,0if x =0,—1 if z < 0), so using [23)) yields

‘B(m)| +

B@)| < C’/e*)"””*y' (17 @, B)| +|42*) ay

< C’/e*szyl (C(SHBHB + ||%||B> e~ 5l gy,
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The following will be used:

LEMMA 3. For any x € R and 6 € [0,1)

3
A=yl =Myl gy, « S ~6xJal
/e e y < i 9))\6

The proof is deferred to the Appendix. Now ([24)) yields

— — > dB4
Bo)|+[B' )] = ce ¥ (5181 -+ 171
and hence
_ — dB4
Blls + 1B s < ¢ (8181 + 19215 (25)

Similarly for (U, B1) € Ss and (51,31) = F (U1, B1), @) and ([22) may be used to
obtain

|B—B,| = ‘;—;/e’\zy (HU,B) - H(UhBl))dy‘
< C’/e_klm_y‘ (|H U,B)— HU,B)|+ |HU,B1) - H (Ui, B1)|) dy

< c/e—klx—y\ (5|B = Bi| + |Bu| U — th]) dy

2

< [N (518 ~ Blle ¥+ 1Bulle P~ th e ) dy

S‘W/””“”mw—smm+mu—ummnﬁﬂ%w

(26)

Using Lemma 3 yields

B—Bi| < Co ([1B—Billls + Il — th]]|p) e
and hence

1B ~Blls < Co8 (|[IB — Bullls + 1 — thl|&) - (27)
Since

B B, =5 [e N Vsgn(o — ) (H @.5) - H (th,B2) dy

the estimate

1B =Bl < C26 (1B — Bullls + I — ]|l 5) (28)

follows, just as ([217) did.
To estimate ||[U||z an energy method will be used. Define

G(u,b) = /OuG(H, b)da
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and note that by (I7)

(@ @)+ W (@) — 6 (). B(x)

_ (29)
x U(y)
= —/ B’(y)/ G (u, B(y)) dudy.
—00 0
Also define
X =sup{z:|U| <6 on (—o0,z]}
and for R > 0
min(w,\)R if z < —R,
or(xz) = ¢ min(w,\)|z] if —-R<z<0,
0 if 0<zx
and | - |[zr(z) by
l6llza(e) = sup {e372W o(y)| :y <}
Note that for x < X using (20) yields
_ |t ()]
6 (T(x), B(x))| < / C (a2 + B2(x)) du
— —2
< ClU(x)| (U (z) + B*(z
@) (0 @)+ B @) )
< 0o (JTgn(@)e o5 + [BJe )
< 0O 87m ) (Ulp () + 15]3) -
Similarly for < X using (2] yields
U(y)
B’(y)/ G (u, B(y)) du
0
2 (y)]
< ClB'(y)| Vu? + B (y)du (31)
0 31
< OB e P ] r(y)e Ton0) Vo2 £ 52
< OF|Ul|pr(y)e s MWitor),

The following will be used:
LEMMA 4. For z e R

/x ¢~ 30Wlton() gy < 5y-1e—don()
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The proof is deferred to the Appendix. Now using [B0) and @BI)) in (29) yields

—/

L@ @)+ 3 @)

IN

|G (U(x), B(x))]

x
of
— 00

Coe 377 (|U|%p(x) + |1B]1%)

U(y)
B() / 0yG(u, B(y))du| dy

IN

+C’52/ ||g||ER(y)ef§(Aly\+an(y))dy

— 00

IN

Coe o) (I Ea(x) + 1B + 610d ()
and hence

[(u’(x)f +u2($)} phon(@)

< Cso ([UlEr(2) + I1BIE + 0|t £r(2)) -
It follows that (for x < X still)

20115 (x) + U35 (2)
< Cs6 (Ul ER(x) + 0|Ulr(z) + 1B]|%) (32)
< Cs6 (|t pr(x) +6)°.
Requiring § < (1603)71 yields

(It gr(x) + ),

FNQE,

] £r(x) <

SO
0.

Ll =

[U|lpr(x) <
It now follows that X = +oo and by ([B2) that
— — 1
U | %R (2) + U ER(x) < 552-
Since the upper bound does not depend on R or z,

f, _
led 113 + 2] < 567

Ol =

follows, and hence
— 1
ol < 36 (33)

and
— 1
Ul < 55- (34)
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It remains to estimate ||[I/ — U1 ||g. Define
1/~ —\2 1 — 2
£=5 (U -U) +5u* U-t)
and note that using (2I]) yields

& = U -ii||cW.B) -G @B
g\ﬁ_agaum—aﬂ+w—6m
e (5+‘U’fz7’1 1B = Byllpe= 1)
< Cud (€418 Bif el ).

The following version of Gronwall’s inequality will be used:

635

(35)

LEMMA 5. Assume £ € C'(R) is nonnegative and that C > 0,D > 0,45 > A; > 0,

Az > A; with
E(x) < Cets®
and
€' (z)] < A1€(z) + De= A2l
for all x € R. Then 5D
E(x) < LA eAiz—(Aa—Ar)(—2)4
The proof is deferred to the Appendix. Note that from B3]) and (34

2
0<E<C(semin0) = c2emin
follows. Take A3 = %min(w, A), A = %)\, and A; = C40 and require

1
5 S 476'4 min (A27A3) .

Now (B33)) yields
'] < ALE + Cad|||B — By[[Be 21,
so by Lemma 5
€| < 2C88|IB=Bill} ,Arz—(As—Ar)(—2) 4

— 2—A1
< C6|||B = Byl||e 2P
and hence
e — — — 1
0| + | | < €518~ By e
and

I Ul + I —Uyllls < C56%(|B — Buill|s-
Taking § < ;¢ and ||%||B < 3¢ (E3) yields
— —/
IBlls + B |z < 6.
Combining [B3), B4), and @7) yields (U, B) € Ss.
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2
Taking § < min (ﬁ, (4&) >, @), @2]), and @Ba) imply that

— — — — = — =
[led = Urllle + Il = Usllle + 1B = Billls + 1B — Byllls
< (Il =thllle+ 1B —=Bills)-

It now follows that there is a unique fixed point of F in Ss, call it (U, B). It further
follows that (U, B) satisfies (I0)), (I3), (I4) and

lim B'(z) = 0.

Tr— 400

4. Appendix: proofs of technical lemmas.
Proof of Lemma 3. For x <0

/e—m—me—wy\dy

o Az e(1+9)>\z Az 1_67(170)>\z e}\(l)
= arox € @—Dx o)X
Oz Oz Ax 3 —OX
< Grox T oo T Grox S et e,
Since the mapping
. /e—xwx—y\e—wmdy
is even, the lemma follows.
Proof of Lemma 4. For x < —R
xr
/ e 3OHoR() gy = 3\-ledha—3or(a)
— 00

IN

%)ﬁle*%"R(I).
For —-R<x <0

xT xT
/ e 3Oltor) gy < g,\flefgoﬁ(fzzu/ ¢ 3AuHE min( Ny g
—R

— 00

IN

S\l 5780 4 (20 4 2min(w, \)) ' S (Fmint e

-1 6% min(w,\)z

IN

IAte-bon) 1 (2)

= 3\ le~39r(@)
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For 0 <z
/ e~ 30l+or) gy < gA—Te~ 4on(0) +/ e~ 3rvgy
— 00 0

= ATt (1o e ) <yt

_ 5)\—16—%03(@’

completing the proof.
Proof of Lemma 5. Define

and note that

and that

T

efAle(:L_) S e*Alw/

—00

(AlCeASy + De’AzM) dy,
which tends to zero as © — —oo. Hence

e MIR(x) = /z d%; (e*Aw’R(y)) dy

— 00

= / e MY (—A1R(y) + A1€(y) + De=42l1) dy

— 00

xT
< D / e Aru—Aalyl gy,

For x <0
x
— — (Ag—Ap)z
/ A =
— 0o
= (Ay— Ay te (A AD()t
For x > 0
“ x
/ em v lldy = (4 - Ay)7 +/ e—(ArtA)y gy
oo ;
< (Ap— A) 7T (A + Ap) 7!
< 2 (A2 - Al)_l e_(A2_A1)(—9U)+.

The lemma now follows.
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