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Abstract. We study the stabilization problem of linear parabolic boundary control
systems. While the control system is described by a pair of standard lincar differential
operators (£, 7), the corresponding semigroup generator generally admits no Riesz basis
of eigenvectors. Very little information on the fractional powers of this generator is
needed. In this sense our approach has enough generality as a prototype to be used for
other types of parabolic systems. We propose in this paper a unified algebraic approach
to the stabilization of a variety of parabolic boundary control systems.

In the special case where the semigroup generator admits a Riesz basis, we also propose
a new and simpler algebraic approach to the stabilization which is based on the so-called
identity compensator. To show the usefulness of our approach, a class of linear boundary
control systems of second order in ¢ is introduced, to discuss the stabilization or the
enhancement of stability of these systems.

1. Introduction. We consider in this paper the stabilization problem for a class
of linear boundary control systems of parabolic type by means of feedback control. In
investigating boundary control problems, the complete knowledge of fractional powers of
the associated elliptic operators has been an indispensable and powerful tool (see [13, 14],
for example). By the transformation of the state variable via the fractional power, the
original equation with boundary inputs is changed into the equivalent equation with
distributed inputs and no boundary input, so that the standard semigroup theory is
effectively applied. The essential and specific use of fractional powers, however, makes it
difficult to apply the existing procedure of stabilization to other more complicated control
systems: It is generally a difficult (but challenging at the same time) problem to derive
a complete knowledge of fractional powers of an elliptic operator under consideration
unless it is just a version of well-known operators such as those discussed in [4, 7]. The
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operator studied in this paper cousists of a standard elliptic differential operator £ of
2nd order in a bounded domain 2(C R”') and the associated boundary operator of
mixed nature, denoted as 7: The operator 7 consists partially of the Dirichlet type and
partially of the Neumann type (see (1.2) below for the definition). For such operators,
few satisfactory results on fractional powers have been obtained. A serious reason is that
the Dirichlet boundary is locally continuously connected with the Neumann boundary.
In the standard case with the Dirichlet boundary (case I) or the generalized Neumann
boundary (case II), each subdomain near the boundary is mapped—via a partition of
unity-—onto a domain of the half space: R = {y = (y'.ym):y € Rgl_l-ym > 0}.
where 7 is transformed into 7, which is essentially equivalent to the one described as
Tyt = u(y'.4+0) (case I) or Tyu = du/dy,, (y'. +0) (case II). In case I, by introducing the
maps A of prolongation and pu of restriction:

w(y  ym). Ym > 0,

A LARyL) — LA(Ry). Au(y . ym) =
v Y _”(,I/l‘ _.‘/nz)‘ Ym S 0.

(' ym) = vy —ym))

mwm
R!/+

N = —

.12 m 2 m N _

e L (Ry ) - L ( y+)* et (U ~.’/m) -

and interpolating these maps. the characterization of the domain of the fractional powers

are accomplished within the framework of the Sobolev spaces. In case II, the charac-

terization is similarly obtained by introducing the maps v of prolongation and m of
restriction:

Wy  Yym)e Y > 0.

v: L2(R™)) — L*(R™). vu(y'.y.) =
" / ' “(yh _.I/m)- Ym < 0.

| = —N—

T L2<R:/”) - Lz( ZI”-I—) ﬂl'(!/-!/m) = 7 ('“(HC'!Jm) + l'(y/' _ym))

NS

b

m
R!H—

and interpolating these maps.

It scems quite difficult in our boundary condition. however, to find effective maps
like the above. Another problem is that the actual construction of the control syvstem
via fractional powers has sowme difficulty. even in the case where the complete fractional
structure is known.

The purpose of the present paper is to proposc an alternative approach of algebraic
nature to stabilization, by avoiding the above difficulties, which turns out to be a con-
trol scheme simpler and more general than those in the existing literature. In fact our
approach requires little specific knowledge of fractional powers of the given elliptic op-
erator, and it would give a new algebraic insight into stabilization. We have studied a
similar problem in [14] along this line. However. the problem is limited to the case where
the operator admits an associated Riesz basis to establish a finite-dimensional dynamic
compensator, the so-called identity compensator. This compensator is first considered in
the same state space as the controlled plant. so that its state asymptotically approaches
the state of the plant. It is then reduced to a finite-dimensional one. Our situation is
more general: it requires no Riesz basis associated with the clliptic operator of the plant.

In order to cope with the general situation. the compensator in this paper is of a general
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type in an arbitrary separable Hilbert space. Although the controlled plant is described
by an elliptic operator with a complicated boundary condition, the discipline of this pa-
per has, however, substantial applications to other lincar boundary control systems with
slight technical changes (see also Sec. 4).

As for the regularity of solutions. we face a difficulty in connecting the classical C'*-
theory with the modern L2-theory. In standard cascs. the domain of the operator L is
often characterized as D(L) = {u € H?(2):7u = 0 on 812}. In our case, L is obtained
as the closure in L?(£2) of a closable operator. Thus the domain of L is less clearer
than in the standard case. We do not know exactly, for example, if (A — L)~!f with
A€ p(L) and f € L%(£2) would be an H?(f2)-function. Even the standard perturbation
argument needs a more careful consideration (see, for example, the proof of Proposition
3.5): We will find a narrow slit connecting the C®- and the L2-theories -via the analytic
continuation.

Let us describe our boundary control system. It is written by the system of linear
differential equations:

% +Lu=0 inR} x
Al
TU = Z(v.pkm"hk on Ry x I,
k=1 (1.1)
dv N . 1
pr + Biv = Z(u wp)rée in Ry,

k=1
w(0,) = wo(-) in 2. ©v(0) = vy.

In (1.1), the controlled plant X, with state u = u(t,-) is characterized by a system of
linear differential operators (£,7) in a bounded domain 2 of R™ with the boundary
I' which consists of a finite number of smooth components of (m — 1)-dimension. The
compensator X, with state v = v(t) is described by the differential equation in R, the
dimension ¢ being suitably chosen. Throughout the paper, the inner products in L?({2)
and L?(I") are denoted by (-, ) and (-,-) r. respectively. Let wy be in L2(I'), 1 < k < N.
Then the output of X, is denoted as

(u,wi)r, 1<k <N, (1.2)
which enters Y. as the input through the actuators £;. The output of X is denoted as
(v, prype. 1<k <AL

which enters X, as the input through the actuators hy on I'. Thus (1.1) forms a closed
loop system with state (u(t.-),v(t)) € L?(£2) x R’.

We employ a typical but general differential operator for the controlled plant X,. Let
us define a pair of differential operators (L, 7) as follows:

m 0 (‘)u m a/u
== o, (aiﬁ(v)@) + 2 h@)g el

ij=1

ru=a(E)u+ (1- ale) oo




714 TAKAO NANBU

where a;;(x) = aj;(x) for 1 <. j < m. a € §2; for some positive

m

Z a;; ()€ > SIEPP. VE= (€., ... En) ERM. Vre 2

ig=1
and
. Ju - Ju
0<a() <1 with a(§) £ 1. w Z a;jevi(€) |
vooA oy,
v(€) = ((é)..... v, (€)) being the unit outer normal at £ € I'. As for the regularity

of the coefficients, it is enough to assume that a;;(-). b;(-). ¢(-). and a(-) belong to
C?(02). C%(£2), C¥(£2), and C?*+(I"), respeetively, where w. 0 < w < 1 will denote a
constant depending on each function. In the case where a(€) = 1 in (1.1). 7 is of the
Dirichlet type. We note that our stabilization arguments in this paper equally apply
to the Dirichlet case with the output replaced by (Ju/dv.wy)r. 1 < k < N. In fact.
if the output is given by (1.2), and supp w; Nsupp iy = @ for every j and k. we must
have the trivial output: (u.wy)r = 0. Technical modifications in the Dirichlet case will
be remarked in the footnotes when necessary. As for the actuators, we assume that hy
belong to C?T<(IN), 1 < k < Al

Our task is to establish a new algebraic approach to the stabilization. which is stated
as follows:

Given a set of hy, and wy., determine suitable feedback parameters. that

is. the dimension €. the matriz By, the vectors .. Cp. and pi., so that

the state u(t,-) as well as v(t) decays exponentially as t — oo for every

inatial state ug and vg.
Stabilization results for (1.1) can be found in the literature (see. e.g., [1. 3. 5. 13. 14
16, 19]). In [13], the problem was completely solved for the system (1.1) when a(€) is
strictly less than 1 (the generalized Neumann case). A disadvantage is, however, that
the arguments depend heavily on the fractional properties of the clliptic operator. This
limits the application of the techniques in [13].

Let us review briefly how the boundary control systems as in (1.1) have been studied
in the literature. Set Lu = Lu for u with the boundary condition 7u = 0 (the precise
definition of L is given in Scc. 2). Given a large constant ¢ > 0. let o, € H?($2).
1 < k < M, denote the unique solutions to the boundary value problems: (¢4 L) =0
in 2. Tor = by on I'. The solutions o are denoted by o = N_.hy in Sec. 2 (see
(2.12)). Let u(t.-) be a solution to (1.1) belonging to H?(§2) for cach t > 0. Then we
rewrite the equation for u(t.-) as

, A
% + L. <u — ,;(zf./)k.)Rf¢k,) =cu. @ = N_.hy. (1.4)

where L. = L + ¢. In the case of the generalized Neumann boundary, i.e., 0 < a(€) < 1.
the approach in [13] via the fractional powers of L. is stated as follows: It is well known
that (sce [4, 7])

D(L}) = H* (). 0< 3 <3/4.
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The homogeneous boundary condition: 7u = 0 is required in the domain D(L?) for
B > 3/4. Since u(t,-) (which is in H?(£2)) does not belong to D(L), we set x(t) =
Lc_l/4_fu(t.-), 0 < € < 1/4. Then z(t), t > 0, belongs to D(L). Applying Lot
on both sides of (1.4) and noting that N_.hx belong to D( 2/4_6), we obtain another

expression of the plant X, with state z(t), which is described by

M

— 4 Le =Y (v, p)pe LY T N_chy,  2(0) = L7V 4wy, (1.5)
k=1

The boundary input is thus transformed into the standard distributed input. The output

of X, is rewritten in terms of z(t) as

<U(t, ')v wk)l‘ = (L};/2+2C'T(t)v L;3/4“€¢k>9,

where ¥ € H?(f2), 1 < k < N, denote the unique solutions to the boundary value
problems: (c + L*)x = 0 in 2, 7*¢ = wy € HY?(I') on I'. The problem is then
reduced to a problem of standard type with unbounded output and distributed input.
This makes the problem considerably easier to handle. The above transform of the state
works just like an integral transform which makes the state u smoother in space variables.

As we have just seen, the use of the fractional powers L? is an essential tool in
the above analysis. This would cause a difficulty in complicated control systems where
fractional structures are not well known. Another difficulty arises when we apply this
approach to the system with the boundary operator of the Dirichlet type. As is mentioned
before, the output of the plant X, is instead given by (Ou/0v,wi)r, 1 < k < N. The
fractional structure in this case is well known, but essentially different from the one in
the generalized Neumann case: The homogeneous boundary condition 7u = 0 is required
in the domain D(L?) for 3 > 1/4. Thus we need to set z(t) = LC_3/4_Eu(t, -) so that x(¢)
belongs to D(L). We similarly obtain (1.5) with L¥/*™°N_,hy, replaced by L™ D_ h,
where D_.h, € H?(§2) denote the unique solutions to the boundary value problems
(c+ L)YD_chy = 0in £2, TD_chy = D_chg|r = hi on I'. The output of X, is then

rewritten as
ou o .
<8_7wk> = <8—Lf»/4+6x,wk .
v r v r

A difficulty arises at this stage: Due to the strong unboundedness, the above functional
on z is not subordinate to L.

Another approach to transform boundary inputs into distributed inputs is based on
the formulation of the equation for u in weak form. According to this formulation, the
equation for u is regarded as the one in a space of linear forms, and L is interpreted as
the extended and generalized operator. In [17], this formulation is extensively studied in
studying optimal control problems, etc. Following [17], let us review briefly this approach
in two ways. Let L* denote the adjoint operator of L (see (2.3) in Sec. 2 for the precise
definition of L*). The domain D(L*) is the space equipped with the graph norm. When
u belongs to D(L) and ¢ to D(L*), Green’s formula implies the well-known relation:
(Lu, ) = (u, L*¢) q, the right-hand side of which is an anti-linear form on D(L*). Thus
we see that there is a unique map A;: L%(2) — D(L*)" such that (u, L*¢)q = (Aju, ),
where the bracket (-,-) is understood as the one between the pair of spaces D(L*) and
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D(L*). This allows us to extend L defined on D(L) to the operator A; on L2({2) by the
above formula. Identifving L2(§2) as its dual. we obtain D(L*) C L*(£2) C D(L*)" with
continuous, dense injections. For cach ¢+ € D(L*) and ¢ = N_ by in (1.4). Green's
formula implies that

0= <£(.\,;‘]\-. l,‘)_() = —(]I/\».O"l;“>r + (g,;‘}‘.. L;k.l.‘>!).

m , : 1.6
where v = <1 - ZM(OW(&)) U - % (1.6)
i=1

Thus (hy. o) defines an anti-lincar form on D(L*) (the boundary operator o appears
again in Sec. 3). According to the extended L. i.c.. Aj. this anti-linear form is rewritten
as

</),;.». O"Ii'>r = <\,9;,.. Lj'd')_q = <L,.]V_(.hk. u">. L.N_.h, € D(L*)

We formulate the equation for « in weak form as follows: In (1.1), when the solution
u(t.-). t > 0. belongs to H?(§2) and v to D(L*). we caleulate the term (u. ") o~ via
Green's formula  as

‘ d
clu)o = E(u. U)o+ (Lo t) o

- %(’u. VYo — (T, ov) p + (u. L) o
d M
= E(u. U)o — kz_;(v.m-)[gz (hp o) + (u. Ly o
d 1\_1
= E(u. V) — ;<7Y«/)A->]Rf (LeN_ohi ) + (Lo, ).

Thus u satisfies the equation in D(L*)":

— +Lu=Y (v.p)zs LeN_chy. (1.7)

k=1

which turns out to be a counterpart of (1.5). We stress in (1.7) that L is regarded as
the extended operator Ay, Thus. D(L) is equal to L2(£2) in (1.7). An advantage of the
form of (1.7) is that it allows the boundary operator 7 in our problem. On the other
hand, the regularity problem remains: examining if the solution uw would be actually
an H?(f2)-function satisfying the original boundary condition. In addition. a serious
difficulty arises: The output (u.wi)p of the plant X, is no more subordinate to the
extended L.

A formulation somewhat stronger than (1.7) is possible in the dual space of the Hilbert
space H!(£2), where

1—af

H ()= ue H' (2):u=0o0n T (i(iy/? we LI\ I)
a tu 1- 9 1 . (1.8)

nN={erlr:al) =1} #@.
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The sesqui-linear form associated with the pair (£, 7) is defined by

a(§) >
1—(1'(5)11‘{/) \I,

m B a’u Od) m / au/ l / /
+ > <aij(.z)8;—rj. aT,->Q +> <bi(.r,)ami , u/>9 + {c(x)u. ) o

=1

B(u.y) = <

When u and ¢ belong to D(L) and H} (§2) respectively, we sce that (Lu.v) g = B(u.v).
Since B(u.v) is an anti-lincar form in ¢ € H}(2), there is a unique map Ay: HL(2) —
HL($2) such that B(u,v) = (Asu. ). where the bracket is understood as the one between
the pair of spaces HL(£2) and H!(£2). Thus L defined on D(L) is extended to A
on HL(£2) by the above formula. By assuming an additional condition: hg|r, = 0.
1 < k < M. solutions u(t.-) belong to H}(§2). Then u satisfies the equation in H} (£2)’
with unbounded controls:

— + Lu=> (v.p)pJhy.  Jhy € D(LYY. (1.7)
k=1

where L = Ay and D(L) = HL(£2). An advantage of the form of (1.7') is that. since
solutions are sought in HL(£2), the output (u,w;)r is subordinate to L. However, we
have to require a superfluous assumption: hy|p, = 0, which is unnecessary in our paper.

Another representation of boundary control systems in weak form is found via frac-
tional powers of L. e.g.. in [10]. Stabilization problems containing unbounded controls in
abstract spaces have been recently studied in [19], where the concept of “regular linear
systems” (RLS) is introduced. Another study of RLS’s is also found in [2].

Based on thesc observations, we propose in this paper an alternative algebraic ap-
proach to the stabilization. In comparison with these approaches. ours is a much simpler
one. A feature of our approach is that it

(i) requires little specific knowledge of fractional powers:
(ii) it can be applied to the case of the Dirichlet boundary (a(£) = 1) as well; and
thus
(iii) it lcads to applications to a variety of boundary control systems of parabolic
type.
In fact, what we use in the fractional calculus merely uses m-accretiveness of L. and the
general moment inequality. In the above sense, the feedback scheme proposed here is a
general stabilization scheme.

In our approach we always have solutions u(t,-) remain in L?(£2). It is essential in
our framework that the function u — Z,{”zl (v, pryre N_chy. belongs to the original D(L):
This function, being neither decomposed nor transformed into another, is studied as it
stands in both regularity and stabilization problems. Our point is as follows: Given a
closed operator B in another Hilbert space such that o(L) No(B) = @ and an output
operator C, we construct the operator solution X to the operator equation XL—BX = C
such that the range of X is contained in D(B) (Proposition 3.2, (ii) in Sec. 3), which
compensates the difficulty arising from the operator L and the boundary controls on I.
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The basic regularity problem as well as some preliminary results are discussed within
the framework of both the L?- and the classical theories in Sec. 2. The main result is
stated in Sec. 3, where the existence of a finite-dimensional stabilizing compensator of
general type is discussed. When the pair (L. 7) especially admits a Riesz basis, another
stabilization scheme- -based on the so-called identity compensator-—is proposed in Sec.
4. Although the stabilization in this scheme has been extensively studied, the feedback
control law proposed here is a new one, and is constructed in a more readable manner. To
show the usefulness of the algebraic approach, we introduce a class of linear boundary
control systems of second order in ¢, and we apply our approach to these systems to
achieve stabilization or enhancement of stability.

2. Preliminary results. Let us begin with characterizing the operators L and B.
Set

Lu=Lu. D(L)= ={uecC*N)NCYN); Lu e L*(2),7u =0} (2.1)

The closure of L in LQ(Q) is denoted by L. The domain D(L) consists of u € L%(£2)
with the property that there is a sequence {u,} C D(z) such that u,, — u and Eu,,
converges as n — oc. It is well known (sce [8]) that L has a compact resolvent (A—L)~!
‘rlmt the spectrum o (L) lies in the complement (£ — b)¢ of some sector X — b, where
={A€C:ly <|arg)| <7}, 0 <y < /2, be R and that the estimates

const

L+ |Al

, and

[(A=L)7Y <
(2.2)
const

A—L — . AeX-b
||( ) ||L<L (Q):HY(2)) = 1+|)\l1/2

hold. where the norm || - || denotes the L?(§2)- or the £L(L?(£2): L?(£2))-norm. The latter
estimate is derived from the relation (2.5) below. There is a set of generalized eigenpairs
{Niowij} su(h that (sce [6])

(i) o = {/\1./\2..... i s ReAdp <Redo <--- < Red; <+ — o0; and

(11) L(p,'j = )\ikﬂj]’ + Zk<j (,l;ka,ﬁik. 1>21.1<5< m,'(< OO)
In our general boundary condition, the elliptic theory for L owes much to the fundamental
solution U (¢, x.y). as discussed later in this scction. In the specific case where a(€) =1
or a(§) < 1 on I', however, the elliptic theory for L is standard, and much deeper
results are well known (sce. c.g., [6], [11]). In this case, D(L) is simply characterized by
{u€ H*(2):7u = 0 on F}. S0 that (A= L)"f. f € L3(£2) is an H?({2)-function. As
mentioned in Sce. 1, these facts scem unclear in our case: We do not know exactly if
(A = L)~ 1 f would belong to H?(2) for any f € L?(§2).

Let (L£*.7*) be the formal adjoint of (£.7):

m

A

LY 0}[( 5 ) = divibla)e) + clo)y.

o =a(f)p+ (1 - a(f)) (8—“9 + (b(§) - u(&))w) ;

(2.3)

v
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where b(x) = (b1(2).....bm(x)). The pair (L£*,7*) defines the operator L* just as in
(2.1). Then the adjoint of L. denoted by L*, is given as the closure of L* in L%(92).
There is a sct, of gencralized eigenpairs {;, ¥;;} such that

(i) o(L*) = {A1 Ao, .. .. Ai....}:and

(ii) L* w,] = Aty +ZA<J M/’:L i>1.1<j<m(< o).

REMARK. In addition. the set {p;;:7 > 1.1 < j < m;} spans L%(§2) (see [6]). When L
is self-adjoint. all ¢;; are eigenfunctions, and the set {;;} forms a complete orthonormal
system for L?(£2). In the general case, it is not clear if {¢;;} would be a Riesz basis.

As for the genuine solutions to the boundary value problem associated with (£.7), we
note the following classical result: If f is in C¥(§2) and —c is a real number in p(L). then
the boundary value problem

(c+Lu=f N, 7u=0 onl (2.4)

admits a unique solution u € D ) [8. Theorem 19.2]. In other words. u = L71f is a
genuine solution in D(L) as long as f is Hélder continuous and —c € p(L) is a real
number. A similar result holds for L* [8, Theorem 19.2*].

When ¢ > 0 is chosen large enough, we note that

Re({L.u.u) g > const ||'u||§_{1(_(2). and thus || Leu|| > const |lul| g1 (o). w € D(L).
Similarly we obtain
Re(Liu,u) o > const Hu]ﬁp(m, and thus |[LZu|| > const ||ul[ 10y, w € D(L").

The operator L with b(r) being set 0 is denoted by L°. The operator L° is self-adjoint.
Choosing a ¢ > 0 again large enough. if necessary. both L. and LY arc m-accretive. Recall
that D(L?”z) = H!(£2). where the space H(§2) (C H(§2)) is introduced by (1.8) (sce
(16]). Thus we sce—-via a generalization of the Heinz incquality in [8] —that

D(L¥/?) = DLy c HY(2). 0<w< 1. (2.5)

Due to the first part of (2.2), —L is the infinitesimal generator of an analytic semigroup
e~ t > 0. The following is not directly connected to our stabilization study, but it is
interesting in the scense that it connects the modern theory with the classical one: It is
well known (see [8]) that there is a unique fundamental solution U(t.a.y), t > 0. x,y € 2
such that

(i) (& + L)U(t.r.y) =0, Ut y) = 0.
where the subindex x to £, for example, mcans to apply £ to U(t.z,y) as a
function of x, and the subsequent subindices 7¢. ete. will be self-explanatory:
(ii) (m + LUt a,y) =0, 77Ut 2, &) = 0: and
(iii) e~ *Fu —] Ut.e.y)u(y) dy. u € L*(£2),
le tE|| < (%_C'., t > 0. where C' = inf 5 ¢(x)".

tGenerally speaking, the estimate |[e~'F| < Me=C"t with M > 1 is derived from the first part of
(2.2), where (7 < inf Reo(L). The fact that M = 1 is not essential in our argumnents.
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If u(t.r) is a genuine solution to the initial-boundary value problem:
du

i +Lu=f(t.r) mRLx Q2. Tu=g(t.§). onRL xTI.

w(0..0) = up(r). in 2.
then u(t, x) is expressed as

u(t,.r)

Uflzuz(h‘+/ /Lf—ll dy
/ ) o (y | soroy) f(s y)dy (2.7)

-1—/0 (Is./r{(l—b(£)~u(£))U(f—s..r.f)—()IifU(f—s..z‘.{)}g(s.f)df.

If ug(r). f(t.2). and g(t. &) satisfy some regularity conditions. the right-hand side of (2.7)
gives a unique genuine solution (sce [8]). The regularity assumptions needed for wg. f.
and ¢ will be discussed later in this section.

As for the solution u(x) to (2.4) with f € C¥(£2). we have the expression (sce [8])

u(r) = C(l ) f(y)dy.  where

G(r.y) = / ('_”U(z‘..r.y)(lf. (r.y) €N x N x#y.
Jo

Let Py, be the projection operator corresponding to the cigenvalue A; of L. Generally
speaking, Py, is not an orthogonal projector. Then the adjoint Py is the projector
TOS ine s eloenvalue N of Sottine - mio 4 we have o
corresponding to the eigenvalue A; of L*. Setting Py, u = ijl ijjpij. we have the

relationship:

u;1 <“-U'i1>!!

=15 : . (2.8)

Wim; (“~L‘im,>!2

where
J— 1. m;
I, = TR .
M (<¢'J e [l 1o, m; )

Let K be the integer such that
Redp <0< R(‘/\[\’_H. (29)
and st Py = Py, + -+ + Px,. The restriction of L onto the subspace P L?(£2) is
according to the basis {p;;: 1 <7 < K. 1< j < my}. equivalent to the upper triangular
matrix A, the diagonal clements of which are Ay, ..., Al Ao, Ao oy AR AL-
———

mi meo m

Let us define the operator B. Let H be a separable Hilbert space equipped with the
inner product (-.-) . and choose an orthonormal basis for H. We relabel the basis as

{5 i> 1 1<) <ni(< )}

Every vector v € H is expressed in terms of {nt} as
) i

v = zJ'/u + E PP (,H = (v. ’/,]>H
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Let {u;} be a sequence of increasing positive numbers 0 < p; < pg < -+ — 00, and
define B as

Bv = Z wwtving + z piw~vm;;,  where
2V 2% (2.10)
wr=a+v-1V1-a2, O0<a<l.

It is easily seen that B is a closed operator with dense domain D(B) = {v € H;
> |v;§ui|2 < 0o}. In addition,

(i) o(B) = {pw™; i > 1}; and

(i) (pw* —B)p5=0,i>1,1<j<n,
Thus we see that —B is the generator of an analytic semigroup e~tZ, t > 0, which is
expressed by

—tB —piwtt, .+ —piw Tt~ —
Py =D ek £ D e o,
,J (2]
and it satisfies the estimate
e 8|y < et t>0. (2.11)

For h € C?*¥(I), let R be a non-unique operator of prolongation such that

Rh € C?™(2), Rh|p = 9 ghl =h
ov r

Then, TRh = h on I'. If —c € p(L) is a real number and h € C?T%(I), the boundary
value problem

(c+Lu=0 in2, 7u=h onl

admits a unique solution u € C2(£2) N C1(£2) (see [8]). In view of (2.4), the solution is
expressed by u = Rh — L7!(c + £L)Rh. In fact,

(c+L)(Rh— L7 (c+ L)Rh) = (c+ LYRh — (c+ L)Rh =0 in £,
7(Rh— L7 (c4+ L)Rh) =h—-0=h on I

For A € p(L), the function
Nyh=Rh—(A— L)Y *(A\= L)Rh (2.12)

is analytic, and coincides with the above genuine solution when A = —¢f. For our
actuators hy, we thus define N_.hy if ¢ is a real number: ¢ > —Re\;, and N_.h; €
C*H2)NCHN) and LN hy € L?(§2). Let us consider the coupled system of differential

*More is true. In fact, Ny belongs to L(H3/2(I'); H?(£2)) in the case where a(¢) = 1 and to
L(HY2(I); H2(£2)) in the case where 0 < a(€) < 1 (see, e.g., [11]).
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equations:

0
S HLu=0 mRlx 0.

Al
TU = Z<’I’,pk>yhk on ]REr x I

k=1 ] (2.13)
dv A M
E—l_Bl'_Z W) Z vope) G in RL x H,

k=1 k=1

w(0,) = ug(-) € L?(82). v(0) = v, € H.

This is the basic system of differential cquations for our stabilization study. In (2.13) the
equation for v means the compensator X which is finally reduced to a finite-dimensional
equation. The output of X, is a set of lincar functionals (v, pryy, 1 < k < AL, which
enters the plant X, as the input through the hy on I'. In the stabilization procedure in
Sce. 3, the vectors pg are chosen as linear combinations of a finite number of 1]; Thus,
we assume that pg belong to D(B*). We will show that the problem (2.13) is well posed
in L2(£2) x H. Actually we have the following result:

THEOREM 2.1. The problem (2.13) is well posed in L2(£2) x H. and the solution u(t. )
is in C%(2) N CH(£2), t > 0. The semigroup generated by (2.13) is analytic in ¢ > 0.

Proof. Assume first that there is a solution (u(t.-).v(t)) to (2.13). Setting

A
- Z(v. Pr)HN_chi.
k=1

@
Il

we obtain the cquation for (z,v). It is clear that = belongs to D(L). According to our
assumption that pp belong to D(B*), (z.v) satisfics the equations

, A A N
%? + Lz = Z(l’. BlpryuN-chi — Z(r. PRVH {g;,. + Z<N“"h"" un)rf[}
k=1 k=1 =1
N
=S o) rfi. Tz=0. (2.14)
k=1
dv M N
7};+B’U=;<U /)A {(A +Z<[\/_‘h,\ uy pf/}-l-; Z Wy Ffl.
where the functions fi. and g, € C%(§2) N C'(£2) are given. respectively, by
Al A
fr = Z<£k-ﬂl>H1V—-«-hl~ and gy = Z<CI\'~/)1>HN—0111~
=1 =1
By sctting A = (5 §). the equation corresponding to (2.14) is simply written as

(u<>+ (=206 Ca)=() ew

where dz /0t is changed to the differentiation of 2z in L2(£2): dz/dt. and the meaning of
the operators D, F, and G will be clear. There is a sector & = {A € C: 6y < |arg | < 7).
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0 < 8y < m/2, such that X — a for some a € R! is contained in p(A) and that

const —
., A€ X —a.
1T+ A

If X is in p(A) and the norm of D(A — A)~! is less than 1, we have
A=—A+D)'=A-A4A)711+DN-A4)"HL

A= A) erzoyxm) <

Let us estimate D(A — A)~!(Z). It contains the terms

(A=B) v, Bipe)r, (A=B) v, pidg, and (A= L) 'z, wi)r.

All these terms are easy to handle, since (A — B)~!v goes to 0 as A € X' —a — o0o. Owing
to (2.2) and (2.5), the last term is estimated as

[{(A = L) 2, wi)r| < comst [[(A = L)™'zl =)

st
< const [ L/*(A = L) ~'2]| < +C°“*’

‘—Wllznv 3>1/2

This shows that | D(A— A) 7| z(r2(2)xm) goes to 0 as A € X —a — oo®. We have proven
that there is a sector ¥ — b with some b € R! such that

— const —
A=A+ D) e xm < AeX—b

14N
Thus eqn. (2.15) determines an analytic semigroup e~ tA=P) t > 0, generated by —A+D.

Let (7) = e7#A=D) (%) be the solution to (2.15). Since Ae~*4~D) is analytic in ¢ > 0,
both (igig) and (éf((ii?)) are analytic in ¢ > 0 in the space L?(£2) x H for any & > 0.
Let us consider the initial boundary value problem:

€
% + L2 =F(2(t+¢),v(t+¢)) in R},_ x {2,

72°=0 onR} x T, (2.16)
25(0,2) = z(e,z) in £2.
It is clear that F'(z(t+¢),v(t+¢)) is Lipschitz continuous in [0, 00) x §2. In fact, we have
the inequality:
[(2(t) = 2(s), w) r| < const [|2(t) — 2(s) || r1(e)
< const ||L(2(t) — 2(s))|| < const [t — 5|, t,s>e.

Thus, the problem admits a unique genuine solution z°(¢,z) such that L£z°(t,z) is
bounded in (ti,t2) x £2 for 0 < Vt; < Vtp and so is 9z°/0t (see [8]). This means

$When a(€) = 1, the estimate is replaced by
(8/8v)(A = L)~ z,wi) | < comst |(A = L) 2l yaj2sae g

const

3/d4e -1 >
< const ||L A-L <
< const || Le ( )72l < 1+ |NI/4=e

lI=ll

forxeX —aand0<e< 1/4. Here we have used the standard results: m-accretiveness of L. and a
generalization of the Heinz inequality that D(LY) is contained in H?%(£2), 0 < w < 1 (see [9]).
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that dz/dt also exists in the topology of L?(2) and it is equal to 0z¢/dt. Thus, taking
the difference between 2°(t) and z(t + €), we see that

d
E(ze(t) —z(t+¢e))+ L(z°(t) — 2(t +¢)) =0, 25(0)—2z(0+¢) =0;
in other words,
2(t)—z(t+e)=et0o=0, t>0.
Thus z(t + <) satisfies the equation

Oz(t+e.x)
ot
T2(t+¢e,6) =0 onR, x T,

z(04+e.x)=z(e,x) in §2.

+ Lz(t+e.2)=F(2(t+e,2).v(t+e) inRY x 02,

Since ¢ > 0 is arbitrary, z(¢,z) satisfies the first equation in (2.14). Thus (u(t, z),v(t))
satisfies the system (2.13) by setting u = z + zglzl(v,pk)HN_chk, and the solution is
unique. O

3. Main result. In order to state our main result, we need first the translation of
the functions h; and wy on I” in the framework of the control theory for systems in the
finite-dimensional subspace PgL?(2). As for hy, set Py, N_chy = Z;nz’l (fjcpij. Then,
by (2.8)

h (N_chi, i) a

<z'k;n, (N-—(‘hk-wim,>9

Green'’s formula implies that
(LeN_chy,igyo — (N_chi, Lipij) o

- _ <8N—chk’,wij> n <N—chk~ 31/’ij> + ((B(E) - V(E))N_chi, i) r
r r

ov v

i
= — ( hyp. (1 — b(€) - i — —2 .
(= b0) w00y - G2 )
Thus there is a non-singular m; x m; matrix R; such that

¢h (his o) r
=R : . 1<i<K,
Ci}‘;n, <hk~ Uwim,>l“

where the boundary operator o is introduced in (1.6):

51!’:']'

o = (1 = b(&) - v())hi; —

ov
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The above relation is rewritten as
C{cl <hk,0¢11)r

C{cml = diag(Rla Tty RK) <hk7 0w1m1>1"

gf{mK <hkaU¢KmK>F

Setting S = my + - - - + mg, define the S x M matrices Z and H as

B k.-k_) 1,...,.M
Z‘(C“’ (i,4) 1(1,1),...,(K’mx>)’ e

H
! (3.1)
H= e where H; = ( (h,0%) r; k=l M
= 3 i = ks i ijl 1,.-.,77%'
Hyg

respectively. Then, Z = RH, where R = diag(R; - -- Rg). It is clear that the controlla-
bility condition for the pair (4, Z):

rank(ZAZ---AS71Z) =8

is equivalent to the controllability condition for the pair (R™'AR, H ). As for wy, we
define the N x m; matrices W; by

k] 1,...,N
W; = (<wk780ij>1“§ !

j—>1,‘.‘,mi

), 1<i<K. (3.2)

Our stabilization procedure is based on the control system (2.13), which is well posed
according to Theorem 2.1. We first achieve the stabilization of (2.13) and then reduce it
to (1.1), where B, depends on the parameters p; and w* which we can design. In order
to study (2.13), we assume that

i <consti”, i>1, forsomey; 0 <y <2,

3.3
ReAgy1 <ap, and o(L)No(B)=o. (3:3)

The above conditions are fulfilled by adjusting the parameters w® and p1- We also

assume that the vectors & are given in the form: & = >, ; 5;‘]-77;; +2, £En;;, and

satisfy ¥
STk P <00, e>0. (3.4)
%)
Let us set
k—1,...,N
==&k o ;> 1. 3.5
i (g”’jl 1n) ‘= (3:5)

Our aim is to derive an exponential decay of solutions (u(t,-),v(¢)) to (1.1) with the
prescribed decay rate » < Re Ax4+1. We are in a position to state our main result.

TWhen «(£) = 1, we assume instead that i |£fju3/4+€

|2 < oo, where 0 < € < 1/4.

k3
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THEOREM 3.1. (i) Let r be an arbitrary positive munber smaller than Re A4 1. Suppose
that (R"'AR, H) is a controllable pair. Suppose further that
rankW; =m;. 1<i< K, and

3.6
rank=; =N, i>1. (3.6)

Then for any r; r < r; < Re Ak, there exist vectors (. and p, which ensure the decay
estimate
lut, )+ o)l < conste™ {lluoll + llvollar}, ¢ >0 (3.7)
for every solution (u(t,-),v(t)) to (2.13).
(ii) Eqn. (1.1) is derived from (2.13) by suitably choosing an integer | < oc, and it is
well posed in L2(£2) x R!, where the solution u(t,-) is in C%(£2) N CY(R2), t > 0. Every
solution (u,v) to (1.1) satisfies the decay estimate

llu(t, ) + [v(®)] < conste™ " {|lug| + |voli}, ¢ >0. (3.8)
Proof of Theorem 3.1.

First Step (operator equation). Let us first consider the operator equation

N

XL -BX =C onD(L), where C=- Z(',wk)rfk. (3.9)
k=1

Here, the domain D(C) is given by Us>l/2 He(£2)**. Our first result is the following:

PROPOSITION 3.2. (i) The operator equation (3.9) admits a unique operator solution
X € L(L*(£2); H). The solution X is expressed as

N N
Xu= Z z Frlpaw™: u)ﬁﬁ-n;; + Z Z Fre(paw™: u){f‘}na, u € L?(12),

i k=1 iJ k=1
where fr(\;u) = (A — L) tu,wp)p. 1<k <N.

(3.10)

(ii) The ranges of X and its adjoint X* are contained, respectively, in D(B) and D(L%),
0<a<3/4.

PROPOSITION 3.3. Under the assumptions (3.3) and (3.6), we have the inclusion relation:
PiL*(2) C X*H. (3.11)

In (3.11) the overline on the right-hand side means the closure in L?(f2) and the left-hand
side is a finite-dimensional subspace spanned by P, 1 << K, 1 <75 <m,.

By Theorem 2.1, eqn. (2.13) admits a unique genuine solution (u(t,-), v(t)) € L?(£2) x
H such that u(t,-) belongs to C?(£2) N C'(£2), t > 0. Rewrite the equation for u as

M
du
o + L, (u — Z(v,pk)HN_chk> = cu

k=1

“*When a(§) = 1, C is replaced by C' = — Z{\.\Izl(a - [Ov,wi) pé€k with D(C) = Ugsy /o H*(92).
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(see, e.g., (1.4)). Applying the operator X to both sides, we have

A
iXu +(B.X+C)lu-— Z(?r,pk)HN_Chk =cXu, or
dt Pt

M
d
- Xu+ (BX +Chu = > (v.pe) H(BeX + C)N_chy + cXu.
k=1
Note that, if u were in D(L), we could have (B.X + C)u = X L.u. But, this is not true
in our problem. We define the vectors (. as

G = (BeX +C)N_chy, 1<k<M. (3.12)
Then we see that
i(Xu —v)+B(Xu—-v)=0, or

dt
Xu(t.)) —v(t) = e B (Xug — o), t>0.

Due to the decay property of e~tB, the above right-hand side goes to 0 exponentially as
t — oo:

| Xu(t,) —vt)|g < e ™ Xug — vollgr, t>0. (3.13)

Second Step (operator F'). In view of (3.13), we can rewrite the equation for u again
in the form:

du
=+ Lu=0, u(0,)=um,

M Al (3.14)
TU — Z(?L,X*pk>ghk = Z(e_tB(vo — Xug), pr)ghe-
k=1 k=1

Given a set of functions yi, 1 < k < M, we define the operator F as
Fu=Lu, uweDF)={uecC*(2)NC (2);Luec L*), Tu=0o0nT},

a (3.15)
where Tju = Tu — Z(u,yk)ghk, yr € L*(92).
k=1

The boundary condition for F' is thus characterized by the feedback form. A specific
feature of the operator F is stated as follows. The proof is to be given later.

PRrOPOSITION 3.4. (i) The operator F admits the closure F in L?(£2). The closure F is
densely defined and generates an analytic semigroup e~t¥. If in addition yx, 1 < k < M,
belong to D(L:?), B > 0, then e *Fyg is a genuine solution for each uy € L?(£2).

(ii) Suppose that (R AR, H) or (A, Z) is a controllable pair. Then there exists a set
of yp € P[*{LQ(Q), 1 < k < M, such that the following estimate holds:

le || < conste™"t, t>0, r <ry<Relgyr. (3.16)

REMARK. If all the eigenvalues of L on the vertical line: Re A = Re Ax 41 are poles of
(A — L)~ of order 1. the above 75 is replaced by Re Ag 4.
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We add a small perturbation to yx in Proposition 3.4. The perturbed functions,
denoted by i, define another clliptic operator, say F. For later convenience, however, it
is still denoted by the same symbol F' without confusion. The following result looks like
merely a standard perturbation result in the case where the coeflicient « of the boundary
operator 7 satisfies the condition a(¢) =1 or 0 < a(§) < 1. We need, however, a more
careful consideration in our general case.

PropPOSITION 3.5. If Z)jc\[:1 gk — |l is small enough, we have the estimate
le ) < conste™"t, ¢ >0. (3.17)

Third Step (stabilization). Let y. € P,*(LZ(Q), 1 < k < M, be the functions stated
in Proposition 3.4, (ii). Proposition 3.3 guarantees suitable sequences of functions X * py
which are arbitrarily close to y,. In addition, the set {773 } forms a complete orthonormal
system for H. Thus we can choose suitable pi, which are expressed by a finite number
of 773, say, 1 <4 < n, such that

e F|| < conste™™f, ¢ >0,

where F is the closure of F in (3.15) with y,. replaced by X*pg.
Let us consider the boundary value problem

(c+Lu=0 in2, Tpu=g onl, (3.18)
where g denotes a given function, belonging to C?**(I"). Then we have

LEMMA 3.6. Choose a ¢ > 0 large enough so that —cis in p(L). Then the boundary value

problem (3.18) admits a unique solution u € C%(£2)NC!(£2). The solution is denoted by
f

u=NZ_g.

REMARK. It is shown later in the fifth step that the solution u = Nfcg is actually
expressed by T~ N_.g, the operator T_. being defined in (3.24).
We go back to eqn. (3.14). Choose a ¢ > 0 in Lemma 3.6, and set

A
p=u-— Z oINS Ry, where  fi(t) = (e7tB(vo — Xuo), pi) -
k=1

The function p(t), t > 0, belongs to D(F) and satisfies the equation

dp

A M
a T2 (cfkm - %fka)) NZche pl0) =0 = 3 ON

Since the vectors py. belong to D(B*), both fi.(t) and dfy(t)/dt=—(e"*B(vo—Xug), B*ox)
converge to 0 exponentially as t — co. According to Proposition 3.5, we see that

Ip(t)]| < conste™™ " ([Juo|l + [lvollxr), t>0.
This immediately leads to the decay estimate (3.7), and the stabilization of eqn. (2.13)
has been achieved. Combining this result with Theorem 2.1, we also obtain the estimate

_ const
(A= A+ D) Hlgraoyxm) <

AE(X —a)U{) Rer <7l (3.19)

“ 1+
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Fourth Step (reduction to a finite-dimensional compensator). We reduce eqn. (2.13)
to (1.1). Let PH be the projection operator in H corresponding to the eigenvalues p;w™
of B, 1 <1i<n, that is,

n
PHv = ZZ vz]n” + “zﬂz]) for v= Z(vwn” + UUUU) € H.

i=1 j=1 i,J

Recall that the vectors py are chosen in the subspace P (see the third step). In (2.13),
set v1(t) = PHu(t). Applying P to both sides of the equation for v, we obtain the
coupled system of differential equations

d—u+£u=0 in R} x £2,
dt
M
TU = Z(vl,pk)yhk on Ri x I
k=1 N u (3.20)
D1y By = (wwdrPe+ S (o pe)nPAG in RLx PHH
dt Pt ’ n P ’ n + n 11,
u(0,-) = up(-) € L*(2),  v1(0) = PHvy € PP H.

Here B; denotes the restriction of B onto the invariant subspace PH H. In exactly the
same manner as in Theorem 2.1, it is shown that the system (3.20) is well posed in
L%(2) x PEH, and the solution u(t,-) is in C?(£2) N CY(2), t > 0. The semigroup
generated by (3.20) is analytic in ¢ > 0. In other words, every solution (u(t,-),v1(t)) to
(3.20) is derived from the solution to (2.13), and satisfies the stability estimate (3.7). The
equation for v; in (3.20) means the finite-dimensional compensator with [ = dim PZ H,
where the terms on v; on the right-hand side are absorbed into B; in the expression of

(1.1).
Fifth Step. Let us turn to the proofs of the previous propositions and lemmas.
Proof of Proposition 3.3. We will show that

Xu=0 = Prgu=0.
Setting Xu = 0 in (3.10), we see that

kaulw Ju)elh = kauzw Wl =0, i>1,1<j<n,.
k=1

Since rank =; = N, i > 1 by (3.6), this implies that
Frelpiw®u) = (piw® = L) tu,wp)r =0, 1<k<N,i>1

Recall that (L) is inside some parabola = a’y? — b'; A = = + /=1y, o’ > 0. Thus,
choosing a 6 such that 0 < ; < min{argw™, 3(2 — )}, we have the estimate

const
L+ A

where £ = {\ € C; 6, < |arg\| < 7}, and a” € R!. Let us introduce the map

m(A) = (A + V=1Rg)"e¥V"1*, ImA >0,

[(A=L) < xeXTp-ad,
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where Ry > 0, and 1 and ~ are chosen so that

2 2 2—
max {7,2— —argw+} <n<2——0,, K= 777r.
7r 0

2

Thus we see that #; < » < argw™’. By choosing an Ry large enough in this map, the
image of the upper half-plane, that is. the set {m(\): Im A > 0} is contained in the sector

Y1 —a”. For simplicity of symbols, we write fi.(m(A): u) as f(m(A)). Then the function
f(m(A)) is analytic in A, Im A > 0. and

Fon(o))) = 0. o; = /e T =0 _ /TR, (3.21)

for j > jo, where jy is the integer such that Imo;, > 0 or

aro wt — ke
“}({ T sin dgw TR Ry > 0.
"
We show that (3.21) implies
fim(A)=0. TImA>0. (3.22)

Although this implication is essentially the same as in [13]. we give the proof here for the
reader’s convenience. Assuming the contrary, we derive a contradiction. We may assune
that f(m(0)) = f(=R]) # 0 by adjusting the number Ry if necessary. Then Carleman’s
theorem is applied to f(m(A)). A version of this theorem is stated as follows:

LEMMA 3.7 ([18]). Let R > 0 be arbitrary but large enough. Suppose that f(m(A)) has
the zeros r,eV =19 1 <p < p, inside the closed contour C'g consisting of the semicircle:
[A\| = R, 0 < arg A < m, and the segment: |[A| < R on the real axis. Set a = 1/f(m(0)).
Then we have the relation:

P N ™
‘;m,, <% — 77;2—) sinf,, = #/0 log|af(m(Re‘/__19))| -sin 6 df

T

R
+ % /U log |af(m(=x))ef(m(x))|- (L? B %) "

+ % Im %af(m(())).

As to the first term on the right-hand side of (3.23), we note that

| f(m(Re¥™1)) = [((m(Re¥ ™) — L) Yuw) |

< const < const 0<e<
> < - R e <
1+ |m(ReV"10)3/4=c = R(3/4=en

Thus the first term is bounded from above by

L/ (const —(3/4 — e)nlog R)sinfdf -0 as R — oo.
TR 0

As to the second term, the estimate |log[af(m(=A))af(m(A))|] < const |AI? holds in a
neighborhood of A = 0. Thus decomposing the second term as j(;) + j;sR for a small § > 0.
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we see that the second term is bounded from above by

I 1
const —I——2;/(S (const —2(3/4 — e)nlog x) (:EI2 R2> dxr < const, R — 0.

Thus the right-hand side of (3.23) remains bounded as R — .
Let us turn to the left-hand side. Let N(z), x > 0, denote the number of u,l/ "<z,
that is, N(z) = #{n > 0; ,u}/" < z}. According to assumption (3.3), we easily find that

N(z) > constz"/7 — 1.
We know from (3.21) that o; with j > jo are zeros of f(m(X\)). Thus
p 1/n
1 T\ . 1 M .
Zm,, (E - ﬁ) sinf, > Z < T~ F) sin(arg o).
v=1 3Zjoslos|<R \Hj

Since #{j; |oj| < R} > #{j; u l/" < R}, the above right-hand side is obviously esti-
mated from below by

1
$ 1 _L/n in(arg o, )
/11/'7 Rz | sinlargojo).

3oy "<R

The last term is calculated as follows:
1/n R
1 1
>~ <1—/-“J—> -/ (——i)dNu)
n R? yn__\z R?
iziout/"<r \H Ho ¢
R R
1 T 1 1
<; B R_) N@)| |, / (— + R—> N(z)da
Hjo —€ Hjg T€

R
1 1
> =+ = t2"/7 — 1)dz — const
> /u;(f”—e <x2 + RQ) (const x )dx — cons

_(—77/(:;);;—82 /71 _ const — 0o as R — 00

I

for a sufficiently small € > 0, which is a contradiction. We have thus proven relation
(3.22). Going back to the original notations, we see that

feu) = (A= L) tu,wp)r =0, 1<k<N, Acp(L).

Let us consider the Laurent expansion of (A — L)~! in the neighborhood of \;:

my

()\—L)‘lzz( A‘J) ix Ni)?Aj,  where

R (- )
Y lc=As=5 (€ — )]H ¢

Note that P,\i = A_l. It is clear that
1 -1 ¢ - L 1

j=0,+1,£2,....

ComV/=T1 Jieoagms (€= A)HY ud.
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Thus Z;’;O(/\ —Ai)? Aju converges in the topology of D(L) and, of course, in the topology
of H(£2). We have shown that

(/\—L)‘lu:Z ‘J“ +Z/\ A) Aju,
j=1 j=0
<L (A
fk()\l,u)zzi()‘ﬂ—)‘w-FZ(/\ i) ( (Aju, we)r.
j=1

Calculating the residue of fr(A;u) at A;, we have

(A_1u,wr)r = (Py,u, wi)p = 2<‘Pijswk)[‘uij =0, 1<k<N,i1>1.

j=1
Since rank W; = m;, 1 < i < K by (3.6), we find that u;; =0, 1 <i < K, 1<j < mg,
or Pgu = 0. This is what we intended to show. O
Proof of Proposition 3.4. (i) For A € p(L), let T be the operator defined by
M
z=Twu=u— ) (u,yx)oNrhk
; (3.24)

=u— (Nxhy--- Nxhar)(w, 9) 0, ue L*(92),
where Nyhy, given by (2.12), are analytic in A.
For the existence of the closure F, it is necessary and sufficient that
uneD(ﬁ)—»O and Fu, >y as n— oo
implies that y = 0. For a sufficiently large ¢ > 0, set A = —c. If u is in D(ﬁ), then
z=T_.uisin D(L) and
Lez=L.z2=L.u=F.u.

Since z, = T_.u, — 0; Zczn = L.z, — y+c0=y; and L is closed, we see that y = 0.
In order to consider the inverse of T}, let us introduce the matrix @ by

k—1,...,M )

Dy = ((Nxhk,yﬁn, Pl 1M

(3.25)

We show that &) goes to 0 as A € Y —a— oo. Abbreviating the subindices j and k in
@), suppose first that y is in D(2) = C3°(42). Choose a ¢ > 0 large enough so that —c¢
is in p(L). Then we see—via Green’s formula—that

(LN_ch,y)a — (N_ch,L™y) o
= —((N-ch)v,y)r +(N-ch,yo)r + ((b-v)N_ch,y)r = 0.
Thus,
(N_hy)o = = (N_ch, L)a, o> ~ReAr

Note that, when —c is replaced by A € p(L) in the above relation, both sides are analytic
functions of A. By analytic continuation, we obtain the relation

(Nah,y) o

1
= X<NAh,E*y>m A€ p(L).
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In view of (2.12), Ny h is bounded as A — oco. Thus we see that (Nyh,y)n goes to
0 as A — co. For a general y € L?(2), we can also show that (Nyh,y)n goes to 0,
approximating y arbitrarily by a sequence of elements of D(f2).

If a is large enough, (1 — ®,)~! exists in £ —a, where £ = {\ € C; 0 < |arg \| < 7},
0 < 6y < m/2. Thus the bounded inverse T} ! exists and it is expressed by

T/\_lz:z-l-(N)\hl---N,\hM)(l—@,\)_l(z,y>g, z€L?(), XeX—a.

We have shown that both T and T ! are analytic in X — a.
For a given ¢ > a and f € L%(£2), let us consider the boundary value problem:

(e+ Fu=f.

By setting 2 = L7!f € D(L)and u = T}z = T} L1 f, we find a sequence {z,} C D(L)
such that z, — z and fzn — Lz. Here we note that (u,,y)o = (1 — D_.) " (zn,y) 0,
where u,, = T"}%,. Then it is clear that u, € C?(2) N CY(2); Lu, € L*(22); and
Trupn = 0. Thus,

Uy € ’D(F\); Uy — T:clz =u; and (c+ ﬁ)un =Louy = Eczn — L.z.

We have shown that u is in D(F') and that Fou = L.z = f.
Uniqueness of the solution is shown as follows: Let F.u = 0, and find a sequence
{un} C D(F) such that u,, — u and Fu,, — Fu. By setting z, = T_.u,, we see that

Zn € D(E); zn — T_.u; and Zczn =Lz = ﬁcun — FLu.

Thus T—.u is in D(L) and L. T_.u = F.u = 0. This means that T_.u =0 or u = 0. We

have shown that the bounded inverse F ! exists and is expressed by T~ L, or

(—c=F)'=T"}-c-L)"', c>a.

The operator T; (A — L)~ is analytic in ¥ — a. Thus the resolvent (—c — F)~! on the
real interval (—oo, —a| has an analytic extension as Ty ' (A — L)™' in the sector £ — a.
This extension is, however, nothing but the resolvent of F. We finally obtain

Y—acCp(F), and A\-F)'=T7'A-L)'inZ -a. (3.26)
This expression also gives the estimate

const —
XY —a. .
T A€ a (3.27)

A= F)7H| <

Thus —F generates an analytic semigroup e ¥, ¢ > 0.
Denseness of D(F) is shown as follows: For a A € ¥ — a, we show the implication:

(AN=F)"'f,)a=0 forany fe L*(2) = ¢=0.
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By relation (3.26),
0=(Ty'(A = L) f.p)o
=(A=L)"' fi0)a + ((Nah1,@)o - (Nxhar, 0)2)(1 = 82) (A= L) f,y) e

=(ay--anr)

A
=((A=D) 7 fole+ Y a((A= L) oy

k=1
M
= <f, A—L*)™! <<p + Za_kyk)> for any f € L?(£2), or
k=1 9]
M
v+ Y arye = 0.
k=1

Thus we see that

M M
0= <N/\hj»99 + Zﬂyk> = (Nxhj, )0 + Zak(N,\hj,yk)Q, 1<) <M,
k=1 o] k=1
which readily implies that a;, =0, 1 <k < M, or ¢ = 0.
Let us consider the solution u(t) = e~ ugy to the Cauchy problem:

% + Fu=0, u(0)=up. (3.28)

We have shown in (3.26) that F~! = T-)L;! or F,T~} = L. on D(L). By setting
z(t) = T_.u(t), the function z(t) € D(L) satisfies the equation

dz
— + T_CFCT__Clz =cz, t>0, 2(0)=T_.up, or

dt
dz
E + Lz = (N—(‘hl e N—ch]\[)<chv y)-Q

= (N_chy - N_cha WL P2 LPy) g, t>0, 2(0) = T-.up.

It is clear that eqn. (3.29) is well posed in L?(£2) and generates an analytic semigroup.
Conversely, for the solution z(t) to (3.29), u(t) = T} z(t) satisfies (3.28). Given an
arbitrary € > 0, let us consider the initial boundary value problem for 2¢(¢, z):
0z°¢
ot
TZE:OOH]RLXF,

25(0,2) = z(e,2) in £2.

+ Lz = (N_chy - N_cha (L P2(t +¢), LPy) o in RY x 92,

On the right-hand side, L1 =%2(t + ¢) is analytic in ¢ > 0 and N_.hy are in C?(£2) N
CY(£2). In exactly the same way as in (2.16), the problem admits a unique genuine
solution z°(¢,-) € D(L) such that Lz5(t. x) is bounded in (t1,t2) x £2 for 0 < Vt; < Vig;
02°/0t = dzf/dt; and consequently z°(t,-) = z(t +¢,-), t > 0 (see [8]). Since ¢ > 0
is arbitrary, this means that the solution z(t) to (3.29) is a genuine solution, and so is
u(t) = e Fug = T=}2(t) with u(t) € ’D(ﬁ), t>0.
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(ii) In order to achieve the stabilization, we consider (3.29) which is equivalent to
3.28). Assuming that y; belong to Py L?(§2) C D(L*). (3.29) is rewritten as
g K

M
dz N
pra Lz - g—1<z. Liy)oN_chy =0, t>0, z(0)=Tuo. (3.29")

Thus we see that

M
exp(—tF) =T~} -exp (—t (L - Z(, L:y;c)QN_Chk)) T ., t>0.
k=1

The stabilization of (3.29’) is reduced to a simple problem which is essentially a finite-
dimensional one, since y; belong to Pj-L?(£2). The restrictions of L onto the invariant
subspaces Px L?(£2) and (1—Px)L?(£2)ND(L) are denoted by L(;y and L o), respectively.
Then, by setting z; = Prz, and z9 = (1 — Pg)z, eqn. (3.29') is decomposed into the pair
of differential equations:

A

dz

7,1 + Layz — Z(zl-Lf&ljk)QPA’N-chk = 0. (3.30a)
k=1

s M

sz + L)z — Z(Z].L:!jk)g(l — Pg)N_chy. = 0. (3.300)
k=1

By expressing
Liyk = Z yiLiy = Z i,
1. j(i<K) i j(i<K)
(3.30a) is equivalent to the equation in C5:
dz
— 4+ (A-2Y)z =0,
o )

where the S x M matrix Z = RH is the one defined in the beginning of this section, and

Ny 1,...,M
Y = (mp (i,7) = (1,1),....(K,mg) )

According to the assumption, (R_IAR,}AI ) or (A,Z) is a controllable pair. Thus the
well-known pole assignment argument of finite dimension (see, e.g., [20]) implies that,
for any p > Re Ax 41, there exists a matrix Y or y; in P,*(LQ(Q), 1 < k < M, such that
the estimate

||€_t(A—ZY)||£((CS) S const 8_1“. t Z 0
holds. By recalling that

| exp(—tL2))|| < conste™ ™, ¢t >0, r1 < ReAgy1,

(3.300) immediately gives the desired estimate for z. Note that 1 cannot be generally
replaced by Re Ak 41, due to the algebraic multiplicities of the eigenvalues on the vertical
line: ReA =ReAgy. O
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Proof of Proposition 3.5 and Lemma 3.6. Let us consider the perturbed operator F°.
This operator is obtained as the closure of F°, which is defined by

Fou=Lu, ueD(F°)={ueC*R)NC 2);Lue L), 7u=0onT},

M (3.15")
where 7pu = Tu — Z(u,gk)ghk, ik € L3(92).

k=1

By Proposition 3.4 we already know that, as long as Z,{”:l l9x — y || is close to 0, there is
an a € R! such that the sector £ — a is contained in p(F°) uniformly in jx, 1 < k < M.
Choose any ¢ > a (—c € X — a). In order to compare (¢ + F°)~! with (¢4 F)~1, let us
first show Lemma 3.6, and obtain the expression of (¢ + F°)~!. On the analogy of the
solution Nyh (see (2.12)), we seek the solution to the boundary value problem (3.18):

(c+Lyu=0 in2, 7ru=g€eC*™(I') onl.

We may suppose with no loss of generality that the set {y1,...,yas} is a linearly inde-
pendent system. Choose ;. in D(2) so that iy, are arbitrarily close to yx in L2(§2).
Then the matrix ¥ defined by

v= (e 71T
is non-singular. By setting
Rypg=Rg— (¢1---¥a)¥ ' (Rg, ¥) o,
it is easily seen that Ryg belongs to C?*(£2) and it satisfies TfRpg = g. Set
N{g=Rsg— (A= F)"' (A= L)Rsg, A€ p(F). (3.31)

When ¢ is greater than or equal to a and g belongs to C%(f2), we note that Flg =
T__(}Lc‘lg belongs to 'D(ﬁ) Thus u = fo.g solves (3.18) uniquely, and this proves
Lemma 3.6

For a given f € L?({2), suppose for a moment that u = (¢ + F°)~!f is in D(ﬁ") and
that it satisfies the equation:

Lauw=f Tru=0, or 7pu=(hy - ha){u, ¥ —yY)o,
where (u,y — y) is the transpose of ({(u, 91 — y1)0 -+ (W, ¥ar — Yar)2). Then we have
Lolu— (Nl by N har) (g ~y)e) = f in 02
Tf(u — (Nfchl : -~Nfch1u)(u,g —yY)n)=0 onl.
This means that
(1= NLhi g = y)o)u=u— (N ohy - N han) (w5~ y)e
=(c+F)7'f.

11t is easily seen that T:Cl N_cg=N_cg+(N_chi - N_chpa)(1=®_.) "1 (N_cg,y) o also gives the

unique solution to (3.18). In other words, we have N{Cg = T:Cl N_.g. However, the simpler expression

T__c1 N_.g does not work in the following argument.
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We know from Proposition 3.4, (ii) that the set (¥ —a)U{\ € C:Re X < r1} is contained in
p(F). In view of (3.31), the functions N{h = (N/{hl e N/{h;\/) are analytic and bounded
in A€ (X —a)u{re€C:Re\ <r}. Thus the bounded inverse (1 — N/\fh(-. U—y)a)?
exists in (X —a)U{X € C:Re A <11} as long as || — y|| is chosen small enough, and we
have the formal expression of the solution:

u=(c+F) ' f =1 =N h(.g—y)o) (c+F)'f. (3.32)

Next we show that, given any f € L?(2). the function u defined by (3.32) actually means
the solution (c+ F°)~!f. Setting v = F1 f, we find a sequence {v,} C D(F) such that
vy, — v and f, = I?(,v,,Z — F.v = f. The functions v, = (1 — ]VLJz(-.g} —y)o) 'F7N
satisty ¢, — Nf(.h(apn, Y —Y)o = v,. Thus,

Leon = LN hlon. 9 —y)o + Levy = f, in 02,

Tron = i N h{on. G — ¥ o + 7jon = (ha. - har)(m. ¥ — ) on I

In other words, ¢, belong to D(I?‘f ) and I3 ®on = fn. Furthermore,

~

on — (1 - Ar{c”’('ﬂi/ - y>Q)_1Fc_1f~ and  Flp, — f.
Thus, (1 — N/ _h{-.§ —y)o) 'F71f belongs to D(F°) and
Fo(1=NLh(.g~y)a) 'F7'f = 1.

Since —c belongs to p(F°) (see the proof of Proposition 3.4), we have shown the correct-
ness of the expression (3.32).

Recall that the operators (1 — N{h(~,g} —Y)o) ! and (A — F)~! are analytic in
AME(X—a)U{r e CiReX <71} Weextend (A — F°)~! analytically via (3.32) to the

set (X' —a)U{X € C:Re X < ri}. The extension is nothing but the resolvent of F°. Thus
we have shown the relation

A=F) =1~ N[h(-§-y)o)'(\- F)7%

Ae(Z-a)U{reC:ReA <}, (3.33)
from which we immediately obtain the estimate
et 7| < conste™"t, t >0,
or (3.17). The proof of Theorem 3.1 is thercby complete. O

We close Sec. 3 with the following remark: If an additional assumption is posed on
the hi, a simpler approach is possible in the proof of Proposition 3.5. A part of this
assumption is discussed in (1.7"). Let us see this bricfly.

PROPOSITION 3.8. Suppose that

he(§)=0 on I} and
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Then the adjoint operator of F is expressed by*#

M
hk >
Fro=L*p— 2, Yk
== (v K )

k=1
=L"p— Eyo. @ € D(F*) =D(L").

Proof. By Green’s formula, we see that, for u € D(ﬁ) and ¢ € D(Z*)

(Fu.p)o = —(u, ) + (w0, + (b- 1)) + (1, L) o
M
- Z(U« yr)(hk oe)r + (u. L79) o

k=1

MM
<’U- Lo — Z(U% hrk)l‘!}k>
n

(3.36)

k=1
= (u, FTp)a.

where op = (1 — (b-v))p — ¢, and D(ﬁ*) = D(f*). By (3.34) we note that

hy
(oo, hiyr = (o0, i)\, = < L4 ~hk> = <99~, i > .
1—a o 11—« o

Thus, F1 is rewritten as

M

~ . h’k —~

Flo=L*¢ - E <«p,1 > yr. @ € D(FY).
&/

Set

M
hy
Flo=L'v-) <v, : > w=L¢-Ep. eDF)=DL). (337
k=1 )
Then we see that T C FT. As discussed in Sec. 2, we recall the estimate: ||LZu| >
const ||ul| g1y for u € D(L*). Then passage to the limit with respect to u € D(F) and
p € ’D(ﬁf) gives the refined version of (3.36):

(Fu.p)o = (u, FT)o, ueD(F). peDF". (3.38)

Thus we see that FT ¢ F*. We show that the bounded inverse (A — FT)~! exists in the
sector X — a if a > 0 is chosen large enough. Since L} is m-accretive, we note a fairly

H'When a(€) = 1, we assume that hy, 1 < k < M, belong to H3/2(I"). The adjoint operator F* in
this case is expressed by

A
Fro=L"¢~3 (pv.ha)rye. » € D(F").
k=1

where D(F*) = D(L*) = H?(2)NH§ (£2). The perturbing terms (o, hy) - are subordinate to L% with
w > 3/4.
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rough relation: D(L}Y) < H¥(£2), 0 < w < 1 (compare it with the finer relation (2.5) for
L.). Then,

IEx(A = L)~ || < comst [[(A — L*) "'l ey < comst |LE2(A = L)L
const

1

2

Choosing an a > 0 large enough, we sce that ||Ey (A~ L*)~!| is smaller than 1 in ¥ — a.

Thus, the resolvent (A — FT)~! exists in ¥ — a, and it is expressed by (A — FF)~! =

(A=L*)"Y(1+ E (A= L*)~1)~L. Since both the resolvents FI~1 and Fr~1 = (F1)*

exist for a sufficiently large ¢ > 0. we find that D(F') is equal to D(F*); in other words,

Ft = F*. |
Alternative proof of Proposition 3.5. By Proposition 3.8 we see that

hk
F*o=1L" Uk
=L~ z( )

MM

}l ~ * *
=F ¢+Z< T £ > (Yo — k) = F o+ Exp. o € D(F").
AV
It is clear that
M M
I Expll < const Y llye — gl lioll () < const Y [lyx — Gill ILIFH | F* .
k=1 k=1

We already know that the set (X —a) U {\ € C;Re\ < r;} is contained in p(F). Thus,
const
1+ A
If zzlzl llyx — x|l is chosen small enough, we see that ||Eo(A — F*)~1|| is smaller than 1
for \€ (¥ —a)U{r€C;Re) < r1}, and thus

IA=F)H = [(A = F*) 7 1 = Bo(A = F*)™H) 7|

A= F)7Y < Ae(T—a)U{reC;ReA <1 ).

< f‘jr“ig;l, Ae(T-a)U{reC;ReA <)
This shows that
le™ (= e ) Il = lle™ || < conste™™t, >0,
which is nothing but the estimate (3.17). a

4. Linear control systems with Riesz bases. When the boundary control system
admits a Riesz basis, we can develop another stabilization scheme with slight technical
changes. To illustrate this, let us consider the controlled plant X, in (1.1) with state
u(t,):

ou

E-F.Cu— 111R1+><!2.

M (4.1)
TU = Z fe(®)hy on Ri x I',  u(0,-) = up in £2,
k=1
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where the pair (£.7) is defined at this time by

L0 du du
Lu=— i;:l pr <(l,’j(.1)é—)z> +o(r)u. and Tu=a(u+(1- (.1({))5.
The output of X), is given by (1.2). Since the corresponding operator L, which is denoted
by the symbol LY in See. 2. is self-adjoint. there is a set of eigenpairs {A;. ;;} such that
(sec, c.g.. [6. 8])

(1) (T(L) = {/\1/\2 ..... /\,} A< A< <A <= and

(ii) the set {p;;} forms an orthonormal basis for L2(£2).
The inuput fi(t) is designed as a suitable output of an identity compensator X, with
state v(t). The problem with this scheme has been extensively studied in the literature.
An algebraic method is also proposed in [16]: The common basic idea is to obtain an
exponential decay estimate of ||u(t) — v(t)|| as t — >c. In this section. we develop a new
and simpler algebraic method of stabilization by estimating the decay rate of another
error function.

The regularity assumption on the coefficients is the same as in the preceding sections.

In Theorem 3.1, the assumptions on hy and wy are rewritten as

rank H; = rank W, =m;. 1 <i<K. (4.2)

where the matrices H; and W7 are defined. respectively. by (3.1) with v; replaced by

wij. and (3.2).
We may assume with no loss of generality that 0 is in p(L). Setting

M

q(t.s) = u(t.) ka Nohy. (4.3)

k=1
and assuming that fi.(¢) are of class C''. we obtain the equation for ¢ in L?(£2):

AN
d
T+ Lg=- ;fk )Nk q(0.) = g. (4.4)

It is a new feature upon which our compensator is designed, based not on (4.1) but on
(44). Set C = — Zf__.l( wy) réx. where & 1 < k < N, denote the vectors in L2(2).
Owr compensator Y. is a differential equation in L?(£2). which is described by

dv
—rH(L=C) :—C(I—ka Nohi.  v(0.+) = vp. (4.5)

Taking the difference between (4.4) and (4.5), we sce that

d .
—(g—0)+ (L= C)g=-v)=0. ¢(0) =v(0) = g0 = vo.

dt (4.6)

ie. q(t) —o(t) = e "D (g —wg), > 0.

Since rank W; = m;, 1 < i < K., we can find suitable vectors &, € PgL?(£2), 1 <k < N,
such that

“Anet >, (4.7)
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Since rank H; = m;, 1 <i < K, we can find suitable vectors yp € PxL?(£2), 1 < k < M.
such that (see Proposition 3.4, (ii))

e || < conste e+t ¢ >0, (4.8)
At this stage, we set
M
filt) = (w(t). ¢, G= Zeijyj € P L*(12). 1 <4< M, (4.9)
j=1

where 6;; denote the parameters to be determined later. By (4.6) and (4.7),
fi(t)
[£i(t) = (q(t). Gl = |fi(t) — (u(?).G)o + ((Noh1.Gi) - - (Nohas, Gi) ) :
far(t)

< const e A1 (||go | + [lvo

). t>0. 1<i<AL
or in vector form

|F(1) = O(u(t), y) o + OG1 F(1)] < conste™ **+(|[gol| + [[voll), ¢ >0,
where f(t) denotes the transpose of the vector (fi(t)--- fas(t)), and

(il LM ‘ B il M
9_(9“’ j—1,... M ) and Gl‘(w‘)h’“y])”’ Gl 1....M )

By adjusting y1,...,yas a little, if necessary, we may assume with no loss of generality
that det(1 — G1) # 0. Setting © = (1 - G1)~! or (1 + ©G1)"1O = 1, we see that

|£(t) = (u(t). y)al < conste <+ (||gol| + [[vol)). ¢ >0. (4.10)
Similar calculations show that
|F'(t) = (us(t). y) | < comstt™ /4 e K1l gof| + |[vol]). ¢ > 0. (4.10%)

By setting

1, i=j

A Ci1
Y; = CijNohj, = (1 — Gl)_lei, where ei|j = (Sz = { . .
; Tolo i#d

Cil
i uniquely solve the boundary value problems:
A

Lp; =0 1in 2, Tip; = TP — Z(@i,yk>gh,k =h; onl, 1<i<AlL
k=1

Set p(t) = u(t) — (w1 oar)(F(1) = (u(t), w)a) = u(t) — Sam, (fu(t) = (u(t), yi)2)or.
Then
dp

= TP =—(pr- oan) (' (1) = (wi(t), y) ).

or

t
p(t) = e=Fp(0) - /0 e (o1 o) (F/(5) — (us(s). y)o)ds.
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In view of the estimate (4.107), we see that
o] <conste™ . 0<r<Apyi. t2>0.
This immediately gives the estimate
()] + o) < const e (JJugl| + llvol]). ¢ > 0. (4.11)
The presence of fi(t) = (ve(t). () in (4.4) and (4.5) makes our control system

somewhat unclear regarding its well-posedness. Let us express f (t) in terms of ¢ and v
including no derivative in time. Looking at (4.5), we calculate as

N

M
FIO +{L = Oy =D (o) w) r(En G = D fult)(Nohw, G, 1< i < M.
k=1

k=1

or in vector form

f(t)+ (L~ C).¢)o = OG{y(t). w)r — OG1f'(t).

i—1....,.N
where Gz = <<€i’yj>m gl 1, M ) .
Thus we see that
f’(l‘) = (1 — G])((")GQ((],’UJ>[’ - (U. LC>_Q - @G2<7J. w>r) (4.12)

The right-hand side of (4.12) defines the M x 1 vector-valued function g(g,v). Replacing
f'(t) by g(q,v) in (4.4) and (4.5), we obtain

d
£+m=4mmmmmmwm 4(0,-) = go,
o : (4.13)

o + (L - C)v=~Cq~ (Nohy--- Nohar)g(q,v), v(0,-) = vo,

which is our basic system of differential equations. Eqn. (4.13) is well posed in L?(2) x
L?(£2). 1t is readily seen in (4.13) that f(t) = (v(t),()rn actually satisfies the relation:
f'(t) = g(q.v).

To reduce the compensator to a finite-dimensional equation, we add a small pertur-
bation to (4.13). The perturbed system of equations is described by
dq

—C‘l—t— + Lq = —(N()hl e NOhl\I)gn(qv 'U), q(ov ) = qo.
" (4.14)

o + (L = Cp)v=-Cq— (P,Nohy -+ P,Nohar)g,(¢,v), v(0,-) = vy,
where Cpv = — Z,Icvzl(an,wk)pﬁk, and g,,(u,v) is defined by
gn(q7 ’U) = (1 - GI)(@GQ(Q w)l‘ - ('U, LC)Q - @GQ(R;U,UJ>[‘)-

The perturbation contains the unbounded terms (Qnv, wi)r. It is small in the sense that

~1/2 const
(/\n+l + C)l/cl_€

1
HQnL v wi)r| < [lv]|, 0<e<Z.
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Thus the stability property of the perturbed system (4.14) is little affected when n > K
is chosen large enough. Consequently the solutions (gq,v) to (4.14) satisfy the decay
estimate

lg(®)ll + lv(®)]| < conste™*([luoll + [lvol), ¢ >0,

with » > 0 slightly modified. As in the fourth step of Theorem 3.1, v(¢) remains in
P, L%(£2) as long as vp is in P,L?(£2). Thus the equation for v in (4.14) is regarded as
the equation in the finite-dimensional subspace P,L?(2).

As in (4.13), it is readily seen that f(t) = (v(t),¢)q satisfies the relation: f'(t) =
g,(q,v). Thus, by setting u(t,-) = q(t, ) + (Noh1 - Nohas){v(t),{) o, the system of
differential equations for (u,v), which is equivalent to (4.14), is described by

M
du
I +Lu=0, Tu= I;(v,(k)ghk,

d (4.15)

N Al
v
pri (L-0Cy) Z u, Wi) rk +Z v, Ck) 2C Nohy
k=1 k=1
— (PnNohl e PnN()h]\])gn(u, ’U),

where g, (u,v) = g,(u — (Nhy--- Nhpr){v,{)n,v), and the solutions (u,v) to (4.15)
satisfy the decay estimate

llu(t )l + o) < const e (l[uoll + [[voll), ¢ > 0. (4.16)

Eqn. (4.15) is the desired control system.

An application to a class of second order equations:

The self-adjointness of L is not an essential assumption in this section. In fact, the
algebraic approach developed here is applied—with the same spirit as in Sec. 3 and with
slight technical changes—to a class of linear boundary control systems of second order
in time. Let us consider the linear differential equation with state (u(t, ), u:(t,-)) in the
interval {2 = (0,1):

Ut — 2QUtzg + Ugzzr = 0,
ug(t,0) = f(t), u(t1) =0, Upze(t,0) = uz(t,1) =0, (4.17)
U(O, ) = U()(~), ut(o’ ) = ul(')'

Here, o, 0 < a < 1, denotes a constant, and f(t) the boundary input. We first consider
a static feedback control scheme and then proceed to a dynamic feedback scheme.

A static feedback control scheme: Given a w € L?(§2), the output is given by
(u,wyp = fol u(t, x)w(z)de, and set f(t) = (u,w)n. Setting Au = Au = —u(-), where
D(A) = {u € H*(0,1);w/(0) = u(1) = 0}, and u; = u, uy = us, we have

S (3 ) ()= 0)

Set ¢(z) = — 1. As in (3.24), let T be the operator defined by Tu = u — {u, w)n¢ for
u € L%(0,1), and set z = (2), z1 = Tuy, 20 = Tus. When (p,w)p # 1, the bounded
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inverse T! exists. Let H = D(A) x L2(0.1) be a Hilbert space with the inner product

(-.-)g and the norm || - [|g*. By asswming a w in D(A). z satisfies the equation in H:
dz .
pr +Lz={(z.w)gp. z(0.)=z. (4.18)
where

(0 =1 _ 2 (0 ‘ L w
L= <A2 2(“4). D(L)=D(A*) x D(A). ¢ = <up> and w = <2(1Au‘> €eH

It is clear that

(i) o(L) = {jrnwFin=0.1....}. where g1, = (n + §)?7% w® =a £ V/-1V1 - a2
(,l[,,w —~ Lyt =0.npf = \/_l“ (_ e )t = V2cos(n + L) and

Hnw

(i) the set {yE:n =0.1....} forms a normalized Riesz basis for H.

Thus the semigroup ¢~/ satisfies the estimate

e Nl oy < const el ¢ > 0. (4.19)

The set {¢;};>0 forms an orthonormal basis for L?(0.1). Let P,. n > 0, denote the
projection operator in L2(0. 1) corresponding to the cigenvalues ji; of A, i < n. and let
PH denote the projection operator in H corresponding to the eigenvalues pw® of L,
<
n P - - x
H, _ Lt T n-1 Or (1) = e I
Plz= Z("f N4 ) = (P )) for z= (~ ) = Z(‘i ).
i=0 " i=0
he — o have PHs — ~t+ - =\ where
When n = 0. we have PHz = =fnf + 2705 and Py = \/_\/%(1]0 1o ). wherc
vo = {p. ) = \/§(§)‘2 Let us construct a w simply as a scalar multiple of ¢y. Then
+
. Loty c PN
(Z.w>” = i——\/—gﬂ(l — 2(\u.‘+ 1 - 20w )( “_) wy = <ll'. L'()>_Q.
~0

The equation for (zf.z;) is written as

1 (= wt V- 1 2
« ( 0 ) + </[“ ( ()_) 4 MooV o /UW(J ()/ ) 1—92awt 1 — 2(\w'_)) ( ()_> _ <0>
dt ) 0 w 2V1 — a2 K 2 0

We can choose a wy = (w.vy) ¢ such that the mininmumn ~ of the real part of the spectrum
of the above coefficient matrix is greater than agiy. For such a wyg. we have the estimate
< const ™!

(ﬁ(ﬂ) <~u (0)>
20 () Iy 2, (0)

which immediately leads to the estimate
lz(t)||g < conste™Minscmtyz gy >0

t >0,

for solutions z(t) to (4.18). In other words,

I

Thus we obtain an improvement of the stability estimate (4.19):

et N mzgo.1) + llue(t. )| < conste ‘”‘i“(“““”)'(|[*1L()||Hz(0~1) + lurl]). t>0. (4.20)

exp—t(L — (. w)gp)llcm) < const e minlkant >0 K> ap.

(z.q)n = (Az1. Aq) o + (2. @2) - |lzln = V(z.2)n for z = (7). = (]}) € H.
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A dynamic feedback control scheme: Instead of the implausible output (u,w)q.
the output here is assumed to be u(t,0) and w(¢,0), t > 0. We construct a dynamic
compensator for enhancing the stability of the whole control system. In (4.17) set

= (003) = (o) ~ ()7 2

Assuming that f(t) is of class C2, the equation for q is described in H by

d
d_? +Lg+ f"(t)e=0. (4.22)

Given a £ € H, let C be the bounded operator defined by Cq = —q;(0)¢ for g(-) € H.
Our compensator with state v(t) = (“(t)) € H is formally given by

va(t)
dv "
i +(L-Clv=-Cq- f"(t)p. v(0)=,. (4.23)
As before, we see that q(t) — v(t) = e "= (qy — vg). t > 0. Let us find a £ =

(g;) € P{'H so that min Re (L — C) is greater than asug. It is enough to investigate the
structure of the restriction Pf (L — C)PH. By setting € = &5 nf + &5 1y . the operator
PH(L — C)PH is equivalent to the matrix

wt 0 1 fg'
- 11).
Ho ( 0 w“) + 1o (50_ (1
&

«® 0y (1 1)) is an observable air, there is a vector (3% ) such that the spec-
0 w p &o p

trum o(PH (L—C)PH) is freely assigned (see. e.g.. [20]). Thus we can choose a € € P{H
such that minReo (L — C) = ~, where aug < k < apu;. With this choice of & we have
the decay estimate

Since (po(

llg(t) — v(t)||lg < conste™"'||q, — vollg. t>0. (4.24)

At this stage we define f(t) as

_Q’w
10 =w.pn p=0(" ) beR.

where w € PyL?(0.1) is the function stated in (4.18). We may assume with no loss of
generality that (p.w)g # 1. Set 8 = (1 — (p,w)n)" L. Asin (4.10), we obtain the decay
estimate

If(t) = (u(t..).w)n| < conste ™. t>0. (4.25)

As in (4.12), let us express f"(t) = %(v(t).p)H in terms of g(¢) and v(¢) including no
derivative in time. Looking at (4.23) and noting that p is in D(L*?), we see that

0= /() + (w(t). L o)z + (02(£,0) = a1 (£ 0)){€. p) .

where L*p = ——0(?), and L*?p = —fw.
v
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Differentiating both sides in t, we calculate as

0= f"(t) + (ve(t), L p) s + ((v1)e(t,0) — we(£,0) — f(1)){(€.p) 1
= f"(t) + 0(v(t). W)y — (v1(t,0) — u(t,0) = f(1)(& L p)n
+ [ ()8(p, w)a + ((v1)e(t,0) — ue(t,0))(€. p) 1
+ (((t). L™ p)a + (v1(.0) — u(t.0) — f(1))(€. p)u)(& P)u
0f"(t) = —6(v(t), W)y — (§. p)u(v(t), L"p)n
+ (6. L p)rr — (€. p)F) (01 (,0) — u(t.0) — f(1))
= ((v1)(2.0) — we(t,0))(&, P) 1 (4.26)
= —0(v(t), W)y + (v1(£,0) — q1(t.0))(&, L*p)

= (v2(t.0) = q2(t.0) — (v1(t,0) = q1(£,0))61(0))(&. P)
The last term of the right-hand side of (4.26) is denoted by =(¢). The terms |vo(t, 0)| and
lg2(t,0)| in Z(t) are bounded from above, respectively, by ||[vZv(t)||x and ||V Lq(t)| #-
Replacing f”(t) by 6~1Z(¢t) in (4.22) and (4.23), we obtain the basic system of equations:

dq -
— 4+ L “12(t)p =
o TLat T =)y
(4.27)
dv =
E+(L—C)v+0q+€ E(t)p =0.

which is well posed in H x H and generates an analytic semigroup. In (4.27), it is not hard
to verify that the second derivative f”(t) = dt?( (t), p)u is actually equal to §-1=(t).
Thus we can go back to (4.22) and (4.23). The first equation of (4.27) is rewritten as

N s La— (g w)me =c(e. >0, <(t)= ~f"(1) ~ {a(t) i)y

The error term &(t) is estimated as

le(t)] = [(q(t) — v(t), W)y + 0~ (v1(£,0) — q1(t,0))(€, L*p)
— 07 (v2(t.0) — g2(¢.0) — (v1(t.0) — q1(t,0))&1(0))(&, p) 1]

—nt

< const \/-(HQO”H"'”vO”H t>0.

In view of the decay estimate of the semigroup exp —t(L — (-, W)y ) and €(t), we have
la(t)llm < conste™(llgollm + vollm). ¢ >0,

and a similar decay estimate for v(t). We have thus established the stability enhance-
ment.

To reduce the compensator to a finite-dimensional equation, we add a small pertur-
bation to (4.27). The perturbed equation is described as

dq
Z 4 Lg+07'=,()e =0.
o TLat (e

(4.28)

%;-’ + Lv + (P,v1)(t,0)6 + Cq+ 0715, () PPy =0,
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where

En(t) = =0(v(t), W)y + ((Pav1)(t,0) — qi(t,0))(§, L p) 1
= ((Pav2)(t,0) = q2(t,0) — ((Prv1)(t,0) — q1(t,0))€1(0))(€. pYH
When n is chosen large enough, the stability of (4.28) is little affected. Thus the estimate

lg@®lla +llv®)lln < conste™(llgoller + lwoll). ¢ >0, (4.29)

holds for the solutions to (4.28). In (4.28), v(t) remains in P H, as long as vq is in P77 H.

Just as before, we see in (4.28) that f”(t) = d;( (t), p) i is nothing but 671, (t).
Setting u(t, ) = q1(t,-) + (v(t), p)ww, we go back to the original state (u,u;). By

recalling that q(¢) belongs to D(A?) x D(A), (u(t,-),v(t)) satisfies the equation

Ut + 204./41% + AQU =0

up(6,0) = f(t), w(t,1) =0, uper(t,0) =1uz(t,1) =0,

C(li—lt, + Lv + ((Pov1)(t,0) — u(t,0) — f(t)E+ 0712, (¢ )PHcp 0 (4.30)

u(0,) =uo("), ue(0,") =wi(), w(0)=vo€ PIH,
where f(t) = (v(t), p)u, and

),
En(t) = —0(v(t), W)y
+ ((Pav1)(t,0) — u(t,0) — f(£))((&, L*p) i + &1(0)(&, p) i — (€, P) %)
(

(
( P vQ)(t O) - U( vO) + <’U, L*p>H)<£ap>H

Acknowledgment. The author would like to thank the referee for his/her valu-
able comments on the original version of the paper, regarding the formulation of linear
boundary control systems in weak form. The author also would like to thank Profes-

sor W. Littman for his encouragement and the School of Mathematics, University of
Minnesota for their hospitality during the author’s visit.

REFERENCES

(1) H. Amann, Feedback stabilization of linear and semilinear parabolic systems, LNPAM vol. 116,
Marcel Dekker, New York, 1989

[2] C. 1. Byrnes, D. S. Gilliam, V. I. Shubov, and G. Weiss, Regular linear systems governed by a
boundary controlled heat equation, J. Dynamical and Control Systems 8, 341-370 (2002)

[3] R. F. Curtain, Finite dimensional compensators for parabolic distributed systems with unbounded
control and observation, SIAM J. Control Optim. 22, 255-276 (1984)

{4] D. Fujiwara, Concrete characterization of the domain of fractional powers of some elliptic differ-
ential operators of the second order, Proc. Japan Acad. Ser. A Math. Sci. 43, 82-86 (1967)

[5] J. S. Gibson and A. Adamian, Approzimation theory for linear quadratic-Gaussian optimal control
of flexible structures, SIAM J. Control. Optim. 29, 1-37 (1991)

[6] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd ed.,
Springer-Verlag, New York, 1983

[7] P. Grisvard, Caractérisation de quelques espaces d’interpolation, Arch. Rational Mech. Anal. 25,
40-63 (1967)

[8] S. Itd, Diffusion Equations, Amer. Math. Soc., Providence, 1992

[9] T. Kato, A generalization of the Heinz inequality, Proc. Japan Acad. Ser. A Math. Sci. 37, 305-308
(1961)




748

(10]
[11]
(12
[13]
[14]
[15]
[16]
17)

(18]
(19]

(20]

TAKAO NAMBU

I. Lasiecka and R. Triggiani. Feedback semigroups and cosine operators for boundary feedback par-
abolic and hyperbolic equations. J. Differential Equations 47, 246-272 (1983)

J. L. Lions and E. Magenecs. Non-Homogeneous Boundary Value Problems and Applications. vol. 1.
Springer-Verlag, New York. 1972

D. G. Luenberger, Observers for multivariable systems. IEEE Trans. Automat. Control, AC-11,
190-197 (1966)

T. Nambu, On stabilization of partial differential equations of parabolic type: Boundary observation
and feedback, Funkcial. Ekvac. 28, 267 298 (1985)

. An extension of stabilizing compensators for boundary control systems of parabolic type.
J. Dynamics and Differential Equations 1. 327-346 (1989)

, Characterization of the domain of fractional powers of a class of elliptic differential oper-
ators with feedback boundary conditions. J. Differential Equations 136, 294-324 (1997)

, An algebraic method of stabilization for a class of boundary control systems of parabolic
type, J. Dynamics and Differential Equations 13. 59-85 (2001)

D. Salamon, Infinite dimensional linear systemns with unbounded control and observation: A func-
tional analytic approach, Trans. Amer. Math. Soc. 300, 383-431 (1987)

E. C. Titchmarsh, The Theory of Functions. The Clarendon Press. Oxford, 1939

G. Weiss and R. F. Curtain, Dynamic stabilization of regular linear systems, IEEE Trans. Automat.
Control AC-42, 4-21 (1997)

W. M. Wonham, On pole assignment in multi-input controllable linear systems, IEEE Trans. Au-
tomat. Control AC-12, 660-665 (1967)




