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Abstract. In the context of wave propagation in damaged (elastic) solids, an analyt-
ical approach for oblique penetration of a plane wave through a doubly periodic array
of cracks is developed. By using a uniform approximation in one-mode range previously
obtained, we give explicit representations for the wave field throughout the structure and
the relevant parameters. Two figures show the peculiarity of such results.

1. Introduction. Wave propagation through a medium with distributed discontinu-
ities is a concern in many practical problems regarding, for example, composite materials,
protection from earthquakes, or ultrasonic methods for nondestructive testing.

There are principally two different approaches to this subject. The first one considers
randomly distributed discontinuities, and a brief survey of the works devoted to this direc-
tion of research is given in [1]. The second approach assumes well-organized structures,
in which the discontinuities are distributed in a regular periodic manner (typically, in a
two-dimensional configuration).

An exact numerical procedure to solve this type of so-called doubly-periedic problem
was first applied by Achenbach and Li [2] and by Angel and Achenbach [3]. On the
contrary, in our recent paper [4], we have proposed a new analytical method which leads
to explicit results for one-mode penetration into a doubly-periodic lattice, in the normal
incidence case. Assuming an arbitrary (finite) number of vertical arrays, it is shown there
that the wave properties of such well-organized structures are considerably different from
those typical of structures with randomly distributed discontinuities.

In the present paper, we aim to extend this method to the oblique incidence case,
namely, to the case in which penetration occurs with an arbitrary angle of incidence.
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In this connection, we shall use some of our analytical results established in [5] for the
single array of discontinuities.

The paper is especially addressed to wave propagation in an elastic context, so that
the (scalar) wave field and the discontinuities of concern will be interpreted as anti-plane
displacement and cracks in a solid medium, respectively. However, the mathematical
framework can also be applied for similar problems in acoustics or in electromagnetism.

2. Formulation of the problem and reduction to a linear algebraic system.
The formulation is quite classical [2], [4]. We consider a plane scalar wave penetrating in
an elastic medium in which there is a doubly-periodic lattice. This consists of M (> 2)
identical planes, vertically located at x = 0,d,2d, ..., (M — 1)d, each of them containing
an infinite periodic array of co-planar cracks. The period of a vertical array is 2a, the
opening between two neighbouring cracks is 2b (around |y| = 0, 2a, 4a, ... ), the distance
between the cracked planes is d (see Fig. 1). We assume that the time dependence is of
harmonic type, so that the wave field ¥ (z, y) satisfies throughout the Helmholtz equation

(O + ayy)¢ + "‘2'¢ =0, (2.1)

where k¥ = w/c is the wave number, w the angular frequency, and c¢ the (transverse)
wave speed. Of course, ¥(x,y)e~ ! gives u.(x,vy,t), the only nontrivial component of
the displacement vector (i? = —1).

The incident wave, of unitary amplitude, has the form

1[)0 — ein(rcosﬂ-{—ysinﬂ)’ (22)

9 being the angle of incidence (cf. [5], [6]).
The natural symmetry and periodicity of the problem suggest that 1 can be written
as

Y(a,y) = eV y(z,y) (2.3)

where ¢ is a periodic function with respect to y : p(z,y) = ¢(z,y + 2a) Vz,y [6]. By the
same token, the geometrical context of the problem can be restricted to a single layer
ly] < a with openings |y| < b, and the wave field ¢ can be represented in the following
forms along the various regions:

o = emzcosﬁ + Re—i;{xcosﬁ + ZAne(-r”z—iwny/a)’ z <0, (243)
n#0

om = B{" cos{klz — (m — 1)d] cos ¥} + C"* cos[k(x — md) cos V]

+ Z{BZ,” chlralz — (m — 1)d]] + C* ch[r, (z — md)]}e~ ™/,
n#0
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FiG. 1. Oblique penetration of a plane incident wave through a
doubly-periodic array of cracks

or = Teirc[z—(]t[—l)d] cos 9 + Z Dne—"'n[I—(M——l)d]—iwny/a, > (M _ l)d, (240)
n#0

where
Tn = [(7n/a — ksin®)? — k212 (2.5)

in order that each term of such equations, after being multiplied by e*¥%"? be a trivial
solution of Eq. (2.1).

In the above formulas, all capital letters denote unknown constants, ch (or sh) stands
for hyperbolic cosine (or sine), and the symbol }° _, means summation Vn € {..., -2,
-1,1,2,...}. We prefer to let explicitly appear the terms with n = 0; note this in
particular for the constants R = A in (2.4a) and T = Dy in (2.4¢).

The natural traction-free boundary condition on the cracks’ faces requires that dp/0x
=0forb< |yl <aandz = (m—-1)d,m=1,..., M. Assuming also a continuity property
of Op/0x through the openings, i.e., for [yl <band z = (m—1)d, m=1,..., M, we can
introduce some new unknown functions g,,(y), related to the stress components along
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the openings, as follows (cf. [4]):

% — % — gl(y)v |y| < ba =0 (2 6&)
or 0z |0, b<lyl<a, ’ ‘
8<)‘7771—1 — 690771 — gm(y)7 |yl < b, T = (m - 1)d7 (2 6b)
oz oz 0, b< |yl <a, m=2,...,M—1; )
Opn-1 _ Opr _ Jon(y), lyl <o, z=(M—1)d (2.6¢)
Oz Oz 0, b <yl < a,

By integration of the above equations over |y| < a, we easily get

b
ik(l — R)cos¥ = i / g1(t) dt = Kk cos IC} sin(kd cos 9), (2.7a)
-b

b
k cos9CY" sin(kd cos ) = —1—/ gm(t) dt
b

2a J_ (2.7b)
= —fscosﬂB(’,”'1 sin(kdcosd), m=2,...,M —1,
1 b
kT cos¥ = %/ grr(t) dt = —kcos 9B~ sin(kd cos 9). (2.7¢)
—b
Repeating the integration after multiplication by em'v/a p! = +1,4£2,..., and consid-
ering that
/a ein(n'—n)y/a dy = 206,
—a '
we also get:
1 f° :
TnAn = E/ g1(t)e'™™/* dt = —7,C} sh(rpd), (2.8a)
—b

b
— 7,C™ sh(1,d) = 1 gm(t)ei™/ % dt = 7, B™ ! sh(r,d),
n 2a b n

m=23,...,M~1, (2.8b)

1 : ,
~TnDp = %/ gr(t)e™™ /e dt = 7, BY "1 sh(r,d). (2.8¢)
b

Equations (2.7, 2.8) give all the unknown constants in terms of the functions g,,.
A continuity property is of course assumed also for the wave fields through the open-
ings:
P =1 at r =0,
©m = Pm—1 at x = (m — 1)d,
PA—-1 = Pr at x = (M — 1)d,
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for |y| < b, so that the following equations are implied from (2.4):

1+R+2Ane—i7rny/a
n#0

= B} + Cj cos(kdcos¥) + Y _[B} + C} ch(rnd)le ™"/, (2.9a)
n#0

BY* + C* cos(kdcos¥) + )[BT + CJ ch(ryd)]e ™"/

n#0
= B! cos(kdcos¥) + Ot + Z[Bm 1 + O Y)emimnv/e
nF#0
m=2,3,...,M —1. (2.9b)
BY =1 cos(kdcos9) + CM 1 + Z[BM 1 d) + CM-1)e=imny/e
n#0
=T+ Dpe'mv/e. (2.9¢)

n#0

After substituting the values of the constants, taken from Egs. (2.7, 2.8), into these
equalities, the problem is clearly reduced to a system of integral equations for the func-
tions gm(y) (m = 1,2,...,M;|y| < b), that of course could be solved numerically for
an arbitrary (finite) number of vertical planes and arbitrary values of the physical and
geometrical parameters.

However, in the present paper, we aim to study analytically the properties of the
structure, and to this end we accept only the following fundamental assumptions (cf. 4],
[5)):

a) 0 < ka <m/(1+sind), for given ¥,

b) d/a > 1.

The first assumption implies that 7, > 0 ¥n # 0, which guarantees the so-called one-
mode regime: this means that at large distance from the structure only plane waves with
the given wave number x can be present, so as to grant to constants R and T their full
meaning as reflection and transmission coefficients, respectively. The second assumption
implies that the vertical planes are sufficiently distant from each other, with respect to
the width of the layer. Both these assumptions allow us to put ch(7,d) = sh(r,d) > 1
in Egs. (2.8) and (2.9), so that the terms B*,C7* (m = 1,...,M — 1) in the square
brackets of (2.9) become negligible (with respect to the other terms containing ch(7,d)).

From a physical standpoint, this approximation implies that all nonhomogeneous
(standing) waves rapidly decay when they move from one vertical array to the following
one (as is assumed in [2], [3]). Actually, it could be shown that this is a good approxi-
mation even when the distance d is of the same order as the width 2a (d/a > 2); see [4].
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So, by substituting the values of the constants, from Eqs. (2.7, 2.8), in the approxi-
mated version (as said above) of Egs. (2.9), we can finally lay down the following square

system of integral equations for the unknowns gy, ..., gas in the interval |y| < b:

1 [t ,

— a1(t) { (2K cos ) " ctg(kd cos9) — i) — Z(l/‘rn)e”"(t_y)/a dt

2a —b

n#0
b
- [4ancosz93in(ndcosﬂ)]_1/ g2(t) dt = 1; (2.10a)

-b

n#0

1 ’ . -1 itn(t—y)/a
Zl—/_bgm(t) (kcos?) ™" ctg(kdcos ) —Z(l/rn)e dt
b
— [4ak cos Isin(kd cos )] ! / [gm-1(t) + gms1(t)]dt =0 (2.10b)
—b
(m=2,3,...,M —1);

b
1 g (t) { (2k cos9) ™' [ctg(kd cosI) — 1] — Z(I/Tn)ei""(t‘y)/” dt
2a Jp n£0

b
— [4ar cos ¥ sin(kd cos 9)) / grr—1(t)dt =0. (2.10¢)
-b

Note that, on putting ¥ = 0 throughout the above, the formulation of the problem for
the normal incidence case, dealt with in [4], is recovered.
As in [5], let us now consider the auxiliary integral equation:

i/_l;h(t) {Z(l/rn)e”"“—w/a} dt=1, |yl <b. (2.11)

n#0

In terms of the new function h, we can derive from system (2.10) (by linearity):

a1(y) = {(4ak cos¥) ™" [ctg(kd cos V) — ]G,

— [4ak cos I sin(kd cos 9)] " Gy — 1}h(y); (2.12a)
dm(y) = {(2ak cos9) ! ctg(kd cos 9)G,,
— [4ar cos ¥ sin(kd cos 9)] " (Gm—1 + Gm+1) }R(Y), (2.12Db)

m=2,...,M—1;
g (y) = {(4ak cos9) " Hctg(kd cosI) — i]Gas
— [4ar cos ¥ sin(kd cos9)] " G pr—1 }h(y); (2.12¢)

where

b
GM=/ gm()dt, m=1,2,..., M. (2.12d)
b



OBLIQUE WAVE PENETRATION IN ELASTIC SOLIDS 245

Set also
b
H=/ h(t) dt. (2.13)
—b

Integrating the above equations over |y| < b finally yields the following square system
of linear algebraic equations in the unknowns G,...,G:

{1 — (4ar cos ¥) " ![ctg(xd cos 9) — i|H}G,
+ {[4ax cos ¥ sin(kd cos ¥)] "' H}Gy = —H; (2.14a)

{[4ak cosIsin(kdcos V)| P H}G o1 + {1 — (2ak cos¥) " ctg(kd cos ) H} G,
+ {[4ar cos¥sin(kdcos 9)] ' H}Gpy1 =0, m=2,...,M —1; (2.14b)

{[4ak cos ¥ sin(kd cos 9)] ' H}Gpr_1
+ {1 — (4ak cos9) ! [ctg(kd cos V) — i|H}Gps = 0. (2.14¢)
The constant H appearing in this system is an integral measure of the solution h

of Eq. (2.11). A uniformly approximated representation for this function, valid in the
one-mode regime, has been obtained in [5]; for its integral, we obtained (see Sec. 5 of

[5]):
H = {-7/[(a11022 + a12a21) In &]}({1 — [1 — 7/(aq))&5 Yaze

+{1-[1-7/(am))é}an)  (ka < /(1 +sind)), (2.15a)
where
€0 = sin(mb/2a),
o = cos(mb/2a),
g1 =7_1 = [(7/a+ ksin¥)? — ?]/2, (2.15b)
and

ann =1—[1-n/(eq)l(& — 15/ n&o),
az = 1= [1 —7/(am)|(& — 15/ In o),
az1 =1~ [1 —7/(aq)](1 = n3),
age = 1= [1—m/(am))(1 = 75)-
Note that, despite the fact that the solution h of Eq. (2.11) is generally complex-valued,
the constant H, in the considered one-mode regime, is actually real.
Of course, once system (2.14) is solved, the wave field can be explicitly derived by

inserting in Eqgs. (2.4) what is calculated from (2.12) and (2.7, 2.8). In particular, the
reflection and transmission coefficients are given by Egs. (2.7a) and (2.7c) as follows:

(2.15¢)

R =1 - (2aikcos9)"'Gy, T = (2aikcos¥9) "G . (2.16)
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3. Solution of the linear system and main results. System (2.14) appears in

the form
p f
c B ¢ Olo
c B ¢|O0
0 c plO0
where

f=-H,
¢ = [4ak cos ¥ sin(kd cos )] "' H,
B =1-(2akcos?) ! ctg(rdcos9)H,
p=1- (4akcos?) '[ctg(rdcos V) — i|H.
Its solution can be obtained by using Cramer’s rule as follows:
G1 = (f/JIn)(pIri—2 — Ipr—s),
Gar = (f/Iu) (=)™,

Gm = (f/Ia) (=)™ Y @Ipr—me1 — PIpimm—2), m=2,...,M —1,

where we have denoted the full determinant of the system by
Jrr =p Ini—2 — 2pP Iy s + M ppy

and the determinant of order N by

B8 c
c B ¢ 0
IN = C ’
8 ¢
0 c B
We conventionally assume that [y = 1,1_; =0,1_5 = —c2.

It is well known (7] that
In =BIn_1 — PIn_g = (VT — 2V /(21 — z2)
where z, and x5 are the roots of the quadratic equation
22— Br+c?=0
and can be represented as

T, = —re'?, Ty = —re "%,

(3.1a)

(3.1b)

(3.2a)

(3.2b)

(3.2¢)
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where
r = ¢ = H/[4ak cos ¥ sin(kd cos ¥)],
cosa = —3/(2¢) = cos(kdcos ) — 2(kd cos9)(Hd/a) ! sin(kd cos ). (3.5b)

We note that the argument « can attain real as well as (purely) imaginary values; this
of course depends on the given geometrical and physical parameters according to the
sign—negative or positive, respectively—of the discriminant (3% —4c?). Also, the sign of
r = cin Eq. (3.5b); is that of H/sin(kd cos ), and this is surely positive for small enough
frequencies (we recall from [5, Sec. 6] that, in the limit ka — 0, H =~ 7/(—In&y)+0(x2a?);
cf. [4, Sec. 3] for the case of normal incidence, in which the constant H(d = 0) is always
positive). Equations (3.5), however, are valid for arbitrary incidence angle and frequency
in the one-mode range.

The complete solution of system (2.14) enables us to give explicit expressions for the
reflection and transmission coefficients. By Egs. (2.16), (3.2) and some formal transfor-
mations!, we finally arrive at the following formulas:

_ H ird cos ¥ o -
R= (1 + 2cmcosz9{1 e [cos smactg(Ma)]}) (3.6)
= m[sm a/sin(Ma)]R. (3.7)

As can be proved, these equations guarantee that the well-known property of the balance
of rates of energies

|R|2+|T|> =1 (for one-mode case) (3.8)

identically holds, independently of the value of the constant H.

4. Analysis of the wave properties of the structure. As is evident from Egs.
(3.6, 3.7), the dependence of the parameters R and T on the number M of vertical arrays,
which in some sense represents the distance through the structure, is only determined
by the value of the parameter a. As follows from Eq. (3.5b)2, for small values of the
product kdcos®, « is real and given approximately as

a~[1+4(Hd/a)"']V?(kd cos ). (4.1)

So, in this case, the reflection and transmission coefficients possess a periodic behaviour
with respect to M.

When the product xkdcos? increases, a can become imaginary, and this implies an
exponential decay for T (amounting to a rapid wave attenuation) both with respect to
the frequency and with respect to M (i.e., the distance). Such a property evidently
follows from Eqgs. (3.6, 3.7), since sin-y = ish¥ and cosy = ch¥ when v (= @ or Ma) is
imaginary: v = 19,7 € R.

! For more details about these, see [4, Sec. 4].
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F1G. 2. Dependence of the reflection coefficient |R| upon the angle

of incidence ¥ (d/a = 2, M = 5,kd = 3). Full line: b/a = 0.1; dotted
line: b/a = 0.3

Two figures show this interesting feature (both of them for two values of the relative
opening b/a). In Fig. 2 the reflection coefficient is given as a function of the angle of
incidence (at fixed frequency). The frequency parameter is taken so large (kd = 2ka = 3)
that, in the case of normal incidence (¥ = 0°), even for a relatively small number M = 5,
the structure does not permit transmission of the wave (|R| = 1, so that |T| = 0 due
to Eq. (3.8)). When the angle of incidence ¥ becomes sufficiently large (and so cosd
small enough), the behaviour of the structure changes from attenuating to oscillating,
according to the (real) value of a from Eq. (4.1).

Further, Fig. 3 gives the transmission coefficient as a function of the frequency pa-
rameter xa (at fixed 9 = 30°), and we can see how such a coefficient starts to decay
exponentially when ka exceeds certain critical values, namely, when the parameter o
becomes imaginary. This figure can be compared with Fig. 5 of [4], which displays the
same function |T'| vs. ka (with the same values of the relevant geometrical parameters)
in the case of normal incidence. It should be noted that an oblique incidence actually
enlarges the range of frequency for periodicity with a good transmission (cf. [6]).

Therefore, there are two different ranges of physical and geometrical parameters to
which correspond quite different physical properties. This fact distinguishes the wave
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F1G. 3. Dependence of the transmission coefficient |T| upon the
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properties of well-organized structures from those of randomly distributed structures, in
which the wave attenuation always increases with the distance, even for very small values
of the frequency [1]. We recall that, in the present context, the transition from the range
of periodicity to the range of decay is only determined by the sign of (8% — 4c?), being
actually independent on the number M of vertical arrays.
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