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Abstract. This paper deals with the periodic boundary value problem for impulsive
parabolic equations. A comparison result for impulsive differential inequalities is ob-
tained. This result is applied to get a uniqueness criterion for the solutions of impulsive
parabolic equations.

1. Introduction. The theory of impulsive partial differential equations is a new
branch of the theory of partial differential equations (PDE). Its start was made by the
pioneer paper of L. Erbe, H. Freedman, X. Liu, and J. Wu [5]. They showed that im-
pulsive parabolic equations provide a natural framework for mathematical simulations
of many processes and phenomena in population dynamics. After the contribution of
L. Erbe et al., the theory of impulsive PDEs underwent a rapid development in various
directions. We shall mention some of them: quenching phenomena (3], [4], semigroup
approaches [6], numerical analyses [1], [2], applications in quantum mechanics [7], etc.

The present paper deals with a periodic boundary value problem for impulsive para-
bolic equations. Impulsive differential inequalities generated by this problem are consid-
ered and uniqueness criteria are obtained. The results of this paper will be actively used
as an auxiliary apparatus in the theory of impulsive PDEs.

2. Preliminary notes. Suppose that 2 C R” is a bounded domain with a boundary
00 and Q@ =QUIN. Let ag > 0 and let

E={(t,z) e R"™™: t€[0,a9], z € Q},
E* = {(t,) e R™™: t€[0,a), z € Q}.
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Suppose that 0 < t; <tr < ... <ty < a(, are given numbers and ty = 0, tr41 = ag.
Define J;p,), = {tp}p 1 Bimp = {(t,z) € E: t € Jipt, El, = {(t,x) € E*: t €

Jimp}-
Let CimpE*, R] be the class of all functions z: E* — R such that:

(i) the restriction of z to the set E*\ E}  is a continuous function;

imp
(i) for each (t,x) € E,,, there exist the limits
lim  z(s,y) = 2(t", ), lim  z(s,y) = z(tT, 2),
(s.y)\i—:'(iunz) ( ) ( ) (s.y)‘:»t(t.:r) ( y) ( )

and z(t,z) = z(t*, x).
For a function z € Cjp,,[E*,R] and (t,z) € E},,, we define

Az(t,x) = z(t,x) — z(t", x).

Let M|n| be the class of all matrices v = [vi;]i<i. j<n, where v;; € R and ~v;; = ;.

Suppose that f: (E\Eimp) XRxR"xM[n] = R, g: Ef, xR =R, ¢: [0,a0]x0Q —
R are given functions.

A function z € Cyp[E*, R] will be called a function of class Cil,‘n?p [E*,R] if z possesses
continuous partial derivatives z;(t, ), z. (¢, z), and z,,(¢,z) for (¢,z) € E\ E;pp, where

imp

Zr = (ZI17‘ . 7ZI,,)7 Zrr = [zl‘,‘l‘j]lsi, i<n:

A function f: (E\ Einp) X RxR" x M[n] — R is said to be elliptic with respect to
zeCl? [E*,R] in E\ Eip, if for (t,z) € E\ E;p,p and for any v, s € M[n] such that

imp

Z(%J $)NN <0, A= (AL,...,A\,) €R",
t.j=1
we have

[tz 2(tx), 2: (8, x),7) < f(t, 2, 2(t, 7), 2, 2), 8).

We consider the periodic boundary value problem (PBVP):

z(t,x) = f(t, @, 2(8, @), 2:(, 2), 222 (8, 2)), (6,2) € B\ Eimy, (1)
2(0,2) = z(up,z), €, 2)
2t z) = p(t,x),  (tz) € [0,a0] x OD, (3)
Az(t,z) = g(t,,2(t, ), (t,2) € Bl (4)

DEFINITION 1. The function z: E* — R is a solution of the PBVP (1)-(4) if:

(i) z € Cll,,fp[E*,R] and z satisfies Eq. (1) on E'\ Eipnyp;

(ii) z satisfies (2), (3) and (4).

The solution z(t,z) of PBVP (1)—(4) is called parabolic if for every (t,x) € E \ Eimp

all the functions f(t,z, z,p, q) are elliptic with respect to z(¢,x).




PERIODIC BOUNDARY VALUE PROBLEM FOR IMPULSIVE PARABOLIC EQUATIONS 545

3. Main results. Now we prove a theorem on the differential inequalities generated
by PBVP (1)—(4).

THEOREM 1. Let the following conditions hold:
1. u, v e C.? [E*,R] and the function f is elliptic with respect to u in E\ Eipmyp.

imp
2. The differential inequalities

ui(tax) < f(tv‘rvu(t’x)’ur(t’x)7urx(t>$)))

v(t,x) 2 f(t,2,0(t, ), v (t, ), vae (8, 7)) @

hold on E \ Ejp and
w(0,z) < u(ag,z), v(0,z)>v(ag,z), xE, (6)
u(t,z) < v(t, z), (t,x) € [0, ap] x ONQ. (7)

3. For each (t,x) € E},,  we have

imp
Ault,z) < g(t, z, u(t, x)),
Av(t,x) > g(t,z,v(t, x)).

4. For each (t,z) € E'\ E;mp the function f(t,z,-,p,q): R — R is strictly decreasing
on R.

5. For each (t,z) € E;np the function g(¢,z,-): R — R is strictly decreasing on R.

Then we have

u(t,z) <v(t,x) on E*. (8)
Proof. Let w(t,x) = u(t,z) — v(t,z) for (¢,z) € E* and
e = sup{w(t,z): (t,x) € E*}.

Suppose (8) is not true. Then ¢ > 0 and there are two cases to be distinguished:
Case 1. There exists (¢,%) € E*, & = (%1,... ,%n), such that

w(t, &) =¢, w(t,x)<e  onE". 9)

It follows from (6) that we can take { > 0 and from (7) that € Q.
(1a). Suppose that (£,%) € E \ Ejn,. Since u — v attains its maximum at (,%) we
have
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In view of (5) and condition 4 of the theorem it follows that

0> v(t,2) —w(t,%) > f(E,2,v(t, %), v (£, 2), v2u (£, T))

> f(t, 2,0t 1), v (8, 3), van (£, 3)) = f(E,Z,0(8, &) + €, 02 (8, &), v22 (£, &) > 0,

which is a contradiction.
(1b). (,%) € Eimp. Then we have

uw(t™, ) <o(t™, %) +e.
It follows that
u(t,z) —v(t,T) < u(t™,z) +g(t, &, u(t, ) — [v(t_,i) + g(f,i,v(f,:i))] < e,

which is a contradiction with (9).
Case 2. Suppose that w(t,z) < € for (t,z) € E*. Then there is (£, %) € E such that

lim  w(t,z)=¢ (10)
(ta)—(i~ )

and there is j, 1 < j < k such that { = tj. Let 7: [tj—1,t;] — R be defined by
ii(t) = max {w(t,z): z € Q}

for t € [t;_1,t;) and 7(t;) = €. Thus, 7 is a continuous function. Since 7(t) < ¢ for
t € [tj—1,t;), there is a sequence {¢;} such that

ti€[ti-1,ty),  fi<tin, limti=t;=t
1

and

D_q(t;) >0 for i=1,2,...,
where D_ is the Dini derivative. For each i there exists (¥ € © such that
i(t:) = w(t;, 80).
It follows from (7) and (10) that there exists a natural number N such that for ¢ > N,
(t;,29)) € E and w(t;,#%) > 0. Then we have

0 < D_ii(t;) < wi(t;, 39) = w (£, 89) — vy (£;,2Y)
S f(ii“i(i)’u(£i7j(i))>ur(£iai'(i))7UII(Eiaj(i)))
— f(&, 39, 0(t, 2Y), va (£, 2Y), 022 (1, 2Y)) <0,

since

and

n

Z (u:mrj (Ei)j(i)) - UJ?:'IJ (El?i‘(l))) /\l/\J S O

ij=1

for A= (A1,...,A,) € R". Thus we have obtained a contradiction.
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Therefore
u(t,z) < vu(t,x) on E*. O

We apply Theorem 1 to obtain a uniqueness result for PBVP (1)-(4).
THEOREM 2. Let the following conditions hold:

1. for each (t,z) € E \ Einp the function f(¢,x,-,p,q): R — R is strictly decreasing
on R;

2. for each (t,x) € E;mp the function g(t,z,-): R — R is strictly decreasing on R.

Then the PBVP (1)—(4) admits at most one parabolic solution.

Proof. Let ui, us € C-2 [E*,R] be two distinct parabolic solutions of the PBVP

imp
(1)-(4). Employing Theorem 1 we can prove that:
(i)  w<wuy onkE",
(i) up > Uo on E*,

which imply the statement of the theorem.
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