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Abstract. We consider the dynamical von Kérman equations for viscoelastic plates
under the presence of a long-range memory. We find uniform rates of decay (in time)
of the energy, provided that suitable assumptions on the relaxation functions are given.
Namely, if the relaxation decays exponentially, then the first-order energy also decays
exponentially. When the relaxation g satisfies

— 19 P (t) < g'(t) < —cog(t)TF, 0<g"(t) < cag'tF(t), and
9,9"t7 € L'(R) with p>2,

then the energy decays as W A new Liapunov functional is built for this problem.

1. Introduction. In this paper we study the von Kdrméan plate model endowed with
long-range memory. Our attention will be focused on the asymptotic behaviour of the
solution as time goes to infinity. The von Kédrmén equation is a large-deflection model
in the sense that the vertical deflection of the plate may be large in comparison to the
thickness of the plate. More precisely, let us denote by Q an open bounded set of R?
with smooth boundary I'. We assume that the boundary is divided into two parts such
that

P=F0UF1 with Foﬁfl =, and F()?é@. (11)

Let us denote by v = (v1,v2) the external unit normal to I', and by n = (—va,11) the
unitary tangent positively oriented on I'. Finally, by the brackets [-,-] we denote the
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operator given by
o PT O B Pudy
’ Ox? Oy? 0xdy 8xdy = Oy? Ox?
The equations that describe small vibrations of a thin homogeneous, isotropic plate
of uniform thickness h are given by:

¢
ugs — hAug + A%u — / g(t — T)A%u(r)dr = [u,v] in Q x ]0,00], (1.2)
0

A% = —[u,u] in Q x]0,00], (1.3)
u(z,y,0) = uo(z,y), ut(z,y,0) = wi(z,y), (z,y) € Q, (1.4)
with the following boundary conditions:
Ov
V=g, = 0 on 09 x ]0,00], (1.5)
0
u= 8—1: =0 on Ty x]0,00], (1.6)
t
Biu — By {/ g(t — T)u(r) dT} =0 on TIj x]0,00], (1.7)
0
Oug ‘
Bou — hW - By gt —7)u(r)drp =0 on T x]0,00], (1.8)
0

where

Biu = Au+ (1 — p)Biu,

O0Au 0Bsu
== 1—
Bau= T2+ (1- )52,
and B; and B; are given by
0%u 20%u  ,0%u

Biu = 2V1V2—8z3y - V16—y2 ~Vagg

0%u  O%u
In (1.2), v = u(z,y,t) denotes the position of the plate and v = v(z,y,t) is the Airy’s
stress function. We may interpret Eq. (1.2) by saying that the stresses at any instant
depend on the complete history of strains that the material has undergone. By g €
C?(R,R) we are denoting a positive real function and the constant p is assumed to be
in the interval ], 1[.

Recently, several research papers have been done on the von Karman model with
dissipative effects; we can mention, for example, [1], [5], [6], [16] and the references
therein. They consider different types of additional dissipations. Puel and Tucsnak in
[16] introduce a damping mechanism acting on the boundary. Horn and Lasiecka in
[6] introduce both a frictional damping and a nonlinear dissipation on the boundary.
Chueshov in [5] introduces a frictional damping and Bisognin et al study in [1] the von
Kérméan equations in the presence of thermal effects. In all of the above works, the
exponential rate of decay of the solution is shown. But this is, as far as we know, the
first time that viscoelastic terms are taken into account.

32
Bgu = (l/l2 — I/%)ﬁ + v {
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The main result of this paper (Sections 3 and 4) is the uniform rate of decay to
the solution of system (1.2)—(1.8). We prove that the rate of decay of the solution
depends on the rate of decay of the relaxation function. That is, when the relaxation
decays exponentially, then the vertical deflection as well as the Airy’s stress function also
decay exponentially. Moreover, if the relaxation decays polynomially, then the vertical
deflection and the Airy’s stress do decay polynomially. This shows that the memory
effect is strong enough to produce the dissipation, which enables us to show that the
energy decays uniformly (exponentially or algebraically).

Let us mention some other papers related to the problems we address. Dafermos in [2]
proved that the solution to viscoelastic systems goes to zero as time goes to infinity, but
without giving an explicit rate of decay. Lagnese in [10] considers the linear viscoelastic
equation obtaining uniform rates of decay but introducing additional damping terms
acting on the boundary. This is the estabilization problem, which appears in control
theory. Uniform rates of decay for the solutions of linear viscoelastic plates with memory
were obtained recently by M. Rivera et al [15]. Unfortunately the method used to achieve
uniform rates of decay in that work is based on second-order estimates, which are time
dependent in our problem. Thus, the methods that have been used for establishing
uniform rates of decay fail in the case of viscoelastic von Karmén systems. Therefore, a
new asymptotic technique has to be devised.

The method we use here is based on the construction of a functional £ for which an
inequality of the form

9 e(t) < —ecey+

holds, with ¢, > 0. To construct such a functional £ we start from the energy of
the viscoelastic equation. Then, we look for other functions whose derivatives introduce
negative terms such as: — [ |u¢|?, — [ |Au|?, etc. until we are able to construct the whole
energy on the right-hand side with negative sign. Finally, we take £ as the summatory of
such functions. Unfortunately, the above process also introduces terms without definite
sign. To overcome this problem, we introduce a new multiplier (see Lemma 3.1) that
allows us to get the appropriate estimates. Finally, we choose carefully the coefficients
of each term of £, such that the resulting summatory satisfies the required inequality.

Let us describe briefly all sections in this paper. In Section 2, we prove the existence
and uniqueness of weak solutions. Furthermore, we show some regularity results. To do
this we assume that g satisfies

o0
0.0'9" € L0,  ai=1- [ g(ndr>o, (L9)
0
9(t)>0, g¢'(t)<0. (1.10)

Since the methods of Section 2 are quite standard we will only give a brief summary of
the procedure. In Section 3 we show the exponential decay of the energy assuming that
g satisfies additionally

—cog(t) < g'(t) < —cg(t),  0<g"(t) < caglt). (1.11)
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Finally, in Section 4, we show that the polynomial rate of decay of the relaxation implies
the polynomial rate of decay of the solution. To do this, instead of assumption (1.11) we
consider the weaker hypotheses

—cog'tr(t) < g'(t) < —clg”%( t), 0<g"(t)<cag’tr(t), p>2 (1.12)
g:= / T)dr <00, p>2. (1.13)

Assumptions (1.12) and (1.13) mean that g =~ (1 +¢)~? for p > 2. All above constants
¢, t =0,1,2; are positive.
The notation we use in this paper is standard and can be found in Lions’s book [12].

2. Existence and regularity. To study the existence of a solution of system (1.2)
we introduce the following spaces:

V:={ve H(N); v=0o0nTo},

0
W:={w€H2(Q); w=a—15=00nl“o}.

Let 0 < p < . We define the bilinear form a(-, ) as follows:

o= [ (PUT2 FUPr (Pute Fu) L, Ou T,
U J L\ 922 022 T 92 9y " '\ 922 892 T By? Oa? K o2y 920y

Frequently, we shall use the Green’s formula for A2:

LEMMA 2.1. Let u and v be functions in H*(Q) N W. Then, we have

/Q(Azu)v dA = a(u,v) +/

I

o
{(Bgu)v - (Blu)a—Z} dr;. (2.1)
Proof. From Green’s formula we get

/ (A2u)vdA = / (GBAU“)vdrl Au% dry + / AulvdA
Q I

0Au ov
_/ ( 5 )vdF1 . Au% dl'y + a(u,v)

8%u 0%v  0%u O%v 8%u H%v
*“‘“%(a—xww—wa—w) dA=210=1) | ooy 5udy

Recalling the definition of B; and By and using

8%u 0%v  0%u O%v 8y 0% 0Bsu )
A (‘a‘:ﬁw ¥ a—yza—yz) 142 | 5zdy aoy —/n{( o ) - (Bulg, } 4

our result follows. O
In this section we show existence and regularity of solutions of the von Karman equa-
tion. The proof will be organized as follows. First, using the Galerkin method, we prove
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the existence of weak solutions (see Definition 2.1 below). Then using elliptic regular-
ity and second-order estimates we show the regularity of the solution. To simplify our
analysis, we introduce the following binary operators:

t
g0d%u = /0 9(t — m)a(u(t) — u(r),u(t) — u(r)) dr,
t
u= - - 2
gV /Og(t 7')/Q|Vu(:c,t) Vu(z, )| dAdr,

gDu=/Otg(t—T)/Q|u(a:,t)—u(:1:,7’)|2dAd7'.

With this notation we have

LEMMA 2.2. For any v € C}(0,T; H%(Q2)) we get

a </0 g(t — )v(r) dr, vt) = —%g(t)a(v,v) + %g' 06%v

_ld d6% — /t dr ) a(v,v)
2dt g 0 g ’ ’
K 1 1
/ / g(t — 7)Vu(r)dr - Vu, dA = -—g(t)/ |Vu|?dA+ Z¢'OVu
aJo 2 Q 2

_1ld {gDVv— (/tgd7'>/ |Vv|2dA}
2dt 0 Q ’

t
// g(t—T)v(ac,T)d’rvt(x,t)dA=—lg(t)/ |v|2dA+lg'Elv
aJo 2 Q 2

-14 {9'311— (/tgd7'>/ |v|2dA}
2dt A o '

Proof. From the symmetry of a(-,-) we get
d t t
EZ{gDB%} =¢' 00% — 2/0 g(t — 1)a(v(7),v:(t)) d7 + 2/ g(t — 1) dra(v,v;)
0
t
=¢'00% — 2/ g(t — T)a(v(r),v:(t)) dr
0

+ % {/Otg(r) dr a(v,v)} - g(t)a(v,v),

which shows the first identity. The proofs of the other two identities are similar. O
Another important Lemma is the following.

LEMMA 2.3. Let u, v, and w be functions in H?(Q2) such that v € HZ(Q), where Q is an
open bounded and connected subset of R? with smooth boundary. Then we have that

/Qw[v,u]dA=/Qv[w,u] dA.
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Proof. Suppose that u and w are C*(£2) and that v belongs to C3(£2). Our result will
follow using density arguments. It is not difficult to see that

wlv,u] — vw,u] = wv@ —2(wv Ou + v@
’ T 02 ) .. 0z0y ) ,, Y e w

+2 a_wv—azu _8_’11)1]92_“ 2 a_wv—a2u _a_wrv@
0y 0xdy Oz 0y?), Oz 0z0y 0Oy 0z*)/,

A simple integration over Q) gives the required formula. O
The definition of weak solution that we use in this work is given as follows.

DEFINITION 2.1. We say that the couple (u,v) is a weak solution of Egs. (1.2)—(1.8)
if
ue CH[0,T); V)N C([0,T); W), v e C%(0,T); H3 ()
and satisfies the following identities:

T T T
/ / —ufy — hVu - VO, dA + / a(u,6) dt — / a(g * u,0) dt
0 Q 0 0 (2.2)

T
=/ /[u,&]vdAdt—f-/u19(-,0)dA+h/Vu1~V0(~,O)dA,
0 Q Q Q
/ AvAYdA = — / fu, ¥ludA, (2.3)
Q Q

for any function 6 € C([0,T]; W) such that 6(-,T) = 0, 6;(-,T) = 0 and ¢ € C3(Q).
Note that since I'g # @, Korn’s Lemma implies that /a(:,-) is a norm equivalent to
the usual Sobolev norm || - |2 on W. Let us introduce the energy function

t
E(t,v,7) := %{/ (Jve|2+ h| Vv |?) dA +(1—/ ng)u(v,v) +gD32v+/ |A¢|2dA},
Q 0 Q
t
F(t,v) := % {/ (Jve|® + h|Vve|?) dA + (1 —/ ng) a(v,v) +g|:|32v} ,
Q 0
and let us denote by {w; € W;i € N} an orthonormal basis of W. In these conditions

we are able to prove the existence of a weak solution for viscoelastic plates.

THEOREM 2.1. Let us suppose that g satisfies (1.9) and (1.10). Then for any initial data
(uop,u1) € W xV, h>0and T > 0, there exists only one weak solution for Eq. (2.2).

Proof. Our starting point is to construct the Galerkin approximation u™ of the solu-
tion

W = Y hn®wl), V8 = (A7 (- ),
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which is given by the solution of the approximated equation
/ U Wj dA+h/ VuVw; dA + a(u™,w;) — a(g *u™,w;) = / [u™, w;]v™ dA,
Q

U (’0)"u0,m3 Uy (,O)—ul,m

m m
UQ.m =E{/ uowidA}w,-, Ul,m =Z{/ ulwidA}w
i=1 Q =1 Q

Let us denote by A = (a;;) the matrix given by

Qi = (/wiwjdA+h/Vwi-ijdA>.
Q Q

We can easily verify that A is a positive definite matrix; so the existence of the approxi-
mated solution 4™ is guaranteed. Let us multiply Eq. (2.4) by h;’m, sum up the product
result in j, and use Lemma 2.2 to conclude that:

t
2dt {/ (|uf|? + h|Vu|?) dA + (1 —/ gd'r) a(u™,u™) +g|:|02um}

£/ D™ ~ Lg(t)a(u™ / W™, w o™ dA.

1 d
um,umv’"dA=—/ {—um,um} ’"dA————/ Av™|?dA,
[ ARG o™

we have that

(2.4)

where

Since

d m o, m\ __ 1 / 2, m 1 m ,m
th(t,u U )—2g O0%“u 2g(t)a(u ,u™).

In view of the hypotheses on g we have
E(t,u™,v™) < E(0,u™,v™);
and from our choice of ug,, and vy, it follows that
u™ is bounded in C([0,T]); W) N C*([0,T); V),
v™ is bounded in C([0, T]; HZ(Q)).

Multiplying Eq. (2.4) by 8 € C?([0,T]) such that B(T) = 0 and integrating over [0, 7]
we have
T

T T
/0 /Q(umwjﬂtt+hVum~ij,8tt)dAdt+/ a(um,wj)ﬂdt—/o a(g*u™,w;)Bdt
0

T
=/0 /Q[u ywjv ,BdA—/Quo,mwj,gt(o)dA—F/{;ul’mwj/@(o)dA

—h / Vg,m Vw;B:(0) dA + h / Vg m Vw;B(0) dA.
Q Q
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Since [u™,w;] converges weakly and v™ strongly, letting m — oo and using the density
of the terms {w;3; j € N, 8 € C([0,T])}, we get that u is a weak solution of (2.2). The
uniqueness follows by standard methods for hyperbolic equations.
To prove the regularity of the solution we introduce the following definition:
DEFINITION 2.2. We say that (ug,u1, f) is k-regular if

uj € H¥**=9(@)nW, j=0,....k, ups1 €V,
where u; is obtained by the following recursive formula:

ujr2 — hAujio = A%uj + g; — £ (0),

Oujit2
h—OJI/ =Bou; on I}
and also:
qu%zo on FOa 31U1=0 on Fly \V/j=1,,k
where

fo=1,
fie1 = f;8) gDy, f; € LNO,TSLX(Q), j=1,...,k,
g5 = 0 {[u(z, 1), v(z, )] }1=0-
To show the regularity result we will use the following Lemma:

LEMMA 2.4. Suppose that f € L?(Q), g € HY/%(I';), and h € H3/?(I';). Then, any
solution of

a(v,w)=/fwdA+/ gwdF1+/ ha—wdl"l Yw e W
Q I I ov

satisfies:
v e HY Q)
and also:
A%y = f,
v= % =0 on Ty,

Biv=h, Byy=g on TIj.
Moreover, if (f,g,h) € H*(Q) x H**1/2(I')) x H**3/2(T"}), then v € H*4(Q).

Proof. See [13].
Before proving the regularity result we establish a Lemma that will be useful in what
follows.

LEMMA 2.5. Let us suppose that u,v € H?(Q2) and w € HZ(f2). Then, we have that the
following inequality

‘ / [u,wlvdA{ < e(lull ol (lulallwll) ol
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holds. Here || - ||; denotes the norm of the Sobolev space HY ().
Proof. [u,v] is a continuous operator such that
[w, V)l -2 < Clluflz—ellvll1e-

Here || - ||-; denotes the norm of the dual space H7(f2). Using interpolation we have,
fore =

N

[ / [u,wlvdA] < cflu, o]z o]l

Q
< clulla—e w1 1e o]l
< clfull gl ol

1 1
< cllullillwlly) (lellzllwll2) 2 [[vll2,

from which our conclusion follows. O
The regularity of the solution is established in the next Theorem.

THEOREM 2.2. Let us suppose that the initial data (ug,u, f) is 2-regular and that hy-
pothesis (1.1) holds. Then the weak solution of Eq. (1.2) satisfies:

u € CH[0,T);V n H3(Q) N CO([0,T); W N H(Q))
and also:
we [0, T, VN H*(Q); j=1,...,4.
Proof. Differentiating Eq. (2.4) with respect to the time we get

[ s da+ b [ FupTu;da+ ol w) - alg x ulw) = [, lom da
Q Q Q

+/[um,wj]vfn dA + g(t)a(uo,m,w;). (2.5)
Q

Multiplying Eq. (2.5) by k.., summing up the product result in j, and using Lemma

jym
2.2 we conclude that:

d m 1 ! m 1 m m m
EF(t’ u) = 59 0o*u™ - Eg(t)a(ut yug) + g(t)a(uo,m, uiy)

(2.6)
4 / " o™ dA + / ™ W JoF dA + g(6)a(uom, u).
Q Q

Notice that

4 1/[u;",uzn]vmdA = l/[u{",u?‘]v;,mdA—+—/[u,, ,upgJu™ dA.

Inserting the above expression into identity (2.6) we get

:ijt {F(t ut) /[ut ,ugtju™ dA} g’D@zum

1
— ig(t)a(u;",ut ) + g(t)a(uo,m, uiy) /[ut ,uptlog® dA+/Q[um,u;’tl]v§” dA. (2.7)
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Note that R satisfies
R———/[u@", Tlol dA+/ d—{[um ui* ot dA
=__/[ut s ug v dA+/[um utt]vt

__Y m m|2
=3 [rarir aas 55 [ aoeaa

Substitution of the above identity into (2.7) yields

d 1 m ,mj], m _ 1 / 2, m 1 m ., m
dt {E(t ug*, vi") 5/9[% yug v dA}—ag 0% —Eg(t)a(u u™)

3
-3 [ lr i A+ g(Oa(uo ).
(2.8)

Integrating Eq. (2.8) we get
1
B o) < O, o) + 5 [ [l um da
3 t t
~3 / /[u;",u;"]v{" dAdt + / 9(T)a(uo,m, ugy) dr.
0 Ja 0
Note that after an integration by parts we get that
t r—t t
/0 9(7)a(uo,m, usy ) dr = g(T)a(uo,m, “;n)lmo - /o g'(1)a(ug,m,ui™) dr,
from which it follows that
t t
| orratu i ar < CBOup o) + el +e [l ar
Using Lemma 2.5, the first-order estimate, and the inequality

/[ut yug o dA < flug [l e ll2llvg* (|2
< Cllug*ll2llvg*[l2

we get
t
E(t,ut,’vt) S CE(O,’LLt,Ut) + C/ E(T,Ut,’l)t) dT.
0

Using Gronwall’s inequality we find that

u7? is bounded in L°°(0,T; H()), (2.9)
ul" is bounded in L>=(0,T; H*(R)), (2.10)
v is bounded in L>°(0,T; HZ(Q)). (2.11)
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Differentiating Eq. (2.5) with respect to time we get
[ s A+ h [ Vuitw; da+ auit ) - atoruitw) = [ o da
Q Q

+2/[ut , w;|vy dA+/[u ,wilvig dA + {g(t) + ¢'(t) }a(uo,m, w;).
(2.12)

Multiplying Eq. (2.12) by A}",,, summing up the product result in j, and using Lemma
2.2 we conclude that

d 1 m m
a F(t,uy) = _9 Da2utt - 59(15)“(“?:,““) + g(t)a(uo,m, uz;)
+ Q[utt’uttt]v + Q[ut s Uge Vg + Q[U s Ugee ) Vi .

=Ro

Note that Ry can be written as follows:

1d m
> | lugg,uitlv™ dA — [Uttautt]vt dA
2dt Jq

+2/[u T dA+/[um,u;’t‘t]v;’t‘dA‘
Q

On the other hand, we have that

m d m
/Q[u?’,u?t’t]vt dA = @t {/Q[ut yUg Vg dA} /[utt’utt]vt dA - /[Ut , Uge |vgy dA.

Differentiating Eq. (2.3) three times and multiplying by v} we get

d m m m
dt/ IAvt"t‘|2 dA = —6/[ut , gy dA — 2/[u Uy vy dA,

from which it follows that

Ry = % {/[uttvutt]vm dA - 2/[ut yugluft dA — / |Aviy |2dA}
/[utt,utt TdA - 5/[u;",utt vy dA.
Q

Inserting the above expression into identity (2.13) we get

d m m m
pr {E(t,u?{,vﬁ‘)—/[utt,utt]v dA+2/[ut , upy vy dA} g’DBzutt

R, =

—%9() (uy,ugg) + g(t)a(uom, ugy) — /[utt7u Juf" dA - 5/[ut s gt vz dA.
(2.14)

Integrating inequality (2.14) with respect to the time we get that

E(t,u,vit) SE(O,Uﬂ,vﬁ)/[umuu]vmdfl 2/[ut yUge | dA

¢
/Q(T)G(UOmaUtt)dT / /[utt’utt]vt dAdr —5 / /[ut s Uge Jugy dAdT.
0 0 Ja

(2.15)
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Using Lemma 2.5 and the estimates (2.9)-(2.10) we conclude that there exists a positive
constant C such that

/Q[UZ’Z,UI?]UI” dA < Cllug; 1 lluif l2llvi" |2
< Cllugtllzllvf 2
Similarly we have
1 1 1 1
/Q[UZ”,UZ’Z]UZ? dA < Cllu" I lugz 17 1w 13 luiz |13 [0 112
1 1
< Cllugzli3 lugll3 vi ll2

< Ol 13 + ™13 + Nl 133,

/ W, o™ dA < CE(O, us, v) w2,

Q
[ui®, ugg]vyt dA < CE(0, ut, ve)||uiyll2.
Q

Substituting the above inequalities into (2.15) and applying Gronwall’s inequality we get

ul, is bounded in L>(0,T; H'(2)), (2.16)
u? is bounded in L>(0,T; H*(Q)), (2.17)
v is bounded in L*(0,T; HZ()). (2.18)
This implies that v and v have the following regularity:
uge € L°°(0,T; HY(Q)), (2.19)
ug € L(0,T; H3(Q)), (2.20)
v € L®(0,T; H2(Q)). (2.21)

Integrating by parts Eq. (2.2) with respect to time and denoting by U = u — g * u we get
that
Ouyy

a(U,w) = — / ({ute — hAuy }w — [u,vJw)dA — h 2 Y dry,
Q r, ov

for any w € W. From Lemma 2.4 we get that
U e L*(0,T; H*(Q)).

Using Volterra’s resolvent equation, we get that u € L>(0,T; H*(Q)). Moreover, we have
that u, v verify system (1.2)—(1.8) in the strong sense. The proof is now complete. O

3. Asymptotic behaviour: Exponential decay. In this section we study the
asymptotic behaviour of the solution of (1.2)—(1.8). Note that as deduced in Section 2,
the energy function satisfies

d _Llyoete - L
EE(t,vﬂl)) = 59'00% = 5g(t)a(v,v). (3.1)
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To prove the exponential decay we will denote by w = u— g*u. It follows that w satisfies:

wyt — AWy +A2w+g'(0){u—hAu}+g(0){us —hAu; } +¢” * {u—hAu}=[u,v] (3.2)
in Q x ]0, o0,

A%y = —[u,u] inQ x ]0,00], (3.3)
’LU(IE, Y, O) = ’U,()(J?, y)’ Wy (I, Y, 0) = Ul(l‘, y) - g(O)UO(xa y) (34)
with the following boundary conditions:
v—g——O on 00 x 10, 0], (3.5)
0
W= = =0 onT( x ]0,00], (3.6)
Biw=0 onTI; x]0,o00], 3.7
1
Bow — hag’“ + (O)h% +4(0 )hg—“ + haga *Y_0 onTy x 0,00  (3.8)

Next we introduce the new energy function associated to system (3.2)—(3.8),

Et) = ; {/(lwt|2 + h|Vw|? + |Av)?) dA} +Zs

=1

where S;(t) is given by

Si(t) = -@/Q{mm (/Otng) |u|2—2(g*u)u} dA - %gDu,

So(t) = g/g))h {/ [qu|2 + (/Otgdr) [Vu|? — 2(g * Vu)Vu] dA — thqu} ,

|

Sa(t) = 9—2— { [g(O ul2 + </Ot J df) |u|2] dA - g'Du} ,
Sa(t) = @ {/ 4(0) [|vu|2 (/Otg'df) |Vu|2] dA—g’Equ},
Ss(t) = %{g Du+/ [|g'*ul2— (/Otg”dr> |u|2] dA},

t
Se(t) = —§h {g"DVu-{—/Q [|g'*Vu|2 - (/0 g"dT) |Vu|2J dA}.

The point of departure of this study is to establish an energy identity given in the next
Lemma.

LEMMA 3.1. Under the above conditions, the solution of system (3.2)—(3.8) satisfies the
following inequality:

%E(t) <C. {/ g(t)|Vul?dA + gDVu}
Q

+ c{||v]lcog(t)a(u, u) + g0 d*u} + 5/ [Vul2dA — g(O)/ [ug|? + h|Vhe|? dA.
Q Q
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Proof. Let us multiply Eq. (3.2) by w;. Applying Green’s formula and using the
boundary conditions we get

1
5%{/ |wt|2dA+h/ |Vw, |2 dA + a(w,w } /[u v]wy dA
N —

=1Io(t)

- 4'(0) / (vw; + hVuVw,) dA — g(0) / (wswy + hVu Vw) dA
Q Q

i ~ >

:=m_12 =341y
- /{g” *xu + hg" x Vulw, dA
Q
—I:+15
8wtt ’ ow B'wt 6wt
—h Fl{ 5 —g(O)E/—wt q(O)— wtdI’—/F1 (Baw)wy — (Byw)—— £y dr.

v~

=0

Now we will consider each term I;. Using Lemma 2.2 we get

0)
L(t)=- gg dt/l [2dA - ¢/( d/g*uudA+g /(g*u)utdA

— 0% l/ 2 l/ 20 ga— L
= g(O)dt{2 A ul +gxuut o Ogdr lul“| dA 2gIZIu

—51(t)

+ @g’ Ou— g___’(O%g(t) /Q |u|? dA.

Similarly we get that

L(t) = S(t)+hg;0) 'OV ‘L();thgwuﬁdft.

Now we will consider I3:

Is(t) = —g(0) /Q el + g(0) /Q (9(0)utsy + (' * w)ur) dA
O)/Q|ut|2dA—g—(§Q%{g’Du—/O g’dT/Q|u|2dA—g(0)/Q|u|2dA}

=Sa(t)
!
+ .ﬂg//mu_ g(O)g (t) / |’U,|2 dA
2 2 o

By symmetry we get

Li(t) = %sm) - g(O)h/Q Va2 + %zhg"DVu _ wh/Q Vul? dA.
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Finally we consider Is:
I5(0) = = [ 10 v~ (o' + ) (6 +)+ 9(0)utg’ 1) — gO)uly” )] dA
;;t {g”Du—/ [Ig * ul? —/Otg”d7'|u|2] dA}
/ / {9(0)g"( 0)g'(t — ) Hu(r) — u(t)} dr dA
— {9(0)g'(t) - ¢'(0)g(t)} /Q luf2 dA.
Analogously

Io(t) = 5 56(0) = h{g(0)g"(1) ~ g O)5' ()} [ [Vul* dA

[ vu- ( / {9(0)g/(t - 7) = ¢ (Q)g(t - P)}{Tu(r) - Vu(t)} dv) dA

From the above inequalities, Poincaré’s inequality, and the hypotheses on g we obtain
I(t) < d 5 (t) + C. {/ g(t)|Vul|? dA + gDVu} + e/ |Vul? dA,
Q Q

for i # 3,4, and

() = 550 - 90) [l +cfou+ ) [ 1 aa},

L) = %&(t) - g(())h/Q |Vug|? + ¢ {gDVu + g(t) /Q |Vul? dA} .
Finally, we will estimate the term Iy:

Iy(t) = / [u, v]us — [u,v]g’ * u — g(0)[u,v]udA

?55/"3 244 - /[u v]/ "t = ) {ul ) — ul, ) dr da

:=F
t)/[u,v]udA
Q
-2 / |Avf* dA — / [u, FludA — g(t) / [, ujvdA
2 dt Q
< - % % / |Av[? dA + cc[|v]lcog O % + ea(u, u) + c[|v]lcog(t)a(u, u).

Since the energy E(t) is bounded, then we have that ||[v]|2, < [, |Av|? dA is also bounded.
So, from the last inequality our conclusion follows. O
REMARK 3.1. It is not difficult to see that there exists a positive constant C such that

£(t) < CE(®).
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To prove it we will show that there exists a positive constant ¢ such that
/Q(|wt|2 + h|Vw|?) dA + a(w, w) < cE(t).
We only prove the inequality
/Q |w|*> dA < cE(t),

the others being similar. Note that
¢

we = uq — glt)u - /0 ¢t = 7){u(, ) — u(- £)} dr,

from which it follows that

/|wt|2dA§c{/ |ut|2dA+g(t)/]ulsz+gEIu}.
Q Q Q

Using Korn’s inequality our conclusion follows. O
Let us introduce the functional

J(t,w) = /(wtw + hVw;Vw) dA.
Q

Now we are in a condition to prove the exponential decay of the solutions.

THEOREM 3.1. Suppose that the initial data (ug, u1) is 2-regular and the kernal g satisfies
conditions (1.11) and (1.9). Then there exist positive constants ko and x; such that

E(t,u,v) < koE(0,u,v)e” "%

Proof. Multiplying Eq. (3.2) by w, integrating over €2, and using the boundary con-
ditions we get

d%J(t) = '/Q(lutl2 + h|Vus|?) dA — a(u,u) + a (/0 g(t — T)u(r) dr, u) (3.9)

—/ |Av|? dA (3.10)
Q

< / (Jue|® + h|Vus|?) dA — (1 — €)a(w, w)
Q

t
+ L (/ ng) gd0%u —/ |Av|? dA. (3.11)
4e 0 0

Using Lemma 3.1 we find that

d

= {NE(t) +E() + @J(t)}

—£(t)

< —Ko {/ (|ue]® + h|Vus|? + |Av|?) dA + a(u,u) + gDBzu} .
Q

o

:=./\7(t)
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It is not difficult to see that
N
3N (t) < L(t) < NN(t),

for N large enough. From the last two inequalities our conclusion follows. O

4. Polynomial decay. In this section we will show that when the kernel g decays
polynomially then the first-order energy also decays at the same rate. To do so, we
consider hypotheses (1.9), (1.12), (1.13). To prove the main result of this section we will
use the following Lemma.

LEMMA 4.1. Suppose that g and h are continuous functions satisfying g € L g (0, 00)
N L*(0,00) for some ¢ > 1 and that g~ € L!(0,00) for some 0 < r < 1. Then we have
that

/lg(t—r)h ldr<{/ lg(t — )P () |dT}“{ |gt-r||h(7)|d7}#

Proof. For any fixed t we have

t
/|g(t—f |d¢—/ ot ) )7 () |74 |g(t — 7)) [h(r)| 7T
| * | )

-~

=v

Note that u € LP(0,00), v € L? (0,oo), where p=¢q+1and p’ = 9;—1. Using Holder’s
inequality, we get

/ot lg(t = mh(r)ldr < { /0 Jott - r>|’|h<r)|df}"i_‘ { /0 Jote - r)l“%mf)wf}#.

This completes the proof.

LEMMA 4.2. Let us suppose that z € C(0,T; H2(f2)) and that g is a continuous function
satisfying hypotheses (1.12)-(1.13). Then for 0 < 7 < 1 we have

t 1+ ll—r P _r
908%z2 <23 [ g dr|zlEor.me gt OaRs) Hhs
o C(0,T;H?)
while for r = 0 we get

o05% <2{ [ miar + i) (o4 Dot

Proof. From the hypotheses of z and Lemma 4.1 we get

¢08%z = /0 g(t— T)g(Z(t) —2(7),2(t) — Z(T)z dr

-~

=h(r)

< {/Ot g7 (t — T)h(r) dr}ﬁm {/Otg“%(t — 7)h(7) dr}({_:% (4

< (g7 D2yt (4 Do),
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For 0 < r < 1 we have

g"06% = /0 g"(t — 1)a(z(t) — z(7), 2(t) — 2(7)) dr

t
<4 /0 g (1) drll2 |20z,

from which the first inequality of Lemma 4.2 follows. To prove the last part, let us take
r = 0 to obtain

106% = /0 a(z(t) — z(1),2(t) — z(7)) dr

< 2t]2(0)|3 + 2 /0 l(r) |3 dr.

Substitution of the above inequality into (4.1) yields the second inequality. The proof is
now complete. (W
From the above Lemma we get

g0d%*u < co(gl*'% 00%u) 1+1;:pr, (4.2)
for0<r<1.

LEMMA 4.3. Let us suppose that f is a nonnegative C! function satisfying
k1
(1 +¢)pt1’
for some p > 1 and positive constants kg and k;. Under these conditions, there exists a
positive constant c¢; such that

F1(t) < —kolF()]7 +

f(0) + 2k, ‘
L+ 2 g/Toe)

Proof. Let us denote by h(t) and F(t) the functions defined by

ft) <
(

2K1 —
So we have
F(O) =0~ o
L R

1 l+% 1
< —ko{ FO1S + 2L (ho)' s
2Kk0K7

From this it follows that there exists a positive constant ¢ for which we have

F'(t) < —c{[f()]'F% + [R®)' 7} < —c[F(5)]' "5,

which gives the required inequality. O
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LEMMA 4.4. Under the above conditions, the solution of system (3.2)—(3.8) satisfies the
following inequality:

%E(t) <c. { / o(8)[Vul2dA + g+ Dw}
Q

+ e{lvllsog(®)alu, w) + ' D8%u) + ¢ / Vul? dA — 9(0) / (Iuel? + A Vur[?) dA
Q Q

Proof. The only difference with respect to the proof of Lemma 3.1 is to estimate the
following term:

- [o [ 160"~ )~ ¢ O = M} utr) ~ ()} dr s
All other estimates follow using the same argument and the hypotheses of g. Denoting
by h
h(t—71)=g(0)g"(t—7) - g'(0)g'(t - 7)
we have that
Ih(t)] < eg™*,

from which our conclusion follows.
We are now in a condition to prove the main result of this section.

THEOREM 4.1. Let us suppose that the initial data (uo,u1) is 2-regular, and that (1.9),
(1.12), (1.13) hold. Then any solution of system (1.2)—(1.8) satisfies:

E(t,u) < CE(0,u)(1+1)77,
for p > 2.
Proof. As in Theorem 3.1 we arrive at the following inequality:

% {NE(t) +EW®) 4+ @J(t)}

9l

=L(t)

< —ko /(|ut|2 + h|Vu|? + |Av|?) dA + a(u, w) +g1+% 06%u
Q

:=;\/r(t)

Since the energy is bounded, Lemma 4.2 implies
N() > NE T, g+ 06%u > c{g0o%u) T,
It is not difficult to see that we can take N large enough such that £ satisfies
AE(t,w)} < L(t,u) < ct{N(t) + g3 Do2u) 055, (4.3)

from which it follows that

%L’(t, u) < —coL(t, u) 1+111:5rﬂp,
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which implies that

1
L(t,u) < CL(O,u) REDIGRD

from which it follows that the energies decay to zero uniformly. Using Lemma 4.2 with
r =0 we get that

N(t)ZcN(t)%E, g[]82u2c{g|:|82u}%2.

Repeating the same reasoning as above we get
1

[:(t, ’LL) < CL(O, ’lL) _(Tt)p’

from which our result follows. The proof is now complete. O
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