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Abstract. We find and classify all first-order conservation laws in the Stroh formal-
ism. All possible non-semisimple degeneracies are considered. The laws are found to
depend on three arbitrary analytic functions. In some instances, there is an “extra”
law which is quadratic in Vu. Separable and inseparable canonical forms for the stored
energy function are given for each type of degeneracy and they are used to compute the
conservation laws. The existence of a real Stroh eigenvector is found to be a necessary
and sufficient condition for separability. The laws themselves are stated in terms of the
Stroh eigenvectors.

1. Introduction. Conservation laws play a major role in determining the properties
of solutions to a system of partial differential equations. This is especially true in the
theory of elasticity, where each conservation law corresponds to a “path-independent”
integral. The “energy-momentum” tensor [1, 1951] that corresponds with Rice’s “J-
integral” [2, 1968] is the best-known example. It has been used to find energy release
rates and stress intensity factors associated with a crack tip. In 1972, Knowles and
Sternberg [3] used a restricted version of Noether’s theorem [4], [5] to compute addi-
tional conservation laws for elasticity. Budiansky and Rice [6] gave energy release rate
interpretations of these new laws. Noting that the version of Noether’s theorem used in
[3] would not yield all possible laws, Edelen [7] proposed in 1981 that “ - - a detailed cat-
aloging of all invariance transformations and conservation laws in linear elasticity wouid
seem a worthy task.” Since then, Olver (8, 1984], [9, 1984], and [11, 1988] classified all
conservation laws depending on up to one derivative for homogeneous planar bodies and
for three-dimensional isotropic bodies. Caviglia and Morro [12, 1988] classified all laws
that exist for any three-dimensional anisotropic elastic body. (But certain materials,
such as a transversely isotropic one, do have additional laws [16, Chapter 6].) The Stroh
formalism, [13], [14], and [15], deals with planar deformations of a three-dimensional
body. Yeh, Shu, and Wu [17, 1993] classified the conservation laws for the cases when
the material has three distinct Stroh eigenvalues and when the material is isotropic.
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Hatfield [16, 1994] independently obtained these results as well as results for all possible
degeneracies of the material. An isotropic material, which is degenerate, easily decom-
poses into a planar and anti-planar part and is therefore far easier to deal with than a
general degenerate anisotropic material. These degeneracies are worthy of analysis since
recent work by Ting [18] shows that they do in fact occur in real materials. The results
in [16] on the Stroh formalism are summarized here and the laws are given explicitly in
terms of the generalized Stroh eigenvectors. An extension of Olver’s [19] canonical forms
for the Stroh formalism and an interesting condition for a separable form are given as
well.

2. The Stroh formalism. We are concerned here with the linear theory of hyper-
elasticity (see [20]). We let {z'} denote the reference variables and {u’/} denote the
deformation variables. The equilibrium equations of elasticity arise from the variational
problem (the summation convention will be in force except when specified)

1 k
I[u]:/ncijkl'a’“‘, o, (2.1)

oz ozt ™"
where the elasticity tensor Cjji; satisfies the symmetries
Cijkt = Cjirt = Chruyj (2:2)
as well as the hypothesis of positive definiteness
Cijki+ €ij - ex >0 (2.3)

for any symmetric tensor e # 0.
The Euler-Lagrange equations for (2.1), which we will also refer to as the equilibrium
equations, are

Cijkl . ’U,;?l =0 (24)
where we have used the notation u¥ = (9%u*)/(0270z'). We will also denote uf =
Ou* /0z'. This notation will be used throughout.

With the aid of the stress tensor o;; = Cijri - uf, (2.4) can be written as
DiV(O’) = Dj(O'ij) =0 (25)

where D; denotes the taking of the total derivative (see [21]). Equation (2.5) is an
example of a conservation law of (2.4). In general, a conservation is a divergence that
vanishes on solutions of the system.

DEFINITION 2.1. Given the system of kth-order partial differential equations A*[u] =
0, a conservation law is a p-tuple of smooth functions P*[u] such that

Div(P) = D; P'[u] = 0

whenever u = f(x) is a solution to A*[u] = 0.
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In the Stroh formalism we have u} = 0. We will restrict our attention to this case. We
will interchangeably use the notations (z,y) = (z!,z?) € R? and (u,v,w) = (u},u?,u®) €
R3. Boldface symbols will denote vectors. By virtue of (2.5), we know that for any u
that satisfies (2.4), there exist three stress functions ® = (¢!(x), ¢?(x), ¢3(x)) such that

ot ot
i1 = — , 2 = —. 2.6
i1 Ay 032 or (2-6)
We define the following 3 x 3 matrices (see, for example, [22] or [23]):
Q = Qij = Cij1,
T =T;; = Cizjo, (2.7)
R = R;j = Cij2.
We note that @ and T are symmetric and positive definite. We define the following 6 x 6
matrices: BT T -
T A R L) 2s)

We define Y =[] € R®. We can then express the relations (2.6) as
®

oY oY
Ml-a—JE_MQ-a—y. (2.9)

Noting that M, is invertible, we multiply (2.9) by My ! to get
oy oy

e O_y (2.10)
where 71T 71
N=M;"M = [RT—IRT _Q _rrl (2.11)

This matrix N is the same as N(0) in Eq. (5.11) of [22] and it is called the fundamental
elasticity tensor. It will be shown that the Jordan structure of this matrix essentially
determines the nature of the conservation laws.

The characteristic polynomial of N, s(A), is a sixth-degree polynomial known as the
“Stroh sextic”. It is shown in [13] that since the strain energy is positive definite, so
is s(A). Hence, its roots come in three complex conjugate pairs p, = pai1 + ipa2 Where
a=1,...,6; pa = Dats and Im{ps} = pa2 > 0if @ = 1,2,3. The associated eigenvectors
are V, € C®. If the matrix N is not semisimple, the material is said to be degenerate.
An example of a degenerate material is an isotropic one. In this case the Stroh sextic has
one triple pair of roots at p = %i and the eigenvectors of N span only a four-dimensional
subspace of CS.

If the material is not degenerate, then we have the following general solution to (2.10)
[13]:

3
Y = Zva‘fa(za)+v_a’fa(za) (2.12)

a=1
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where each f, is an arbitrary complex-analytic function of its argument z, = z+p,y. The
functions f, are called the Stroh functions. If we write V, = [‘;‘*] with A4, B, € C?,
the vectors A, are called the Stroh eigenvectors. It is easy to show that they satisfy (no
sum):

(Q+pa(R+RY) +p2T)A, =0 (2.13)

where p, is a root of the Stroh sextic. The vectors B,, satisfy
1
B, = (R" +paT)As = —-(Q+PaR)Aa. (2.14)
(o1

If we define the matrices A = [A, Ag, A3} and B = [B;, B,, Bs], the solution (2.12)
can be written as

u = Af + Af,
— (2.15)
® = Bf + Bf
where
fi(z1)
f=|fa(z)
fs(z3)
It is not hard to see that if (2.13) and (2.14) hold, then

B.

wes |

is a left eigenvector of N with eigenvalue p, (by “left eigenvector” we mean that NTW, =
pa W ). If the eigenvectors are suitably normalized, this leads to the following relations
due to Stroh ([14] and [15]):

ATB+BTA=1,

_ _ 2.16
ATB+ BTA =o. (2.16)

Applying this to (2.15) we see that
f=BTu+ AT (2.17)

We now give the analogous relations for the case when N is not semisimple. For a
discussion of this, see [24]. Suppose there are only two independent pairs of eigenvectors

V1, Vs, V1, V; with two generalized eigenvectors V# and V_f'& such that NV# = p, V¥

V1. We denote
v# A#
LT B

The generalized Stroh eigenvector A% satisfies

(Q+pu(R+ BY) + pT)AF = (pilQ —plT) A (2.18)
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We also have

1 1
BY = (0T + R)AY + TA, = — (p—Q + R) A¥ + ?QAL (2.19)
1 1

The choice A’l“e is not determined by (2.18). However, for reasons that will appear shortly,
we will choose A# so that
(AFH)TBY =o0. (2.20)

The general solution of (2.10) is given by

u = Aff + Aff,
o (2.21)
$ = Bf' + Bft,
where
fi(z)
fl = |gi(z21) + 557 fi(z1) |, A=[A},A1, A},  B=[Bf,B1,By.

fa(22)

If we define the matrices A' = [A,, A7 A,]T, Bt = [B;,B¥ B,]T, then the analogue
of (2.16), which holds because of (2.20), is

A'B+B'A=1,
B . (2.22)
A'B+B'A=0.
The analogue of (2.17) is now
fl = Blu 4+ A'®. (2.23)

Suppose there is only one eigenvalue p = p; + ip2, p2 > 0 and one pair of independent
eigenvectors V and V with the generalized eigenvectors V# and V## such that NV# =
pV# +V and NV## = pV## 1 V#_ Similar to the above, we write

AH#FH#
## _
Ve = e

etc. We see that (2.13), (2.14) and (2.18), (2.19) hold for V and V# respectively. We
also have

(Q+p(R+ RT) + pPT)A## = (%Q —pT) a*-Loa (2.24)

and
B#*# = (pT + RT)A** + TA*. (2.25)
We will choose A# and A## so that simultaneously
(B##)TA#* + (A*#)TB# =,

(B TAR 0, (2.26)
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The general solution of (2.10) is given by

u = Aff + Aff,
- (2.27)
® = Bf' + Bff,
where
f(z)
£t = ORR D ,
h(2) + 5,29 (2) = gz (221" (2) + 22f'(2))
A=[A*#* A* A], B =[B*# B¥ B].
Similar to the previous case, we define
Al = [A, A#,A##]T, Bt = [B,B#,B##]T
and we have (provided we assure (2.26))
ATB+BlA=1,
— — (2.28)
A'B+B'A=0.
This yields
ft = Blu + A'®. (2.29)

We make an observation about the degenerate cases. In the semisimple case, define

H =2iAAT,
L= —2iBBT, (2.30)
S =i(24BT —I).

These are real-valued and are called the Barnett-Lothe tensors [25]. In [25] it is shown
that these tensors can be computed directly from the fundamental elasticity tensor using
integrals and are well defined even for degenerate materials. As pointed out by Ting [24],
we may alternatively define these tensors for degenerate material by using the generalized
Stroh eigenvectors. If we choose the generalized Stroh eigenvectors to satisfy (2.20) or
(2.26), we have

H =2iAAT,

L = —2iBBT, (2.31)

S =i(2AB' - 1I).

3. Canonical forms. The elastic tensor has (in general) 21 components. If the
material possesses elastic symmetry and the reference coordinates are taken in the cor-
rect frame relative to the symmetry, the elastic tensor simplifies. That is, if one makes
the right orthogonal change of coordinates, the elastic tensor transforms into one of the
twelve standard canonical forms of crystal symmetry. We wish to find canonical forms



CONSERVATION LAWS IN THE STROH FORMALISM 745

appropriate to the Stroh formalism. Rather than restricting our attention strictly to or-
thogonal changes of coordinates, we will widen the class of allowed changes of variables to
the full linear group. Lodge [26, 1955] first explored this idea for fully three-dimensional
elasticity. Since then, Olver gave canonical forms for planar elasticity and showed that
all anisotropic materials are equivalent to an orthotropic material [27] (see also [28] and
[29]). In [19], Olver treated planar deformations of three-dimensional bodies and gave
canonical forms for separable and inseparable materials. In [16], these forms were ex-
tended to cover the various possible non-semisimple degeneracies. We note that we no
longer treat u as a vector field on R? such that du/dz® = 0, but instead as a function
u: R? — R? (compare [30]). This has the advantage of simplifying things even further
without losing any generality when it comes to conservation laws (the disadvantage being
that the transformations will have no obvious physical interpretation).

Consider the integral (2.1) under the effects of a change of variables (£, 4) = (Lx, Su)
where L € GL(2,R) and S € GL(3,R). We have

I= | WVwdz= [ W(SVuL Y)|L|dx.
Q L-1Q

This implies W — Cia;3SirSjs (L™ )ay(L™1)gs + ul, « u3 - |L| where the Greek indices run
from 1 to 2 and the Latin from 1 to 3.

At this point, it is useful to make a simplification. We pass to the symbol S =
Ciajguiuj z°z” and look for a canonical form for it. This has the advantage that in-
stead of thinking “Crss — CiajsSirSsi(L™)ay (L™ )ss|L|”, we may think “Cr.ss —
CiajgSirSsjLayLgs”. There is of course a concern here: “Does a canonical form for
the symbol give a canonical form for W?” This is seemingly a serious problem since
the symbol does not uniquely determine W. However, the following lemma relieves our
concern.

LEMMA 3.1. [31, Proposition 5] Let W, and W be two stored energy functions (which
are quadratic in Vu). Then they determine the same Euler-Lagrange equations if and
only if they have the same symbol.

We will define the Stroh eigenvectors to be vectors that satisfy (2.13). The effect of
the above type of transformation on the eigenvectors is that they transform with S~1.
The Stroh eigenvalues will transform as linear fractional transformations given by L.
Consequently, if we wish to show that certain Stroh eigenvectors are independent, it is
sufficient to show that they are for the canonical forms.

Suppose there exists a transformation such that the symbol S takes the form

S = Chaspu’u’z®z” + gq(z,y) - w?

where ¢ is binary quadratic and the Greek indices run from 1 to 2. Then we say that
the symbol is separable. We note that if a material is separable, then the equilibrium
equations decouple into a planar part and an anti-planar part. Any material with 2% = 0
as a plane of symmetry is trivially separable. Whether or not the symbol is separable
will be of critical importance for degenerate materials.
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PROPOSITION 3.2. The symbol is separable if and only if one of the Stroh eigenvectors
is a complex multiple of a real vector.

Proof. If the symbol is separable, then clearly A = [0 01]T will be a Stroh eigenvector
of the separated form. After transforming back to the original form, A will be trans-
formed to a real eigenvector. Suppose that A € R? is a Stroh eigenvector with eigenvalue
p = p1 + ips with ps # 0. Then consideration of the real and imaginary parts of (2.13)
shows that QA,TA, and (R + RT)A all lie in the same one-dimensional subspace of
R3. If we let s; and sy be two independent vectors spanning the complement of that
subspace, then the transformation given by the matrix S = [s: s2 A] will separate S. O

The following canonical forms are a refinement of Olver’s [19]. The canonical form
depends on whether or not the symbol is separable and on the Jordan structure of the
matrix N. For proofs, see [19] and [16]. The Greek letters represent constants that
depend on the elastic constants.

e Semisimple, separable:

S = u2z? + au?y? + 20uvzy + av?z? + v?y? + w?(yx? + 202y + €y?), 0<1<a
e Semisimple, inseparable:
S = u?2? + au®y? + 2Buvzy + av’z? + v?y?
+ 2yuwz? + 26uwy? + 2evwz? + 20vwy? + pw?z? + ow?y?
e Non-semisimple, separable:
S = u’z? + au®y? 4+ 2(1 — a)uwvry + av’a?® + vy + w?(va? 4 26zy + ey?)

e Non-semisimple, inseparable:
Either

S = u?2? + au?y? + 2(1 — a)uvzy + av?z? + v2y?

3.1
+ 2yuwz? + 2yuwy? + 2evwz? 4 2evwy® + (0 + 2w?z? + cw?y? (3:1)
or
S = u22? + u?y? + 2Buvzy + v22? + v¥y?
1 1 3.2
+ 2(6 + Nuwz? + 26uwy® + @102:32 + Ewag (32)

If the matrix N is completely irreducible, then the symbol is inseparable and for (3.1)

we have )

&
o = m and ¥ = 0
and for (3.2)
1
o6=——.
2

LEMMA 3.3. If the symbol is inseparable and the Stroh sextic has repeated eigenvalues,
the matrix N is not semisimple. Furthermore, if the symbol is inseparable and there
is only one tripled pair of complex-conjugate eigenvalues, the matrix N is completely
irreducible.

COROLLARY 3.4. If the matrix N is semisimple, then the Stroh eigenvectors correspond-
ing to the three roots with positive (resp., negative) imaginary parts are independent.
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4. Conservation laws. We consider now the problem of finding conservation laws.
We note that we are only concerned with first-order conservation laws. That is, the
components of the law will be allowed to depend on x,u, and Vu. We also note that
there are certain laws that reveal no important information about the system.

DEFINITION 4.1. Let P*[u] form the components of a conservation law of the system
of p.d.e.

APlu=0 B=1,...,m. (4.1)

The conservation law is called trivial if either

1) P%[u]l =0, whenever u= f(x) is a solution to (4.1).

2) DoP*=0, forallu=f(x).

A conservation law satisfying the first condition will be called a trivial law of the first
kind, and a conservation law satisfying the second condition will be called a trivial law
of the second kind. Trivial laws give an equivalence relation on conservation laws. We
will classify laws only up to this equivalence relation.

DEFINITION 4.2. A conservation law of (4.1) is said to be in characteristic form if

Do (P®) = UP[u] - AP[u].

The m-tuple of functions WP is called the characteristic of the conservation law. It
forms the components of the generator of the variational symmetry which corresponds
via Noether’s theorem to the conservation law. An important fact is that if the system
is totally nondegenerate [21], then each of its conservation laws is equivalent to a law
that is in characteristic form. In the case of linear elasticity, the equilibrium equations
are strongly elliptic and therefore the nondegeneracy conditions are met.

Let Pi(x,u,Vu) be the components of a conservation law of (2.4) in characteristic
form. Then we have
OP?

uj + " uby = UFu] - Crpor - (4.2)

J

op o
ozt = Oul

Since the L.H.S. is linear in second derivatives, so is the R.H.S. Consequently, we may
assume that W* = U¥(x, u, Vu). It is then immediately clear from examining the second
derivative terms that , )

opP*  OP?

k. (O Y '
gug T puy =V (G T Gl (43)

Equation (4.3) proves the following critical theorem.

THEOREM 4.3. [8, Prop. 4.4] If P*(x,u,Vu) form the components of a conservation
law of (2.5) with characteristic ¥*(x,u, Vu), then for each fixed xg,uy, the p-tuple
P%(xg, ugy, Vu) is a conservation law with characteristic ¥*(xg, uy, Vu).

The great value of this result is that it allows us to break the finding of all first-order
laws into two steps. First, using (4.3), we find all laws that depend on Vu only. Once
we know the general form of these laws, we allow it to depend on x and u and insert
it into (4.2) and solve it. Along the way, we will be aided by two lemmas that help us
to recognize the form of a trivial law of the second kind and a Betti-reciprocity law. A



748 GARY A. HATFIELD

Betti-reciprocity law is one that arises due to Betti’s reciprocal theorem [20, Sec. 30]. It
takes the explicit form

P = ij[,"ué 'fLi —Ciaw-ﬂé'ui

where 1 is any other solution of the equilibrium equations.

LEMMA 4.4. Suppose that D) P! + Dy P? = 0. That is, P*[u] form the components of
a trivial law of the second kind when there are two independent variables. Then there is
a scalar-valued function Q[u] such that

P! = —D,Q,
P2 =D,Q.

LEMMA 4.5. [11, Proposition 1] Suppose P®[u] form the components of the conservation
law of (2.5) such that the functions P*|[u] are linear in u and its derivatives. Then it is
equivalent to a Betti-reciprocity law.

Let P*(Vu) be a conservation law that is independent of x and u. Equation (4.3)
can be written as

OP! )
P U* . Crii = ¥ Qus,
1
OP?
S U« Crain = U Ty, (4.4)
2
oPl  Hp?
0 T aw T Uk« (Crriz + Croi) = W*(Rys + Rir).
2 1

We denote the vectors IT; = [0P*/du;}, dP*/du3,0P"/0u}]". We conclude from (4.4)

that
v = Q_IH% = T_lng’

4.5
I} + I1? = RTQ™'I} + RT™'IL3. (43)
If we think of P! and P? as functions of the six variables u}, we can write
! 2
1_ |t 2 _ |11
VP = [H%] and VP = [H%] .
The relations (4.5) take the matrix form
Q! 0 [0 T 2
[—RTQ-I I EA Al IR 1 (4.6)

Since the matrix on the L.H.S. is invertible, (4.6) can be written as

VP! =M.VP?
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where
0 QT 1

-I (R+ROT' ]’

We note that M = —GT|,—q where G is the matrix in Eq. (4.2) of [15]. Furthermore, it is
easy to show that M is similar to —N. The general solution of an equation of type (4.7)
is found in [32]. It will depend on the Jordan structure of the matrix M (and therefore,
that of N). Since the roots of the Stroh sextic come in complex-conjugate pairs, there
are three possibilities: the matrix is semisimple; there are exactly two real Jordan blocks;
there is only one real Jordan block.

4.1. The semisimple case. We suppose that M is semisimple. The eigenvalues are
the negatives of the Stroh eigenvalues. The right eigenvector of M corresponding to the
eigenvalue —p; may be taken as

M = (4.7)

-LQA;
;= bj J
=[5, 4
The left eigenvector is
A, ]
a; = . 4.9
’ [ijj (49)

Note that if the Stroh eigenvectors are normalized so that (2.16) holds, then we have
a;r . b]' = 51]

We denote

Vu = [um]
uy
and define the complex variables
n=mn +in =b] - Vu,
E€=¢& +i& =Dbj] - Vu, (4.10)

(= +iG=b; - Vu.

We apply the result [32, Theorem 5.2].

THEOREM 4.6. Suppose that M (hence N) is semisimple. Let P! and P? form the
components of a conservation law that depends only on the first derivatives of u. Then

P' = K (m,m2) + K2(&1, &) + K3(C1,¢2) + K,
P2 =Li(m,n2) + La(&1,&) + Ls((1, ) + L,

where

F(n) = Kl +p—1L17
G(§) = K2+ p2Lo,
H(¢) = K3 +p3Ls
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are complex-analytic functions and Kr, L7 form the components of a trivial law.
With the aid of (2.17), we find that

77=f,’ §=f2/a sz\; (411)

We now proceed to compute the most general laws. To this end, we note that if the P*’s
are of the form given in Theorem 4.6 but now depend on x and u, then

D;P' = 2Re{D=F + DG + D H} (412)

where Dz = —i/(2pi2) * (pxD» — D,). Since the terms in (4.12) that depend on second
derivatives of u vanish on solutions, we must have

FZ+Fu'uH+Fv'vﬁ+Fw'wZ
Re{ +Gz5 + Gy uzm + Gy v+ Gy - ws p =0 (4.13)
+H‘5§+HU‘U5+Hv'Uz+HVw'w§§

where we denote Fpr = 0F /071, uzy = Dz (u), etc. We would like to express the first
derivative terms of u that appear in (4.13) in terms of 7, &, ¢, etc. The following notation
is helpful. Let ¥ = 0I'/0u + uzr + OI'/Ov - vz + OT' /Ow + wsr. Then there are uniquely
defined linear differential operators duy = cx1(0/0u) + ci2(0/Jv) + ¢3(8/0w) such that
for I'y, = Ouy - T" we have

=Ly, + &0y, + (Tuy + 70y, + €0y, + (T

We note that the wug’s should not be confused with u,v, and w and do not represent
actual variables. Nevertheless, the operators Juy are well defined. In a similar manner,
we define Juy, corresponding with Dz and dwy corresponding with D+

LEMMA 4.7. The above defined operators have the following explicit representations:

i
O = —— (pr — p1) A+ V,
k 2p12(pk p1)Ak
i
c%k = 2—(pk - pg)Ak . V, (4.14)
D22
i
Ow, = —(pr — p3)A, + V,
kv (pr — p3)Ax

where V = [[2 2 0]

~ u’ dv’ w
Equation (4.13) takes the form
P+ EFu, + CFuy +TFy, + EFy; + (Fy,
Re{ +G= +1Gy, + (Gyy + MGy, + EGyy, + (G ¢ = 0. (4.16)
+Hz; +nHy, + EHy, + THu, + EHu, + CHay,
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Using Corollary 3.4 we conclude

F= Fo(77721) + f(u,x) N+ fO(x’ u),
G = Go(§, 22) + g(u,x) - £ + go(x, u), (4.16)
H = Hy(¢, z3) + h(u,x) - ¢ + ho(x,u),

where Fy, G, and Hy are analytic functions of their arguments. In the treatment [17], the
eigenvalues are assumed to be distinct, in which case Corollary 3.4 is already known to
hold [14]. So here our result is somewhat more general. The Fy, Gy, and Hy terms stand
alone as conservation laws. Noting their form, we subtract them off and concentrate
on the remaining terms. For a trivial law, P! = —DyQ,I32 = D,Q where Q(x,u) is
real-valued, we would have (as in (4.16))

f=—2ip20ug-Q, §=—2p0dus-Q, h=—2ip;duz-Q

from which we may conclude:

LEMMA 4.8. Up to a trivial law, we may take f, g, and h to depend only on x.
With the aid of Lemma 4.5, we conclude the complete result for the semisimple case.

THEOREM 4.9. Suppose that M (hence N) is semisimple. Then P! and P? form the
components of a conservation law that depends on x,u, and Vu if and only if

P! = Ki(m,n2; %) + Ka(&, €25%) + K3(C1,(2;x) + K1 + Kpg,
P? = Li(m,m2;x) + La(&1,€2;%x) + L3 (1, (2;x) + L7 + Lk,

where

F(n’zl) = Kl +F1—Ll,
G(€7Z2) = KQ +p_2L27
H((,23) = K3 +Pp3Ls

are complex-analytic functions, Kg, Lr form the components of a Betti reciprocity law,
and K, L7 form the components of a trivial law.

4.2. Non-semisimple, two real Jordan blocks. We suppose that there are two complex-
conjugate pairs of Stroh eigenvalues p; and p,. Corresponding with p; there is also a

generalized eigenvector
A#
- [3]
B

of N satisfying (2.18) and (2.19). We find that the corresponding right generalized
eigenvectors of M corresponding with the eigenvalue —p; may be taken as

1
QAl #
— D1 b7 =
b] [ Tﬁ 1 ’ 1 —

1 # _ _ipy
P1 QAl 2p12p% QA]

~TAT + ;-TA,

_ [—5:QA
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(We have chosen this so as to make (4.21) as simple as possible.) For left generalized
eigenvectors we take

# i
—-A, # [A1+2p2A1 ] [Ag ]
a, = _at = 12 , ap= , 4.18
1 l:_p]Al] 1 plASI# + 2};1112A1 2 p2A2 ( )

in which case we have
la1 af a, &7 af &7 - [bf by by b} b, by] = 1. (4.19)
We define the complex variables
n=m +in =b] - Vu,
=& +i& = (b])T - Vu, (4.20)
¢=¢ +i¢ =bl - Vu.
Using (2.23) and (2.19) we find that
8 8 @ } g g

oo | =] (4.21)

diag [
¢

where f1 is that of (2.21).

THEOREM 4.10. [32, Theorem 5.2] Suppose that M (hence N) is not semisimple and has
exactly two real Jordan blocks. Let P! and P? form the components of a conservation
law that depends only on the first derivatives of u. Then

P! = Ki(n1,m9,&1,&2) + Ko (1, o) + K,
P? = Li(m,n2,&, &) + La((1,¢2) + Lt
such that

i

oG —
Fn)+§&— — G =K +piL,
(77) 587) 2p1a (n) 1T Pi1in
H(() = K3+ p3L3

where F, G, and H are complex-analytic functions and K7, L1 form the components of
a trivial law.

As in the previous subsection, we now assume the laws are in the form of Theorem
4.10 but allow the components to vary with x and u. On solutions to 2.4 we must have

Re {DZ (F(n) + 53—G — LW) + DgH(()} =0. (4.22)
n 2p12

Since the terms involving second derivatives of u must already vanish on solutions, the

remaining terms vanish identically. We now define differential operators similar to those

of the previous subsection. In particular, we have

ar ar ar L _

gy YEt g, vat g, AT My + €L o 4 (T, + 7T, + €0 ¢ + (T (4.23)
and

ar ar ar L _

gu Um T g, vm T, Wn T My + €0 % + (T, + 7Ty, + €L + (T (4.24)
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LEMMA 4.11. The above defined operators have the following explicit representations:

Ou; = ;AI -V, (911}“t =0, Oup = L(m - p1)Az-V,

2p12 2p12 (4.25)
ou=AF-V,  0uf =K.V, Ow=5 - -p)As-V
12
and .
1 D1 — D2,
vy = —— - A#+< 1—1>A)-V,
YT 2py, ((;D1 P2)A] 2p12 !
#_ 4 . -
ovl” = 922 (p1 —p2)A1-V, 0Ovy =0,
i __ # P2 — D1, (4.26)
vy = —— - A#+<—1—1>A)-V,
47 2pgy <(p1 P2) A} 2p12 !
vl = (Fr—p2)A; -V,
4 2pos (Pl P2) 1
81}5 = A_2 - V.

COROLLARY 4.12. The operators Bug,auf, and Ous are independent if and only if the
symbol is inseparable.

Proof. We use the canonical forms. If the symbol is inseparable, p; # po or the matrix
is completely irreducible. We therefore must show that A1, A;, and A, are independent.
For the form (3.1) we compute that A; = [i 10]T. By showing that the third component
of A, is nonzero and employing Proposition 3.2 we conclude the required independence.
The argument for (3.2) is similar. If the symbol is separable, Ay = [001]T and the
operators cannot be independent.

COROLLARY 4.13. The operators {9us, 3u4,8uf, Ous} form a rank three set.
This means that if f,, = fu, = fuf = fus =0, then f = f(x) does not depend on u.

COROLLARY 4.14. The operators in (4.26) form a rank three set.
Equation (4.22) can now be written as

r Fe +nFy,, +7F,, +EFuf +(Fy, +ZFu5

+&(Guzr + 1Gru, + NG, + anuf +CGru, + ZGWs)
Re i _ _ _ _ =0. (4.27)
_%(GZ + 77Gu1 + ﬁGtu + quf + CGug + CGus)

+Hzy +nHy, +THy, +EH g + EH g + CHy,

Remembering that F' and G are analytic functions of  and that H is an analytic function
of ¢, we can use Corollaries 4.13 and 4.14 to show that

i oG
F = Fy(z1,m) — %2_13710

G = Go(z1,m) + g(x,u) -+ n,
H = Ho(z2,() + h(x,u) - ¢,

+ fl(x) '712 +f(x,u) . n+f0(xau)’
(4.28)
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where Fy, Go, and Hj are analytic functions of their arguments.

We recognize that the terms of (4.28) involving Fy, Gy, and Hy stand alone as a class
of conservation laws. We subtract them off and concentrate on the remaining terms.
Inserting these into 4.27 and using Corollary 4.12 we find the key difference between the
separable and inseparable cases. This difference will lead to an “extra” quadratic law in
the separable case.

LEMMA 4.15. Up to a trivial law, we may take g and h to be independent of u. Fur-
thermore, we may take f to be independent of u provided the symbol is inseparable.

PROPOSITION 4.16. If the symbol is separable, there exists a quadratic law of the form
Fy=—pu, "Z1-n° +¢-7 (4.29)

where ¢ is the unique (up to a real multiple) linear combination of u, v, and w such that
(puf = Puy = Pus = 0’ Re{(pu.t} =0.

THEOREM 4.17. Suppose that M (hence N) is not semisimple and has exactly two real
Jordan blocks. Let P! and P? form the components of a conservation law that depends
on x,u, and Vu. Then

P! = Ki(m,n2, &1, &) + Ko(C1, &) + KR + K7,
P? = Li(m,m,61,&) + L2(C1,G) + Lr + L

where (Kg, Lg) is a Betti-reciprocity law, (K7, L) is a trivial law, and

__ i oG oG
K, +p1Ly = F(z1,n) — 212 (z18—— + G(z, )) +€3_7) + F,,

Ky +pz2Ls = H(22,¢)

such that F,G, and H are analytic functions of their arguments and F) is of the form
(4.29) which exists only if the symbol is separable.

4.3. One Jordan block. We deal with the case that there is one real Jordan block
corresponding to one tripled Stroh eigenvalue pair p = p; + ip; and its conjugate p. We
note that in this case, the symbol must be inseparable. The details are similar to the
previous subsection. The generalized right eigenvectors of M may be taken as

T ke zpzszA]
TA |’ ~TA#* + ;L TA
- 4.30
—%QA##+%;%(QA#—I—JQA)} (4.30)

b## — \
TA## — SLTA#
P2

The left-generalized eigenvectors may be taken as

a= A , a* = —A* _EA
PA —pA# — LA |’

2172
## #___
##_[A + 7= A AJ

A##+ 1pA#__§A
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Using (2.22) we find that

[a a* a*#* a a# a##| .[b** b* b b## b# b|=1I (4.31)
We then define the complex variables
n=bT.Vu, €£=mHT.vu, (¢=O*HT.vu (4.32)
We find that for the ff of (2.23), we have
9 n
ft= ¢ . 4.
% Cﬁ (4.33)

THEOREM 4.18. [32, Theorem 5.2] Suppose the matrix M is completely irreducible. Let
P! and P? form the components of a conservation law that depends only on Vu. Then

= K + KTa
P’=L+ L,
where (K7, Lt) is a trivial law and

i 0’H i OH 1
K+pL=F+ ————G+2 + —f—+ —
¢ o 2p ¢ on? C 2
such that F, G, and H are analytic functions of 7.
We define operators so that

or - -
D;T' = r + 1Ly, + gru# + CI‘U## + 7, + §Puf + gruf#. (4.35)

By using (4.31) we are able to show the following lemma.

H (4.34)

LEMMA 4.19. The operators satisfying (4.35) have the explicit forms
i —i
Ouy = [ —A* - —A) V, uf=_—A.V, Ouf¥-=
' (22?2 4p3 LT 2p, !

duy = A## .V, i = —A#.V, it =A.v.

By using the canonical forms I and II', we conclude that the sets {du?, du¥, uf#}
and {Oua, duf , Buf#} are both rank three. We allow the functions in (4.34) to vary with
x and u and consider the equation (which holds on solutions)

Re{Ds(P' +pP?*)} = 0. (4.37)
Looking at the various powers of Vu we conclude that, up to a trivial law, we may take
i _0Gy 1 z2 82H0 _0H,
z s\ 9 5.2 "% 5,
2py Oz 2p3 \ 2 Oz 0z
+fl( ) °772 +f(x,u) '7I+f0(xa11),
i _O0H,
G =Go(z,n) = —Z——=+g1(x) -0 +9(x) -,
p2
H= Ho(z»C) +h( ) :
where Fy, Gy, and Hy are analytic functions of n and z.
We recognize that the terms in (4.38) involving Fy, Gy, and Hy stand alone as a
conservation law. We note its form and concentrate on the remaining terms. As in the

doubled-root separable case, these terms will lead to an extra quadratic law as well as
the Betti-reciprocity law.

(4.36)

(4.38)
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PROPOSITION 4.20. If the matrix M is completely irreducible, there exists a quadratic
law of the form (4.34) such that

1
F=(=pu)z:n" +¢-m  G=-5(p)z:n*, H=0 (4.39)

where ¢ is the (unique up to a real multiple) linear combination of u, v, and w such that

Pup# = 0, Pup = 0, Re{ypy,} =0. (4.40)

THEOREM 4.21. Suppose the matrix M is completely irreducible. Let P! and P? form
the components of a conservation law that depends on x,u, and Vu. Then

P1=K+KR+KT,
P>=L+Lg+Lr,

where (Kgr,Lg) is a Betti-reciprocity law, (K, Lt) is a trivial law, and (4.34) holds
such that

i _0G, 1 (z20°H, _0OH, = .2
P - g3 - g (5 1350 ) -t en
_ 1_8H0 1 —
G—GO(ZJ?) D 9z 2( ul#)z n,
H=H(zan)a

where Fy, Gy, and Hj are analytic and ¢ satisfies (4.40).

5. Conclusions. We have computed all first-order conservation laws that exist in
the Stroh formalism. The exact forms of the laws were found to depend on the canonical
form of the symbol. The canonical forms depend on the separability of the symbol and
on the degeneracy of the material. An interesting necessary and sufficient condition for
separability is given by Proposition 3.2. The canonical forms were used to determine
certain facts about the laws, but the laws themselves are expressed in terms of the
generalized Stroh eigenvectors. In each case, the laws depend on three arbitrary analytic
functions. In the separable, non-semisimple case and the completely irreducible case
(which must be inseparable), we find that there is an “extra” law quadratic in Vu. The
applications of these laws may include the determination of stress intensity factors [33]
and energy-release rates. Yeh et. al. have demonstrated an application to thermoelasticity
[34]. The canonical forms may be of interest in the study of degenerate materials which,
(18], do in fact occur in nature.
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