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ON CAUSTICS ASSOCIATED WITH HYPERBOLIC SYSTEMS
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Abstract. The Lagrange manifold formalism is adapted to find asymptotic solu-
tions for a class of hyperbolic systems near caustics.

1. Introduction. The asymptotic series technique developed by Keller [1] and his
coworkers determines approximate solutions of linear differential equations. In [2,
3] Granoff and Lewis extend their approach to find asymptotic solutions of systems
of linear hyperbolic partial differential equations with an emphasis on asymptotically
conservative symmetric systems, €.g., wave propagation in plasmas or viscoelastic ma-
terials. Near caustics, their approach does not apply. An alternative approach, which
determines asymptotic series solutions near caustics associated with the correspond-
ing scalar equations, is the modified Lagrange manifold formalism [4]. Here, we
extend this technique to determine asymptotic series solutions at caustics associated
with asymptotically conservative symmetric systems of linear hyperbolic differential
equations.

2. Background. Because the modified Lagrange manifold formalism parallels the
classical approach, for clarity and comparison we present a synopsis of the classical
algorithm. Following Granoff and Lewis, we consider hyperbolic systems of the form

07 & oz e
Ay5r ;Aya—xu+,le+Cz—0. (1)
In Eq. (1), X =(x;, X,,...,X,), Z=72Z(X, t) is an m-dimensional column vector,
and 4 is a large parameter. 4,, 4,,..., 4,, B,and C are smooth mxm functions

of ¢ and X, for which 4 is positive definite, the 4, are Hermitian, and B is anti-
Hermitian, i.e., Eq. (1) represents an asymptotically conservative symmetric system.
The algorithm proceeds by assuming a solution of the form

7 ~ exp{ild(X, 1)} i(u)‘ffj(f, 1), A— oo, (2)

Jj=0

where ¢(X, t) is referred to as the “phase” and the Z ; as “amplitudes.” Inserting
Eq. (2) into Eq. (1) and regrouping by powers of i4 one obtains the recursive system
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of equations

0z, 0z,
sz+l=—A06—tJ—ZAV8x’—Czj, j=-1,0,..., (3)
v=1 v
with
Gz, = 0. (4)
Here the dispersion matrix G(X, t; k, w) is given by
n
G(x,t;k, w)=) k,A, - iB - wA, (5)
v=1
with k, (wave vector) and w (frequency) given by
_9¢ _ . __09
k"_ax’ v=1,2,...,n; w= 57 (6)

v

and
Z_(x,1)=0.

For nontrivial solutions given by Eq. 2 to exist, the dispersion matrix must be
singular, i.e., _
detG(X,t; k,w)=0, (7)

for then from Eq. (7) we may construct solutions, beginning with the phase ¢(X, ¢).
For specificity, let B
w=hx,k, 1) (8)

be a root of Eq. (7) of multiplicity g. Equation (8) may be regarded as a first-order
partial differential equation for the phase ¢(X, ¢). This equation may be solved
using the method of characteristics by introducing the characteristic (Hamilton’s or
ray) equations

dx, 0h _ dk, Oh

v —

@ ok &% @ T Tax

v

9)

where g, is the group velocity. Along the solution curves to these equations w and
¢(X, t) are determined by noting that

do 0h
T 10
leading to
dp <&
E_;kugy—h. (11)

Equation 11 may be solved for ¢(X, t) once initial values for X, k, @, and ¢(X, 0)
are specified.

To determine the amplitudes Z,, we first note that if w = A(X, k,t) is a root
of Eq. (7) of multiplicity g, then there exist g linearly independent null vectors 7,
such that

Gr =0, a=1,2,...,4. (12)
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The sum of the multiplicities is equal to m and these m null vectors are linearly
independent and may be chosen so that

(Fpo AF) =650, a,B=1,2,....4. (13)

From Eq. (4), Z, is in the null space of G(X, t; k, w), hence may be expressed in
the form

Z, = Xq:aa(f, Hr,. (14)
a=1

The o, (and hence Z)) may be determined by first differentiating Eq. (5) and intro-
ducing the group velocity to obtain

oG
akV—AV—gVAO, v=1,2,...,n. (15)
Next, differentiating Eq. (12) and combining with Eq. (15) yields
or _
Gak"' +(4, - g,4,)7, = 0. (16)

Then combining Egs. (13) and (16) and noting the hermiticity of G(X, ¢; k, w)
determines

(Fgr A7) = 8,050, o, f=1,2,...,v=0,1,..., (17)

which includes A4, by defining g, =1.

The o (X, t) in Eq. (14) may now be obtained by setting j = 0 in Eq. (3) and
inserting Eq. (14) for z,. Taking the inner product of the resulting equation with
Ty leads to

i {Zn: [(Fﬂ, A,,Fa)% + (FB, Ayg—iz> aa] + (74, C?a)aa} =0. (18)

a=1 \v=0
Then inserting Eq. (17) and noting the definition of g, , with x, = ¢, allows us to
write . .
d do dx, oo da
L olx. )= 22 2w 99 il 1
a7 0= +UZ=1 dt 9x, gg"axy (19)

and to rewrite Eq. (18) as
do a
_k = =
! +§tﬁaaa 0, B=1,2,....,q, (20)

where
"/ o7, 7
Tpa =2 (75> 4,525 )+ (g, CT,).
v=0 v

The coefhicients g satisfy a system of ¢ first-order linear ordinary (transport) equa-
tions, leading to amplitude Z,. To solve this system, Granoff and Lewis introduce
an auxiliary coordinate (ray) transformation, which leads to solutions for the Og s
and hence Z,. But, as they note, this transformation can become singular [2]. The
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locus of singular points is the caustic curve, for which a separate treatment must be
considered [5]. One such approach is the Lagrange manifold formalism [4] which
introduces a non-Hamiltonian flow to obtain transport equations near caustics associ-
ated with scalar differential equations. Our intent is to adapt the Lagrange manifold
formalism for asymptotically conservative symmetric systems to develop a transport
equation, analogous to Eq. (20), that applies at caustics.

3. Formalism. We consider asymptotically conservative symmetric systems of the

form
Oat +Z

with 4,,4,,B,C, and 4 as noted above. Near caustics, ordinarily we would
assume a solution of the form

=0, (1)

7~/7(X,E,z,A)exp{iA(f.E—S(E,z))}d%, (21)
where the phase ¢(X, k, t) now has the explicit form
dx, k,)=x-k-S(k, 1) (22)
and
Z®, k. t, )= (i"z,x,k, 1), z,=0,
Jj=0

analogous to the ansatz that applies near caustics associated with scalar differential
equations. (From Eq. (21), we note that the integral representation may be regarded
as a continuous superposition of oscillatory solutions.) The usual algorithm then
proceeds by substituting Eq. (21) into Eq. (1), followed by a regrouping by powers of
iA. Straightforward calculation, using Eqs. (6) (which apply here also), shows that
this leads to equations identical to Egs. (3), (4), and (5). Consequently, to simplify,
we extend a device noted by Granoff and Lewis [2, p. 392] and introduce into Eq.
(1) a coordinate transformation

z=Du (23)

that simultaneously diagonalizes the Hermitian matrix G(X, ¢; k, @) and the posi-
tive definite matrix A4, [6, p. 120]. Thus we rewrite Eq. (1) as

AAa—a+zn:Aaﬁ Bu+ Cui=0 (24)

091t vox ’
v=1 v

where the carets indicate the resulting transformed coefficient matrices. Without

loss of generality (to parallel the classical treatment) we may take /‘To =1, ie,

multiplication of Eq. (1) by 4, ' may have preceded application of Eq. (23). The

algorithm proceeds by assuming a solution of the form

u~/U(7, %, 1, ) exp{idd(x, &, 1)} d, (25)
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where
Ux,k,t,2) = Z(zi) u,x. k0, u,=0,

and the phase ¢(X, k, t) has the form given in Eq. (22). Then substituting Eq. (25)
into Eq. (24) and regrouping by powers of i4 leads to

/dk{ —wA, +ZA k, —zB)t/lu+A0?)l

et

i.e., a solution for large 4. Analogous to the above, we define as our dispersion
matrix

0} =00"%), (26)

GX,1; k, w) ZkA —iB - w4, (27)

Evaluation of the integral at any caustic point (X,) proceeds by invoking the station-
ary phase condition (V,é(X,, k,t) = 0) which determines the time-parameterized
Lagrange manifold

x=V,Sk,t) (28)

and turns Eq. (26) into

- ~ U
/dk{ X, t;k, W)idT+ Ay Z } , 0} =0. (29)
Next G is Taylor expanded about the Lagrange manifold
SN LT N oS
G, t;k, w)=Gy(V,S, t;k, w+Z<x—6k>D (30)

where 1
—/ 8. G(H(T -V, S)+X-V,S,1: %k, w)dy,
0 v

i.e., the remainder of the Taylor series less a factor of (X — V,S). Then inserting
Eq. (30) into Eq. (29) and performing a partial integration leads to

/ dk liaéoa + Ay Z A, 38;‘

8u oD" _
+E 1/ _,,=1 akl/

(31)

(cf. Eq. (3)). Here, for nontrivial solutions to exist, the matrix @0 must be singular,
1.e.,

det G (X, t; k, w) = 0. (32)
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Then, following the algorithm above, if o = A(X, k,t) is a root of Eq. (32) of
multiplicity ¢, we find the phase from the characteristics

dx, 8h _ dku__ah
a’u_aku_g"’ du— ox,’
dt Oh dw Oh
@ = "0’ W =3 (33)
where u is a raypath parameter. These equations may be solved to obtain
x,=x,(u,9), k,=k, (1, 0),
t=t(u,d), w=owu,7s), (34)

where ¢ are parameterized initial conditions, e.g., direction cosines. Then inver-
sion of the wave vector and time transformations, followed by substitution into the
coordinate space map, determines the Lagrange manifold (Eq. (28)) explicitly,

X =%(ut, k), a(t, k) =V,Sk, ). (35)

An integration along the trajectories yields
—_— k —_—
Sk, t) =/_ x-dk (36)
kO

and hence the phase
X, k,)=%-k—-S(k, 1. (37)
In the Lagrange manifold formalism the transport equation for the amplitudes
(x k, t) is developed inside the integral by introducing a non-Hamiltonian flow.
To develop such a transport equation that corresponds to Eq. (31), we begin by mak-
ing Eq. (31) hold by requiring the nonexponential factor of the integrand to be zero.
Hence the equation we consider is

6u oD"
zAGu+A05+ZA Z kU Cu=0, (38)

v=1

which may be written as the recursive system of equatlons

~ ~ 6u n ca
Goll; = —4, 8t uax Cu, (39)
with R
Gty =0 (40)

and #_,(X, k,t) =0 (cf. Egs. (3) and (4)). Then proceeding as in the classical
approach, the null vectors 7, =7 (X, k,t) of Go , 1.e.,

Gy, =0, a=1,2,...,q, (41)
may be chosen so that

(Fpo AgF) =0,5, o, B=1,2,3,...,¢q (42)
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(cf. Egs. (12) and (13)). The amplitude %,(x, k,t) is obtained from these null
vectors by first forming

U, = Xq: o (X, k,t)F,. (43)

To solve for the ¢ (X, k, t) we first differentiate Eq. (27), then introduce the group
velocity to obtain

aG,
ok, =4,-8,4, (44)
Next, differentiation of Eq. (41) combined with Eq. (44) leads to
~ OF ~ ~
Oakj +(A4, - g,4,)7, = 0. (45)
Then combining Eqs. (42) and (45) leads to
(Fﬂ ’ ‘;fu?a) = guaﬂa ’ (46)

which follows from the hermiticity of G and includes ffo by defining g, = 7. The
g, (X, k, t) now proceed by setting j = 0 in Eq. (39) and inserting Eq. (43) for U, .
Taking the inner product of the resulting equation with Ty followed by a regrouping
leads to

oo

K. - 00,
Z{Vzﬂ(rﬂ’A”rQ)ﬁ_("ﬂ’D )ak

a=1
_ -~ 07, _ v OF, _ aD"_ o
+ [(rﬂ, A”E}:) - (rﬁ, D ﬁ:) + (rﬂ, _c’)ky ra> + (rﬂ, Cra)] aa} =0.
(47)
The first term in this equation corresponds to the first term in Eq. (18), hence

-~ oa n 0
A2 20y 20 (48)

(7,,

+ .
O0x, at | dt ox,

v=

B>
Since D is diagonal, the second term may be written
—(F5, D'F) = =276, (49)

Hence by introducing a non-Hamiltonian flow analogous to that applying in scalar
differential equations

dk, v
I = -9 (50)
we note that the first two terms in Eq. (47) may be written as
do, 60 dx, 80 dk, 0o
/3 B B
t Z dt dx, Z a't ak ) (1)

Then by allowing dk,/dt =0, Eq. (51) becomes

do 9
8 =
- +§rﬂaaa 0, (52)
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d _ o7, _ , OF _ _ _ 8D"_
Tﬂa=zo{<r/”A”6_)c—> + (rl,, D 5@) +(Fy, CF,) + <rﬁ, ok ra>} ,

y= v
i.e., a transport equation valid at caustics analogous to Eq. (20). This transport
equation may be solved for the P (and hence %) using the classical procedure

with the transformation X = X(u(t, k), @(t, k)) (cf. Eq. (35)) in place of the ray
transformation. (Higher order u; ’s require a treatment corresponding to that given
in [2] and are not considered here.) The remaining computational considerations
parallel the treatment for the scalar equation. As these have been detailed elsewhere
[7], for brevity we do not repeat them

Acknowledgments. Helpful discussions with Nasit Ari, the advice and encourage-
ment of David Stickler, and the partial support of NSF grant DMS-8409392 are
gratefully acknowledged.

REFERENCES

[11 J. B. Keller, The geometrical theory of diffraction, Calculus of Variations and its Applications,
McGraw-Hill, New York, 1958

12] B. Granoff and R. M. Lewis, Asymptotic solution of initial boundary-value problems for hyperbolic
systems, Philos. Trans. Roy. Soc. London Ser. A 262, 381-411 (1967)

[3] R. M. Lewis and B. Granoff, Asymptotic theory of electromagnetic wave propagation is in an
inhomogeneous plasma, Alta Frequenza 38, 51-59 (1969)

[4] A. D. Gorman and R. Wells, A sharpening of Maslov’s method of characteristics to give the full
asymptotic series, Quart. Appl. Math. 40 (2), 159-163 (1982)

[5] R. M. Lewis, Asymptotic theory of wave propagation, Arch. Rational Mech. Anal. 20, 191-250
(1965)

[6] J. Indritz, Methods in Analysis, Macmillan, New York, 1963

[7]1 A. D. Gorman, Vector fields near caustics, J. Math. Phys. 26 (6), 1404-1407 (1985)



