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Abstract. The evolution equations of a linear viscoelastic solid are written in terms
of the Laplace transform of the displacement field. A corresponding reformulation of
the condition of vanishing divergence for vector fields is then proposed and, through
a systematic procedure, an explicit representation for a very large family of such
conserved vectors is derived. As an application it is shown how a suitable choice of
the admissible parameters leads to specific conservation laws which involve spatial
means of linear momentum, angular momentum, stress, and displacement, in terms
of the known body force, and initial and boundary data. As a further application a
Betti-type reciprocity relation is derived. The connection with Noether’s approach
to conservation laws is also discussed.

1. Introduction. Consider a system of partial differential equations of the form

A,’(X,,,¢ja ¢j(k’ ¢j0ﬁ)=0’ (11)
in the unknown functions ¢;(x,), where Greek (Latin) indices vary from | to n
(m), ¢, =00,/0x,, ¢,,= (‘)Zqﬁj/@x”axﬂ, and the A’s are sufficiently regular

functions of their arguments. To save writing we omit all hypotheses concerning
continuity, differentiability, etc., whenever it is clear from the context what these
ought to be.

Suppose J is a vector function of components J, (Xp @ 05) . A conservation
law for the system (1.1) is an equation of the form

DJ =0, (1.2)

o  (x
in the unknowns J , where the symbol = means that equality holds on solutions to
(1.1), D, denotes the total derivative with respect to x_, that is
0 0 0

D = — +¢j"8_¢; +¢jl;”0¢jﬁ 5

.= ox (1.3)

and the summation convention on repeated indices is in force. Whenever (1.2) holds
the vector J is said to be conserved or divergence free. The knowledge of conser-
vation laws for systems of partial differential equations allows one to gain useful
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information on the properties of the solutions. That is why the generation of conser-
vation laws is a topic which has always attracted a deep attention [1].

The search for conservation laws is usually performed up to trivialities, which
means that none of the following conditions holds: (i) J vanishes identically on
the solutions to (1.1) or (ii) D, J = 0 for every set of functions ¢,- regardless of
whether they solve the system (1.1) [1]. No matter which of the two conditions may
occur, trivial conservation laws do not have any physical significance nor do they
provide any information about the properties of the solution to the given system of
differential equations. That is why we are interested only in nontrivial conservation
laws. In addition we regard as equivalent two conservation laws if they make a
suitable linear combination, with constant coefficients, a trivial conservation law and
we look for independent, that is nonequivalent, conserved vectors.

Under the assumption that the system (1.1) is self-adjoint and thus may be derived
from a variational principle [2], Noether’s theorem provides a straightforward means
for associating conservation laws to each one-parameter variational symmetry group
[1, 3, 4]. Recent investigations aiming at specific applications have led to rather
general formulations of Noether’s theorem which allow, e.g., dealing with conserved
vectors depending on higher-order derivatives of the ¢;’s [5, 6]. Besides these im-
provements, the recent literature has also exhibited methods for the determination of
conserved vectors for non-self-adjoint systems through the solution of the so-called
perturbation equation for the system (1.1) and the use of Green’s theorem [7, 8].

The direct approach, which consists in finding the general solution to (1.2) under
the constraint (1.1), has been used only in a few cases (see, e.g., [9]), perhaps because
of difficulties in giving the physical interpretation of J. To our mind, however, this
method is very efficient and can be used profitably even when a variational formu-
lation is allowed, as the present paper will show. Indeed, we think that this work is
a remarkable step towards a general approach to the generation of conservation laws
for systems with memory.

To fix ideas, we look at the dynamics of (linear) viscoelastic bodies [10], which
constitute the simplest model for deformable solids when dissipation and hereditary
effects are incorporated. The corresponding mathematical scheme involves a sys-
tem of integro-differential equations, with the integrals reflecting the memory effects.
The occurrence of integro-differential equations strongly suggests that we apply the
Laplace transformation, so that a suitable reformulation of (1.2) is solved in the
space of transformed variables. By means of this procedure we are able to generate
previous results (given in [11, 12]) and to provide rather general conserved vectors.
Particular examples show how these vectors lead to conservation laws which involve
initial-boundary data and provide estimates for the unknown displacement and its
time derivative.

The conservation laws turn out to be nonlocal in that they involve convolutions.
Families of nonlocal conservation laws, which however do not involve convolutions,
have already been derived (e.g., in [13]; cf. also [14]) in connection with nongeometric
symmetries of the Maxwell equations. It is of interest to reinvestigate these extensions
of the concept of local conservation law and possibly to connect the unknown function
to the initial and boundary data. This connection is provided in the present paper.
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2. Preliminaries on viscoelasticity. Let & be a closed, bounded regular region
in the three-dimensional euclidean point space & occupied by a homogeneous vis-
coelastic solid in its stress-free configuration. Let 77 be the vector space associated
with & and Lin be the space of linear transformations L(?7", 77) from 7" into 7~
(or second-order tensors).

The motion of the solid is described by the function y(x, #) giving the position
vector y at time ¢t € # of the particle located at x; henceforth x € & . It is
convenient to introduce the displacement vector field u associated with the motion,
u: 9 x#w— 7, defined as

u(x, t) =y(x, 1) — x.

The unknowns ¢, are identified with the Cartesian components u, of the vector u,
so that latin indices run from I to 3. We consider independent variables x , with
a=1,2,3,4,and we let x;, x,, x;, and x, denote the Cartesian coordinates
and the time ¢, respectively. Accordingly, e.g., U denotes 8ui/8xj and we set
for convenience #, = u,,, that is, a superimposed dot denotes the time derivative.
Henceforth the direct tensor notation is used when convenient. A dot “-” denotes
contraction or inner product.

To arrive at the correspondent of the system (1.1) we define the strain tensor
E: <% x # + Lin through

E(x, t) = sym Vu(x, ?)

where sym denotes the symmetric part and V stands for the gradient operator. On
the assumption that the medium is in its undeformed state, and hence E = 0 for all
t in (0, co) we write the constitutive equations of linear viscoelasticity as [15]

ﬂxJ):GMEu,m+/”GU—ﬂEu,ﬂdL (2.1)
0

where T is the stress tensor and G : & x [0, oo) — L(Lin, Lin) is the relaxation
tensor satisfying the usual symmetry relations that in Cartesian components read
Gimk = Gjimk = Giixn = G- (2.2)

We call viscoelastic state a triple (u, E, T) on Z x # of displacement field u,
strain tensor E, and stress tensor T, related by (2.1). The convolution form for the
viscoelastic state equation (2.1) will be decisively advantageous in the next develop-
ments.

Letting p be the constant mass density and F(x, ) the body force, the equations
of motion are

pii=V T+F, (2.3)

subject to the initial conditions

u(x, 0) =d(x), u(x, 0) = v(x). (2.4)
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As discussed in [11], (2.2) and (2.3) are equivalent to the single equation
pu=g+xV -T+f inZ x[0, c0), (2.5)
where * denotes the convolution,
gty=t, te[0, 00), (2.6)
f(x, t) =[g *Fl(x, t) + p[tv(x) + d(x)], tel0, o

).
We now apply the Laplace transform operator .Z : .Z{h(x, 1)} = h(x,p) to
obtain

pu(x, p) = iz,i”{v T} + Lzl?‘(x, p)+p [izv(x) + —l-d(x)] . (2.7)
p p p p

Hence it follows from (2.1) that
Z{V T} =V [pG(p)Vi].

Substitution into (2.6) yields the vector form of the transformed equation of motion;
the explicit expression of its i-th component reads

N I~ >
pu; = EAUMMH"/ +/, (2.8)
where the tensor A is defined by
Ajjir = G + Oy - (2.9)
The vector f is the Laplace transform of (2.6), namely
N 1 ~ v d
f= SF+ <—+—), 2.10
7 p 2 (2.10)

and the dependence on the parameter p is henceforth understood and not written.
Incidentally, we observe that, by mistake, in [12] Eq. (2.8) has been written with the
additive term V- (GVd).

For later convenience we observe that in view of (2.2) and (2.9) the tensor A
satisfies the symmetry properties

Aijk/ = Aikj/ = Aljki = Aklij‘ (2.11)
It is also apparent that Eq. (2.8) is the Euler-Lagrange equation corresponding to the
Lagrangian density L given by
~ 1 ~ . . 5 | I
L= ZGU“uuuk/—fiui+§pu,ui. (2.12)
3. General form of conservation laws. According to our notation, a conservation
law is a relation of the form
DJ +DI=0, (3.1)
where, for convenience, / stands for J, and the symbol = means that equality holds
along solutions to (2.3). In this framework [ is usually referred to as a conserved
density and the associated J’s identify the corresponding flux.
Owing to the structure of (2.1) and (2.3), in the case of viscoelasticity J;, and I
at the point x and time ¢ are likely to be functionals on a normed space # of
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histories of u and Vu, at x, up to time ¢. This dependence, however, would make
the search for the solution J;, I a formidable problem. With this in mind, and taking
advantage of the convolution form of (2.6), we set up an alternative characterization
of conservation laws by arguing as follows.

The formal application of the Laplace transform to (3.1) yields

DJ +pl—1,=0,

where [, is the restriction of / to =0 and the field equations are now given by
(2.8). Therefore, in view of the well-known properties of convolutions under Laplace
transformation, we expect that in terms of @ the conservation law can be given the
form

DJ +pl-1,=0, (3.2)

with .7, and I functions of (x, 10, Vi) € Z x 7" x Lin. In (3.2) I, stands for a
sAcalar qunction on & to be determined. Of course, the Laplace variable p enters
J, and [ as a parameter. Explicitly, (3.2) can be written as

aJ, aJ aJ, -

— 4+ i L. . _J =
8x,+3aju1'+8ajhuf’”+pl I,=0. (3.3)

Our aim is to solve (3.3) for f, and T and to determine their inverse Laplace trans-
form, in order to find conservation laws in the physical space; in applying this pro-
cedure we will identify I, with the expression at ¢ = 0 of the inverse transform of
I.

The first step in our approach yields the explicit form of the dependence of .7,
on Vii. Under rather mild conditions of nondegeneracy [1], there exist three real
functions B;, i =1, 2, 3,0n & x7 xLin such that the condition (3.3) is equivalent
to the validity of

1 ~

aJ, aJ aJ, - .
—L 4+ g L, I1-I1,=B |(—-A,_, a, +2f —2pi 3.4
axi + aajujz + a[{jh ujhl +p 0 k <p klhjujhl + f}\ puk) ( )

for arbitrary values of izj s ajh R L?j,”.. The arbitrariness of aj,”., along with its
symmetry with respect to the indices 2 and i, implies that
g aJ, 2, -~
—L 4+ A ) =ZB A, . 3.5
(aujh Bujl.) p CkAkin (3.5)
On regarding (3.5) as a differential equation for the unknown functions f, we may
determine the general form of the dependence of .7, and B, on u ia

The integrability conditions for (3.5) are found by observing that suitable combi-
nations of its partial derivatives with respect to the spatial gradient of a lead to

27 N2 T P .
p ( a°J 9% ) - 9B, ~ 9B, -~ 0B,
N

= + =A,, ——5 -4, —~+A4, —X.
377 ~ y 7 kihj khqs 9 iy ki y
2 \ou,ou, Ou, oug, Joug, “ou, vou,

The left-hand side is symmetric in the pairs j, s and /4, g; on the contrary, the
right-hand side is symmetric with respect to the pair 4, g only. Hence we have to
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impose a compatibility condition, which is obtained by taking the skew part of both
sides with respect to the indices j and s. This yields

- OB, ~ OB,
(Akihj(‘)a A/\I/I?d ) =0, (36)
sq (ihq)

the subscript (ihq) denoting total symmetrization over ihq .
Equation (3.6) is written in the form of a homogeneous linear system in the un-
knowns c‘)Bk/(‘)ﬂsq , which is to hold in correspondence with any choice of the coef-

ficients "Tkih,’ obeying the symmetry requirement (2.11). Suppose we set
Apinj = Ay ;0. + /‘(5/\-h51j + 5ki5hj) >

where A and u are nonvanishing constants with A4 # u . Substitution into (3.6) leads
to the necessary condition

OB

k _ g

m —kaaq, (37)
where o is defined in Z x 7~ x Lin. This condition is also sufficient, in the sense
that upon substitution of (3.7) into (3.6) it is found that the expression within round
brackets vanishes identically in view of (2.11).

Equation (3.7) yields the expression of B, . By the integrability conditions of

(3.7) we obtain that «, cannot depend on Vi, whence it follows that B, may be
represented as

1 . _ 5
B, = E[u,\,q(aq«i—aq)-i-/?,\_ + 6,1 (3.8)
with a,, B,

o B, . as functions of x, &, and the parameter p, &, and B,
having been introduced for convenience.
Upon substitution of (3.8) into (3.5) we conclude that the most general solution
0 (3.5) can be written as
~ 1 |
Ji = ; [2( o, + ﬂ/\ /\Ihjuj/l 4(¥iqu;\‘rujqur5
1 -

+(u/\q(lq + ﬂ/\ kihjt j/l - 5(}lqusrujq rs:' T hujlz + ki ’ (3.9)

where Viin and kl. depend on x, u and, in addition, v Comparing with

(3.5), (3.8), and (3.9) it follows that (3.4) becomes

1 (17, ()(xq d(vq N OB, OB, ~ 1 (O, Do
;{i[u,\q<d +()—. )'1"()—‘*‘5;—1(/1 4"'""‘/“-/"’_Z<Ufr;+dul 1>

N Jda Jda 13 , ~ N
xA 0 u +[f4 ( “+——“ >+—ﬂk+ ﬂ “,}Gk,.,,,u,,,
i, .

ijh = —Ulzji :

Jqsr—jqrs ) \ P Ll () v
_l (A)”' N ()(!’ Y
2 \ oy, du Jasr® gt
gy dv, L Ok 0k,
1/h ih ~ i ; [ -
t ol 5 U — + o= U,
ax; ou, it ox,  ou, !

+pl = I+ (i, (o, + o)+ B+ Bpin, — f,) = 0. (3.10)
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The next step consists in finding the form of the functions o, 8, &, B, Vi

k., and I which satisfy (3.10). The conservation law (3.10) is in fact a family of
conservation laws. Actually, it seems that in view of the arbitrariness allowed in
the determination of I, almost any choice of J gives rise to a conservation law.
However, we have to take into account two basic facts. First, the expressions for
the admissible functions should be simple enough to allow for the application of
the inverse Laplace transform; in practice, this is guaranteed by taking polynomial
dependences on u and its spatial derivatives. Second, the arbitrariness in the choice
of T is restricted by the requirement that the resulting conservation law is not trivial.
In this connection it is worth observing that the terms which precede pI in Eq. (3.10)
cannot simply be removed by collecting them into the definition of I in order to
achieve maximum generality; this would imply the appearance of a spatial divergence
in the expression of I, which ultimately should lead to a trivial conservation law in
the physical space.

For the sake of definiteness and to prepare the discussion of subsequent appli-
cations to physically relevant situations, henceforth we make the assumption that
I depends at most linearly on Via. Look at (3.10) as a third-order expression in
the partial derivatives i, ‘ that must be satisfied for suitable choices of 7. Then
the vanishing of the contributions due to third-order and second-order terms implies
that

a, =2ax, +b,, a, =cx, +e, (3.11a)
_ . 1.
B, =au, +y,, B, = 5y + by 5 (3.11b)
0z,
Vipg = o, (3.11¢)
Y ou,

where a, b,, ¢, e, are only allowed to depend on the parameter p; z,, =
z,(x,0,p), with z, = —z,., and ¢, = ¢, (X, p), ¥, = ¥, (x,p). As a conse-
quence (3.10) reduces to

1 (106 = 9y, ~ o'z, ok Ok,
;<2 C)xiA"’h/ jh+ Gk:h/ jh> ()Ll dlx Ujp +Td§f+du;u”

- N 1\ .
+p1—10+{uk [(2a+c)xq+bq+eq]+<a+—2—c>uk+¢k+y/k}

x (pit, — f) = (3.12)

and JA, takes the form

~ 11 i & +B)G. . i
J,- - [_7 [i(ul‘qaq + BA) kihj jh + (ukq"q + Bk)Gkih/ujh
T T 02

_Z(!iqusrujqurs_E qu:r jatrs| T a
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4. Explicit structure of some conservation laws. To obtain simple but physically
significant examples we consider the particular case when a, ¢, b 0 € ¢, > and
z,, vanish. The expressions (3.12) and (3.13) reduce to

10y, ~ ok

ok,
—TKG, i+t —=Li, +pl — I+ w (pit, ~ ) = (4.1)
p Ox; KTk TG, duh KPRk

and

~ 1~

Among the conservation laws are the balance laws of linear and angular momentum.
With the purpose of obtaining these laws we choose I as

~ 1 R

I= —Eu/kpuk. (4.3)

1) Balance laws. Now we show in detail how the balance laws follow. By (4.3), E

(4.1) reduces to
1oy ~ ok, 0Ok, .
A+ g, -1 - =0. )
» ox, x, Crinjn + ox, + o, wy—Iy—wi /=0 (4.4)

The arbitrariness of i ih gives

10y, ~ ok
__GAh 5 =0,
p Ox thy c)uj.
whence 9
10y, ~ .
ky=—~ kG i+ 6y, (4.5)

) UXI kihj"
where G, is a function of x parameterized by p. Meanwhile (4.4) becomes

()k

Letting w, be the inverse Laplace transform of w, := y, /p by (4.3) we have
I =—w, xpit, — pw,d, (4.7)
and
I, =—-pw, (0)d,,
where w, (0) denotes the restriction to # = 0 of w, . Substitution of k, from (4.5)

into (4.6) yields

2
l()l//,\ = ~

90, .
T D Ox.Ox. d, — =0,
pOx,0x, ki TGy X, b+ pw,(0)d, -y, f, =0
where only the first term depends on a} . Hence

2

0"y,

=0. (4.8)
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The functions 6, are then characterized through the divergence 96,/0x, by

06 N

8_x: = —pw,(0)d, + v, f, . (4.9)
y (4.8) we can write

Wy, = A+ Xy + Oy Xy (4.10)

where 4, , x,,.and w,, arearbitrary functions of ¢ with x,, = x,,, @, = —w,, .
Meanwhile (4.9) can be written as

0a . - N

8_x: = plpw, — w, (0)]d, + W F, + pw, v, ,

whence we get the divergence of g, = % - (6,) as
da,
a—x;_pwkd T w x F 4+ pw, v, . (4.11)
The inverse Laplace transform of (4.2) and account of (2.1) and (4.5) yield
Ji=wp s T+ Xy * (Gt + Gy id) + 0, (4.12)
The functions (4.7) and (4.12) provide the desired conservation law.
To get a physically more suggestive form of the balance equation we consider the
global counterpart. By (3.1) and (4.12), integration over & x [0, t) gives

V(T -T,) // [X“*T,‘,+ }dxdt—/ w, T, n dadf
0z

where V' is the volume of & , a superposed bar denotes the spatial mean in &, n
is the outward normal, dx is the volume element and da is the surface element.
Account of (4.11) and some rearrangement yield

t t t
Vw, x pit, ~ V/ X * Iy, dl = / (w, * F, +pwkvk)dt'+/ w, *T,;n,dadt’ .
0 0 0 Joz
(4.13)
The arbitrariness of 4, , x,,. w,, provides three separate conservation laws, namely

V(A * pua)(t V/ (AxF + pav)dit +/ A+ | Tndad!, (4.14)
0

oz

Vix *sym(x ® pu)](¢) + V/o (x*T)di' =V A [x «sym(X®@ F) + y sym(X® pv)] d1’

!
+/ x*/ sym(x®Tn)daa’t',
0 07
(4.15)
14
Viw*(Xx pu)](1) = V/ (w*X X F+w*X X pv) d!1 +/ w*/ xxTndadt, (4.16)
0 i

7z
where A, x, w are arbitrary scalar-valued functions on .# ; really, (4.14)-(4.16)
hold with independent A’s, x’s, and w’s for the various components. The particular
case when A, y, w are Dirac’s delta function J(¢') gives

l !
=/ Fd/+pv+i/ Tndad! , (4.17)
0 V 0 Joz
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4 4
sym(x®p|’1)(t)+/ Tdi = / sym(x® F)dt + sym(X® pv)
0

0
t
+l// sym(x® Tn)dad!, (4.18)
Vdo Jou
t t
xxpl’l(t)=/(xxF)dt'+xxpv+i// x x Tndadt . (4.19)
0 Vido Jow

Alternatively, we could have obtained (4.17)-(4.19) directly, without having recourse
to Dirac’s delta function, by considering 4, , x,,, w,, as independent of 7.

Incidentally, (4.17) and (4.19) are the integral version of balance equations for
linear and angular momentum. They give the means pua and x x pu in terms of
the boundary and initial data, namely Tn on 0Z x .#" and v on &, and the
known body force F on & x %" . Equation (4.18), instead, is unusual as a balance
equation; it provides an estimate on sym(x x pu) or T when information is given
on one of the two quantities.

i1) A conservation law involving the displacement. A less usual conservation law
follows by considering the case when the density / involves the displacement u,
rather than the velocity u

Formally, let w, = v, /p and w, = f_l{l//k/p} . By paralleling, step by step, the
previous procedure we have

I =—-w *pu,, (4.20)
where, again, w, is given by (4.10). Then from
a6, 1 . =~ | .
E = Ekak + Epwkvk
we have 9
o, -
@ =wk*,97k+pvk%k, (4.21)

where Z and #, are the integrals, over the time interval, of F, and w, . Mean-
while

J, =w, *G,‘,hj*u —)(,‘h*G,\hU*uj+al.. (4.22)
By (3.1) and (4.20), (4.21), integration over & x [0, ¢) yields

4
—_— “‘-—/ U e /
w, * pu, = /0 w, *.F dt +/0 pu, ¥, dt

1! /
+7/0 /y(wk*Gkijh*ujh_xkh*Gkhij*uj)nidadt

which in fact gives the three conservation laws

(A x pu)(t //1* a’t+pv// AT drdt+—///1*nG*Vua’aa’t

[x * sym(x® pu)]( /[x*sym )dt+symx®pv// x(t)dtdt

+7//[X*Sym(x®nG*Vu)—x*G*(u@n)]dadt',
o Ju
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(w*xxpu)(t)=/(w*x>< ydi' +xxpv// t)dtdl
+—//w*x><(nG*Vu)dadt',
Vido Ju

whereby the knowledge of u and Vu on the boundary 62 and of the body force
F on & x [0, t) leads at once to estimates on the means @ and x®u. As before,
if A, x,and w are taken as Dirac’s delta functions then convolutions reduce to the

current value of the pertinent physical quantity.

iii) Conservation laws related to reciprocity theorems. Every self-adjoint linear sys-
tem does always possess a reciprocity relation [1, 7, 8, 16] which allows the determi-
nation of a conservation law canonically associated with every pair of solutions to
the given equations. Conversely, it has been shown in linear elastostatics [3, 17] and
in linear elastodynamics [18] that a reciprocal theorem follows from the knowledge
of a complete set of conservation laws; it takes the explicit form of a Betti theorem
whereby, given two elastic states, the work done by the external forces of the first over
the displacements of the second is related to the work done by the external forces
of the second over the displacements of the first. We observe that the system (2.8)
is linear and self-adjoint, since it arises from the Lagrangian (2.12). Thus, notwith-
standing possible difficulties that may occur in connection with the problem of the
time-derivative, we expect that a result similar to the Betti’s reciprocal theorem holds.

To show this, consider a new viscoelastic state (u*, E*, T") corresponding to the
same relaxation function G and denote by a superimposed * the pertinent quantities.
Then look at the conservation law (4.1) and choose k; and I as
1oy, ~ .

k = ——

i pox, Khit¥ s (4.23)

~

I= ——[wk pit, — )+ (pw, — )], (4.24)

where of course f: is given by the counterpart of Eq. (2.10), and let /; = 0. In
view of (4.23) and (4.24), (4.1) becomes

|
|
Qe

wnity + 4,(pw, — f/ ) =

which is satisfied whenever y, coincides with the solution a; to the counterpart of
(2.8). Hence the explicit expressions for k; and / become

108, ~
ki=——=%G,, i, (4.25)
i pox, knit
- l 1 ok
1=—;u,‘ f,\)+pu,\(pu,‘ i) (4.26)

The application of the inverse Laplace transform shows that (4.26) is consistent with
the choice I, = 0 and provides the following result.
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Let (u, E, T) and (u*, E*, T") be viscoelastic states on Z x (0, co) correspond-
ing to the same relaxation function G, as in (2.1), to the body forces F and F*,
to the initial data d, v and d", v", respectively. Then, for any ¢ € (0, oo), the
conservation law (3.1) holds with

4
* * / /
Ji= /0 (g * Gy * Uy = Uy * Gy x ) () AU

t
I = /O {—u, +[g+F +p(gu; +d;)]+u, +[g+F, +p(gv, +d )} )dl,

where u” is the solution to the problem (2.3), (2.4) with body force F* and initial
data d" and v".

5. The connection with Noether’s theorem. Owing to the application of Noether’s
theorem for the derivation of conservation laws it is worth investigating the possi-
ble connection between divergence-free fields and Noetherian fields, i.e., conserved
vectors that are generated via Noether’s approach. This connection would have the
advantage of providing divergence-free fields with the physical meaning usually as-
sociated with Noetherian fields in terms of the generators of infinitesimal invariance
transformations [1, 4, 18].

Since the Lagrangian for the viscoelastic body is provided by (2.12) we can apply
the Noether-type approach developed in [12, 18] whereby

T T
LDihi+ T’([hi-i- '(,)—a—lél + W(D’é’ - uiijhk) — DI.M, +pl — 10 =0 (5.1)

is the conservation law which arises from the invariance of the functional fy Ldv
under the infinitesimal transformation

X, x, +eh(x, u, Vi),
i, — i, + e (x,u, Vu),

where ¢ denotes a “small” parameter and 21[ and é[ are the generators of the invari-
ance transformation. Here ﬁi denotes an arbitrary set of functions of x, @, Vi
arising from the fact that the invariance of the functional is meant up to a divergence
term. Upon use of the Euler-Lagrange equations
oL oL
N~ D;—~— = O
au, J 0“,_ j
we can write (6.1) as
DJ +pl—-1,=0
with ~
o~ oL . . —
JI.:Lhi+55—(§j—ujkhk)—Mj. (5.2)
1]
This establishes a formal equivalence between the two approaches, the correspon-
dence being specified by (5.2). Operatively, the search for the general solution to (5.1)
is usually more involved and then, often, appropriate restrictions on the form of the
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unknown fugctions are intrpduced. For instance, in [12] we solved the problem by
letting h, = h,(x, w), ¢, =¢&,(x, u) and M, be linear in Va. Here, instead, we have
found the general form of the dependence of f, on the derivatives #, T showing in

particular that JAI is necessarily quadratic.
In conclusion, there seems to be technical advantages in searching for conservation
laws through the divergence form (3.2).

6. Derivation of conserved fields in elasticity. Besides proceeding along the same
guidelines, the search for conservation laws in elasticity develops through quite sim-
ilar conditions. The constitutive equation (analog of (2.1)) is

T(x, t) = CE(x, 1),

with C € L(Lin, Lin) being constant and satisfying the symmetry conditions (2.2).
Then the equations of motion (2.3) ultimately become (cf. (2.8))

1 N N
pu; = ?Cijkluklj +/,

f,. being the same as in (2.10). The Lagrangian L is given by

- 1 A U S
L= ?Cukluijuk/ - Jit; + 5 PU ;-

This shows that, in connection with the Laplace transform, the equations for elas-
ticity are put in 1-1 correspondence with those for viscoelasticity by simply letting
C correspond to pG. N R

Of course, the correspondence of C with pG, rather than G itself, leads to
quite different time dependences when the inverse Laplace transformation is applied.
This difference is hardly surprising from a mathematical viewpoint. As we expect
it to be, important differences arise as to the mechanical behaviour associated with
the corresponding conservation laws. This feature will be the subject of a future
investigation.
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