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1. Introduction. Let the interval [0, 1] be occupied by a one-dimensional material
of unit density. If the material is elastic, the stress is given by

T=f(V), (1.1)

where V, is the strain. If elastic effects due to a material microstructure, such as
a phase transformation or a continuous distribution of dislocations, are to be ade-
quately included into the constitutive description, it has been noted by Aifantis and
Serrin [2], among others, that an extra stress 7° depending on long-range molecular
forces should be added to (1.1). While there are many forms this extra stress could
take, we will assume a particularly simple one involving the second spatial derivative
of V. Then, the gradient-dependent expression for the total stress reads

T=[f(V)-aV,,, (1.2)

where f is a nonmonotone function and A a constant.

A central question is the determination of the stable equilibrium states associated
with (1.2). One way to define these states is to consider (1.2) in conjunction with the
differential equation of static equilibrium 7. = 0 leading to the differential equation

X

f(V)-4V,, 1, =0, (1.3)

which upon integration and for some constant 7;, implies
SWV)=T, -V, . =0. (1.4)
Alternatively, (1.4) can be obtained as the Euler-Lagrange equation for the functional
1(1/):/0l (F(V)+%V_f) dx, (1.5)

where F'(V)= f(V)- T, . Gibbs’s idea of stability is then to identify the stable states
as those which yield local minima for this gradient-dependent energy functional.

A more fundamental and less restrictive way to define stability is to consider
(1.2) in conjunction with the differential equation of motion or momentum balance
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T, = u, where u denotes the displacement (V = ). Then we can say that an
equilibrium solution is stable if it is obtained as a long-time limit of the solution of
the dynamical equations of motion for all initial data sufficiently close to the given
equilibrium solution.

Obviously, there is a great deal more involved in this second definition than in the
first. We must describe the equation of momentum balance or equation of motion
along with a dynamic constitutive equation for the stress. This typically involves the
inclusion of terms that give a viscous stress. Since these terms vanish at equilibrium,
a given solution of (1.3) may be an equilibrium state of many different evolution
equations. It does not seem obvious that the dynamic stability of this state should
be the same for all these evolution equations. One must also address the problem of
measuring closeness. There are many ways to measure this and it seems clear that
it could happen that an equilibrium state is stable with respect to one measure of
closeness and not stable for some other measure of closeness. It is not even obvious
that solutions to the appropriate evolution equation exist or that they are unique.
Because of these mathematical complexities, the idea of minimizing a functional has
long been an attractive approach.

If this notion of stability could account for actual observations, perhaps there
would be no need to study the second notion of stability with its increased math-
ematical complexities. This is not the case, however. Often, the material states
of most interest today are states far from thermodynamic equilibrium (dissipative
structures, metastable states), and no Lyapunov functional or minimization principle
can be associated with them. Moreover, patterned solutions are usually ruled out by
Gibbs’s definition of stability as possessing more energy than other structured solu-
tions. Patterned solutions, however, do occur as equilibrium solutions of (1.4). This
was shown, for example, by Aifantis and Serrin [2] by a very simple argument. They
showed that the bounded equilibrium solutions of equations including (1.4) as a spe-
cial case are of three kinds: transitions, reversals, and oscillations. The oscillations
correspond to the formation of patterns. The paper by Alexiades and Aifantis [1]
suggests that in the sense of minimizing /(V'), the oscillations are unstable. How-
ever, their analysis was for the whole real line. Carr, Gurtin, and Slemrod [5] have
shown by using a phase plane analysis that oscillations occur among the solutions of
(1.4) on the finite interval if and only if A is sufficiently small. They also showed
that these oscillations are unstable (in the sense of minimizing (/(V')). These results
seem to imply that it is more appropriate to use the dynamical definition of stability.

The purpose of this paper is to discuss the existence, uniqueness, and long-time be-
havior of solutions of an initial boundary value problem, resulting from an equation
of motion whose equilibrium states are solutions of (1.4). In Sec. 2, the evolution
equation is derived. We note that a similar evolution equation was discussed, using
different techniques, by Andrews and Ball [3], the difference being in the form of the
viscous stress. We also allow for much more general boundary conditions. Section 3
contains an abstract form of the initial boundary value problem along with theorems
of existence, uniqueness, and continuous dependence. Actually, this time-dependent
problem should be called an “approximate problem” because various functions have
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been truncated. In Sec. 4, estimates on the strain are obtained which allow the deter-
mination of an approximate problem whose solution coincides with the solution of
the problem of interest. Thus, well posedness of the transient problem is established.
Also this section contains elegant estimates on the second and third derivatives of
the strain. These estimates allow us to determine a space in which the trajectories of
the transient problem are in a compact set. Moreover, if our method of proving ex-
istence and uniqueness is adapted to formulate a numerical method, these estimates
would provide the necessary regularity to use standard approximation theory and
thereby obtain error estimates for the numerical method. In Sec. 5 the long-time
behavior of the solutions of the transient problem is partially obtained. We show
that the velocity converges to O in LZ(O , 1) and for a given choice of initial data, we
describe a set and a measure of distance such that the distance between this set and
the solution to the transient problem converges to zero as t — oo. The ideas outlined
here are essentially a version of standard techniques used in dynamical systems. In
particular, Lemma 8§ is a version of LaSalle’s invariance principle. Finally, we show
that for certain boundary conditions the transient solution converges to a solution of
the steady-state problem. The overall approach of the paper is different from existing
ones, since the present evolution equation cannot be viewed as a semilinear parabolic
problem and thus treated by the techniques developed for these problems [8]. Nev-
ertheless, our approach may be capable of being generalized to more nonlinear and
less idealized equations.

Throughout the paper, E is a closed subspace of H? (0, 1) which contains the
test functions, Cg°(0, 1) and H = L2(0, 1). Since E is dense in H, we may write
E C H=H'CE' and we will always identify H and H' in this way. The symbol
— will denote strong convergence and — will denote weak or weak* convergence.

2. The evolution equation. Let [0, 1] be a material interval, x € [0, 1], the initial
density p,(x) = 1, and let u be the displacement. Thus u_ is the strain. We are
interested in a stress given by

T = f(u,) — Au, + viscous stress, (2.1)

where f is a nonmonotone function whose graph is given by Fig. 1.

£(V)

FiG. 1.
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The viscous stress will be of the same general form as the elastic part of the stress,
Sf(u,) —Au,, , but with a time derivative. Thus, the viscous stress is assumed to be
of the general form

('B(u.\'))!_au\'wl’ (2.3)

with B'(u J=a(u,) >0 forall u . The term u__ ., isincluded in the viscous part
of the stress because it seems reasonable to assume that if the gradient-dependent
terms are important in the part of the steady-state or equilibrium stress, then the
time derivative of these terms is also important in the transient or dynamical part
of stress. The motion is then determined by the differential equation of balance of

momentum (7, =u,,), i.e.,

U, = (f(u\) - Au.\'.rx + ﬂ(ux))t - 6uxxxt)x (2.4)
along with initial conditions
u0, x) =u,, u,(0, x) =u,(x), (2.5)

and boundary conditions, one of which will always be
u(t,1)=0. (2.6)

This merely says that the right end of the material is fixed. For ¢ € Cg"((O, T) %
(0, 1)), multiply (2.4) by ¢ and integrate by parts. We have

// (t, x)p txdxdt+// Py)o dxdt
+/1// tx(p\\txdxa’t+// uu,p dxdt

+c5/ /umgowdxdtzo (2.7)
o Jo T

where P is a given constant. Let E be a closed subspace of HZ(O, 1) contain-
ing C;°(0, 1). By requiring (2.7) to hold for all ¢ € C;°(0, T'; E), we obtain a
variational form for weak solutions to (2.4) and boundary conditions which are de-
termined by choosing E. For example, if £ = {u € HZ(O, 1):u(l) = 0}, formal
integration by parts in (2.7) yields the boundary conditions

u(t, 1)=0, (2.8.1)
Su (t,0)+a(u(t,0)u,t,0)—Au, (t,0)~0du. . (1,0)=F, (2.8.2)
Aug (1, 1)+ éum( 1)=Au  (t,0)+0u,(t,0)=0. (2.8.3)

Other boundary conditions are obtained by routinely choosing E C HZ(O, 1).
In summary, the problem at hand is

Tl
/ / (t,x)o,(t, x)dxdt + / / - P, + / / AULO
0o Jo
/ / \ “\,(/7 +6/ / \\[(ﬂ\‘ - (291)
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forall p € C;°(0, T; E) where C;°(0,1) CE C{ue H*(0, 1):u(1) = 0}. The
initial conditions take the form

v, € C(0, T; E), vleC(O,T;LZ(O,l)), (2.9.2)
u(t, -) = v,y(2) a.e., u(t, ) =uv(1) ae., (2.9.3)
lim [[ug(1) = gl + [0, (1) = 2, = 0, (2.9.4)

where H = LZ(O, 1). Stated less precisely, this is
T (fue, ) = wgll + (2, ) = ]y = . (2.10)

3. The abstract form of the evolution equation. For u, v, w € E, it is natural to
define the operators Q(u), L, and R mapping E to E' by

(Qu)v, w) = (a,(u v, , W)y, (3.1.1)
(Lu,w)=(u,,w )y, (3.1.2)
(Ru, v) = A(Lu, v)+ (f(u,)— Py, vy, (3.13)

where for 4 € {a, f},
h(x) if|x|<r,
h(x)=19 h(r) ifx>r, (3.2)
h(—=r) if x <-r,
with f assumed to be locally Lipschitz and o continuous. The abstract form of

(2.9), [(problem (2.9) with f replaced by f, and a replaced by «,)] to begin with
is

u' + QU +6Lu' + Ru=0, (3.3.1)
W, uel* 0, T:Ey=7, u'e?’, (3.3.2)
u(0) = u, € E, W(0)=u eH, (3.3.3)

where the “» denotes differentiation in the sense of E’ valued distributions. That
is, for g€ L'(0, T; E'), and ¢ € C°(0, T),

! T !
()= - /0 ()’ (1) dt. (3.4)

THEOREM 1. There exists a unique solution to (3.3).

The proof of Theorem 1 is a routine modification of the proofs of similar theorems
found in [11, 9, 10], so we omit it.

Now define M:E — E' by

(Mu’ ’U) = (ﬂr(u,\') - Br(qu) ’ vx)H + a(u.\'x - qux ’ U,\'X)H (35)
where

V
ﬂ,(V)=/0 a,(s)ds. (3.6)
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Applying fol to both sides of (2.3.1) we obtain

u' (1) + Mu(t) + /1 Ru(s)ds =u,, (3.7.1)
0

u(0) = u,, (3.7.2)

u,u €7 . (3.7.3)

LEMMA 1. u solves (3.3) if and only if u solves (3.7).
THEOREM 2. Let u,, € E and u,, € H be given sequences of initial data satisfying
nlLr&(||u0n—u0||E+|um—u||H):O. (3.8)

Then if u, is the solution of (3.3),, i.e., the problem (3.3) with u,, and u,, in
place of u, and u,, respectively, we have

lim ( sup |Ju, (1) ~u(t)||E> =0. (3.9)

1—00 \ (0. 7]

Proof. From (3.7) it is easy to obtain
1 1 !
§|“n(t) - u(l)|§, - 5]140" - uoli, +/O (Mu,(s) — Mu(s), u,(s)—u(s))ds

+/ /S(Ru"(y) = Ru(y), u,(s) —u(s))dyds = / (u,, —u,, u,(s)—u(s))ds.
0o 0 (3.10)

Consider the fourth term. This term is bounded in absolute value by
! s , 1/2
K’/o \/§</0 Hu”(y)—u(y)llga'y> [lu, (s) — u(s)||zds, (3.11)

where K, is a constant depending only on r. It follows that this may be dominated
by an expression of the form

/ [C,ws/' i, (v) = w0 dy + nlluy(5) — w2 ds,  (3.12)
0 0

where # > 0 is arbitrary and C.  depends on r and 5. The third term of (3.10)

r.on

is easily seen to be no smaller than

/0e,(||un<s)—u<s>||i;—|u,,<s>—u<s>|i,>ds, (3.13)

for some constant 6, > 0 depending on r. It follows that there exists a constant K,
depending on r such that

t
2 2
|un<z)—u<r)|,,+/0 i, (5) — u(s)|1% ds
2 2
< K (luy, —uly + lug, = uplyy)

+ K,/ (1+s) (/ l|u,(v) - u(_v)lli. dy +|u,(s) - u(s)|§,> ds. (3.14)
0 0
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By Gronwall’s lemma,

T+T?)2

t
|u"(z)-u(z)|i,+/0 i, (5) — u() ds < K (luy, —u, 12+ g, — g™ /% (3.15)

Therefore, lim,_ __ |u,(f)—u(t)|, =0 and lim,___||u,~u|l, = 0. Multiply (3.3.1),
by u'n and then apply fot . Since f, is bounded this yields

t
Wl ()2 + 6, /0 (i, S+ 1t () ds + Al (D],

t
2 '
S'”uOnxxIH"_Kr/o Iun_\-(s)|1-1d5, (316)

where 6, and K, are positive constants depending on r. The above inequality
implies easily the existence of a constant, C, depending on r but independent of »
such that

1, ||, < C. (3.17)
Because of (3.17), we may take u,,u tobein C(0,T; E).
LEMMA 2. For each 1€ [0, T], lim,_ __u, (1) = u(1).

Proof. Suppose u,(t,) = u(t,). Then by selecting a subsequence, still denoted by
n, we may assume

[|u, () —u(t)||, — 0 ae.t, (3.18.1)
[lu,(ty) — u(t )|l > €>0. (3.18.2)

But then

[, (1g) = u(t )| < [lu, (1) — u, (Ol + 1w, (1) — u(@)[| + |[u(t) — uty)l|
< 2C|t, — 1| + |u, (1) = u(2)]). (3.19)

Let ¢ be such that |[u, (1) — u(?)||; — O and 2Clz, — 1|'/* < §. Letting n — oo
in (3.19) contradicts (3.18.2). This proves Lemma 2. To complete the proof of
Theorem 2, let ¢ > 0 be given and let 0 =7, <1, < --- <1, =T be a uniform
partition with 2(z, — tl._l)'/zC < £. Let n, be large enough such that for n > n,,
[lu,(t;) —u(t)|l; < § for i=0,...,m. Then forany t€ (0, T], t€(t,_,, ] for
some / and thus for any n > n,,

€

2=£.

2 &
llu, (1) = u()|| < 2CJt, = )7 + ||u, (¢,) = u(z,)]| < 5+
This proves Theorem 2.

4. Estimates. In the remainder of the paper, we assume that there exists an r, > 0
such that

[Ug (X < rgs (4.1.1)
fV)=Py>0 ifV>ry, (4.1.2)
fV) =P, <0 ifV <-—r, (4.1.3)
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Define

v y
W)= [ -rds. W= [ (- Ryds, (42.1)

and assume
lim W)= lim W(V) = oc. (4.2.2)
V——00 V—o0
From now on, assume r > r, and let
—J =min{W (V). V € R}. (4.3.1)
It follows, since r > r,, that
—J =min{W,(V):V € R}. (4.3.2)
Multiply (3.3.1) by «' and integrate f(; . This yields
| 2 1,2 !
SO, = Sl + [ (Ruts), (s ds
2 2 0

(8), U (s))y ds

+/0 (a,(u, (s))u,
+5A|¢Aﬂ@m=o. (4.4)

Consider the third term. From (4.2.1) and (3.1.3),

/0 (Rus), ' (5)) ds = S (01}~ Slug, [l

/W H(x))dx — /WuOr x))dx. (4.5)

It follows from (4.3) that
1
'1|“xx(’)|i/+/0 W, (u,(t)(x))dx

1 2 2 :
< §|u1|H + Mg, |y +/0 Wiu, (x)dx
=C, (4.6)
where C is a constant independent of r, ¢, #, and J. For simplicity in notation,

let V(x)=u,(t)(x). Then (4.6) becomes

AV (x)]5, + /W ))dx < C. (4.7)

Therefore
| IH (C+J)A~ s (4.8)

and so for x, ye[0, 1]

V(x) = V) < Cilx -yl (4.9)
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Let r, > r, and let r satisfy
wWw)>cC if|[V|>r,. (4.10)

Hereafter let r > r,. Then W, (V)= W(V) if |V| < r and there exists x; € [0, 1]
such that |V (x,)| < r,. If this were not so, then the second term in (4.7) would be
larger than C . Therefore, for any x € [0, 1],

[V (x)| < [V(xyl+ C,
<Ci+r =G, (4.11)
This proves

Lemma 3. If r > r , there exists a constant C,, independent of ¢, r,d, and S
such that
lu, (0)(x)] < C, (4.12)
forall t >0 and x €0, 1].
For the remainder of the paper, r > max(r,, C,) = r,. Then, |u (1)(x)| <r,<r
and thus, a measurable representative of the problem (3.3) is the solution to problem
(2.9) which satisfies

., u, €L0,T)x(0,1)). (4.13)

Since T > 0 is arbitrary, Lemma 3 along with Theorems 1 and 2 establish global
existence, uniqueness, and continuous dependence for problems (2.9) and (4.13).
Furthermore, we can study this problem in the form (3.3) or (3.7) for a suitable
choice of r > 0, the choice of r being independent of the function g, the constant,
d,and ¢.

Up to now, the subspace E C HZ(O, 1) is arbitrary as long as C(‘)”(O, 1) CEC
{ue H2(0, 1):u(1) = 0} . We now assume that whenever g€ C;°(0, 1),

U, u,,u

1x? Ixx?

()
/ g(s)dseE, (4.14.1)
1

and
u, € ENH(0, 1), (4.14.2)
Of course u, = 0 satisfies (4.14.2) and (4.14.1) does not seem to be a serious restric-
tion either.
Let g € CS”(O, 1) be given. Then multiply (3.7.1) by the function given by
x — [ g(z)dz. This yields

/Ol u' (1) (x) (/x g(z)dz) dx

t ll
n / (/ xuxx(sxx)gx(xw(f,(u,\.(s)(x»—Po>g(x)dx) ds
0 0

1
+/0 (B, (u, (1)(x)) = B,(uq, (x))]g(x) + 6(u, (1)(x) — ty,  (x)) g, (x) dx

1 X
=/ u,(x)(/ g(z)a’z> dx. (4.15)
0 |
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Let
1 X 1
a(t) = /0 o (0)(x) ( /1 g(z)dz) dx + /0 [B.( (1)) — B, (1tg, (x)]g(x) dx

1 1 X
+§/0 (u, () = upy,  (X)]g, (x)dx —/0 u,(x) </| g(z)dz) dx.(4.16)

From (4.15) (note ¢q(t) consists of the terms of (4.15) that do not have f(; next to
them) we obtain

(t)——l/ x)dx — /[f - Pylg(x)dx (4.17)

Therefore,

0+ a0 =3 [ dow ([ szrds) ax

A 1
+5 [ 18,00 (000) = Bty (6 )g) dx

). | A | X
+ (—5/ Ugyer (X)8(X) = 5 ; u,(x) </1 g(z)dz) dx

/ LS (u ~ Plg(x)dx (4.18)

Next, we assume |g|,, < 1. From (4.5) and (4.4) it follows that lu’(t)lH is bounded
independent of r, d, and ¢. Therefore, from Lemma 3 and (4.18), there exists a
constant C, independent of r,d,¢,and g€ C(‘)X’(O, 1) with |g],, <1 such that

/ A C
4(1)+54(1)53+CEC1. (4.19)

From (4.16) and (3.7.3), ¢q(0) = 0. Therefore

s _9 uz/m] <G

q(1) < C, [— - Ze - (4.20)

A A

This along with (4.16) and Lemma 3 implies that for all g € Cgo(O, 1) with |g],, <
1, there is a constant C; independent of r, ¢, such that

5/ (x)dx < C,. (4.21)
Since this holds for all g € CO (0, 1) with |g],, <1, it follows that
! C
sup / U ((x)g dx| < =2 (4.22)
gl <t 1o ‘ g
g€CT (0.

It follows from the density of C(‘)x’(O, 1) in H= LZ(O, 1), that there exists a unique
function k € H such that (k, g),, = u, . (1)(g). Thus

u () eH and |u (4.23)

XXX ( t ) ‘ H S

G
o0
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for all ¢+ > 0. This establishes the following

LEMMA 4. Let uy, € EnH3(0, 1) and let (4.14.1) hold for all g € C§°(O, 1). Then
there exists C, independent of ¢ and r, such that

U, (Ol < C. (4.24)

CoroLLARY 1. Let u, € EN H*(0, 1) and let (4.14.1) hold for all g € Cg°(0, 1).
Then there exists a constant C , independent of ¢ and r, such that

oDy < C. (4.25)
Proof. Replace g by g_ in (4.15), (4.16), (4.17). This yields

|u

l 1 l ! !
a(t) = / W (1) (x) g (x) dx — / (B (), — B (g, )ity ) 8(x) dx
0 0

1 1 1
+(5/0 uxx(t)(x)gm(x)dx—(5/0 14()”()(X(x)g()c)a’x—/0 ul(X)g(X(i;(‘iz);jl)

q(1) = —/1/ u, (0(x)g, ( a'x+/ fluu, (O)(x)g(x)dx (4.26.2)
Thus

1
d 0+ 50 =5 [ W00z dx

4 / (B (u )y, (0)(x) — B (g Yy, (X)) g (x) dx

"1/ Upye e (X)&(X)dX — 5/
/f D (D(x)g(x)dx. (4.27)

Let C be a constant independent of r and ¢. In the same way as before, g'(¢) +
%q(t) < C where C is independent of ¢, r, and g € C5’°(0, 1) with |g], < 1.
Thus ¢(¢) < C and it follows that for all g€ C;°(0, 1) with [g|, <1,

/01 u  ((x)g (x)dx| < C. (4.28)
Thus |u, (1)(g)] < C, so by the density of C(‘)X’(O, 1) in LZ(O, 1) and the Riez
representation theorem, v (f) € LZ(O, 1) and |u, (D), <C.
5. The long-time behavior. Let us define
B={uekE:|u(x)| <rforsomer>0andu, €H}, (5.1.1)
- H0, )NE. (5.1.2)

Then B C F. The content of Sec. 2-4 imply that problem (3.3) yields a dynamical
system on B x H given by

/

S(O(ug, uy) = (u(t), u(t)), (5.2)
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where u is the solution of problem (3.3) with initial data (u,, u,) € B x H . By this
we mean
Sty + ), uy) = S(1)S(6) (g, 1), (5.3)
which follows from the uniqueness of problem (3.3).
LEMMA 5. Let u be the solution of problem (3.3). Then
lim [u'(1) )y = 0. (5.4)
[—00

Proof. Applying ;j’; to both sides of (4.4) and using the estimates of Sec. 4 for

u (f)(x), we obtain an inequality of the form

d ! 2
Elu (I)IH -
where K and C are two constants which are independent of . It follows from this

that a"—,lu'(t)ﬁ, is bounded above. The estimate for u (7)(x) of Sec. 4 applied to the
fourth term of (4.4) along with (4.4) and (4.5) yields

t 2
/ |u' (s)],, ds < C, (5.6)
L

where C is a constant independent of /. Poincaré’s inequality (recall £ C {u €
H*(0, 1):u(1) = 0}) yields

K(u' (O, + 1 (O + CUu (0, + 1 (0)]5) <0, (5.5)

/01 ' (s)), ds < C. (5.7)

This, with the upper bound on %([u’(t)ﬁ,) implies the desired conclusion.
Next, we assume (4, u,) € Bx H.

LEMMA 6. For each (u,, u;) € Bx H , there exists (y,, y,) € Bx H and a sequence
t, — oo such that S(tn)(uo, u) — (yo, y,) in F x H. Furthermore, y, =0.
Proof. This follows from Lemma 5 and the estimates of Sec. 4.
Define the w limit set of a point (u,, u,) € B x H by

w(uy, u ﬂ weak closure {S(f)(uy, u;):t > 1,}. (5.8)

1,>0

Lemma 6 implies that w(u,, #,) # @ and Lemma 5 implies that all elements of
w(ugy, u,) are of the form (yo, 0). For (u,v)€ B x H, define

G, v) = 3ol + / W, (x))dx + ’1|u_m|§,. (5.9)
From (4.4) and (4.5) we have
G(S(1)(uy, u,)) +/1(Q(u)u', WY+ (L', u'yds = Gluy, u,). (5.10)
0

The integrand in (5.10) is nonnegative; thus it follows that G(S(t)(u,, u,)) is de-
creasing in ¢ and thus G is a Lyapunov function because it decreases along trajec-
tories. Also,

G(S()(uy, u)))>-J, (5.11)
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where —J is the lower bound to W . Let
Huy, u,) = ,1_1230 G(S()(ug, u))). (5.12)

LemMA 7. For (y,, 0) € w(u, u,), G(y,, 0) = l(uy, u,).

Proof. If u is the solution of (3.3) with (u,, u;) € B x H, there exists ¢, — oo
such that u(z,) — y, in F. By the compactness of the embedding of H3(O, 1)
into HZ(O, 1) and Lemma 35, this implies u(z,) — y, in E and u'(tn) —0in H.
Therefore, /(u,, u;) =1lim,_, __ G(u(t,), u'(ln)) =G(y,,0).

LEMMA 8. Let Z be the set of equilibrium solutions of (3.3.1) which are in B. That
is, u € Z if and only if

Ru =0, u€EB. (5.13)
Then
w(uy, u,) € Z x {0}. (5.14)
Proof. Let (y,, 0) € w(u,, u,) and consider G(S(7)(y,, 0)).
G(S(1)yy, 0)) < G(yy, 0) = l(uy, u,). (5.15)

Let 1, — oo and S(7,)(u,, u,) — (y,,0) in F x H. By Lemma 5 and the com-

pactness of the embedding of H3(0, 1) into H2(0, 1), this means S(z,)(u,, u,) —
(¥9»0) in E x H. Thus, by Theorem 2,

S(z+1,)(ug, 1)) = S(T)S(1,) (g, ) = S(T)(vy, 0), (5.16)
the convergence taking place in E x H . This implies
[(ug, u) = lim G(S(t +1,)(uy, u)) = G(S(7)(,, 0)). (3.17)

This shows that ¢ — G(S(7)(y,, 0)) is constant and so from (5.10), S(#)(y,,0) =
(¥o> 0) which implies (y,, 0) isin Z x {0}.
Let 4 be a subset of B and for v € E, define

dist(v, A) = inf{|jv — y||1y € 4}. (5.18)
THEOREM 3. For (u,,u,) € B x H,let m,(u,, u;)=u,. Then
,lim dist(u(t), m,(w(uy, u,))) = 0. (5.19)

Proof. If (5.19) is not true, there exist ¢ > 0 and a sequence ¢, — oo such that
dist(u(t,), m,(w(uy, u,))) > &. But from Sec. 4, there is a subsequence 7, — oo
such that u(¢,,) — y, in F for some y, € B. By Lemma 5, (y,,0) € w(u,, u,).
By the compactness of the embedding of F into E, lim,,_ _ [lu(t,,) = yll = 0.
i.e., a contradiction.

CoROLLARY 2. In the situation of Theorem 3, lim,_ __ dist(u(7), Z) = 0. The proof
follows from Lemma 8. For more background on the procedure just presented, we
refer to [4, 6, 7].

In fact, the conclusion of Theorem 3 can be strengthened if we assume that E =
{u € HZ(O, 1):u(1) = 0}, implying that the natural boundary conditions (2.8.3)
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and (2.8.2) are satisfied. For the remainder of this paper, we assume this is the
case. If (z, 0) € w(u,, u,) where (u,, u,) € B x H, it follows from Lemma 8 that
Rz =0, z e B. Therefore,

Az —(f(z,)-P) =0, (5.20.1)
and
z )=z (0)=0, zeH'0,1). (5.20.2)
Letting V' = z_, it follows from the choice of E that
—AV, + f(V) =P, =0, (5.21.1)
V.(1)=V(0)=0, VeH,1) (5.21.2)

The graph of f(-) — P, depends on the value of F,, i.e., the stress applied at the
left of the material. In what follows and without loss of generality, we assume that
the graph f(-) — F, is of the form depicted in Fig. 2. Then the graph of W (V)
(see (4.2.1)) is given in Fig. 3. It is convenient to consider the problem (5.21) as the
following overdetermined first-order system

’

AU (x) = f(V) - Py, V'ix)=U(x), (5.22.1)
U(0) =0, V(0)=V,, U(l)=0, (5.22.2)

where V;, must be chosen in such a way that U(l) = 0. The phase diagram for
(5.22.1) is given in Fig. 4. It follows from this diagram that for a solution of (5.22)
to exist, we must have 4 <V, <D, or V, € {4, B}.
Multiplying (5.21.1) by V. and using (5.21.2), we see that
-2

SV W) = W), (5.23)

VAV

FiG. 2
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W)

A /\b B v

[end

AN
CVRNANWL
LN\
/7

Let V,(V,) be the value of V' which occurs when the solution of (5.22.1) first
crosses the V' axis. (We note from the phase diagram and (5.23) that W (V) =
W(V;,).) Then (5.21.2) implies that for V, < C,

FiG. 4

Vith) dv 1
VA / ==, (5.24)
v, 2WV)-W(I,)
for some positive integer n. If ¥, > C, then V|(V}) < C and we need
h) av 1
Vi / =-=, (5.25)
W I -W(T,)

for some positive integer n. By letting

iy v
F(Vy) = d:[ T (5.26)

,
0
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depending on whether V; < C (+) or ¥, > C (—), we see that the solution of
the initial value problem contained in (5.22) is a solution to (5.22) exactly when
F(V,) = 1/n\/4 for some positive integer n; or else V,€{4, B, C}, in which case
we obtain a constant solution of (5.22).

It is routine to show that

Jim F(V) = lim F(V) = oo, (5.27)
We assume that
F() isC'on(4,C)u(C, D) (5.28)

and note that it is a simple but tedious exercise to verify (5.28) under reasonable
smoothness assumptions on f. We also observe that W(4) < W(C) and so if
Uy, = A, u, € E, it follows that

G(uy, 0) < G(w, 0), (5.29)
where w, =C, w=Cx-C.

THEOREM 4. Let W(A4) < G(w, 0) —¢ for some ¢ >0 and suppose that (u,, u,) €
B x H satisfies
Guy, u) <G(w, 0) —e. (5.30)

Then there exists a set of measure zero, S, such that for 4 ¢ S and u the solution
of (3.3), there exists z € Z with
lim |[u(1) - z[|p = 0. (5.31)

[—00

Proof. We begin with the following

CramM. Since G(u,, u,) < G(w, 0) — ¢, there exists r, > 0 independent of
(uy, u,) in BxH satisfying (5.30) such that if =z € 7 (w(u,, u,)), then |z (0)-C| >
r, .
l Proof of Claim. 1f the claim is false, there exist (u,, , u,,) € BxH satisfying (5.30)
and z, € m (w(ug,, u,,)) such that |z, (0) - C| < 1/n. It follows that z, — w in
E and so G(z,,0) — G(w, 0). By Lemma 7 and (5.10), G(z,,0) < G(w, 0) —¢;
therefore G(w, 0) < G(w, 0) — ¢, a contradiction. This proves the claim.

By Sard’s theorem [13] and (5.28), the set of singular values of F has measure
zero and so there exists a set S of measure zero such that 1/n1v/4 is not a singular
value of F forall n=1,2,... wherever A ¢ S. Forafixed 4 ¢ S, (5.27) implies
that for z€ Z, z(0) € {4,B}u[4+r,,D~r,] where r, >0 depends on 4.
Therefore, for z € 7, (w(uy, u,)), z,(0) € {4, B}U[A+r, C—r]U[C+r, D—r] where
r=min(r,, ry). Since F is bounded away from zeroon [A+r, C—rJU[C+r. D—r],
only finitely many values of n can have the property that l/n\//_l is a value of F
for z (0)e[Ad+r,C—-r)]U[C+r,D—r]. Since 4 ¢ S and 1/nV4 is a regular
value of F, it follows that for a fixed v there are only finitely many elements of
F_'(l/n\/I) in [A+r,C—=r)]U[C+r,D~r]. Therefore m,(w(u,, u,)) consists
of finitely many points and consequently u(7) converges in E and m,(w(u,, ut,))
consists of a single point.
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