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Introduction. In this paper the simpler problem in the optimal design of tension
structures is considered. Let a square inextensible network undergo given transverse
loads and be prestressed in its plane by means of tractions applied along the boundary.
We want to study the optimal distribution of tractions in order to minimize the
compliance of the net when the total pretraction load and two positive lower and
upper bounds to the pretractions are given. Attention is addressed to general issues;
we discuss existence and uniqueness and provide a description of certain qualitative
properties of the solution.

The compliance of the net is defined as the work done by the loads evaluated in
the equilibrium configuration. It is then a functional of the pretractions and these, in
their turn, are the coefficients of an equilibrium operator. Thus, the problem reduces
to studying the minimization of a cost functional defined over a certain class of op-
erators, as is customary in many other optimization problems [1-12]. The theory
of G-convergence (see, e.g., [13, 14]) proves to be the natural setting to discuss the
existence of solutions for these problems. At this point, however, because of the con-
stancy of the pretractions along the fibers (cf. [15]) G-convergence is in the peculiar
circumstance of being equivalent to weak convergence, and the topological properties
that are required for a solution to exist can be assessed in a more familiar context.
The situation is close to that encountered in dealing with the one-dimensional prob-
lems where G-convergence is equivalent to weak convergence of the inverses of the
operator coefficients, [16, 17], so that one could in fact obtain existence results with-
out mentioning G-convergence. Velte and Villaggio [18], for instance, follow this
approach in a paper which raised our interest in the present problem. This distin-
guished feature of G-convergence in one dimension, however, does not carry over to
a higher dimension. So, the fact that a property of this sort holds in the present case
gives the problem a special location in structural optimization.

After proving the existence of optimal pretractions, we study other features of the
solutions. In particular, by making use of Kuhn-Tucker conditions, it is possible to
show that all solutions correspond to the same configuration of the net and that the
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pretractions must reach the minimum value near the edge of the net. Next, conditions
sufficient for uniqueness are outlined and cases where nonunique optimal pretractions
occur are described. Although these results are not exhaustive, they provide insight
into the problem of uniqueness.

1. Setting of the problem and existence of solutions. We consider a network occupy-
ing the unit square Q = (0, 1) x (0, 1) and made of fibers uniformly distributed and
oriented along directions parallel to the sides of the square. Since extensibility of the
fibers plays no role in the linearized problem that is considered in the sequel, one can
assume that they are inextensible, for definiteness. The fibers are prestressed through
the application of forces per unit length o, = 0,(x,) and g, = g,(x,) along the
boundary, so that the network is capable of withstanding a given transverse loading
q.

Let o denote the pair (o,, g,), and consider the linearized equilibrium problem
for a net supported along the edges

oW, +0,W,,,=—q, inQ,
w=0, on 0Q,

(1.1)

where w is the transverse displacement and the load ¢ is taken in L’ (Q), with
llg]| # 0. Here, it is of interest to find the optimal pairs in a certain admissible set
so as to minimize the compliance of the network.

As a measure of the compliance we assume the work done by the load

F(a)=/qude (1.2)

which turns out to be a functional of ¢, if w, is denoted as the solution of (1.1)
for the pretraction state o. It is also assumed that, for practical reasons, we are
interested in minimizing the compliance for a given total pretraction force S applied
all around the boundary, and for fiber tractions bounded away from zero and not
exceeding the strength A of the fibers. Thus, if . denotes the set of functions
a(x) = (0,(x,), 0,(x,)) such that

A< 0,(x,y), 0y(x)) <A, (1.3)

for given positive real numbers 4 < A, and
/Q(al(xz) +0,(x,))dx,dx, =S, (1.4)

let us consider the following optimization problem:

F(o) =minF. (1.5)
I

To give problem (1.5) a proper mathematical setting, in what follows we regard
< as a subset of L°°(.Q)2 and its elements as generalized functions. Accordingly,
and without further mention, inequalities (1.3) and all other relations involving the
o’s in the following are required to hold almost everywhere (a.e.) in Q. It is also
assumed that & # @, that is, that 24 < .S < 2A by (1.3) and (1.4).
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In this section we deal with the existence of solutions to problem (1.5) by applying
the standard argument of the Calculus of Variations.
Observe that F is bounded from below since

/qwadx:/oiwa,fdxzo, (1.6)
Q Q

where the summation convention is assumed. Then, there are minimizing sequences
and their weak*- L™ (Q) limits trivially exist and satisfy conditions (1.3) and (1.4).
On the other hand, F 1is continuous with respect to L? (Q)-convergence when it is
regarded as a functional of w_ . By recalling that G-convergence of a sequence {ak}
to some o implies that the corresponding sequence of solutions w « of problem
(1.1) converges to w, in LZ(Q) (see for instance [16, 17]) it follows that F is
also G-continuous. Therefore, solutions of (1.5) exist provided that we can prove
that G-convergence is equivalent to weak “- L™ (Q) convergence on the set .. The
following theorem shows that this is true on the whole set X C L°°(Q)2 of all pairs
of functions ¢ of the form o(x) = (g,(x,), 0,(x,)) satisfying (1.3).
THEOREM 1.1. In £ G-convergence topology is equivalent to weak *- L™ (Q) topol-
ogy.

Proof. Let a* , 0 € ¥ be such that ok G-converges to ¢ . Then, denoting by

Hy(Q) = {uec H(Q)|u-ge Hy(Q)} with Q c Q and g € H'(Q), one

obtains from [16, 17]

. k 2 . 2
min / o, w,; dx — min / ow,; dx, (1.7)
H Q) o H Q) JQ

forevery Q' c Q and g € H l(Q’). Now, observe that every ¢ of the form
(g,(x,), 0,(x,)) satisfies the condition

/ ou, &dx=0, VueH)(Q), (1.8)
Q/

for all £ € R? and Q' C Q. This means that the linear function li(x) =¢ - x 1s the
stationary point, and then the minimizer of the energy functional

2
/ ow,; dx
QI

on H;(Q’) ={ue H'(Q) |u- I, € Hy(Q')}, for every given £ e R®.
Taliing account of this in (1.7) then yields

/aff?dx—»/ olldx, VO cQ, Wek, (1.9)
Q' Q

that is ¢° — o weakly* in L®(Q)?.
Conversely, let {ak} be a sequence in £ which converges weakly* in L°°(Q)2 to
some o € X, so that (1.9) holds. Since (1.8) holds for o, it follows that

/af.’f?dx: min/ aikw,fdx (1.10)
Q HiQ)JQ'
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and (1.9) reads

min
H Q')

/afw,fa’x—»/ aiéizdx, (1.11)
Q' Q'

for all £ € R® and Q' C Q. But the convergence of the minima over Hg Q') of
the functionals on the left-hand side of (1.11) implies, by Theorem 3.3 of [17], the
G-convergence of a* to some . Therefore,

) k2 . 2
mm/ o w,; dx — mm/ o w,; dx, (1.12)
H/(Q")JQ HAQ)

forall & e R’ and Q' Cc Q. By comparing (1.11) and (1.12) one obtains

min/ afow,?dx=/ o'l.é,.za'x. (1.13)
H (@) o Q'

Thus, the minimum over H; (Q') of the functional corresponding to ¢ is de-

termined by the weak* limit o of {ak}. Then, one can apply Lemma 3.2 of [17],
which states that a quadratic form with coefficients in L°°(Q) and eigenvalues be-
tween A and A, is determined by the minima which the associated functional takes
on Hg(Q') for every Q' Q and all the linear data /, on 9Q'. In the present case
that theorem yields

00 2 . 1 2 .
g, (x)g; _}E'r(l)l—fz_,DI/gzpaiéi dy, ae inQ, (1.14)

for every & € R’ and for any family {Q p} >0 of open subsets of Q that shrink at x
nicely in the sense of Rudin (cf. [22, Ch. 8], when p — 0. A well-known property of
the averages of Lebesgue functions (cf. [22, Ch. 8]), implies then that the right-hand
side of (1.14) is equal to o, (xz)él2 + 0,(x, )é; ae in Q. So 6® =g in L®(Q)’
and o is also the G-limit of {¢*}. O

REMARK. It is worthwhile to notice that, by the same argument, the equiva-
lence between G-convergence and L°°(Q)-weak* convergence maintains for the wider
class of second-order elliptic operators with coefficients ¢ = [g,;(x)] symmetric and
divergence-free in the weak sense. In fact, the energy functional is in that case

/Qa,.jw,iw,jdx

'/Q/a,.ju,ifjdxzo

which is again satisfied for every u € H(; (Q') and for all & e R’. So, optimization
problems analogous to the present one can be treated in the same way. To stay with
an example pertinent to tension-structures, one might consider the optimization, in
the sense of the present problem, of the prestress field in a membrane transversally
loaded, where the prestresses o, are symmetric and divergence-free by the in-plane
equilibrium of the membrane.

and (1.8) becomes
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2. Characterization of the solutions and uniqueness of the optimal displacement.
This and the next sections are devoted to the analysis of some general properties of
problem (1.5). Let us use Lagrange multipliers and write Kuhn-Tucker conditions
for an extremum, [2, 3, 23]. Introduce slack variables /,(z) and L,(z), i=1,2,

with /;, L, € L™(0, 1), to take the constraints (1.3) into account:
=0,-2>0,
s (2.1)
Li=A-0,20,

and the multipliers ¢(x) in Hy(Q) *, a,, 8,, i=1,2,in L'(0,1) and u € R,
respectively associated to (1.1), (2.1),, (2.1),, and (1.4). The minima of F under
the constraints of the problem are then stationary points of the Lagrangian & :

L = / qwdx+/ (p(a,.w,,.,.+q)afx+/1(S—/(a1 +0,)dx)
Q Q Q

1 (2.2)
- /0 [o,(2)(}(2) = 0,(2) + 2) + B(2)(L] (2) + 0,(2) - A)]dz

and this requires that the following conditions are satisfied

01(x2)¢?11+02(x1)¢’22="q5 inQ’ (2 3)

p=0, on 0Q), )
and |

/ ¢wa’ 11 dxl —u-—- a](xz) + :Bl(xz) = O:
0 (2.4)

1
/0 W, dXy — U= ay(X)) + By(x;) = 0.

Moreover, the slack multipliers have to satisfy the complementarity conditions

a,(o, - A)=0,
(2.5)
B(A—-0a)=0,
and, for a minimum of F, the inequalities
a,(z)>20 and fB,(z)>0. (2.6)
From (2.3),
9 =uw,. (2.7)

Then, when (2.7) is taken into account and (2.4) is integrated by parts, one gets
1
2
/ wa > 1 dxl +/‘ = _a|(x2) + ﬁ|(x2),
° (2.8)
2
/0 W, ,, dXy + u = —a,(x)) + B,(x)).
We now adapt an elegant argument of Prager and Taylor [7] (see also [4, 24]) to show
that the previous conditions are sufficient for a minimum of F .

tHere, @ is chosen in the dual of the space H_'(Q) where the equilibrium equation is naturally
formulated. Having chosen ¢ in LZ(Q) is in fact unessential till Lemma 3.1.
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THEOREM 2.1. If ¢" and w,. satisfy conditions (2.5)-(2.8) for some ", a;, and
B/, then

F(¢")< F(o) Voe%. (2.9)

Proof. Let ¢”, w,- meet Kuhn-Tucker conditions and let g, w, be any other
solution of (1.1), with ¢ € .. Then, the following inequality holds

/Q(a,.—a) a,ldx<0 (2.10)
In fact, let us consider the integral
/(al — g )w’.,, dx (2.11)
Q
first, and let ]; I, 11'\ be a partition of (0,1) such that
o, =4, for x, eI,
A<ol <A, forx,el', (2.12)
o =A, forxzelll\.

It follows from the complementarity conditions and from (2.6) that

;>0 and B =0, inI;,
af =f; =0, inI', (2.13)
af=0 and B >0, inl,.

By using the Fubini-Tonelli theorem in (2.11), it follows from (2.13) and (2.8) that

/ -0/ (/ w’. ,,dx)dxz——u/ -0,)dx,
1
+/ (0, —af)(/ wj-,l a'xl>dx2. (2.14)
Luly 0

But, from (2.8), and (2.13)

/Ole.,]a’xls—,u* and (0,—0,)>0 inl;, (2.15),
and
/0l wl., dx;>-¢" and (9,-0;)<0 inl,. (2.15),
If (2.15) is taken into account in (2.14), we have that
/Q(a1 — o )w. dxg—y"/ol(a, —a})dx,. (2.16)
Analogously,
/Q(Uz—az) a-,zdx< — i /()l(az—a;)dxl. (2.17)

Then, inequality (2.10) follows by summing (2.16) and (2.17) if one recalls (1.4).
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Let us write (2.10) in the equivalent form

/Qa wa.,,dx 2/q’w dx>/ﬂaw. cdx — 2/qw dx (2.18)
and notice that

/Qawo*,ldx 2[qw dx>/Qaw , dx — Z/qa) dx, (2.19)
because w, is the solution of (1.1) for the pair of coefficients ¢ = (o, , 7,). Thus,

/Qa wa.,,dx 2/qw a’x>/ﬂaw dx — 2/qw dx, (2.20)

where, by (1.6) |, the left-hand side and the right-hand side of (2.20) are equal to
- Joqw,- dx and — [, qw, dx, respectively. So, one finds

/qwa. dxs/qwodx, (2.21)
Q Q

which is (2.9). O

From the theorem all the stationary points of F are absolute minima, so they
give F the same value. An important consequence of this is stated in the following
theorem.

THEOREM 2.2. If ¢ and ¢" are two minimizers of F, then

w, =w,.. (2.22)

g

Proof. From the chain of inequalities (2.18) and (2.19), and from the equality of
the first and the last term in (2.18) and (2.19), respectively, it follows that

/ awa. ,; dx —2/ qu,- dx =/ aiwj,l. dx —2/ qu, dx. (2.23)
Q Q Q Q
Then, if it is observed that the total energy functional E_: H(; (Q) — R defined by
E (w) =/ ow’, dx - 2/ qw dx (2.24)
Q ) Q

attains an absolute minimum at w_, (2.23) implies that w_. is also a minimizer of
E_ . Hence, w,. coincides with w_ since the minimizer of E_ is unique. O

3. Qualitative properties and uniqueness of the solution. The uniqueness of the
optimal displacement w, does not imply that the corresponding coefficients in the
differential problem (1.1) are also uniquely determined. In this section we analyze
some qualitative properties of problem (1.5) which are partly devoted to the discus-
sion of uniqueness of the optimal pretractions.

Let it be assumed that the sets

I,={z€(0,1)]ao(z)=A}, i=1,2, (3.1)
be intervals, for simplicity. The case where I/i\ are simply measurable sets requires

slight changes in the conclusions, but the argument is the same and the situation is
sufficiently clear from the case treated explicitly here.
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THEOREM 3.1. If o is a solution to problem (1.5) and u is the corresponding value
of the multiplier in (2.8), then u > 0 implies

g=0 inQ-1I; xI,. (3.2)
Moreover, g is required to satisfy the conditions
/ qa’xz/ gx,dx =0, ifIixI}\CQ, (3.3),
xi) 2xIy
or
/ gx,dx =0, (3.3),
21}

if I, 2 1 /l\ intersects 9Q only along the edge x, = 0. A straightforward adjustment
of this condition is required if I X I intersects 0 along any other edge. No

additional condition on ¢ is needed if I? AxT 11\ touches the boundary of Q on more
than one edge.
Proof. Let us consider (2. 8)l , first. From (2.13) we have

fo a,l x, < —u, forx,el],

fo .m  =-u, forx,el', (3.4)
1

fo a’l 12‘/" for x, € 1,.

If u>0, then from (3.4),,, it follows that

w,, =0, ae in(0,1)xI, Ul (3.5)
It is concluded, by integration and taking the boundary conditions into account, that
w,=0 in(0,1)x1 Ul (3.6)
Likewise,
w,=0 inI UI’x (0, 1). (3.7)
So,
w,=0 and ¢=0 inQ-1I;xI,, (3.8)

by the equilibrium equation.
Now, considering that w, is the solution of (1.1), w, has to minimize the total

energy E_ (see (2.24)) in H(; (Q), and this requires
/Qaiwa,,.v,,.dx—/ﬂqux=0, V'ueHOl(Q). (3.9)
When recalling (3.6) and (3.7), (3.9) is written
/ ow,,,v,, dx - / qudx =0, YueH,(Q). (3.10)
}x1) 3x1)

Then, if Ii x I /'\ is internal to Q, one can choose v to be any infinitesimal rigid
displacement on Ii x I ,’\ and obtain (3.3),. Analogously, one can choose v so that
it corresponds to a rigid rotation of 112\ x I /l\ around the edge x, = 0 and obtain
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(3.3),, if this circumstance applies. No condition on ¢ is required in addition to
(3.2) if neither case above applies. O
Theorem 3.1 implies that x4 has to be negative if Ii x1 /'\ = (J, since by assumption
g cannot vanish in €. Also, u <0 if ¢ >0 in Q because (3.2) and (3.3), cannot
be satisfied unless g = 0. More generally, the next theorem shows that x4 cannot be
positive when
2A < S < 2A. (3.11)

Notice that % contains just one element when S =24 or S = 2A. So, uniqueness
is trivial in these cases.

THEOREM 3.2. Let ¢ be optimal and let (3.11) apply. Then, x4 <0.
Proof. Observe that (1.4) and (3.11) imply that meas(/ i ul i) > 0 for at least one
value of /. Let
meas(I; UI') >0,

so that at least one out of / ; and I' is nonempty. Then, the statement follows from
(3.4), or (3.4),. O
The situation in Theorem 3.1 suggests cases where there is nonuniqueness.

THEOREM 3.3 (Nonuniqueness). Let o be optimal with 4 =0 and let (3.11) apply.
Then, there are pretractions ¢* # ¢ which are still optimal.

Proof. Condition (3.2) in Theorem 3.1 and the assumption ||g|| # 0 imply that
Iixl 1'\ # & . Moreover, meas(Q—I,z\xI /1\) > 0 because S < 2A. Then, it is obviously
possible to modify o so that the new pretraction state ¢" is different from ¢ on a
subset of positive measure in Q — I i x I 1'\ and satisfies the conditions

1
* * . 2 1
A<o,0, <A inQ-IxI,,

/(a:+a;)dx=S.
Q

* . 2 1
o, =0,=A, inl, xI,,

So, ¢" € . Moreover, w, is also the solution of problem (1.1) under the pre-
tractions o, since the displacement w, vanishes in Q — Ii x I /1\ , where g may be
different from ¢*, whereas it is different from 0 only where o = ¢ . Thus, ¢* also
is a minimizer of F under the same data ¢ and .. 0O

It is not difficult to see that, for given values of A and A, one can construct
problems (1.5) with nonunique solution by suitably adjusting ¢ and S. In fact, let
us fix a rectangle R = (a, b) x (¢, d) CcC Q and choose w, € Hz(Q) such that
w, =0 in Q—R. Then let g be defined by

=4y =AMwy, ) +w,,y,)

in Q. It follows that w, is the deflection of the net under the load q, for pretrac-
tions g, arbitrarily chosen in Q — R, and such that

Op) = 0ps =A inR.
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In particular, since w, vanishes in Q — R, the energy equality is written as

/quAdx=/A|VwA|2dx.
Q Q

Now, if & is any other distribution of pretractions equipollent to o, with g, < A
in Q, and if wy is the corresponding deflection of the net under the load g, , one

obtains
~ 2
q w~dx=/a.w.,.dx,
./Q Ao Q 17761

/A|VwA|2dx§/5iw§,z.dx,
Q Q

from the monotonicity of the stored energy with respect to o (see, e.g., [14]). It

follows that
/QquAdXS/Qquadx’

which shows that g, is in fact optimal for the given load ¢, . But o, can be
arbitrarily chosen in Q- R, if S>[(b—a)+(d—-¢)]+A[2—-(b—a)—(d—c)];s0
one has a problem for which the optimal pretractions are not unique.

We remark that the lack of uniqueness shows that F(g) is not strictly convex in
general.

Let us discuss now the case 4 < 0 in Theorem 3.2. Our aim is to describe features
of the optimal pretraction fields in this instance. The following lemma is needed:

LemMa 3.1. For every w € HX(Q) N Hy(Q),

1 1 z
/ w,zl(xl,z)a')cl =2/ (/ w,, W, , dx2> dx,
0 0 0
1 z
=2/ (/ w,lw,lzdxz>dxl.
0 0

Proof. Equalities (3.12) trivially hold for a function w € Cz(ﬁ) that vanishes
on Q. Let Q = (0, 1) x{z} for z € (0, 1). Then, by the Sobolev imbedding
theorem,

and also

(3.12)

HY(Q) - H'"P(Q.), 2<p<oo,

and the imbedding is continuous. It follows that the first term in (3.12) is continuous
in the topology of H 2(Q) : on the other hand, the remaining terms in (3.12) are also
continuous in the same topology. Therefore, the equality maintains in H 2(Q)OH(; (Q)
by density. O

The coefficients o, and the domain Q satisfy the conditions of Theorem 17.6 of
Ladyzhenskaya and Ural'tseva [25]. In addition, the uniqueness theorem holds in
HOI(Q). It follows that w € HZ(Q) N H(;(Q) for every g € LZ(Q). Thus, (3.12)
applies to w and the integrals on the right-hand side are continuous in z since
Wy, W, , 5 € L'(Q) . It follows that

I
2
/0 w, (x,, z)dx,

gl
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also belongs to CO(O, 1) when it is regarded as a function of z. Furthermore, from
(3.12)

(x,, z)dx, = 0. (3.13)

The same argument applies to fol wj ,(z, x,)dx,. We are thus in a position to
prove

THEOREM 3.4. Let ¢ be optimal, with x4 < 0. Then the sets IAf, i =1,2 have
positive measure.
Proof. Let us prove that meas l; > 0. Observe that by (2.8),, (2.5), and (2.6)

1
/ w, (X, 2)dx, + 4 <0 ay(2) > 0. (3.14)
, e

Since from the complementarity conditions ,(z) = A when «a,(z) > 0, it follows
that

1
Al={ze(0,1)|/ w? | dx, +pu<0ycl. (3.15)
W,

But A4, is nonempty by (3.13) and by the assumption that x4 < 0; moreover A4, is
2

. . 1 ..
o a’xl is continuous. Therefore, I; has a positive

open because the function fol w
measure. 0O
Notice that from the same argument 4, contains left and right neighborhoods of

the endpoints of the interval (0,1). So, one also obtains
THEOREM 3.5. Under the hypothesis of Theorem 3.4, there isa J > 0 such that
g,(z)=0,(z)=A4 forze(0,5)u(l-4,1). (3.16)

Thus, the optimal pretractions are to be as small as possible in a strip of positive
width all around the boundary of Q. Since at the boundary the deformability is
limited because of the nearness of the support, the result fits with physical intuition,
although the fact that the strip has a positive width does not seem obvious to us. It has
not been checked whether this feature of the optimal pretraction state is familiar to
people working in structure theory. It would be interesting to estimate the extension
of that zone in terms of the other data ¢, S, and A.

Apart from practical implications, the property established in (3.16) ¢ an be useful
to treat uniqueness when u < 0, or to characterize cases where uniqueness holds.
As a contribution to the understanding of this point, one should conclude with a few
remarks that illustrate how (3.16) can be used in dealing with it.

It can be shown that u and hence «; and f§; are unique when u# < 0. Let then
o and ¢° be minimizers of F corresponding to a negative multiplier x. Since
the optimal displacement in both cases is the same, call it w, we have from the
equilibrium equation

* *
T W, F0,W, 5 =0 W, | +0,W,,,. (3.17)

If one concentrates, for instance, on the strip (0, 1) x (1 -4, 1) where o, = al' =4
by Theorem 3.5, it follows that

0, (X)W, 5 (X, 2) = 05(X)w,,, (x,, 2), forze(l-4,1). (3.18)



262 E. CABIB, C. DAVINI, anp C.-Q. RU

Then, az* # 0, implies w,,, = 0. So, nonunique tractions may occur only in fibers
that remain straight in a strip of width ¢ all around 9. A fact that looks rather
exceptional and suggests that uniqueness is likely to hold when u < 0. Conditions
on g which are sufficient for uniqueness can be easily worked out and seem to cover
fairly general situations, but we are unable to put them on a systematic basis. The
following example points out the sort of difficulties that may arise if one allows for
nonuniqueness when x < 0. Let ¢ and ¢" be two distinct solutions, for g = const,
and let the set {x, € (0, 1) | g,(x,) # 0,(x,)} contain an interval V. Then,
W,,=01in Vx(0,8)U(l -4, 1). So, the integration with respect to x, of the
equation

o, (X)w, | (X, x,) =—¢q (3.19)
in Vx(l-46,1),yields

w = —qx1/20,(x,) + f,(X,)X, + f,(x,), (3.20)

where f, and f, are arbitrary functions of x,. It follows that w may not vanish
identically for x, — 1, as required by the boundary conditions.
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