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Abstract. This paper is concerned with the asymptotic behavior of solutions of a
class of inhomogeneous second-order quasilinear partial differential equations in two
independent variables defined over rectangular plane domains whose lengths greatly
exceed their widths. Solutions to a Dirichlet problem for such equations are shown
to be well approximated, away from the ends of the rectangle, by solutions to the
corresponding one-dimensional problem for an ordinary differential equation on the
cross-section of the rectangle. Applications to problems in geometry and nonlinear
continuum mechanics are discussed.

1. Introduction. In this paper, we are concerned with investigating the asymptotic
behavior of solutions of a class of inhomogeneous second-order quasilinear partial
differential equations in two independent variables defined over rectangular plane
domains whose lengths greatly exceed their widths. For such long ‘thin’ domains, one
would anticipate that solutions to partial differential equations of this class might
be well approximated by solutions to the corresponding one-dimensional problem
for an ordinary differential equation on the cross-section of the rectangle. Such an
approximation might be expected to be accurate sufficiently far away from the ends
of the rectangle.

Questions of this kind have long been of concern in elasticity theory, where they
arise in connection with using one-dimensional theories as approximations to two-
dimensional theories. Similar issues arise in connection with Saint-Venant’s princi-
ple, governing the spatial decay of end effects (see, e.g., [1, 2] for recent reviews).

*Received March 29, 1989.
IResearch supported by NSF Grant MSM-8904719 and the Center for Advanced Studies, University of
Virginia.
2Research carried out while this author held an appointment as Visiting Professor, Department of Applied
Mathematics, University of Virginia, Charlottesville, Spring 1989.
©1989 Brown University
753



754 C. O. HORGAN anp L. E. PAYNE

Here we are concerned with second-order quasilinear equations in two independent
variables of the form

[P(qz)“m ]m +2k :0, ((12 = u,ﬂ u,ﬂ) (11)

where k > 0 is a constant. In (1.1) the usual summation convention is employed
with subscripts preceded by a comma denoting partial differentiation with respect to
the corresponding Cartesian coordinate.

Equations of the form (1.1) occur in geometry as well as in problems of nonlinear
continuum mechanics. Thus, for example, if

p=(1+q")""" (1.2)

(1.1) is the equation of a surface of constant mean curvature k. This equation also
occurs in a theory of torsional creep [3, 4]. Quasilinear equations of the form (1.1)
also occur in nonlinear elasticity theory concerning deformations governed by states
of finite anti-plane shear (see, e.g., [5, 6]). In this context, p is determined by the
constitutive model governing material behavior, and 2k is the constant body force.
A commonly used constitutive model gives rise to functions p of power-law form

p=u(l+bg*/n)"~",  u,b,n>0. (1.3)
The case n = 1 in (1.3) corresponds to the neo-Hookean material for which p is
constant and (1.1) is Poisson’s equation. When n = } in (1.3), Eq. (1.1) is reducible,
by a change of scale, to the equation of a surface of constant mean curvature.
We consider a Dirichlet problem for (1.1) on the rectangular region R* =
{(x1,Xx2) | 0 < x; < 2/, 0 < x < h}, where /[ > h. On the long sides of the
rectangle, we have homogeneous boundary conditions so that

u(xy,0) = u(x;,h) =0,  0<x; <2, (1.4)
while the data at the ends x; = 0, x; = 2/ are assumed to be symmetrically distributed
so that

u(0,x2) = f(x2), u2l, x2) = f(x2), 0<x<h, (1.5)
where the prescribed function f is sufficiently smooth and satisfies f(0) = f(h) = 0.
In view of the form of the differential equation (1.1) and the symmetry of the data

in (1.5), we conclude that if (1.1) is elliptic, then the solution u(x,, x,) is such that
u(xy, x») = u(2l — xy, x»2) so that

u, =0 onx =1, 0<xy<h. (1.6)

Furthermore, sufficiently far away from the ends x; = 0, x; = 2/, one might ex-
pect u(x;, x2) to be well approximated by the solution v(x,) of the one-dimensional
problem

d > dv
ANt i 5 1.7
G [p(p ) ’xz]+2/\ 0, 0<x; <h, (1.7)

v(0) =0, v(h) =0, (1.8)
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where p? = (dv/dx;)?. To investigate this issue, it is sufficient to confine attention
to the half-rectangle R = {(x},x3) | 0 < x; </, 0 < x; < h} and so we consider
solutions of (1.1) on R subject to the boundary conditions

u(xy,0) = u(x;,h) =0, 0<x <1, (1.9)
U, =0 onx =1/, 0<x,<h, (1.10)
u(O,Xz)zf(Xz), 0<xy<h, (1.11)

where / > h. We shall examine the spatial evolution of u(x;, x;) to the solution
v(x,) of the one-dimensional problem (1.7), (1.8). We assume the existence of clas-
sical solutions u € C2(R)NC'(R) of the problem (1.1), (1.9)-(1.11). For an extensive
discussion of the existence issue for general second-order quasilinear elliptic equa-
tions, see, e.g., Serrin [7].

2. Energy decay estimates. In this section, we establish an energy-decay estimate
for solutions of (1.1), (1.9)-(1.11). We show that the energy measure

E(Z)=/ p(@H)W,, w,, dA, (4% = Uy ty), (2.1)
R.

contained in the subdomain R. = {(x,x2) | 0 < z < x; </, 0 < x < h} has
exponential decay in z, where the function w(x, x;) is defined by

w(xy, x2) = u(xy, x2) — v(x2), (2.2)

and v is the solution to the one-dimensional problem (1.7), (1.8). Thus E(z) can be
viewed as a “weighted energy” associated with the difference (2.2) between u(x;, x»)
and v(x,).

The hypotheses that we make concerning p may be conveniently separated into
two cases. In this section we shall be concerned with generalizations of equations
of surfaces of constant mean curvature where p is given by (1.2). Thus we consider
p for which p=! > m; > 0, where m, is a constant. In Sec. 4, where a modified
energy norm is used, we shall be concerned with equations of the form (1.1) where
p > m; >0, m constant. To conform with terminology introduced in our previous
work [8, 9, 10], we will designate by Case 2 the class of functions p to be considered
in this section, while the functions p considered in Sec. 4 will be described by Case
1.

It is assumed henceforth in this section that there exist positive constants ms, ¢3, d»
such that for all values of the arguments s, we have

Case 2.
p~'>ms >0, (2.3)
7' —p () tp(t?) <t —s|,  O<e <, (2.4)
and
I~ (s%) = p~ ()p(r) + p(sH] < dap () p(sT)]s* = 1) (2.5)

In our applications, the argument ¢ will be taken to be p, where p = |dv/dx,|, and
c2,d> will, in general, depend on the maximum value of p on [0, 4]. It will be seen
in Sec. 3 that the equation of constant mean curvature ((1.1) with p given by (1.2))
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satisfies these hypotheses. It should be noted that (2.3)-(2.5) do not require that
Eq. (1.1) be elliptic, that is, p + 2p'q> > 0 (p' = dp/dq?) for all solutions u and at
all points of R, even though the issues of concern here are of interest primarily for
elliptic equations.

We now proceed to establish that, for functions p satisfying (2.3)-(2.5), the expo-
nential decay estimate

E(z) < Kye ¥m/hnz g <z <, (2.6)

holds. Here v, = v,(p) is a function of p (to be determined) which depends on
the form of p. The estimated rate of energy decay is thus 2nv,/h. The constant
K, = K3(Ey, my,cy,d,,p) depends on the quantity Ey = E(0), which is the total
energy contained in the rectangle R = R. It is shown in Sec. 5 how an upper bound
for Ej in terms of geometry, boundary-data, p, and v may be obtained.

The result (2.6) is established in two stages. First we derive the differential in-
equality

E'(z) + 2Kk,(2)E(z) <0, z >0, (2.7)
where the prime denotes differentiation with respect to z. Here
myn(l —¢3)
K — 2.8
2(2) = "5 (28)
and ,
Bi2) = [ o7 e dxe (2.9)
The inequality (2.7) may be immediately integrated to yield
E(z) < Egexp [—2/“ Kz(s)ds] ., z>0. (2.10)
0

The second stage of the proof consists of using the hypotheses (2.3), (2.5) to obtain
a bound for the exponential term in (2.10) leading to the result (2.6).

To establish (2.7) we proceed as follows: If L. denotes the line segment x| = z,
0 < x, < h, we find, on using the divergence theorem and (1.1), (1.9), (1.10), (1.7)
that

E(z) = /p Jww ,ldxz+/[p P(g2)10,p w,p dA. (2.11)

Denoting the second integral on the right in (2.11) by I, we use the hypothesis (2.4)
with s = ¢, t = p, to obtain

V,p W,
r<a [ p-alo(@)| P2 da, (2.12)
R- p
Now, since v = v(x;), we have
PP=vi=vgvyg,  pg=(0p0,5)" Uattn)* 2 v,5up, (2.13)

and so

Ip—q|= (p2 -2pg+gq )1/2 (V,p0,8 =20V,5U,p +U,pU,p )'/2 = (w,pw,p )1/2- (2.14)
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Thus (2.12) yields

I<a [ playwgu., da, (2.15)
R:
which, by virtue of (2.1), can be written as
I < ,E(z). (2.16)

Thus, (2.11), (2.16) show that

(1-c)E(z) < - /L p(@ww,; dxs, (2.17)

< ( / @] dxz) " ( / | p(qz)wdeZ) AT

on using Schwarz’s inequality.
We now obtain an upper bound for the integral

— 2\,,,2
J _/L: plg- w*dx, (2.19)

appearing on the right hand side of (2.18). Following a scheme introduced in [8], we
make the change of variable, for fixed x,,!

X2
(= /0 o= (x1, ) i, (2.20)

so that dt = p~!dx,. It follows from (2.8), (2.9), and (2.2) that w(0) = 0, w(B,) =0
(where B, is given by (2.9) as follows from (2.20)), and so we have the well-known
inequality (see, e.g., [11, p. 185])

B, B? dw)?
<=2 — ) .
; w?dt 22 <a’t> dt (2.21)
But dw/dt = w,> dx;/dt = pw,; and so (2.21) yields
2
2dx, > 2 [ ptw? 2.22
/L: pw,s dxz 2 BI2) /L:p w* dx;. (2.22)
Since p~! > m; > 0, by virtue of (2.3), we deduce from (2.22), (2.19) that
2y, 2
IS /L lgw i dx (223)

On inserting (2.23) into (2.18) and using the arithmetic-geometric mean inequality,
we obtain

(1 =c))E(z) < me / P w,, w,, dx, (2.24)
and so, by (2.1),
~ By[~E'(2)]

This establishes (2.7), and so (2.10), as desired.

'Here we regard p~' evaluated on a solution u as a function of x; and x,.
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We now show that (2.10) yields the following decay estimate

—2nmy(l — ¢;)z?

fs Ba(s)ds '

The result (2.26) is an immediate consequence of (2.10) and use of the inequality
2

E(z) < E, exp{ (2.26)

N

/B dszfo XC (2.27)

which in turn follows from Schwarz’s inequality (see [8, pp. 315-316]).

The final step in establishing (2.6) is to use the hypothesis (2.3), (2.5) to obtain an
upper bound for the quantity fo By(s)ds = G»(z) appearing in (2.26). It is only at
this stage that the third hypothesis (2. 5) in Case 2 is used. We have

bot Jot h
~ [ Basras= [ [ padran (2.28)
0 o Jo
which we write as

- h - h
Gz<z>=/0 O[p—'<q2>—p"<p2>1dA+/0 /0 P (p2) dA. (2.29)

On using (2.5), with s = g, t = p, we obtain

h
d// dA+// -1 2.30
Gy(z) = d 0[p +p )] -p? p~'(p?) (2.30)
h
—a’z// '“”" "'+2"”'“”“|d +/ / p (P dA. (231
0

Using the arithmetlc-geometrlc mean 1nequahty in the form

2ab < ya® + %bz, (y > 0), (2.32)

we obtain from (2.31)

(23 ’(l dA
G2(2) <d2(1+///0[/7"(’ =E)

+—2/ /h sz / hp p2 A
v Jo Jo [P~ (0% + p~1(g?)] '

Since p~! > 0, we drop p~'(p?) in the first integral, p~'(g?) in the second integral
in (2.33) and obtain

- rh h
Gr(z) <dr(1 +7) / / p(gPw,,w,, dA + {/ [%pzp(pz) " p—l(pZ)] dxz} -
Jo Jo 0

<dy(1+7)Eg+ F(dy,p*,7)hz,  7>0, (2.34)
where the definition (2.1) has been used to obtain the last inequality in (2.34) and
we have introduced the notation

h
F(dy,pt7) = = / [ P )+ p '(pl)] dx. (2.35)
The inequality (2.34), valid for arbitrary y > 0, is the desired upper bound for G»(z).

(2.33)
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To use (2.34) in (2.26), we write

1
=G;'(z) > {da(1 + y)Eog + Fhz}™! (2.36)

(/ Bz(s)ds>
0
so that
—1
261 > 2 o(l+yE 2z _d(l+71)E
z°G; (z)_Fh{l+ Fhs B STA R (2.37)
On substitution from (2.37) into (2.26) we thus obtain the result
E(z) < Kye 2wz 2 >0, (2.38)
where ( )
ma(l — ¢
V)=V = 2.39
2= 1) = gy p2) 23
and
K> = Ky(Eo, my, ¢2,d>,p)
- 2.4
— Eyexp 2mynEody (1 — ¢3)(1 + p) ‘ (2.40)

F2(dy, p?,7)h?

Here F(d,,p?,7) is given by (2.35), y > 0 is an arbitrary parameter and m,, ¢;,d>
are the constants appearing in the hypotheses (2.3), (2.4), (2.5), respectively. This
completes the proof of the decay estimate (2.6) in Case 2.

3. Discussion of results in Case 2. We now specialize the results of Sec. 2 to the
case when
p=(1+¢>)""? (3.1)
so that (1.1) is the equation of a surface of constant mean curvature k. It is shown
in the Appendix that when p is given by (3.1), the hypotheses (2.3)-(2.5) hold for
s = q, t = p if the constants m,, ¢;, d, are chosen to be

my=1, c=pu(l+p3)" "% dy=1 (3.2)

Here p,, = max 4 p, and we recall that p? = (dv/dx;)* where v(x,) is the solution
of the one-dimensional problem (1.7), (1.8). For finite p,, > 0, we see from (3.2)
that 0 < ¢; < 1 as required in (2.4).

When p is given by (3.1), the solution v(x;) of (1.7), (1.8) may be found explicitly.
Thus, (1.7) may be integrated once to yield (we write v’ = dv/dx»)

p(p*)v' = —2kx, + const, (3.3)
and so, when p has the form (3.1), we find from (3.3) that
,U/
V1+p?

The constant of integration in (3.3) has been written down in (3.4) to conform with
the symmetry of v(x;) about x; = £/2. On squaring both sides of (3.4) and solving
for v’ we obtain

= k(h - 2x3). (3.4)

v = k(h - 2X2)
V1=Kk2(h =2x3)7

(3.5)
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which is bounded and real if and only if
m=kh<1. (3.6)

Thus, we see that a solution to the one-dimensional problem exists only if the curva-
ture k is restricted to satisfy (3.6). It is well known that a solution of the Dirichlet
problem (1.1), (1.4), (1.5) (with p given by (3.1)) will not exist unless the boundary
data are suitably restricted and a geometric condition similar to (3.6) holds. For in-
stance, it follows from a result of Bernstein [12] that no solution can exist if k& > 2.
For a general discussion of existence criteria, see, e.g., Serrin [7].

Assuming that (3.6) holds, we integrate (3.5) to find

v = (%) {\/1-k2(h-2x2)2-\/1_——7n“2}. (3.7)

Recalling that p = |v’|, we obtain from (3.5) that

Pm =maxp = m(l - m?)~2, (3.8)

Thus, from (3.2), we obtain
c=m (= kh). (3.9)

By virtue of (3.6), we see that 0 < ¢; < 1, as required by (2.4).
Next we evaluate the function F(d,,p?,y) given by (2.35). With p given by (3.1),
we find, using (3.5), that

h
/ P20(pY) dxs = i {sin” ! (m) — m(1 — m?)'2), (3.10)
0

h
[ o7 @t dxs = i o), (3.11)

0

so that, since d, = 1, we have

2oy L e vy L .
F(d,,p*,7) = 2my{sm (m)—m(l —m~)"/<} + - sin (m)=F(m,y). (3.12)
Thus, by virtue of (3.2), (3.9), we obtain from (2.39) that the estimated decay rate
v, appearing in (2.38) is given by

vy =vy(m) = (1 -m)/F(m,y). (3.13)

The multiplicative constant K, appearing in (2.38), given by (2.40), now can be

written as
2nEq(1 — m)(1 + )

F2(m,y)h?
The role of the arbitrary constant y > 0, still to be chosen, is now clear. If one seeks
to maximize the estimated decay rate vy(m) in (3.13), one would choose y = ¢!,
el Ase— 0,

Ky = Egexp (3.14)

(I —=m)m

va(m) — (3.15)

sin_'(m) '
However, the multiplicative constant K, then has the asymptotic form O(¢~') as
¢ — 0. On the other hand, to minimize K, one would choose y = ¢, ¢ < | so
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that K, — Ej as ¢ — 0. For this choice of y however, (3.13) shows that v, = O(¢)
as ¢ — 0. Of course, y could be taken to be y = 1 (so that (2.32) is the simplest
form of the arithmetic-geometric mean inequality), preserving a balance between the
estimated decay rate v, and the multiplicative factor K, in the estimate (2.38).

It is of interest to consider the limiting behavior of the estimate (2.38), (3.13),
(3.14) as k — 0. As k — 0in (1.1), with p given by (3.1), Eq. (1.1) becomes the
minimal surface equation. As k — 0, (3.5) shows that p = |v’| — 0, and (3.7) shows
that v — 0. On letting m = kh — 0 formally in (3.15), we find

V2—?V2(0)= 1, (316)
and from (3.14),
K, — Egexp (2—”@}-(2;—’2’2) (3.17)
Thus, in the limit as k — 0, (2.38) provides the estimate
E(z) < Egexp (W) e~ /h, (3.18)

(where y can be chosen to be arbitrarily small) for solutions of the minimal surface
equation on a rectangular domain subject to the boundary conditions (1.9)-(1.11).
Since v — 0 as k — 0, E(z) has the form

E(z) =/R g* (1 +¢*)"*dA. (3.19)

A result of the form (3.18) for the minimal surface equation on a semi-infinite strip
was established in [8]. A pointwise decay estimate, with the same estimated decay
rate, was obtained earlier in [13] using arguments based on maximum principles. It
is shown in [14] that this decay rate is, in fact, optimal.

4. Decay estimate in Case 1. We turn now to solutions of (1.1) where the function
p is such that p > m; > 0, m, constant. A simple example is p = (1 + g2)'/2, where
we can choose m; = 1. The class of equations considered will be such that for all
values of the arguments s, ¢ there exist positive constants m;, d;, and a constant ¢,
such that

Case 1.
p>m; >0, (4.1)
—[p(s?) = p(H)1(s* = 1) < cilp(s?) + p(tH)](s — 1)?, (4.2)
and
lp(s?) — p(12)] < di[p(s?) + p(t)]Is* - £2). (4.3)

In treating Case 1, we find it convenient to use an energy measure different from
that employed in Sec. 2 for Case 2. Thus we consider the functional

E(z) = /R [(6%) + (P wan W, dA, (4.4)

where w is still given by (2.2). We will now show that, for functions p satisfying
(4.1)-(4.3), the exponential decay estimate

E(z) < Ke™2n/hi= z>0, (4.5)
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holds. Here 7 = i(p) and K = K(Ey, m,,cy,dy,p), where E; = E(0) is the total
energy contained in the rectangle R.
The proof of (4.5) is similar to that of (2.6) in Sec. 2. Thus we first show that

E'(z) 4+ 2x(2)E(z) <0, (4.6)
where
k(z)=mn(l —c)/2B(z), (4.7)
and i
B(:)= [ pla?)dx. (4.8)
0

The inequality (4.6) may then be integrated to yield
E(z) < Eyexp {—2/0: K(s)ds] , z>0. (4.9)
On using the divergence theorem, and (1.1), (1.7)-(1.10), we have
/ p(gPww,, dx +/ [p(02) it — (@200 T dA, (4.10)
which may be written as

E(z)= - / p(@P)ww,, dx; + 1 / [(a?) + PPV W ., d A
L. R: (4.11)

+14 /R [P(P?) = P(g))(tsn +V,0 ) (U =V, ) A,

on recalling from (2.2) that w = ¥ — v. We now employ the hypothesis (4.2), with
s = ¢q,t = p, to obtain an upper bound for the third integral on the right in (4.11)
and so find

E(z) < - /p(q yww,, dx2+—z+ /[p )+ p(p)))(g - pYdA, (4.12)

where the definition (4.4) has also been used. Making use of the inequality (2.14) in
the third integral on the right in (4.12) and recalling (4.4), we obtain

E(z) < —2(1 - )" /L pgtyww, dxy,

12 12 (4.13)
20-e) ([ plardn) ([ pawidan) .
L. L.
on using Schwarz’s inequality.
An upper bound for the integral
/ p(g¥)w? dx; (4.14)

appearing on the right hand side of (4.13) is now obtained. We make the change of
variable, for fixed x,,

o= /0 o dn (4.15)
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so that do = p(g?)dx;. Since w(0) = 0, w(B) = 0 (where B is given by (4.8) as
follows frora (4.15) when x, = h), we have

B BZ B dw 2
a2 < —__
/0 w?do < 7T2/0 (da) do, (4.16)
which can be written as
2
= [ sawrdn <l [ o7 @ w] dx (4.17)
L. e JL.
Since p > m; > 0, we deduce from (4.17) that
i< 2 2wl d 418
> m%ﬂz L. p(q )w72 X2. ( . )

On inserting (4.18) in (4.13) and using the arithmetic-geometric mean inequality,
we obtain B
E(z)<(1 _Cl)_]_/ P47 W0 W, dX)
mm Jg.
B : (4.19)
<(-e) 2 [ 1@ + (oI w0 dxe,
mmn L.

the last inequality following from the fact that p(p?) > 0. Thus by (4.4), we write
(4.19) as
A (1—c)~'B[-E'(2)]

<
E(z) < - (4.20)
This establishes (4.6), and so (4.9), as desired.
From (4.9), (4.7) and an obvious analog of (2.27) we thereby obtain
- - | —mym(1 —c;)z?
E(z)<E . . 4.21
(z) < 0{ [ B(s) ds (4.21)
It remains to find an upper bound for
4 z prh
G(z) z/ B(s)ds = / / p(g*)dA. (4.22)
0 0o Jo
We write
= prh z ph
6 = [ [1o@)—penaa+ [ [ pwt)an (4.23)

and so, on using (4.3) with s = g, t = p, we obtain
2 h z h
G(z) < d, /0 /0 [p(a%) + pp)a” — P2l dA + /0 /O p(p?)dA  (4.24)

4 h
—d, /0 /0 [2(q2) + PPt W +20, W, | d A

+ /0 /Oh .p(pz)dA. (4.25)
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Using the arithmetic-geometric mean inequality in the form (2.32), we obtain from
(4.25)

z h
G(z) <di(1+7) /0 /O [p(6%) + p(p?) W W, dA

d [F ", 2172 Y
+7/0 /()[p(q)+p(p )1p a’A+/0 /0 p(p*)dA (4.26)

= orh d1P2
<d(1+ y)/ / [p(@®) + p(PP)w,ow,, dA + T’”G(z)
0o Jo

z rh
+/ / p(p?)(y~'dip* + 1)dA, (4.27)
0o Jo
where
Dm = maxp. (4.28)
[o.h]
Thus we have
2 . N
(1 _%> G(z) < d\(1 +y)Eq + F(dy,p?, y)hz, (4.29)

where the definition (4.4) has been used to obtain (4.29) from (4.27) and we have
introduced the notation

F(dy,p*,y) = h p(p?) + p(p*)| dxa. (4.30)

The inequality (4.29), valid for arbltrary » > 0, yields an upper bound for G(z) in
the form

I:dlp

-1
G(z) < (1 - @ygf,,_) {d\(1+7y)Eq + Fhz}, (4.31)

provided y is chosen so that

dlpm

1 - > 0. (4.32)

When (4.31) is inserted into (4.21) we may proceed as in (2.37) and obtain the
desired result (4.5) where

oo m(l—c)(1 —dipy/7)
v=v(p)= 2E(d %) (4.33)

and

K = K(Eo’ml,Cl,dl, )

mlnEod (L=c)(1+y)(1 =dipy/?) (4.34)
F2(d,,p?,y)h? '

This completes the proof of the decay estimate (4.5) in Case 1.

The parameter y > 0 appearing in (4.33), (4.34) is arbitrary, except that (4.32)
must be satisfied. To obtain the /argest estimated decay rate 7, we choose 7 to
maximize the right hand side of (4.33) with respect to y. Such a choice for y is given
by

—on

7= b (4.35)
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where ¢ > 0 is an arbitrary parameter. The choice (4.35) conforms to (4.32) provided
e<l. (4.36)
With y chosen as in (4.35), we obtain from (4.30) that

F=F(phe)=1 / (LD & 7] d, (4.37)
and so the decay rate o follows from (4.33) as
o mi(l —c)(l —¢)
=v(p,e ) 4.38
v=0(p,e) = Fre) (4.38)
The multiplicative constant K, given by (4.34), now has the form
K = Eyexp m,nEodl(l—cl)(l+d1pm/s)(l—s) (4.39)

F2(p2, ¢)h2
The largest decay rate 7(p, ¢) given by (4.38) would occur if ¢ were allowed to tend

to zero, in which case
- m (1 — (] )h
vV —

———.
2 [y p(p?)dx;
However, the multiplicative constant K then has the asymptotic form O(¢~!) as
e — 0.
When the function p is given by
p=(1+4¢%", (4.41)

the hypotheses (4.1)-(4.3) of Case 1 can be shown to hold with s = ¢, ¢t = p if the
constants m,,c;,d; are chosen to be

(4.40)

m, = l, ) = 0, d] = % (442)

(see Appendix). The solution v(x;) of (1.7), (1.8) may then be found as in Sec. 3.
From (3.3) with p given by (4.41), we find

= [{1 + 4k?(h — 2x)2}"/% = 1]V2 V2. (4.43)

Note that, in contrast to the problem treated in Sec. 3, there is no restriction necessary
on m = kh for existence of the solution v(x;) when p is given by (4.41). From (4.43),
we have

v(xz) = % /Oxz[{l + 4k*(h — 25)*}12 — 112 ds. (4.44)

The integral in (4.44) may be evaluated by using an algebraic substitution. Since the
resulting expression is algebraically cumbersome, we shall not record it here.
Recalling that p = |v’|, we obtain from (4.43) that

Pm = maxp = {[(1 +4m*)1/2 — 1]/2}172, (4.45)

and so, in view of (4.42), the parameter y given by (4.35) can be written as
y=[(1+4m*)1/2 —11/8¢, &>0. (4.46)
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The final expressions for 7, K given by (4.38), (4.39) can be found once the quantity
F(p?,¢) given in (4.37) is evaluated.The procedure follows that carried out in Sec. 3
for Case 2. Since the calculations are algebraically cumbersome, we omit the details
here.

5. Total energy bounds. The total energy £y = E(0) contained in the rectangle R
appears in the multiplicative constant K, in the estimate (2.38) in Case 2. Here we
show how an upper bound for Ej in terms of the geometry, boundary data, p, and v
can be obtained. Bounds of this type have also been discussed in our previous work
[8] (see also [1]).

We begin with the inequality (2.17) evaluated at z = 0. Thus we obtain

(1-c)Ep<— | p(a)(u—v)u, dx, (5.1)

which, in view of the boundary condition (1.11) may be written as

(I—c)Eo<— [ pla®)(f —v)u, dx, (5.2)
Ly
where f(x;) is prescribed. For the special case when p = (1 +¢?)~'/2, (5.2) provides
an upper bound of the desired form immediately. In this case

lp(@®u, | <1 (5.3)
and so (5.2) yields
Eo<(1—c)™' | |f —vldx, (5.4)

Ly
where v is given explicitly in (3.7), and we recall from (3.9) that ¢, = kh.
For general p in Case 2, we proceed from (5.2) as follows. Denoting the right
hand side of (5.2) by I* we write I* in the form

= /Re_’”"/’(qz)(f —V)p npds, (5-5)
J

where J R denotes the boundary of R, ng the components of the outward unit normal
on OR, and s is arc length on 9 R. A weight function e~ "% (« > 0, an arbitrary con-
stant) has been introduced in (5.5), the utility of which will become clear presently.
The equivalence of (5.5) with the right hand side of (5.2) makes use of the boundary
condition (1.6) and the fact that f =v =0o0n x, =0, & (0 < x; </). On applying
the divergence theorem, assuming the differentiability of f(x;), using the differential
equation (1.1) and the fact that f — v depends only on x, we may write

I" = /e"""'(—2k)(f— v)dA +/ e~ p(q?)(f—v)puy dA
R R (5.6)

- (1/ e~ p(g®)(f —v)w,, dA.
R
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The second integral in (5.6) may be written as

/ e ™ (g2 ~V, 2 +V,2 )(f —v)2 dA = / e= 1 p(gP w2 (f —v), d4
R R

(5.7)
+/Re““"p(q2)v,z (f —v),2 dA,
on recalling the definition of w in (2.2). Now
U,2 (f_v)32=v72 52 _,U,%S (é - 1) ,2+ f (5'8)
2 (213)

the last inequality following from the arithmetic-geometric mean inequality (2.32)
with weight y = 8 > 0. Choosing f = 2, we find

v (/- v)a< 33 (59)

On using (5.9) and Schwarz’s inequality, the second and third integrals in (5.6) may
then be bounded above by

piwida) ([ emnpad)fa-varda)
R R
([ pamian)” ([ aermpa—vpas)” 510

1 —axy —
+ (Z) /Re p(g®)fidA=H.

We now apply the arithmetic-geometric mean inequality (2.32) with weight y =4 > 0
to the first two terms in (5.10) and find that

<5 [ otaww, dd+ g5 [ i@ fa—va)da
(5.11)

20x Y - —x 2 2
2(5/5’ 'p(@*)(f = v) dA+4/R€ p(g)f3 dA.

The first term on the right in (5.11) is just (6/2)Ey, by virtue of (2.1), and so from
(5.11), (5.10), (5.5), (5.2) we obtain

(1-c=5) Bos =2k [ enir—0das g5 [ e p(@sa 0.0 da
2
+ 55 [ e pl@S —vrda+ g [ e plad)fd da,
20 Jg 4 Jr
(5.12)

for arbitrary a,d > 0. In Case 2, p=' > mp; >0 and so p < mz". Using this bound
for p in the last three integrals in (5.12), the integration with respect to x; may be
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carried out (since f — v depends only on x;) and so we find

r _p—al h
(1—C2—Q>EOS— M]/(f—v)dxz
2 L 03 0
'( —?.u/) h
+ W]/ (f2-v,)2dx; 513
N a(l — e~ 2d) / f - a, .
L 45"’!2 *2
—u/
+ i 4am2 ] / f’z dxz,
for arbitrary a,d > 0. If § is now chosen such that
l—cz—g>0, (5.14)

(5.13) provides the desired upper bound for Ey. A simple choice for «,d would be
to take

a=1, d=1-oc. (5.15)
For simplicity in the final estimate, we then drop the exponential terms in the last
three terms of (5.13) and obtain

h
Ey<2(1—cy)! {—2k<1—e—’>/ (f = v)dxy
0
h
L1 = ep)dma]! /O (fr2 =02 ) dxs (5.16)

h h
L[ —c2>4m21-'/0 (f —v) dxs +(4mz>-‘/0 12 dxz}-

Using similar arguments, bounds on Ej in Case 1 may also be obtained. In this
case, an a priori restriction on the boundary data is necessary in order to obtain a
result comparable to (5.16). Similar considerations arise in the analysis carried out
in [8]. For special classes of functions p, however, (e.g. p = (1 + ¢*)"/?) this a priori
restriction can be eliminated.

6. Concluding remarks. The decay estimates established in Sec. 2, Case 2, and in
Sec. 4, Case 1, can be shown to hold when (1.1) is generalized to the equation
[p(q%) 0 1o +8 (1, x3) = 0, (6.1)

where g is monotone nonincreasing in its first argument. Thus the decay estimates
(2.38) and (4.5) continue to hold, thereby ensuring the decay of solutions of (6.1),
(1.9)—(1.11) (assumed to exist) to solutions v(x;) of the one-dimensional problem

i[( )dv
dXz dX?

v(0)=0, w(h)=0. (6.3)

} +g(v,x3) =0, 0<x,<h, (6.2)
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A special case of (6.1) in Case 2 which has attracted much interest occurs when

p=0+¢)""  glux)=-cu, (6.4)
where ¢ > 0 is a constant. Equation (6.1) is then the equation of the fluid surface in
a capillary tube. Investigations of associated one-dimensional problems have played
an important role in the study of capillary surface phenomena [15].

Appendix.
Verification of (3.2) and (4.42). When p is given by (3.1), we have
p~l=(1+¢)"? (A.1)

and so p~' > 1 so that the constant m, in (2.3) can be taken as m, = 1, as stated in
(3.2);. To verify that (2.4) holds with s = g, t = p, and with ¢, chosen as in (3.2),
we must show that

(1 +a*)"2 = (14072 p(1+p*) ™' < calp — ql, (A.2)
or equivalently,
lg* = PAIL(L+¢%)' 2+ (14 p)' P17 p(1 + p)) 2 < calp — gl (A.3)
Thus ¢, must be chosen such that
22 (g +p)(1+¢*)" 2+ (1+p)' 1 p(1 4+ p*) 712 (A.4)
Since
a+p< (144972 +(1+pH)'"2, (A.5)

(A.4) will hold provided
¢ > p(l+pH)~'2 (A.6)

The right side of (A.6) is monotone increasing in p and so (A.6) will be satisfied for
all p if we choose
¢2=pn(1+pp)7"% P =maxp. (A7)
This completes the verification of (3.2),.
To see that (2.5) holds with s = g, t = p, and with d> chosen as in (3.2);, we must

show that

[(1+¢%)' 2= (1+p*) P|[(14p*) 2+ (144D 72 < dy(14+p%) 72 (1+¢%) 12| g2 - p2.

(A.8)

On multiplying both sides of (A.8) by (1 + p?)!/2(1 + ¢*)'/2, it is seen that (A.8) is
equivalent to

g% — p*| < dalq* - p*, (A.9)

and so we take
d =1, (A.10)

as stated in (3.2)s.
When p is given by (4.41), that is

p=(1+q%"", (A.11)
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we have p > | and so the constant m; in (4.1) can be taken as m; = 1, as stated in
(4.42),.

To see that (4.2) holds with s = ¢, t = p, and with ¢; = 0, we observe that the left
hand side of (4.2), with p given by (A.11), reads

—[(1+¢%)"2 = (1 + pH) (g% - p?), (A.12)
which can be written as
—(@® = P2/ +gH)'"2 + (1 + p2)'/3) (A.13)

which is nonpositive for all p, g. But the right hand side of (4.2) is clearly nonnegative
and so the constant ¢, in (4.2) can be chosen ¢; = 0. To verify that (4.3) holds with
s =gq, t = p, and with d| chosen as in (4.42);, we must show that

[(L+g3)"2 = (14 pH)' 2 < d[(1+¢%)'2+ (1 +pH) g7 - P2, (A.14)
or equivalently,
[(1+g)'"2+(1+p)'7172 < d,. (A.15)
Thus if we choose d, such that
di > [(1+p)'*+ 1177, (A.16)

(A.15) will be satisfied for all g. The maximum of the right hand side of (A.16)
occurs when p = 0 and so if we choose

1
4?
then (A.14) is satisfied for all p,q. This completes the verification of (4.42).

d = (A.17)
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