QUARTERLY OF APPLIED MATHEMATICS
VOLUME XLVII, NUMBER 4
DECEMBER 1989, PAGES 747-751

STABILIZATION OF ADIABATIC COUETTE-POISEUILLE FLOW
BY TEMPERATURE DEPENDENT VISCOSITY*

By
MOSES A. BOUDOURIDES (Democritus University of Thrace, Xanthi, Greece)
AND

NICOLAS CH. CHARALAMBAKIS (Aristotle University of Thessaloniki, Thessaloniki, Greece)

Abstract. We consider the adiabatic plane Couette-Poiseuille flow of a viscous in-
compressible fluid between two parallel planes driven by the shearing of the upper
plane and a pressure gradient. The viscosity is assumed to depend on the temperature
in an appropriate way to insure that every classical solution of the governing equa-
tions is asymptotically attracted by the steady Couette-Poiseuille flow profile with
the temperature increasing unlimitedly. The proof is based on a priori estimates,
obtained by the help of certain identities for solutions of the governing equations.

1. Consider an incompressible Newtonian viscous fluid in the region between two
parallel rigid plates located at x = 0 and x = 1. If, perpendicularly to the x direction,
the upper plate moves with velocity V' and a pressure gradient —P > 0 is applied, the
resulting flow is usually named (plane) Couette-Poiseuille.

Assuming that the viscosity of the fluid depends on its temperature and that the
flow is adiabatic (i.e., no thermal diffusion), we are interested in determining the
asymptotic behavior of the velocity v, shear stress ¢ and temperature 6 of the fluid.
Actually, these fields are coupled in a system of a parabolic and a hyperbolic partial
differential equation governing the flow. So, the asymptotic behavior of the solu-
tions depends on the outcome of the competition between the stabilizing effect of
parabolicity and the destabilizing effect of hyperbolicity.

Indeed, the evolution of v,o, and 8 is ruled by the following momentum and
energy balances (cf. [1])

Uy =0x+ P
6, = ov,
under the constitutive assumption

(1.1)
(1.2)

} O<x<1,0<t<o0,
o = u(f)vy, (1.3)
where the viscosity coefficient u is assumed to be a decreasing positive function of
temperature (as typically for liquids) of the form
wo)=m+6"" (1.4)
for a positive exponent y and a positive limiting viscosity 7 as § — oo.
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The above system is accompanied with the following boundary and initial condi-
tions

v(0,1) =0, v(l,t)y=V, 0<t < oo, (1.5)
v(x,0) = vo(x), 0(x,0) = Oy(x), 0<x<I1. (1.6)

As energy is constantly pumped into the fluid (by the boundary shearing and the
pressure gradient) and the flow is adiabatic, the temperature will keep rising and
asymptotically 8§ — oo. Then the viscosity will approach the constant asymptotic
value 1 and it is reasonable to expect that v will asymptotically approach the steady
solution of (1.1), (1.5) with u = &, which has the following profile

P
U= — — Vx. .
v 272)((1 x)+Vx (1.7)
In fact, in our next main result, we verify this conjecture (under the condition 0 <
y < 1), thus, establishing that the steady Couette-Poiseuille flow (1.7) is the unique
asymptotically stable solution of the system (1.1), (1.2), (1.5), (1.6).

THEOREM. Assume that 7 > 0,0 <y < 1, vg € W22(0, 1), 6y € W'2(0, 1), v5(0) = 0,
vo(1) = V, Bp(x) > 0, 0 < x < 1. Then there is a unique solution v(x,t), 6(x,t) of
(1.1), (1.2), (1.5), (1.6) on [0, 1] x [0,00) and, as ¢ — oo, uniformly in x € [0, 1],

o(x,t)=—-Px+0(777h, (1.8)
v(x,t) = %x(l —xX)+Vx+0u77h, (1.9)
v(x,t) =0, (1.10)

0(x,t) = O(1). (1.11)

The case P =0, V' =1 (i.e., plane Couette flow) was treated in [2] for z = 0 and
in [3] for general u(69).

2. Proof of theorem. Let us assume that v(x,¢), 6(x,¢) is a solution of (1.1),
(1.2), (1.5), (1.6) on [0, 1] x [0, 00) such that v, vy, v;, Uiy, 8, 8 € C([0, 00); L%(0,1)),
vy € C((0,00); L*(0, 1)) and v, € L ((0,00); L*(0, 1)). Then we proceed to establish
a priori estimates, which will lead to the proof of the theorem. In what follows, K
will stand for a generic positive constant, which can be estimated from above solely
in terms of I, y, P, V', and the norms of vy, .

We rewrite (1.1), (1.2) as

U = ((ﬁ"' 0_7)'“.\‘).\‘ + P,
6= (m+0"").

A
1o
N —

Multiplying (2.2) by u(8) (given in (1.4)) we can easily deduce that 6 is increasing
in ¢t and
K '<u<Kk, 0<x<l, 0<t< oo. (2.3)
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Multiplying (2.1) by v, and integrating we obtain

t 1 t 1 ,}) t 1 .
/||v,||2dz+—//w§dx+—// 0=\ uv® dx d
0 2 0 JO
1 1
=P/ va’x—P/ vodx——/ uov, dx, (2.4)
0 0

where || - || denotes the norm of L?(0, 1). Using the Poincaré inequality and (2.3)

I I
P/ vdx5|P|||v,\.|[<£/ wvidx + K, 0<6<%,
0 0

and so (2.4) implies the first a priori estimate
t
/ vl de+ o< K, 0<t<oo. (2.5)
0
Next we evaluate ||g||. Because of (2.3), the Cauchy-Schwarz inequality and (1.5)
I
ol = | wvidx >k,
0
and because of (2.3) and (2.5)
lloll* < Kllvi||* <K,
i.e., we have shown that

K~ ' <|lo|| <K, 0<t<oo. (2.6)
Multiplying (2.2) by u we get the following useful relation

(ﬁ9++y0“>’),=az—/ 2dy+2// a(& (& 1) dEdy

1
—ZP/ / a(&,t)dédy.

Integrating (2.7) over [0, t] and using (2.5), (2.6), and the Cauchy-Schwarz inequal-
ity, we obtain the following a priori estimate for 6

K~'t <6 <Kt 0<x<I, 1<t < oo, (2.8)

which shows (1.11).
Our next step is to evaluate ||v||. For this purpose, first we differentiate (2.1) with
respect to ¢ to get

(2.7)

Vi = (UUy — 7077 uwd) (2.9)
Multiplying (2.9) by v, and integrating over [0,1], we obtain

1d 1 1 .

sl [ wdidx =5 [ 07 vy, d,
0 0

i.e., applying the Poincaré and the Cauchy-Schwarz inequality,

d _ b
E||v,||2+1< '||v,l|2§K/0 0~ 2uvldx.
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Using (2.8), (2.6), (2.3) in the last relation, we get
d 2 - 2 27211432
Sl + K=l P < K21

< Kt=%2 {max 02} )
[0.1]

(2.10)

However, applying the Cauchy-Schwarz and the Poincaré inequality in (2.7), we get,
after (2.6) and (2.3),

o> < Klla|* +2lla|| [[v.]] < K + K||v.ll < K + €ljvl,
for a sufficiently small ¢ > 0, and so (2.10) becomes
d _ 2
3;]|U1“2+K "o ]? < Ke=22,

Integration of the last differential inequality, after taking into account (2.5), results

o] = O(t=*~"), ast— oo. (2.11)
Consequently, (2.6) and (2.11) applied in (2.7) yield
= 0(1), 0<x<l, t — oo, (2.12)
and (2.12) together with (2.3) applied in (1.3) yield
vy = O(1), 0<x<l, t — oo. (2.13)

Now we proceed to estimate ||v,||. Multiplying (2.9) by f?v, and integrating, we
get

—t2 |v,]]* = // wza'xdr-b-// 2 uv?, a’xd‘r—/// 207" pvdv, dxdr,

from which, with the help of (2.11), (2.8), (2.13), (2.3) and the Cauchy-Schwarz
inequality, we obtain

t
// PPuvi dxdt < Kt=3*', ast — oo. (2.14)
0

Next, we multiply (2.9) by 73v,, and integrate to get, after some integrations by parts

t ol !
// 131),2,dxa’t+%t3/ uoi, dx
o Jo 0
t ol Ty L[] : 2,
=%/0/0 tzm{f,a’xdr—%/o/o 07 pvivg dx de

1 t |
+ “/’3/ 0~ uvv, dx - 3“// / 207 " uvdv dxdr
0 0 JO

r ol ropl
+y(y+ l)/ / 130_’_2;12'11‘31{\., dxdt+ 7y’ / / 0 2uviv, dxdr,
o Jo o Jo

which yields, in combination with (2.14), (2.13), (2.8), and (2.3),

llowl] = O~ "~"), ast— oo.
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The last estimate and (1.5) imply (1.10). This combined with (1.1), yields (1.8) by
an integration. Finally, integrating (1.8) and using (1.4), we obtain (1.9).

Once the above a priori estimates have been derived, the existence of a unique
globally defined solution of (1.1), (1.2), (1.5), (1.6) can be established by a standard
procedure. Actually, having a uniform estimate for 6 (by (2.8)) and v (by the max-
imum principle), one can apply the Leray-Schauder fixed point theorem (as in [4])
to show local existence on a maximal time interval and then use (2.13) and (2.8) to
show that this solution cannot escape in finite time.
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