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Abstract. The three Barnett-Lothe tensors S, H, L, appear very often in the so-
lutions to two-dimensional anisotropic elasticity problems. So do their associated
tensors S(6), H(8), L.(8) for line forces and dislocations and S(v), H(v), L(v) in the
problem of surface waves. Explicit expressions of the components of these tensors
are derived and presented for orthotropic materials in which the planes of material
symmetry coincide with the coordinate planes. With minor modifications, the results
for S, H, L and S(6), H(6), L(#) can be applied to orthotropic materials in which
only the x3 = 0 plane coincides with one of the planes of material symmetry.

1. Introduction. In a fixed rectangular coordinate system x;, i = 1,2,3, let u;
and o;; be the displacement and stress, respectively. The stress-strain laws and the
equations of equilibrium are

agjj = Cijksuk,Ss (1.1)
Cijkstrsj =0, (1.2)
in which C;j are the elastic constants, repeated indices imply summation, and a

comma stands for differentiation. We assume that C;j, are fully symmetric and
positive definite such that the strain energy is positive. Let

Qik(0-Cijksn;(6)ns(6),
Rik(0) = Cijksn;(8)my(0), (1.3)
T (0) = Cijusm;(0)ms(6),
n;(0) = (cos4,sin 6,0), m;(8) = (—sinf,cos4,0),
where 6 is a real parameter and, in matrix notation,

Ni(6)= ~T " (O)R7(6), Ny(8)= T"(e),}

(1.4)
N3(8) = R(O)T~'(0)R7(6) - Q(9).
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The superscript T stands for the transpose. Define the incomplete integrals

N 1 4
$0)=+ [ N0 46,

T Jo
%
H(0) = %/0 N,(6")do', (1.5)

]
L) = - 1/ N3(0")do',
T Jo
and the complete integrals
S=S(n), H=H(#), L=L(n). (1.6)

The three complete integrals S, H, L are the Barnett-Lothe tensors [1]. The tensor
—L~! was first introduced by Stroh Awho denoted it by B in [2]. The Barnett-Lothe
tensors and their associated tensors S(8), H(6), L(6) appear often in the solutions to
two-dimensional anisotropic elasticity problems [1, 3-15].

Other related tensors S(v), H(v), L(v), where v is the real wave speed, appear in
the problem of steady state moving line dislocations and Rayleigh surface waves [4,
7-9]. We generalize Q(6), R(6), T(8) of (1.3) by

Q(6,v) = Q(6) — pv* cos’ 61,

R(6,v) = R(8) + pv? cos O sin 61,

T(0,v) = T(8) — pv?sin® 61,
where p is the mass density and I is the 3 x 3 identity matrix. If we define N;(6,v)
in terms of Q(6,v), R(4,v), T(0,v) similar to that of (1.4) we have

Sw) = %/0 N, (6,v) d6,

H(v) = %/0 Ny (6,v)d0, (1.7)

Lv)= — %/On N(6,v)d6.

We see that S, H, L are a special case of S(v), H(v), L(v) with v = 0.

Explicit expressions of S((}), H(6), 1.(0) for isotropic materials can be obtained
easily by integrating (1.5). For S(v), explicit expressions are available for orthotropic
materials [16], cubic materials [8, 16], and for transversely isotropic materials [17]
is which the axis of symmetry is in the (x|, x;) plane or the (x;, x3) plane. Recently,
Chadwick [18] obtained explicit expressions of S(v) for monoclinic materials for
which the plane of symmetry is at x3 = 0.

In this paper we give explicit expressions for S, H, L, S(0), H(6), L(6), S(v), H(v)
and L(v) for orthotropic materials. We obtain the expressions not by integrations,
but by identities which relate these tensors to certain combinations of eigenvalues
and eigenvectors of 6 x 6 matrices N of elastic constants to be defined later. Basic
equations and the eigenvalues and eigenvectors of the elastic constants are presented
in Sec. 2 and 3. Since S, H, L are the simplest and are special cases of S(6), H(8),
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L(6), when 8 = =, or S(v), H(v), L(v), when v = 0, we present the derivations of
S, H, L in Sec. 4. This serves as a basis for the derivations of the more complicated
tensors S(8), H(H), L(#) in Sec. 5. In the derivations we assume that the planes of
material symmetry of the orthotropic material coincide with the coordinate planes.
In Sec. 6 we present modifications required when only the x3 = 0 plane coincides
with one of the planes of material symmetry. Finally in Sec. 7 we derive explicit
expressions for the components of S(v), H(v), L(v) for orthotropic materials whose
planes of material symmetry are the coordinate planes.

2. Basic equations. Instead of the integral representation for S, H, L, we con-
sider an algebraic representation which avoids the integration. Let p, and a,, (a =

1,2,...,6) be the eigenvalues and eigenvectors of the following equation
{Q+p(R+R") +p’Tla=0, (2.1)
Qi = Ciik1, Rk =Cika,  Tix = Ciga- (2.2)

We see that Q, R, T are Q(8), R(6), T(8) of (1.3) with § = 0. Introducing the new
vector

b=(RT+ﬂDa=—%ﬂ)+pRm, (2.3)

in which the second equality comes from (2.1), the two equations in (2.3) can be
recast in the standard eigenrelation

_ _ N] N2 _ a
Ne-pt N= [N NE]e=(5):
where N;, i = 1,2,3 are N;(8) of (1.4) with § = 0. Since p, cannot be real if the
strain energy is positive [19], p, come in three pairs of complex conjugates. We let
DPa+3 =DPa,  Imp, >0, a=1,2,3, (2.4)

where an overbar denotes the complex conjugate and Im stands for the imaginary
part. If we introduce the 3 x 3 matrices

A =[aj,as,a3], B = [b;, by, bs3],
in which b, is related to a, through (2.3), it can be shown that [7]

S = i(2AB” — 1),
i i ) . (2.5)
H = 2/AA", L= -2/BB’,
provided a, and b, are normalized such that
2a’b, =1, « not summed. (2.6)

It should be pointed out that (2.5) hold when N is simple or semisimple. Modifi-
cations required when N is nonsemisimple can be found in [20]. Assuming that N is
simple, we will use (2.5) to derive S, H, L, explicitly in terms of the elastic constants
Cijks- After we have obtained the results which do not contain p,, a,, b, explicitly,
the problems associated with nonsemisimple N disappear and the results apply to
nonsemisimple N as well. Equations (2.5) show that we need the eigenvectors a,, and
b.,. This is presented in the next section.
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In closing this section, we note that the three tensors S, H, L are not independent
of each other. They are related by

HL-SS=1, SH+HS =0, LS+S’L=0. (2.7)

More studies of the relationships between these tensors and their structure and in-
variance properties can be found in [21, 22].

3. The eigenvalues and eigenvectors for orthotropic materials. Using the contracted
notations, we replace Cj ;s by a 6 x 6 symmetric matrix C,g. Assuming that the planes
of material symmetry of the orthotropic material coincide with the coordinate planes,
C,p vanishes whenever a or # assumes the value of 4, 5, 6, except Cys, Css and Ceg.
For the two-dimensional deformations considered here, the necessary and sufficient
conditions for the strain energy to be positive are

C“ > 0, C44 > 0, C55 > 0, C(,6 > 0,
C||C22 - Clzz > 0.

Equations (3.1), and (3.1)5 imply that C>; > 0 and that

(3.1)

dy = (C)1C)'* + Cp2 > 0, d_ = (C1Cy)"? = Cp > 0. (3.2)
Equation (2.1) now has the expression
Cii +p*Ces  p(Ciz + Cee) 0
p(Ci2+Ces)  Ces +pCh 0 a=0. (3.3)
0 0 Css + p*Cag

The vanishing of the determinant of the 3 x 3 matrix on the left provides the eigen-
values p;, p», p; which should have the positive imaginary part according to (2.4).

We let .
(Css\ Y
=i =) . 4
m=i(c) G
Then p, and p, are the roots of
p* +2ap? + B* =0, (3.5)

in which, for convenience, a and f are given in (4.2) where we summarize the results
for S, H, L. From (3.5) we have

pt+pi=-2a, pipr=-P, (3.6)
and hence
p1+p2 = i[2(a+ B)]'3, (3.7)

where o + B can be shown to be positive (see (5.5) and (4.2)).

The minus sign in (3.6), can be justified as follows. We see from (3.5) that p? and
p3 are real or complex conjugates depending on o? > 2 or a® < 2. Noticing that
the imaginary parts of p,, p, are positive, we conclude that p,, p, have the form

p1=1ipy, P2y =1ip, pi,p2>0,
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when o? > B2 and
D = w_ + iwy, D2 = —w_ + iw,, w,; > 0,

when o? < B2. The minus in (3.6), is therefore justified.
Using the second row of the 3 x 3 matrix in (3.3) to construct the eigenvectors a,
and a,, we have

k\(Ces + p¥Cr2)  ka(Ces +p3C22) 0O
A= |-kipi(Cia+Css) —kapa(Cra+Ces) O |, (3.8)
0 0 k3
where ki, kj, k3 are complex constants to be determined and, by (2.3),,
—kip1Cs6(Crz2 — piCr2)  —kap2Ce6(Ciz — p3Cr2) 0
B=| kCe(Ci2—piC2) k2Ce6(C12 — p3C22) 0 (3.9)
0 0 k3p3Ciaq

The normalization condition (2.6) for a = 1,2, 3 leads to
—2kip Ces(C12 — pIC22)(Ci2 + 2Ces + PICr2) = 1,
—2k3p>Ce6(C12 — P3C22)(Cia + 2Ce6 + p3C2) = 1, (3.10)
2kip3Caq = 1.
With k, ky, k3 given by (3.10), A and B contain the elastic constants C,p and the
eigenvalues p,,.

4. Explicit expressions for S, H, L. When we substitute (3.8) and (3.9) into (2.5),
each component of the matrices S, H, L has the factors k2, k3, k? which can be
eliminated by using (3.10). The results contain the terms p,p;, (p1 +p2), and (p? +p3)
which are given in (3.6) and (3.7). Thus all components of S, H, L can be obtained
in terms of C,4 only. We list below explicit expressions of S, H, L. Only the nonzero
components are presented.

$21 =14, Sz ==-B7"8,
Ly =d.t,, Ly =pB""Ly, L3 = (Ca4Css)'/2, (4.1)

e.T
Hy = B "Hy, Hy = =+, Hy; = L3
n=p""Hy 2= 33=1L3

All notations appeared above and those which will appear later on are defined below:
2a = {C1Cy — C12(Ciz + 2Ce6) H(C22Ces) ™",

Co\ 12 )
,3=( “) , Ci2 = (C1,Cy)"?,

Cn

dy = Cp £ Cpy, 7+ =2Cs + Ci12 £ Cia,

12 12

T+ = [—C66 d_] s T_ = [—C66 d+ ] (42)
Coys Caly-|
d_y, ]'/2 [d+ly-l]'/2

2w = > 2 - = )
* [C22C66 v C22C66

_CatCs , _Cu=Cs
Cn-Ciy’ C2+Cpp
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From (3.1) and (3.2), all quantities in (4.2) are positive except a, e and y_ which
can be negative. It can be shown that « > 0 when y_ <0.

5. Explicit expression for S(6), H(6), L(). In this section we consider the func-
tions S(8), H(0), L() defined in (1.5). They appeared, among others, in the problems
of line forces and dislocations [3, 6, 10, 15] and the wedges [6, 12]. As before, we
will employ an alternative representation for these tensors. We notice that N;(6) are
periodic in 8 with periodicity n. Therefore

SO+m)=S+S(0), HO+n)=H+H®O), LO+rn)=L+L0H), (51

and hence it suffices to find S(6), H(6), L(8), for 0 < 6 < n. The alternate represen-
tations are (see Eq. (7.10) of [12])

S(6) = %Re{A‘P(G)BT},
H(0) = %Re{A‘P(@)AT}, (5.2)
2

L) = - = Re{B¥(6)B’},

in which ¥(8) is the diagonal matrix

¥(6) = diag{In {,(6),1n £2(6),In £5(0)},

5.3
£.(0) = cos 6 + p, sin 6. (3.3)

From the structure of A, B, ¥(6), it is readily shown that the S,3(0), $2:(0),
$31(6), S32(6) components of S(6) vanish. The same components of H(#) and L(6)
also vanish. For the nonzero components, 5’33(0), H3(0) and L3(6) are very simple
to calculate. The remaining nonzero components are S, 5(6), H,z(0), L.p(6), @, B =
1,2, which contain the eigenvalues p,, p» and In{;,In{,. They all have the form

S(p1,p2)In81(0) + f(p2,p1) In{5(6),
where f(p),p;) is a function of p, p,. This can be rewritten as

LU 1P + S(p2 0 OGO+ 3 rop) — Sp2pyin | 2G50

The calculations of f(p,, p2)+ f(p2, p1) are exactly the same as in the previous section.
The calculations of f(p;, p2)— f(p2, p1) involve p; —p; and p,2 — p3 which are discussed
next.
It can be shown that
o (C1Cn =)
(C22Ces)?

where y4 are defined in (4.2). From (3.1)s and the fact that y, > 0, the inequality
B% = a? can be replaced by y_ = 0. One can then show that, with w,, w_ define in
(4.2),

}’+}’—,

DI =w_ + [wy, Dy = —w_ + iwy, B> |a] 20,
2 2 2 2 e
wi —w: =, wi+ws =g, ify_ >0,
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and
pr=(wy+w)i, pr=(wy—w)i, a>pf>0,
w? —w? = g, w2 +w? =a, ify_<O0.

The combination p; — p, and p? — p3 can now be obtained. Regardless of y_ positive
or negative, we have

pr+pr=2iw,, wis= (a er ﬂ). (5.5)

We next investigate the logarithmic terms in (5.4). Using (5.3), (5.5) and (3.6),,

we have
£1(6)L2(0) = (cos 8 + p; sin )(cos 8 + p; sin )

= cos? @ — Bsin’ 6 + iw, sin 26.
Hence,

In[1(6)62(6)] = 5 In{(cos” 6 — fsin® 0)° + w? sin” 26}
w, sin 26 ] (5.6)

+itan”! —
cos2 6 — Bsin” 0

For In[{,(8)/¢2(8)], we need to consider y_ > 0 and y_ < 0 separately. When y_ > 0,

In¢;(9) = % In(cos? 6 + B sin® 6 + w_ sin 26)

+ itan-! [ w,sin@

cos 6 +w_sin 0 |

In¢>(0) = 11n(<:os2 6 + B sin® 6 — w_ sin 26)

b

2
+itan™! ___wysind
|cosf —w_sinf |’
Employing the identities
| 1+y _ -1
2ln [1 —y] =tanh™ y,
tan=' v —tan—! p> = t _|[YI—J"2 ’
an "y, an )» an I FRET
we obtain for y_ > 0,
mm} U
In =tanh™ A, —itan™ ' A,, 5.7
where Aj, A; are given in (5.10). Similarly, it can be shown that for y_ <0,
cl(e)] L
In =tanh™ A, +itan™'A,. 5.8
e : ! 8

V}’ith thAe aid of (5.6) and (5.7) or (5.8) in the decomposition (5.4), the calculations
of S(8), H(#), L(6) of (5.2) can be accomplished with less effort. We list below
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explicit expressions of the nonzero components of S(6), H(6), L(8), for 0 < 6 < x:
Su=®+I,, Sp=0-T,
Syu=T3-Ty, Sp=-"(T3+T)).
% In |cos? 0 + g—zj sin’ 9] ,
L =d.I'3+d_T,, Ly =p7"(d.T3—d_T),
Liy =Ly =2CeT2, L3y = (CaaCss)'/%0s,
Hy = (BCes) "(esTs+e-T),  Hp=Cyl(esT3—e_T),

333 =

y A 2(Ci2 + Ces) - -1
Hyy=Hy =227 =1 Hyy = 125,.
12 21 CnCn = C}, 2, 33 = (C4aC55)7 /%04

The new notations appearing above are

_ 1 2 202 0 2
o= i In [(cos 0 — Bsin” 0)° + w sin 20]

(5.9)
=461, I, = (E 02747, I3 = d374,
Céss
in which &;, i = 1,2, 3,4 are functions of 6 defined as follows. Let
. )
= w_ snnZQ . A, = 2wiw_ su‘1 20 . (5.10)
cos2 @ + fBsin” 6 cos2 0 + asin” 0

Then, for0< 0 < m,
o = { Zptanh ™Ay, if 7o >0,
Ltan='a,  -l<o <, ify <o,
52={ﬁtan—lA2, 0<d <l ify. >0,
Ltanh™'A,, if y_ <0,
—1l w, sin 26 } 0553<%, for0§0<g,

1
03 = =—tan —
cos?2 0 — Bsin“ 6 1

2n

1/2
04 = ltan‘l [<£§> tanG,] ,
n Cas

Three special cases should be noted. In the first, when 8 = n, ®, I'}, I'; all vanish
and I'; = 7,,d4 = 1. The results presented here reduce to (4.1).

The second special case is the degenerate case y_ = 0, which corresponds to p; =
p>. When y_ = 0, 8;,J, vanish while 7_ becomes infinite. A proper limit taken for
I';, I'; in (5.9) leads to

B d, sin 26 B d.d_sin’ 6
l 47 Cyy(cos? 6 + Bsin® )’ 2 47 Cyy(cos? 6 + asin® 6)

<8<, forgsegz,

0554<%, for0< @< Z,

1 n
- < < —<06<m.
2_64_1, f0r2_0_7z
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The third special case is the case of isotropic materials for which y_ = 0. If 4 and
u are the Lamé constants,

A4 u _ Atp o
F,_—zn(,{_*_#)stO, Fz———n(l+2#)51n 0,
_ ué _A+43u _l _
r3—7t(l+2/1)’ er = 2# ) e——'za ﬂ_la
d, =2(A+u), d_ =2y, d =0, 03 = g

6. S, H,L, and S(G), fl(()), i,(G) referred to a rotated coordinate system. In appli-
cations, the planes of symmetry for orthotropic materials may not coincide with the
coordinate planes. If the x3 = 0 plane is the only plane which coincides with one of
the planes of material symmetry, there is a simple relation by which S*, H*, L*, and
S*(6*), H*(8*), L*(8*) referred to this new coordinate system x; can be obtained in
terms of S, H, L, $(6), H(6), L(6).

Let x; be related to x; by

x; = Q;;(6o)x;,
cosfy sinfy O
Q,j(6p) = | —sinfy cosfy O
0 0 1
Thus x} is obtained by rotating the x; coordinate system through an angle 6, about
the x3-axis. The fourth order tensor C7;,  referred to the x coordinate system is
iiks = S2ip(00)€24(60) %, (60)2s:(60) Cpgre-
The 3 x 3 matrix Q*(6*) referred to the x coordinate system is
ik (0%) = Cliysn;(67)ns(67),
Noticing that
Qjq(60)n;(6%) = ng(6o + 6%),
we have
Q*(6%) = Q(60)Q(6o + %) (6p).
Similar equations are obtained for R*(6*) and T*(6*). It follows from the definition
of N;(6) in (1.4) that
N (6*) = Q(60)Ni(80 + 6*)Q7 (o).
Integration of both sides with respect to 6* leads to
S$*(6) = Q(60)[S(6o + 0%) — S(60)1R7 (65),
H*(6%) = Q(60)[H(6o + 67) — H(6,)]12" (6), (6.1)
L*(6*) = Q(80)[L(6o + 6*) — L(60)12" (6o).
In particular, when 6* = © we obtain from (5.1) and (6.1),
S* = Q(60)SQ7 (o),
H* = Q(6p)HQ (6)), (6.2)
L* = Q(6,)LQ7 (6y).
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Equations (6.1) and (6.2) allow us to find S, H, L, and S(8), H(6), L(6) for or-
thotropic materials for which only the x3 = 0 plane coincides with a plane of material
symmetry.

7. Explicit expressions for S(v), H(v), L(v). For a steady wave motion in the
x,-direction with a constant subsonic speed v, it can be shown [7] that an alternate
representation of (1.7) is given by (2.5) provided that we replace (2.2), by

Qi = Ciix1 — PUz(sm,

before evaluating the matrix A and B. Therefore, p,, A and B depend on the real
wave speed v. The calculations of S(v), H(v), L(v) parallel those of S, H, L in Sec.
3 and 4. The algebraic calculations are rather lengthy, but the final expressions can
be substantially simplified [16, 18]. If we introduce the notations

Cl=Cij— pv2di;,
Cij = (CL,C;)HY?, i, j not summed,
in which J;; is the Kronecker delta and C',-j has the property
CikCjs = CisCiy,
the nonzero components of S(v), H(v), L(v) can be written as follows.

L33(v) = Csa, Hy(v) = C5',
~C16812(v) = C62821(v) = (C12Ce6 — Cr2Co6) W',
CisL(v) = CoaLi1(v) = [(Ch — C1y)Cep + (Cgs — Cg)CralW ™', (7.1)
CieHn (v) = CorHn(v) = (Cia + Co) W™,
W =[(Cra+ Ces)? — (Cia + Ces)*1">.

When v = 0, we have Cgs = Css, W = (7, d_)'/2, and the above expressions reduce
to those of (4.1)

8. Concluding remarks. We have presented in this paper explicit expressions of
S, H, L, S(6), H(6), L(8), and S(v), H(v), L(v) directly in terms of the elastic
constants of orthotropic materials. The coordinate planes are assumed to coincide
with the planes of material symmetry. If the material is referred to a coordinate
system x; which is obtained by rotating the x; coordinate system an angle about the
x3-axis, a simple relation exists between S*, H*, L*, S*(6*), H*(0*), L*(6*) and S,
H, L, S(6), H(6), L(h). No such relations exist between S*(v), H*(v), L*(v) and
S(v), H(v), L(v).

For S, H, L given in (4.1), we see the relations

=Sy Hn Ly

S.  Hy Ly’
Equation (2.7), provides the additional relation

Hy Ly — 81285, =1, (8.2)

Hyy = L3 (8.1)
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which can be shown to be satisfied by S, H, L given in (4.1). The components of
S(v), H(v), L(v) obtained in (7.1) also satisfy (8.1) and (8.2). Thus there are only
four independent nonzero parameters for S, H, L or S(v), H(v), L(v).

One does not have to find the explicit expressions of S, H, L, or S(v), H(v), L(v)
to realize that the number of independent parameters for orthotropic materials is
four. It is shown in [23] that the number of independent parameters for monoclinic
materials is five if the x; = 0 plane is the plane of symmetry and six if the x; = 0
or x, = 0 plane is the plane of symmetry. The number increases to nine for general
anisotropic materials.
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