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A RIGOROUS JUSTIFICATION
OF THE REYNOLDS EQUATION*
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Abstract. A small parameter technique is used to derive Reynolds’ lubrication equation
from the Stokes equation. The error associated with the approximation is estimated in
suitable norms.

1. Introduction. In a classical paper [9], O. Reynolds formulated a differential equation
which gives an asymptotic approximation of the Navier-Stokes equation. In the one-di-
mensional case this equation reads as follows:

(H?P') = 6uVH'. (1.1)

P is the pressure in a thin film of a viscous fluid of constant density, thickness H and
viscosity pu. V is the X;-component of the moving surface. Equation (1.1) applies when the
height of the fluid is very small compared to the span and the length. The justifications
given in the literature for the transition from the full Navier-Stokes equations to (1.1) are
mainly heuristic; we quote in particular the papers of Elrod [3] and Wannier [10].

A possible approach to the Reynolds equation, and thus to the theory of lubrication, is
to suppose true the expressions of the Couette-Poiseuille flow,

1 oP

"=2u%x,

Xz(Xz - H) + 17(H - Xz)/H,
even when H is not a constant. In the first part of this paper (Secs. 2 and 3) we examine in
detail the asymptotic validity of this assumption of the theory.

In Sec. 4 we develop a formal expansion which gives in the first term the Reynolds
equation. Various rigorous estimates of the remainder are proved. In this paper we limit
ourselves to the two-dimensional linear case (i.e., we consider as “exact” the solution given
by the linear Stokes equations).

The transition from the Stokes equations to the Reynolds equation in the three-dimen-
sional case (but only to the first order) is studied in a paper by G. Bayada and M.
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Chambat [11], which recently appeared and which we saw after completing the present
work. No use is made in [11] of the technique of the stream function on which this paper
is largely based.

2. Generalized Couette-Poiseuille flow. Let H(X;) € C*(R") be a periodic function of
period L such that H,, > H > H,, > 0. Define
S={(X,X,); -0 <X, <00,0<X,<H(X,)},
Q={(X,X;);0<X, <L 0<X,<H(X))}.

First of all we study the following.
Problem 1. To find V = (V,, V,) such that

pAV = VP in S, (2.1)

v -V=0, (2.2)

Vi=V,V,=00n X,=0, V=0o0nX,=H(X,), (2.3)
V(X, + L,X,)=V(X,,X,), L > 0agiven constant. (2.4)

V is the velocity of the plane flow we discuss, P the pressure, p the (constant) viscosity
and V a given constant. If H = H,_ the solution of Problem 1 is of course the well-known
Couette-Poiseuille formula

V=vVO4vh (2.5)
where
K _
VO=gr (- H,),  VD=T(-X/H,),  VO=0, ¥"=0.
(2.6)
K
P=TX, (2.7)

with K an arbitrary constant. Hence in this elementary case (a) the solution of Problem 1
1s unique when X is assigned or if

Hm
C=/ n(X,)dx,
0

is prescribed. The one-to-one correspondence between C and K is easily computed:

_ -KH} N HV
T 12Lp 2

Moreover (b) the pressure is periodic only if K = 0 and in this case V = V(*). We are
going to show that properties (a) and (b) remain true when H is an arbitrary periodic
function. If V is a regular solution of Problem 1 then Py is periodic with respect to X;;
thus

P(Xp Xz) = G(Xp Xz) +A(X2)X1 + B(Xz)
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where G( X, X,) is L-periodic in X;. Hence
P(X,+L,X,)—P(X,,X,)=A(X,)L.
But Py is also periodic in X; thus 4 is constant. Defining K = AL we have
P(X,+L,X,)-P(X,X,)=K. (2.8)
We give now a weak formulation of Problem 1 in which the constant K appears
explicitly following the standard functional approach (see e.g. [6]).

Let J(S) be the set of all sufficiently smooth solenoidal two-dimensional vectors
vanishing near dS which are L-periodic in X,. In J(S) we introduce the scalar product

[U,V] = fQ Uy, - Vy, dX,  dX = dX,dX,
and the norm
jull = [u,u]”>. (2.9)

Denote by H(S) the completion of J(S) with respect to (2.9). Multiplying (2.1) by
® € H and integrating by parts over { we have, recalling (2.8),

H(0)
—u[V.®] = K fo ®,(0, X,) dX,, (2.10)

for all ® € H. The integral on the right-hand side of (2.10) makes sense since ®, € L*(3Q).
Let A be any smooth solenoidal vector field which satisfies (2.3) and (2.4). If we define
U =V — A we can write (2.10) in the form

UeH, -uU,®]= Kf”“” 0,0, X,) dX, — [A, ®]p. (2.11)
0

The right-hand side in (2.11) defines a linear functional in H(S). Thus by the Riesz
representation theorem we have

THEOREM 2.1. For every K € R! there exists one and only one solution of Problem (2.10).
The regularity of the solution together with other properties, is better obtained using a
stream function ¥( X,, X,) defined by

Yy =V, ¥y =V (2.12)
In terms of ¥, Problem 1 becomes

Problem 2. To find ¥ such that

A¥ =0 in S, (2.13)
¥=0, ¥, =V on X,=0, (2.14)
L4
¥=c =0 on X=H(X). (2.15)
V(X + L, X,)=¥(X,X,). (2.16)

d/dn is the normal derivative along 3S. We note that the stream function is constant on
0S by the boundary conditions imposed on V. Thus we can assume ¥ = 0 on X, = 0;
however, since dS consists of two disjunct arcs, we have ¥ = C on X, = H(X;) and in

'Use is made of the summation convention.
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general C # 0. The physical meaning of C is readily seen. Indeed
H(0) H(0)
C= ] ¥, (0, X,) dX, = [ 140, X,) dX,.
0 0

With C prescribed, the theory of linear boundary value problems applies to (2.13)-(2.16)
with the minor changes required by the condition of periodicity. Hence the solution of
Problem 2 exists, is unique and of class C*(S) since we suppose H € C*(S) and
dS € C*. In the following theorem we show that the formulations of Problems 1 and 2
are perfectly equivalent. This, in particular, proves the C* regularity of the solution of
Problem 1.

THEOREM 2.2. The correspondence C = F(K) is one-to-one from R! on R'.
Proof. Let K € R.. By Theorem 2.1 there exists one and only one solution of Problem 1;
thus

C = F(K) =f”‘°’ v,(0, X,) dX,
0
is well-defined. We say that F is one-to-one. Let V! and V? be the solutions of Problem 1

corresponding to K; and K, with K, # K,. Suppose by contradiction C, = C, and
define W = V! — V2, From (2.10) we have

u[W. 0] = (K, - ) [

"9 (0, X,) dx,.

With @ = W we get
2
~plIW = (K, - K)(C, - G) =0

and this cannot be since [[W||, # 0.

To prove that F(R')=R!' we pick C € R! and let ¥ be the corresponding unique
solution of Problem 2. Now V = (¥, -¥y ) is a solution to Problem 1. Let P be related
pressure. Since VP is periodic in X, there exists a constant K such that

P(X,+L,X,)—P(X,X,)=K

and clearly C = F(K). O
In analogy with the case H = H,, we call V® the solution to Problem 1 when K = 0.
If K is arbitrary and V the corresponding solution we put

VO =y -v®,
THEOREM 2.3. The pressure is periodic with respect to X; (i.e., K = 0) if and only if
fo Oy (0, X,) dX, = fo HO o, x,) dX,. (2.17)
Proof. If K = 0 then (2.17) follows by definition. Vice versa suppose (2.17) holds. We have
/0 HO 0, x,) dx, = 0. (2.18)

Now V() satisfies
ANO=gp© ¢ .VO=0 in- S, (2.19)
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V©=0 on 3, VO(X,+L, X)=VO(X,X,) in S. (220)
Multiplying (2.19), by V(©) we obtain from (2.19), and (2.18)
IV u = 0.
Hence V() = 0. This implies K = 0.+ O

3. Asymptotic properties of the generalized Couette-Poiseuille flow. In this section we
reformulate Problems 1 and 2 in the variable domain:

S, = {(X,, X)) €R, | X;|< 0,0 <X, <eH(X,))}

and then let ¢ — 0. Since ¢ is a small parameter we prefer to work with nondimensional
variables. Thus we define

X = (xl’xz)v x, = X/L, x,=X,/H,, h(xl) = H(Lxl)/Hm, V= V/I7, V= (01’02)»

KH?
p=P_£’k= —m’c=—c ’5!/:—‘1, 7hm>h(x1)>hm,
% pVL VH,, VH

m

5. = {(xhxz); |x;| < 00,0 <x,< Eh(xl)}’
0, = {(x17x2); 0<x<1,0<x,< eh(xl)}’

¢ a nondimensional parameter. Problems 1 and 2 become

Problem 1’. To find v such that

Av=vp, v -v=0ins, (3.1)
vy;=1,0,=0 on x,=0, v=0 on x,=ch(x), (3.2)
v(x; + 1,x,) = v(xy, x,). (3.3)
Problem 2’. To find ¢ such that
Ay =0 in s, (3.4)
dy
y=0,¢,=1 on x,=0, y=c,— =0 on x,= eh(x,), (3.5)
Y+ 1,x;) =¢(x, x5). (3.6)
The Couette-Poiseuille solution corresponding to A(x,) = 1 is, in this notation,
v,(x,) =P+ 09, v,=0, (3.7)
where
k
(@ = Exz(xz —¢), v = (e — x,) /e

We are interested in solutions of Problems 1’ for which v{<) does not vanish and does not
diverge as ¢ — 0. Of course this is equivalent to saying that k = k,/¢> This is the case in
the theory of lubrication and hereafter we will always make this assumption. We easily
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verify, when k = k/¢? in (3.7),

oo, = Ce, (3.8)
lollireo,y = Ce/?, 1 <p < oo, (3.9)
o]l =0, = Cons (3.10)
170l = Ce'/2. (3.11)

Moreover, if k = k,/¢* in (3.7), then
c=coe, o= —ko/12 + 1/2. (3.12)

In terms of ¢, (3.7) becomes

0,(x5) =3(1 = 2¢4)x3/e% + 2(3cy — 2) x5/ + 1. (3.13)

The basic idea of the theory of lubrication is to consider (3.13) still valid when 4 depends

on x, and ¢ is very small. To make this point precise we prove that the estimates

(3.8)-(3.12) remain valid for the generalized Couette-Poiseuille flow and that the exact

solution of Problem 1’ converges in suitable norms to the flow of the theory of lubrication.
Let H ’}0( s.) be the completion with respect to the norm

1,2
||, = (f |Vu|2dx) , dx =dx;dx,
of the C*-functions vanishing near ds, and 1-periodic in x,. For the proof of the
following Poincaré-like lemma compare also [6], p. 8.
LemMa 3.1. Suppose u € H,,. We have
lullzzrco, < C(p)e IV ullizeo,
where (3.14)
c(p) = (hu(p? /277 1)" 1<p < co.

Proof. It suffices to prove (3.14) when u € C*(s,) vanishes near ds, and is 1-periodic in
x,. For p = 1 (3.14) certainly holds. Now

I

O,

20 Ve < (p+ 1) [ uru | [ Juru, |
[ O¢

1 2 2
<z(p+ 1) ull 2o @ w22, (3.15)

Suppose (3.14). Then by (3.15)

lullgzesn < (ehp(p +1)1/22)7 " T ul12.

Hence by induction the result follows. O
In the following three lemmas we recall various “a priori” estimates for the solutions of
harmonic and biharmonic problems.
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LeEMMA 3.2. (C. Miranda [7]) Let © be an open, bounded, and connected subset of R? with
a regular boundary (e.g. 92 € C?). Suppose v € C}(2) N C*(Q2) and
Ay =0 in Q, v=0 on d9.
Then
lvo| < (56)1/2%( |dv/dn|.

Take € as in Lemma 3.2. Let B (r;), (B,(r,)) be the greatest open disk of radius 7, (r,)
internally (externally) tangent to dQ in x, i.e., B.(r;) C @ (B,(r,) N € = @). Define

=inf{(r(x), x €92}, &, =inf{r(x),x€dQ}, &=min($,8,).
Since 3Q € C* we have § > 0.

LemMMa 3.3. (G. Adler [1]) If v € CY() N C*(Q) is harmonic we have
1 ’ "
max |vo|< Clgnggx [o(s)]+ Czrr;?lx |v'(s)|+ Cﬁn;gx [v”(s)]

where s is the arc length along 9$2 and C,, C,, C; are absolute constants.

LeEmMMA 3.4. (D. Gilbarg and N. S. Trudinger [4], p. 37) Let v € C%(Q) N C*(Q) and f
bounded in 2. If Av = f we have

d(x)|o(x)] < €( sup|o|+ sup d(x)|7(x)
Q Q

where d(x) = dist{x,dQ}.

The conclusions of the above lemmas remain true if £ = s, and the function v is
1-periodic in x,. This can be seen quite easily if we modify the proofs, reasoning in o, and
treating points like (0, x,), (1, x,) as coincident interior points. In particular, we can take
8 = ¢/h,, in Lemma 3.3.

Define now in s, the function y(x,, x,) with the problem

0%o/3x3=0 in s, (3.16)
Yo=0,0¢,/0x,=1 on x,=0, ¢,=ecy, 0¢y/dx, =0 on x,=ceh(x).
We find
(h = 2¢cq)x3 N (3¢cg — 2h)x? N
e*h? eh?
We may regard ¢, as the stream function of the theory of lubrication. Indeed, let
o1 = 0¢,/0x,; we have

‘Po(xhxz) = X3 (3-17)

3(h = 2¢y)x?  2(3¢cy— 2h)x,
Vop = + +1 3.18
01 €2h3 8h2 ( )
and this is precisely the (nondimensional) x,-component of the velocity given by the
theory of lubrication.
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THEOREM 3.1. Suppose ¢ = c¢ye in Problem 2. If v is the corresponding velocity and k(&)
is given by

p(x; + 1,xy) = p(xy, %) = k

then we have?

Ivo, "Lz(o )y < < Ce™'/2, [vo, "Lz(o y< C, (3.19)
”01”1"(0) < Ce'/?, v, ||LP(o) < Ce¥P, 2<p< o, (3.20)
|k(e)]< Ce2. (3.21)

Proof. Define n = § — y, where ¢ is the solution of Problem 2" and v, is given by (3.17).
n satisfies
A27I=f1/€2+fz/€+f3’ (3.22)
n=0, dn/dn=0 on 3s,, (3.23)
with f, f,, and f; functions not depending on e. Multiplying (3.22) by 7 and integrating
by parts over o, we get, recalling that 7 is 1-periodic in x,,
2 2 2 C
” M, x, " L%(0,) + 2”"7,\:,x2 ” L%(0,) + ” Nxyx, ” 12(0,) < ? ” n "Lz(oe)' (324)
By the Poincaré inequality we have

Inlezey < Cellng g,y MGl < Cellngn 2, -
Thus
”T’”LZ(O ) S C82|| T’szz“LZ(o )
Hence by (3.24),

I sy + 2, + 1y < Clm e,
It follows that
Ivn, s +lvmali. < c. (3.25)
I ll.<Ce gl <Ce  lnllz< e (3.26)

Moreover, we have

Iwoille =1v¥.ll,: <longl. +19¥o ]2

[vo,l = “V‘Px, ”Lz < ”anl ”1_2 + ”V‘POX,
and by direct computation

L’

< Cet/

< Ce'/2.
LZ
Hence (3.19) holds true. By Lemma 3.1 and (3.25) we have
I M, < Ce¥?, g, < Ce¥. (3.27)

2The various C’s denote constants generally different, not depending on e.
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Thus the estimates (3.20) follow if we note that

o ll,, < Ce0 o,

Finally we prove (3.21). Take ¢ = ec, and ¢ = 2ec,, in Problem 2’ and let v and ¥ be the
corresponding velocities, Letting ¢ = v — ¥ in the integral identity

v, 8] = k(&) [ 6,0, x,) d,

0

e < Ce/p.

L?

we obtain
ecok (&) = ~[v, 7] + v |-
Since, by (3.19),
Ivlla < e, 1¥]lw < Ce™'/?,
we get as a result
colk(e)|< Ce? O

THEOREM 3.2. Suppose again ¢ = ec, in Problem 2’ and let v be the corresponding
velocity. Then

vl < C. (3.28)

Proof. Let w(x,,x,) be harmonic, 1-periodic in x, and such that & =4 on 0ds,. By
Lemma 3.3, which is applicable in the present case, |vVw| remains bounded as ¢ — 0.

Defining { = ¢ — w we have
At=0 in s, {=0 on Js,.

€

Hence by Lemma 3.2,
v < V56 rr;ax|8§/8n| < V56 (n;axlanp/anl + rr;axlaw/8n|).
Se Se Se

Since [dy/0n| < 1 and |Vw|is bounded, we get |V§| < C. It follows that
"VtP"PLw < C,
which implies (3.28). O
In the following theorem we derive an interior pointwise estimate.

THEOREM 3.3. Let ¢ be the solution of Problem 2’ when ¢ = ¢, and let {, be given by
(3.17). Define n =  — ;. Then

d(x)|vn(x)|< Ce? (3.29)
where d(x) = dist{x,ds,_}.
Proof. The function 7 satisfies (3.22) and (3.23). Let « be the solution of the problem
Aa=f,/e*+fi/e+f, in s, a=0 on 3s,, a(x;+1,x,)=a(x],x,)
(3.30)

with f, as in (3.22). Define ap = 3Nx,(eh, — x,)/(2¢*), 0 < x, < eh,, where the
constant N is a pointwise bound for |f;| (i = 1,2, 3). By the maximum principle we have
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|a| < ap in s, when ¢ < 1. Hence
lal < M, M = 3Nh3%,/8. (3.31)

Suppose B is defined by
AB=a in s, B =

£

0 on 9s, B(x;+1,x;,)=B(x;,x;)
and let B, = Mx,(¢h,, — x,)/2, 0 < x, < ¢h,,. Using again a comparison argument we
find |B| < Bp; hence
|B]< Mh%,e?/8. (3.32)
Assume for the moment
|98/3n| < Ce. (3.33)
Since d(x) < eh,, and AB = a, we have by Lemma 3.4, recalling (3.31) and (3.32),

d|vB|< Cl(supl,Bl + sup dzla[) < Gyl (3.34)

Define y = n — B. We have
A’y=0 in s, y=0 on 3ds,

£

Thus we get, by Lemma 3.2 and taking into account (3.23),
vyl < \/5—6rralaxlay/8n| = \/%n;axlaﬂ/an!. (3.35)

On the other hand, by (3.33), (3.34), and (3.35), we obtain
dlvn|<dlvy|+ dvB| < Ce.
It remains to verify (3.33). Let § be given by
A =M in s, =0 on ds, 8(x; +1,x,) =8(x,,x,). (3.36)
By (3.31) and the maximum principle we get |8] < 8. On the other hand 8 = § on ds;
consequently
|3B/9n| < |38/0n| on 3s,. (3.37)
To estimate [d8,/9n| we transform (3.36) in a harmonic problem by letting £ = § — 8.
We have
Aé=0 in s,

£(x,,0) =0, g(xl’Eh(x2)) = eth(xz)(h(xz) - hM)/zv
and by Lemma 3.3, |v§| < C,e. Taking into account that |VB,| < C,e it follows that
|¥8| < Cse. Thus [98/9n| < Cse on ds,. This by (3.37) implies (3.33). O
From (3.29) we deduce the estimates

d(x)|v, — vy | < Ce2. (3.38)

4. A perturbation technique. In this section we develop a perturbation scheme in & for
Problem 2’. Since we prefer to work in a fixed domain we introduce the new variables

V1= X1 » = x,/E. (4-1)
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In this way s, and o, become, respectively,

s={(y1, »); ~00 <y < 00,0 <y, <h(y)},

0={(y1,2);0<y; <1,0 <y, <h(y)}.
Hereafter we use for partial differentiation the notation

D o f = /3%y 0%y, q=q: + q,.
Moreover, we put
V€= (SD{'O, D(g,l)’ AE=82D22‘0+D02,2.

Problem 2’ can be rewritten as

Problem 3. To find ¢ such that

A% =0 in s, (4.2)

¢=0, Dy ¢=¢ on y,=0, (4.3)

¢ = ec, Dy, =0 on y,=h(y), (4.4)
¢ is 1-periodic in y,, (4.5)

where of course ¢(y;, y,) = ¥( ¥y, €3,). Let u,(yq, ¥,) = v;(y1, €£3,). Recalling the defini-
tion of stream function we have

1
u, = ;Do‘lqb, u, = Dy . (4.6)

Furthermore, for the pressure gradient, we get from (3.1) and (4.6)

1 1
D,op = ;D§,1¢ + 8_3D03.3¢, (4.7)
1 1
;Do,ll’ =-Djp — _2D13,2¢- (4.8)
€

LeMMA 4.1. The solution ¢, of Problem 3 is odd with respect to e.

Proof. Because A, = A__and A2 = A2, —¢_, satisfies Problem 3. Thus by the uniqueness
of the solution we infer ¢, = —-¢_,. O

By (4.6) u, is even with respect to € and u, is odd. Moreover, from (4.7) and (4.8), we
see that p is an even function of e.

Set formally
¢ = 6O + ep® + 2@ + 29O 4+ ... (4.9)
Substituting (4.9) into Problem 3 and equating like powers of ¢ we obtain, in agreement
with Lemma 4.1,

¢ =0, i=0,1,.... (4.10)
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The coefficients of the odd powers of & satisfy the following hierarchy of boundary value
problems:

D¢V =0 in s, (4.11)
¢V =0, Do_1¢m =1 on »=0, ¢ = ¢, D0,1¢(1) =0 on y,=h(hy),
(4.12)
Dy, = 2D} " in s, (4.13)
¢P=0, Dy,;6¥=0 on y,=0and y,=h(y), (4.14)
D{ D = _DRp® D —2DE @D =23, (4.15)
¢V =0, Dy ,;6%*"=0 on y,=0and y, = h(y). (4.16)

Problem (4.11)-(4.12) can be solved easily. We get (cf. (3.17))

oM = (h(y) = 2¢0) y3/W*(3) +(Beo = 2h( 1)) yi/h* () + 3. (4.17)

Recalling (4.10) we solve problems (4.13)—(4.14) and (4.15)—(4.16) recursively. We are led
to the following formal expansion of ¢ in odd powers of «:

(o]
o= eTlg@/HD, (4.18)
j=0
Define
ulH = Die®*h,  u@h = pl g, (419)
By (4.6) we have
o0 o0
up =y eulN, uy =) eMFTlyrh, (4.20)
Jj=0 Jj=0

Next we consider for p an expansion of the form

p= i ekph). (4.21)

k=-2

Putting (4.21) into (4.7) and (4.8) we have:

Dy ,p**V =0, D, p**YV=0, j=-1,01,..., (4.22)
Diop©? = Dgy9, (4.23)
D! p?® =D} ¥V + D3+, j=0,1,2,..., (4.24)
D, pt"? =0, D;,p” = -D] 9", (4.25)
D}, p®) = —D3 =D — D3 6@+, (4.26)

By (4.22), vp?/*V = 0; therefore, apart from an inessential constant, we arrive at the
formal expansion
0
p= 2 &p? (4.27)

j=-1
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Let us examine in greater detail the first term of (4.20),. From (4.17), we obtain (cf.
(3.18)):

u{® = 3(h( ) = 2¢0) yi /K> () + 2(3¢o = 2h(y))) /B> (3)) + 1. (4.28)
Furthermore, by (4.25),, p~2 does not depend on y, and from (4.23) we have:

dp=?/dy, = 6(h(y,) = 2¢o)/h* (). (4.29)
We arrive, in conclusion, at the classical one-dimensional Reynolds equation:
d 3 dp(‘z) B _fiﬁ
D1 (h & ) = 6dy1 . (4.30)
Moreover, from (4.28) and (4.29) we deduce:
1 dp?
u{O) =3 Tlh()’z - h()’1)) + (h()’l) - Y2)/h()’1)~ (4.31)

Our goal is now to give a rigorous justification of the formal expansions (4.18), (4.20), and
(4.21).

LEMMA 4.2. Define

n
r(n)=¢ — Y, e¥*lp®/*h, (4.32)
j=0
We have
| Dy or(n) ||L2(o) < Cett?, | Dy,r(n) ”Lz(o) < Cet?, (4.33)
| D2_,.r(n) |20y < CE¥*3, i=0,1,2. (4.34)

Proof. By (4.2)

Azsr(n) - _ i £21+1A28¢(21+1).
j=0
We claim that
A2r(n) = €"°F(yy, yys 8, n), (4.35)

where
F(y1, vy 8,n) = =[ Digs® ™ + 2D5 %" 2 + 2D V]
The proof is by induction. For n = 1, (4.35) is true. Suppose (4.35) with n arbitrary; then
A%r(n + 1) = A%r(n) — 2"t 3%
— _£2n+3[D:O¢(2n—l) + 2D24‘2¢(2n+1) + D&4¢(2n+3)]
_£2n+5[D:O¢(2n+l) + 2D24‘2¢(2n+3) + £2D£0¢(2n+3)]'

The first term in square brackets in the left-hand side vanishes by (4.15); thus (4.35)
follows. We conclude that F(y,, y,; & n) is bounded pointwise by a constant not depend-
ing on e. Because r(n), r,, and r, vanish on ds, we have

|A.r(n)|, < Ce?H2. (4.36)
On the other hand,

2 2 2
1A 7152 = e D2or |12 + 262 D7 |2 + || DEar | o
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Hence
|2, ()|, < Ce?37@=0 i =0,1,2. (4.37)
Now (4.37) holds for every n and
r(n)=r(n+1)+ 2" 3+,
Inequality (4.34) follows because
ID3ir(n) |2 <[ D3 ir(n + 1) |2 + Cre?™* < Ce?n 2.
On the other hand,
ID3or(m) ]2 < CIDir(n) [li2n [ Dgar(n) |2 < €| DGar(n) 123

thus (4.33) holds. O
Let

n n
pluin) = = ¥ e, plugm) =uy— ¥ e,
j=0 j=0

Since

1
o(uy; n)=—£—Dé‘1r(n), p(uy;n) = “Dll,o"(”)’

we have the following as an immediate consequence of Lemma 4.1.
THEOREM 4.1. The following estimates for p(u;; n) and p(u,; n) hold true:

loCuysm)llz < €222, lp(uzin) |2 < Ce?n 2, (4.38)
[ D} o(uyn)|z < Cem2, | DY ip(uy;n) |2 < Ce¥"*3, i =0,1.(4.39)

Remark 4.1. The classical theory of lubrication deals with u{” and u{". For these terms
we have, in particular,

u, — u®]|,2 < Ce?, |uy — eud?| 2 < CE.

An interior estimate for the L?-norms of higher-order derivatives of the stream function
¢ is given in the following.

LEMMA 4.3. Let { be a C* function vanishing near ds and 1-periodic in y,. Define
g=A%(n), N=1,2,....
Then we have
Iv.(g) 2 < Ce* 2, (4.40)
1a.(£g)ll,2 < Ce? 2. (4.41)
Proof. Let N = 1. We have
teh,(te) = (g(tA g + 298 - Vg + gA %)
= $gh g + g + 2gv.8 - v,(88) ~ 287V (442)
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By (4.35) and (4.36) we get
lgl: < Ce?2, [Agll2 < Ce 2. (4.43)
Integrating by parts in the left-hand side of (4.42) we get, taking into account (4.43),

I9.(68) 1 < €2 2272 +[9,(58) 2.
Hence (4.40) holds when N = 1. In particular, we have from (4.40),
[$Dtoglle < Ce?*2 iD5,8 ], < et (4.44)
To prove (4.41) we note that:
(gA2(3g) = $g{$A2g + 4v.8 - v.(A.g) + 208 g
+[4(e29,D, 08 - V.Dy o8 + V. Doyt - V. Dy,i8) +4v.8 - V. (A8)] + gA%).
(4.45)
Recalling (4.35) we have
Iv.(88) 2 < Ce2"2. (4.46)

Hence by (4.43) and (4.46) the only terms in (4.45) which cannot be immediately
estimated are those in square brackets. On the other hand, we can write

tev.g - v.(AL) = (gv.($8) — 82v,8) - V(A L);

thus we estimate this term using (4.40) and (4.43),. Since the other terms in square
brackets in (4.45) can be similarly treated, we obtain (4.41) after integrating by parts in
the left-hand side of (4.45). A suitable induction argument yields (4.40) and (4.41) when N
is arbitrary. O

LEMMA 4.4. Let { be as in Lemma 4.3. We have, forg > 2and i = 0,1,...,q,
I$Df ir(n) ]2 < €22 (4.47)
Proof. We first prove by induction
“{qu_,-',.r(n) ||L2 < Cg?nt3-(a=n (4.48)

when 2 < g<2n+3and i=0,1,...,q. Inequality (4.48) holds when ¢ = 2 by (4.37).
Suppose (4.48) true for ¢ = 3,...,2N. We claim, fori = 0,1,...,2N + 1,

||§‘D22,C'fll_,-‘,-r(n) ”Lz g Ce?n+3-@N+1-0 (4.49)
Let
Moo
g= A]Z’(") = Z (k )GZ(N_k)Dzz('X/—k),Zk’(”)- (4.50)
k=0

We want to rewrite (4.40) after collecting in the left-hand side all terms like

§D22)C,:11—1‘1r(n)~ (4.51)
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We have
N
2
”D%‘o(fg)”LZ =f Z [(;iv)EZ(N_k)Di,o(szz(%—k)‘zk’("))]
0 k.h=0
X [(;{V)fzm_h)D}.o(§D22(]X/—h),2h"("))] dy, dy,. (4.52)
Let

D%o(sz(N k)zk’(”)) = §D22(}X/tlk)+1,2k’(") + a,
where by the induction hypothesis
laell 2 < Ce?mt372N=0), (4.53)

The diagonal terms in (4.52) can be estimated as follows:

2
|'D:.o(§D22<}X/—k).2k’(”)) 122 ”szz(l;lvt}()H,z 12 2|, ||L2”§D22(]X/t}o.zk"(") ”Lz-

(4.54)
For the off-diagonal terms in (4.52), we put
D%,o(szz(%—k).zk’(”)) = D22<)1\('+—1k)+1.2k(§"(”)) + B, (4~55)
where
[Bill2 < Ce?rt>= 2=k, (4.56)

Using (4.55) we have, with successive integrations by parts,
f D 2(N k)zk’(”)) X D%‘O(KDZZ(IIVV—h),Zhr(n)) dy, dy,
4 2
“f DIy nen(§r)) dydy, +thDzz(%ti)ﬂ,zk(f’)dJ’ldJ’z
o

+f BiDiN 12 ($7) dyydy, + f BuBy dy dy,. (4.57)
To transform further the first term in the right-hand side of (4.57), we let

IN+1 _ IN+1
D2N:1—h—k,h+k(§r) = szﬁL h—kn+k? T Y

where
lylls < Cernes-ansionh, (4.58)
Thus
2
||§D2N+l k. nerr (1) ”LZ < ” DZZI{/V:II-—h—k,h+k(§r) "LZ + 2||Y||L2"§D221</V:11—h—k.h+k"(”) ”L2-
(4.59)

Let us repeat the same calculations from (4.52) to (4.59) but starting with

125, (88) -

We finally obtain

2AN+1 2N+1
Z 82(2N+1—i)||§D22}(,V++11 ,,r( )”LZ <C62n+3 2n+3+ E £2N+l '”§D22»7:11 ,,r(n "LZ
i=0 i=0
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Hence (4.49) follows. Let now (4.48) be true for ¢ = 3,...,2N + 1. We claim, for
i=01,....,2N + 2,

I$D2N 13, r(n) |2 < CePr3-@N+2=0, (4.60)

Proceed now in a way similar to the first part of the proof, starting from (4.41). This
inequality can be written as

2 2 2
e Do (88) [ 12 + 287 DT (88) | 12 + [ D52 (88) || 12 < Ce** (4.61)

where g is given again by (4.50). Our goal is to put in evidence and collect in the left-hand
side of inequality (4.61) the L?-norms of all terms like

D2N+2
2N:2 Ilr( )

This can be done with estimates similar to those of the first part of the induction

argument. As final result we obtain

2N+2 . 2N+2
T SN2 0D2N I r(n) [ <C O e @V RDRE () -
i=0 i=0

Thus (4.60) follows. This completes the proof by induction of (4.48).
Take now m such that 2m > ¢ and note that

n+m
r(n)=r(n+m)+ Y ¥*lp@/*D, (4.62)

Jj=n+1
Since (4.48) holds for every n we have, fori = 0,1,...,¢,
18D ir(n) |2 < [§DLir(n + m) [ + 2725927212
< C(EZ(n+m)+3—(q—i) + 82n+3)

< C€2"+3.
This completes the proof of (4.47). O
By the definitions of p(u,, n) and p(u,, n) we have, fori =0,1,..., m,

§Dy_ ip(uy,n) = _KD;+11:+1’(”)’ §Dy_; ip(uy n) = Dyl ir(n).
Therefore, as an immediate consequence of Lemma 4.3, we obtain
THEOREM 4.2. Form > 2and i = 0,..., m,
“{Dn’?—i.ip(uh )l < Cetnr?, (4.63)
1§D i ip(uz,m) |2 < Ce2m*2. (4.64)
Now we have, for k = 1,2,

”§ 'm—i.iP uk*n)”CO(O) ”{ r+11+1p(uk' )”LZ'

Furthermore, the right-hand side in (4.63) and (4.64) does not depend on m. Thus we
obtain, for i = 0,1,...,m,

”fDr:l"—i.ip(ul’ n) ”C"(a) < Ce"*?, ||§Dr:1"—i,ip(u2’ ”) ||C°(6) < Cetl,
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To estimate the error associated with the pressure we define

n

m(n)=p— XL *p@.
k=-1

By (4.7), (4.8), and (4.23)—(4.26), we have

Dlgr(n) = = Disr(n + 1) + ; D3yr(n)
and

Dj,m(n) = —eDj r(n—1) - %Df‘zr(n).
Therefore we obtain, by (4.47) form > 1and i = 0,1,...,m,

”ng‘_iJT(n) 2 < Ce*nt2.
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