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A LINEAR VOLTERRA INTEGRODIFFERENTIAL EQUATION
FOR VISCOELASTIC RODS AND PLATES*

By
RICHARD D. NOREN
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Abstract. It is proved that the resolvent kernel of a certain Volterra integrodifferential
equation in Hilbert space is absolutely integrable on (0, co).Weaker assumptions on the
convolution kernel appearing in the integral term are used than in existing results. The
equation arises in the linear theory of isotropic viscoelastic rods and plates.

1. Introduction. We study the equation

y(1) = Ax Ly(0) + g(0), ¥(0) = 13 0(" = 5], (1)

in a Hilbert space H, where y, and g(¢) belong to H, A: R*— R is locally absolutely
continuous, L denotes a self-adjoint linear operator defined on a dense domain D of H.
We assume the spectrum of L is contained in [1, 00) and * denotes the convolution

hy* hy(t) =/’hl(t-s)h2(s)ds.
0
Let { E, } be the spectral family corresponding to L. Define

U(t) =f1°° u(t,\) dE,

where u(¢, A) is the solution of
w(t)=-AA*u(t), u(0)=1,7r>0. (1.2)

Existence, uniqueness, and representation results for (1.1) work out just as in [6]. In
particular, the conclusions of Theorem 1.1 below imply that

U’(t)y=%[U(t)y],ifL‘l/zyeD; (13)
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moreover, if y, € D, g: R"— H is continuous with g(¢r) € D for all ¢, and Lg: R*> H
is locally Bochner-integrable, then the unique solution of (1.1) is given by

y(1) = Ult)yy + Uxg(t). (14)
The results (1.13), (1.18), and (1.19) in Theorem 1.1 imply, respectively,
lu(n)l<1 (r=0), (1.5)
,lin; |tU(r)] = 0. (1.6)
fox 1UTe) || dr < oo. (1.7)

Under various assumptions on g, (1.4)-(1.7) can be used to study the asymptotic
behavior of y(t)ast — oo.
Throughout this paper, the Fourier transform / is defined for a function A such that
h(t)e °" € LYR") for all ¢ > 0 by the formula
o
h(r) =/ e ™h(t)dr (Imr < 0),

0
il('T())z lim iz(*r) (7, € R),

T 7. im7T<0

whenever the limit exists.
The assumptions on A are as follows:

A(r)=a(7)f(r) (Imr<0), (1.8)
where
1(7) = F(b(r)/a(r)).  Flw) = 220 (19)
m, p,and g are nonnegative, p > 0, g > mp, (1.10)
and

a(t) and b(r) are continuous, nonnegative, nonincreasing,

convex, and not constant on R*, with ¢(0) + 5(0) < 0. (1.11)

In [6], the stronger assumption — «’(0) — b’(0) < oo is also used.

The equation for a dynamic problem in linear viscoelasticity [1] can be obtained by a
“correspondence principle” from the corresponding problem in the purely elastic case.
Formal differentiation of (1.1), with L = A%, y(¢) = y(-, ), followed by an application of
the Fourier transform (with m = p = 1/2, ¢ = 1 in (1.9)) yields the transformed equation
for transverse vibrations in a viscoelastic plate (see [6]). Similarly, the equations for waves
in a rod come from (1.1), (1.8), (1.9) with m = 0, p = 2, ¢ = 1; for longitudinal waves,
L = -3?/9x>, while for bending waves, L = 3%/0x* In all cases we must take self-ad-
Joint boundary conditions. There are indications that for certain viscoelastic materials the
assumption that A(0) or 4’(0) is finite may not be valid. (See [8] and references in [8]).
Recently authors have studied (1.1) and equations related to (1.1) assuming that the
convolution kernel or its derivative become infinite at the origin. (See [2], [3], [7], [8], [9],
[11], and [12]).
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Our first result is:

THEOREM 1.1. Suppose (1.10) and (1.11) hold.
(i) There exist B € L*(R ") such that the function

A(t) = f(o0)al1) +/0’B(s)ds

satisfies (1.8).
(ii) For A > 0, u(t, M) satisfies

a(r,N\) = [ir + NA(7)]"" (Im7 < 0), (1.12)
lu(,A)|<1 (£>0). (1.13)
(1) If in addition,
-a’ and b’ are convex on R, (1.14)
and
5
+
lim sup *[C(x) C,,(x)}}] < (1.15)
x10 [B(x) + By(x)]
where
C(x) = /X —a'(s)ds, Cy(x)= fx -b'(s) ds, (1.16)
0 0
B(x) = f‘ —sa’(s) ds, B,(x)= fA —sb’(s) ds, (1.17)
0 0
then
lim sup |mu(z,N)|=0, (1.18)
(2% 1<h<oo
foo sup Ju(z,N)|dr < 0. (1.19)
0 1gAi<ow

In [6], Hannsgen proved the same result with the condition a(0) + b(0) < oo in (1.11)
replaced by -a’(0) — ’(0) < oo. Note that the condition -a’(0) — 4'(0) < oo implies
(1.15). The proof of Theorem 1.1 follows the proof of Hannsgen’s result. The only
difference is that we will use the estimates (2.1), (2.2), and (2.8), below, instead of the
relations

a(r) = -it7'a(0) + O(77%),  b(7) = -ir7'b(0) + O(77?),
a(r) = -it'a(0) — a’(0)7"% + o(772%),
b(7)=-ir7b(0) = b'(0)7 2+ 0o(772) (7> 0,7ES),

where S = {7 € C: Im7 <0, 7+ 0}. To keep the paper more self-contained, we will
include the entire proof. The part of the proof that differs from that in [6] will be found in
the estimates from (2.26) to the end.

Remarks. (a) Regarding (i), it will be seen below in (2.2) that f(oo) exists and equals
F(b(0)/a(0)).
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(b) The assumption (1.15) is quite mild. If —(a(¢) + b’(¢)) has a singularity at ¢ = 0 like
7%, 0 < a <1, -logt, log(-logt), or t"!(~logt) 9, g > 1, then an easy calculation shows
that (1.15) holds. As already mentioned, if -a’(0) — 5’(0) < oo then (1.15) holds.

(c) In Sec. 3 we give an example of a piecewise linear function —a’ (with any b) that
satisfies (1.11) and (1.14) but not (1.15). I do not know if (1.19) holds for this example.

The condition a(0) + b(0) < oo is assumed in Theorem 1.1. The following result allows
b(0) = o0.

THEOREM 1.2. Assume that (1.10) holds. Let b(z) = t7#,0 < 8 < 1, and assume that a(t)
satisfies (1.11) and (1.14). Then (1.13), (1.18), and (1.19) must hold.

Note. Our proof of these two theorems does not extend to a(t) =% 0 < a < 1, even
if -b’(0) < oo0.

2. Proof of Theorem 1.1. We first recall some consequences of (1.11). By [5], the
functions

a(r) =¢(r)—irf(r)
and
b(1) = ¢.(7) — ir6,(7)
are analytic in {Im7 < 0} and continuous in S. Moreover, if Im7 < 0 and Re 7 > 0, a(7)
and b(7) lie in {-m/2 < argw < 0}: if (1.14) also holds, this conclusion remains true
when Im7 = 0, 7 > 0. In this paper, -7 < argw < 7 (w € C).
Integration by parts and the Riemann-Lebesgue theorem show that

a(r) = —-it'a(0) + o(771), b(r7Y) = -ir7(0) + o(r7)) (7= o0). (2.1)

As a consequence, it follows that

f(1) =f(0) +0(1),  8,(r) =7726(0) + o(7"?),

(2.2)
6(r)=1"2a(0) +o(772) (7> ),
where f(o0) = F(b(0)/a(0)).
From [12], we know that a(7) and b(r) are differentiable for r > 0 and
232 [V a(1) dr <|a(r) | < af"" a(e)r, (2.3)
0 0
(r)| <40 [ wa(r)yar (7> 0), (2.4)
0
1/7
[ SLIOL RS (2.5)
0\ (fg/"a(r) dt)
with similar estimates for b. By [5, Lemma 2.2],
0'(r)<0 (7>0). (2.6)

If (1.14) also holds, [2, Lemma 5.1] shows that 4 and b belong to C*(0, o0) with
a"(r)] < 6000 [ ra(r) r, (2.7)
0
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and [7, p. 236} shows that
CB(1/7) < ¢(7) < KB(1/1), 7>0,

2.8
CB,(1/7) < ¢,(7) < KB,(1/7), 7>0, (2:8)
for some positive constants C and K where
B(x) = fx -sa’(s)ds and B,(x) = fx —sb’(s) ds.
0 0
From (2.3)—(2.5) and (2.7) it follows that
[ I+l o o, (2.9)
0 la(7)|?

The formulas for b which are analogous to (2.3)—(2.7) and (2.9) also hold.
The fractional linear transformation F maps {Rew > 0} onto the disk with diameter
[m/q,1/p]. Moreover,
0 <argF(w) <argw (0 <argw <m/2), (2.10)

F(w) = F(w) (we0).

It follows that arg a(r)f(7) lies between arg a@(7) and arg b(r), and strictly between them
when arg a(7) # argh(7) (1 € S). In particular, if we write

A(r) = ®(r) — irO(1),
then in {Im7 < 0} (and in S when (1.17) holds) we have,
®(7)>0. (2.11)

For the remainder of the paper, M denotes a constant whose value may change each
time that it appears.
To prove (i), define

G(7) = (f(7) = f())ira(r).

For 0 < 7 < 1, we have

(g - mp)(a(O)?)(T) - b(0)a(r))
(pb(0) + ga(0))(pb(7) + qa(r))

< M|a(0)b(r) — b(0)a(7)|=o(r"') as7— oo,

|f(r) = f(o0)[=

where we have used the Riemann-Lebesgue lemma. Together with (2.1'), the paragraph
preceding (2.1), and the properties of F, G belongs to the Hardy class H* in {Im7 < 0}.
Thus G = B for some B in L*(R*) and

=G () + f(0)a(7) = f()a(r).

Therefore (1.8) holds with A as in (i), as asserted.
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The proof of (ii) is the same as in [6]. The formulas (2.14)—(2.23) from [6] are valid.
The verification of these is the same as in [6] except that the formulas

a(r) = -ir'a(0) — a’(0)7% + o(77?),

b(7)=ir"'b(0) = b'(0)r > + o(7°2)
do not hold. In their place we use (2.1), (2.2), and (2.8). We list these results in
(2.12)—(2.21) below:

lim L exists and is real and nonnegative. (2.12)
12y Al
Foreach A > 0
#(7,X) is continuous in {Im7 < 0}. (2.13)

Also, a, b € C*(0, o0) when (1.14) holds; therefore A € C2(0, o0). We have

]"TA (LA, (2.14)
0 |A(7))?
& 2 4
AL IR AT 1) (550 4), (2.15)
|A(7)]
AN (1) = 0(1) (7 - o0, j=0,1,2). (2.16)
Furthermore, &t € C%(0, o) as a function of 7, and
e
a";—f;”=o(wl) (100, j=0,1,2, A > 0), (2.17)
r
a(r,A)=0(r"") (1> 0, 7€ S, A>0), (2.18)
u(-,A)e LY(R") (0 <X < o0). (2.19)
With D(7,A) = A(7) + i\, choose p > 0 such that
|A(7)| =27 (0<7<p). (2.20)

By (2.12), p exists.
Finally, we have the representation

mu(r,N) = Im{ N uy (1) + iN2uy () + N Pug(1) + ug(i,X) + us(1,N)}. (2.21)

where

1 d ITIA\/(T)

ul(z)=7/0 yorp dr
Sl e [ 24'(r)

w() =7 [ AZ(T)[ T ]d,

1 pp ., 27d7
u3(t)=7/0 e AA3(T)~

-1 rep TZD(T‘)\) 2 1
1LA)=— M — + dr,

ua(t.A) Nr o AX(r)D(7,N) | A(7) D(T.)\)] T

< D(7,A
uS(t,)\)=L 0”’——T(T )dT.
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Following [6] we show that
lug(e, M) | < M2 (A1 > 1), (2.22)
lus(£,N\)| < M=% (A,t=1). (2.23)
Then by (2.21), (2.19), and (1.13), (1.19) follows. Moreover, (1.18) is a consequence of
(2.21), (2.22), (2.23), and the Riemann-Lebesgue theorem.
For (2.22), integrate by parts in the definition of u, (using (2.15)) and then use (2.15)

and (2.20).
For (2.23), integrate us by parts (using (2.16)) and then use (2.11) and (2.16) to see that

3

A o " R
uS(” Z)’S Mll +fp |D2(7,\/L)| " |D3(7,>\/L)|}dT’ (224)

2\

L

where L is defined in (2.26) below. Define w;, = w,(A) > 0 by 6(w;) = A™1. By (2.6), w, is
unique when it exists. Now let w(A)= w;(A) when w, exists and w, > p, and let
w(A) = p otherwise. As shown in [5], w is continuous and nondecreasing, and by [5, Eq.
(6.8)], there exists Q > 0 such that

(X)) = 7f(w(A) + 7
T2\
To proceed we need a lower bound on Im D(7,A/L) = —10(7) + 7A"!. Writing ©(7)
explicitly in terms of ¢, ¢,, 8, and 8,, a straightforward calculation shows that
i @) _, _ pb(0)’ +(mp + ¢)a(0)b(0) + mpa(0)’
reee 8(7) (pb(0) + ga(0))’

where we have used (2.2) and (2.8).
Define the function

Leolt -0t (rzprz). (2.25)

, (2.26)

p(r8,(7))" +(mp + q)70(7)8,(7) + mpr30*(7)

Li(7)= 5
: (pr0,(7) + qr0(7))

We then have

‘@(T) —§'> Lfo(r) ~+

We find a common denominator and use (2.2) and (2.8) to estimate |@(7) — 8(7)L,(7)].
The result of this straightforward but tedious calculation is

|@(7) = Ly(7)0(7)|< M(Bi(=7") + B*(r7")) (7> p). (2.28)

where p, is a positive constant.
A similar calculation shows that for some p, > 0,

|Ly(7) = L] < M7?|b(0)8(7) — a(0)8,(7)| (7> p,).
Integration by parts yields

= 0(r)|L(7) = L|=[0(7) = L,(7)6(7)]. (2.27)

8(7) = a(0)r2 — 77 *Re(—a’)(r),
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and

8,(1) = b(0)r2 — 1-2Re(—b')(r) (r > 0).

Therefore,
|L,(7) — L| < M|Re(=a’)(r) = Re(=b')(r)|
< M|(=a")(r) |+ |(=6")(7) | (2.29)
< M(/O‘/’ —a'(s)ds + fol/’ —b’(s)ds) (r>py),

where the last inequality is a consequence of [12, Lemma 1] applied to —a’ and -b".
There exist positive constants p;, M;, M, such that

B}(1/7) < / (s)ds and 7°B*(1/7) < MZ/I/T —a'(s)ds (7> p3)
0

because B(x) < x[;—a’(s)ds and [;—a’(s)ds — 0as x — 0. (Similarly for B,).
Therefore (2.27), (2.25), (2.29), (2.2), and (2.28) imply that there is a constant M; > 0
such that

ole(r) - \ Ho = Tzl()\w+7)—%'{)l/f—a’(s)—b’(s)ds (2.30)

for 7 > p, = max{p, p,,p3}.
Next, we assume that p; is so large that

. i, , La(0)

(i) /O “a'(s) = b(s)ds < S 7> s, (2.31)
2 2

(ii) © A< Z forw/2 s

2a(0) =" " a(0)
(a consequence of (2.2) and the definition of w),
(iii) e(A) < w/2 forw/2 > ps,

where e(A) = ¢ is defined below in (2.33). Define p, = max{p,, ps}. In the following, we
also redefine w to be max{2p,, w} and denote the new function by the same letter, w.
For p, < 7 < w/2, we use (2.30) and (2.31) to obtain

oot -£|> @ -nw -2 [ —at0) - p(5) s
L[wz W 2M W (La(O))]

8M,
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Therefore,
1 [ T3 TN
- + d 2.32
Aj; |D(7,A/L)|>  |D(7,A/L)]| ’ (232)
" -3 -4 4 y-2
<%‘/’/2 21' . T +>\3d1’
b (@?/A12) (w?/A7)
A A w")
<M E+ S+ <M
0)3 (OS w6
Define ¢ = ¢(A) by the formula
_ 8M1 2/w , ,
e(A) = a(o)L“’fO —a'(s) - b'(s) ds. (2.33)
Note that &A) > o0 as A — oo because -a’'(0+)—b'(0+ )= and w - o as
A = oo0.
Forp, < w/2 <7< w—¢and w + ¢ < 7 we use (2.30), (2.31), and (2.33) to obtain the
estimate
_L|_ Ljw—r| [+ 7 _ MAf{T-a'(s) = b'(s) ds
Q’G(T )\’2 ™A | T TLjw — 7|
_ Llo — 1] -1 M -a'(s) = b'(s) ds
S| a(0)wLe
_ Lle —rlf; _ l] _ Llw—|
B TA I 217 27n
Therefore,

1 w—¢ oc 1-'3 7_4 + }\'2
A(fw/z +fw+s)( ID(7,\/L)|? * |D(T,)\/L)|3) dr

Mf°° 773N +(T'4+)\"2)}\3 dr

S

w2 o — 7|2 lw — 7|?
(2.34)
< M(A[ao xdx+ [ x‘3dx)
1

W “py P

where we have used (2.31).
For w — ¢ < 7 < w + ¢ we need a lower bound for Re D(7,A) = ®(7). By writing ® out
in terms of ¢, ¢,, 4, and 6,, and using (2.8) we obtain

1_N_ (1 1 1 1
"D M(W) ¥ ¢1(7>) SM( * ) (2.33)

B(r) " By(r7)
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for p < 7, where
N = p*% + 2pgéi¢ + q¢* + p*(18,)° + pgr?06, + ¢*(16,)’,
and

D = ple +(q + mp)e,¢> + mqd’ + pe(70,) + 2mporlr, + mqe(+8)’

+(q — mp)o,(10)”.
Therefore, by (2.31), (2.33), and (1.15) we have the estimate

w+e '.‘ ’T_4+>\_2
/ +
N, ID(7, M2 [D(7, N
wte ‘4 -2
f T ”; dr (2.36)
—e ®(r1) ®(r)
Me Me
<

+
N(B(2/w) + B,(2/w))’w>  N(B(2/0) + B,(2/w))’

M x4 - x3fg-a'(s) — b’(s)}ds
(B(x) + B,(x)) (B(x) + By(x))

where x = 2 /w.
For p < 7 < pg, we use (2.35) to obtain
_fp' T " MR fPI T3 R
Ao ID(7,A/L)J? |D(f A/L)P <X o(r ) o(r)’
The estimates (2.37), (2.36), (2.34), (2.32), and (2.24) show that (2.23) holds, finishing
the proof of Theorem 1.1.
The proof of (1.13) in Theorem 1.2 is the same as the corresponding proof in [6]. The

proof of (1.18) and (1.19) follows that of Theorem 1.1 exactly up to formula (2.24), except
that instead of (2.16) and (2.24) we have, respectively,

A(r) = 0(/01/T a(s)ds)

A7 (r) = o(/o‘/’ sa(s)+sb(s)ds) (2.38)

dr< M. (2.37)

A7(7) = 0(7_1[)1/7 sa(s) + sb(s)ds) (ast - ),

and

2 N . 7‘1/01/7 sa(s) + sb(s) ds
_us(t,—)’<M1+f 5

L L p |D(7,A/L)|

N A2+ ([ sa(s) + sb(s)afs)2
ID(7,A/L)}

(2.39)

(where we have used (2.4)).
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A straightforward calculation shows that

. 0(r) 1
Tlinzo 6('7') B P’

and there is a constant R such that

)@(7)-%0(7)

<_37 T2 Py
T

for some p, > p. The rest of the argument follows as in [6], with L = 1/p (see [6, formula
(2.30) until the end of the proof]). We will therefore omit the details.

3. An example. Let -a’(?) = X7_ga,(x, — : t)x[0 () where X0.)(?) €quals one for
0 < ¢ < a and zero otherwise, and a, = 22", x, = 2192 for k= 0,1,2,.... Let b(1)
be any function satisfying (1.11) and (1.14). The function a(t) satisfies (1.11) and (1.14)
by its definition and the calculation

oc
oo>f (t)dt= %Zakx,f<oo.

An easy calculation shows that for x, ,; < x < x,,

X n o0
Cx)=[ -a(s)ds=xL alx-x/2)+} ¥ axi,
0 k=0 k=n+1
and
x n [oe]
B(x) E/ —sa'(s)ds =x>Y a,(x,/2 —x/3)++ Y a.x}
0 k=0 k=n+1
It is also easy to see that
C(x) ~ xa,x,, B(x) ~ x%a,x, asn— oo,
where F~ G as n > oo means lim,,_,wF/G= 1. It follows that x°C(x)/B(x)* ~
1/(a,x,)> Now the fact that lim,_ 1/(a,x,)* = co implies that (1.15) does not hold.
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