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1. Introduction. Let g be an odd C*function with xg(x) > 0, xg”(x) > 0, for every
x#0,1<g’0) <4 <Ilim, ‘(x) < 9. Loud [2] has proved that to each real number

X’—"OOg

E, there corresponds a unique solution x(¢; E) of the equation
% + g(x) = Ecost (1.1E)
which is 27-periodic, even and odd-harmonic, that is, ‘
x(t+m E)=—x(t; E), t€R.
Let us consider the linear variational equation with respect to x(¢; E),
y+g(x(t;E))y=0, (1.2E)

where a prime means derivative with respect to x, and denote by p(t; E), q(t; E) its
solutions satisfying

p(0;E)=¢q(0; E) =0,
p(0;E)=4(0:E)=1.

The hypotheses on g imply p is an even function of ¢ and ¢ is odd. According to Loud
[4], there are values E,, E; > 0 of the parameter E such that

(5E) 0 af3i)-o

This means that p(r; E;) is an even, w-periodic, nontrivial solution of (1.2E,) and
q(t; E)) is an odd, 7-periodic nontrivial solution of (1.2E,).

Under the hypothesis that g(7/2; E,) # 0, and hence ¢(t; E,) is nonperiodic, which we
assume to hold throughout this paper, the existence of 2x-periodic non-odd-harmonic
solutions of (1.1E), near x(¢; E,) for E near E, has been guaranteed in [4].
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In this work we prove the existence of such solutions when (1.1E) is perturbed by a
small damping term, oh(t)x, where 0 € R and / is a 2#-periodic continuous function
satisfying some generic conditions. The very important case A4(¢t) = 1 does not satisfy
those generic conditions, and is solved separately. Following a device in [6], we show how
the bifurcation diagram in the parameter’s space “passes through” the nongeneric case,
h(t) = 1, varying the function h conveniently.

The hypothesis ¢(z; E,) nonperiodic implies that the space of periodic solutions of
(1.2E,) is one-dimensional. Indeed these solutions are proportional to p(t; E;). We
believe that the two-dimensional case g(7/2; E;) = 0 is exceptional. We are not con-
cerned with the genericness of the condition ¢(#; E) nonperiodic, but it will be clear from
Sec. 4 below that an adaptation of a Loud’s example [3] shows that it is not difficult to
obtain concrete situations where this hypothesis is satisfied.

We denote by 2 the Banach space of the 2#-periodic continuous functions f: R - R
with the supremum norm | - |,, and by 2 the vector subspace of £ of the C2-functions
with a C? norm.

2. The nonautonomous perturbation. Suppose that E. o are real parameters, h € #, g
satisfy all the hypotheses assumed in Sec. 1, and consider the equation

%+ oh(t)x + g(x) = Ecost. (2.1)

The aim of this paper is to characterize the number of 2#-periodic solutions of (2.1) which

are near x, = x(-; E;), for (E,o) near (E;,0). We make A = £ — E,, y = x — x,,, and

the problem reduces to the study of the existence of small 27-periodic C? solutions of the
equation

i+ g (xy)y =Acost — ohx, — ohy — G(y) (2.2)

for small [A], |o|, where

[G(}')](I) = g(xo(’) +.V(’)) - g(xo(’)) - g’(x()(f))y(t)'

If y € 2P it follows that G(y) € 2 and G(y) = O(]y|*), as |y| = 0. Here we mean the
smallness of solutions in the sense of the 22® space.
Let P: 23 - 22 and Q: £ — 2 be the projections given by

Pp =¢(0)p. ¢ €22, (2.3)
Q¢=@f:pﬂp,¢€@.c=(f;fyﬂ (2.4)

Thus, it is a consequence of the Fredholm alternative (see [1], page 146, for instance) that
the equation

y+glx)y=/ (25)

with f € 2, has a 2#-periodic solution if and only if Qf = 0. Furthermore. if Qf = 0,
there is a unique solution y = y(f) € 22 such that Py = 0, and it follows from the
Closed Graph Theorem that the linear operator K: f € (I — Q)? — y(f) € (I — P)P?
1s continuous.
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Notice that if f € £, then K(I — Q)f is the only 27-periodic solution of the equation

y+g(x)y=0U-0)f (26)
which satisfies PK(I — Q)f =0, that is, [K(I — Q)f](0) = 0; and that the general
2ar-periodic solution y of (2.6) is given by y = ap + K(I — Q)f, for some a € R.

We now apply the Liapunov-Schmidt reduction to the problem (2.2); that is, the
variable y is replaced by up + z in (2.2) and this equation is broken down into the
supplementary subspaces (I — Q)% and Q%. Taking into account that Q(cos) = 0 it
follows that y is a 2a-periodic solution of (2.2) if and only if y = up + z where the pair
(u,z), with u € Rand z € (I — P)2?, is a solution of the system of equations

z=K(I - Q)[Acos — ohx, — ouhp — ohz — G(up + z)], (2.7)
0 = Qlohx, + ouhp + ohz + G(up + z)]. (2.8)
LeEmMMa 2.1. There exist neighborhoods of the origin, V' € R?, U c (I — P)?®@ such that,

for each (u, A,6) € V, Eq. (2.7) has a unique solution z = z*(u, A, 0) € U. Furthermore,
z*: U - Visa C* function and

z%(u,N,0) = AN + 14,u” + ho.t. (2.9)
where A, = Kcos, A, = —K|[g”(x,)p?] are even, 27-periodic, and h.o.t. indicates terms
which are O(|u|® + |[u\| + |A|?) as u, A = 0.

Proof. Let
H:(I-P)P®XR - (I — P)P?
given by

H(z,u,A,0)=z—K(I— Q)[Acos — ohx, — ouhp — ohz — G(up + z)].
z € (I —-P)P? u X o< R Thus, His of class C*, H(0,0,0,0) = 0, and D,H(0,0,0,0)
= I, the identity in (I — P)?®, where D, is the derivative with respect to z. The
existence of U, V, z* follows from the Implicit Function Theorem. The expansion (2.9) is
accomplished by taking into account that z*(0,0,0) = 0 and

z*¥(u, X, 0) = AK(I — Q) cos + K(I — Q)| —G(up + z%(u. X.0))],
G(w) = Lg"(xo)w2+ O(|w[’), as|w|—>0, weP?,

Qcos = 0[g"(xy) p?] = 0.
The last condition follows from the fact that g”(x,)p? is odd-harmonic. Since cos and
g”'(x,)p* are even functions, it follows finally that K cos and K[g”(x,)p?] are even, and
the proof is complete.
Lemma 2.1 shows that Eq. (2.2) has a small solution y € 22 if and only if
y = up + z*(u, A, 0), where (u, A, o) satisfies the bifurcation equation
F(u,\,0) = f” p[ohfco + ouhp + ohz*(u,N,0) + G(up + z*(u,}\,o))] = 0.

(2.10)

F isa C* function and can be rewritten as
F(u,\,0) = Bjuh + Byu® + By + h.o.t. (2.11)
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with
/2 5 "
B, = 4/0 p(1)g" (xo(1))b, (1) di,

B =4[ (08 (xo )0} di + 5 [ pH(00g " (xa(0)
where
b;(1) = %[A

By= [ p(1)xy(1)h(r)dr;

-7

(1) =4, (r+7)]. j=1.2,

and h.o.t. are terms of order

O(u* +|u’X|+ N+ 0% +|uc|+]|Aa|), asu,A,o - 0.

THEOREM 2.1. Suppose the hypotheses assumed in Sec. 1 are satisfied and BB, B, # 0.
Then, there exist neighborhoods V; ¢ 2® of x,,V, € R, of (E,0) = (E,,0) and a cusp
C C V, given by the equations

E=E,—3(B,/B,)u? + O(|u]), o)
o=2B,/B;)u’ + 0(]u|4)

as |u| — 0, which divides ¥, into two open, connected, disjoint sets O,, O, such that, for
(E,o0) € Oy, Eq. (2.1) has a unique 27-periodic solution in V}; for (E,0) € O,, Eq. (2.1)
has precisely three solutions in V). For (E,o) € C, the equation has precisely two
solutions in V| if ¢ # 0, and a unique solution if ¢ = 0.
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Proof. The proof will be given for the case B, B, < 0; the case B, B, > 0 is similar. As a
consequence of Lemma 2.1, the proof is reduced to examining the number of solutions of
(2.11), as (E. o) varies in V,. If

v=BY%, X\ =-BB;'’\, \,= By,
then Eq. (2.11) becomes
G(v,A\,A,) =0 — oA = Ay + Gi(v,A,A,) =0 (2.13)
where
Gi(0, A1, 8,) = O(v* + [0\ [+ A3 + A3 +[vA, | +[NA, ),
as v, A, A, = 0.

The bifurcation curve is determined by the multiple solutions of (2.13), that is, the
triples (v, A}, A,) which are solutions of both (2.13) and the equation

D,G(v, A, A,) =30 = A, + D,G,(v,A\,\,) =0. 2.14
1 1 2 1
Since the Jacobian matrix

D(G, D,G) 0 -1

p(aAy) 0011 bD6(0.0.0)

is nonsingular, the Implicit Function Theorem shows that (2.13) and (2.14) uniquely
define A, A, as functions of v, with

A =302+ 0(0%]), A, =208+ 0(v*)
as v — 0. Returning to the original variables, we obtain the parametrization (2.12).

To show that the number of solutions of (2.13) effectively changes when the cusp is
crossed, it suffices to notice that D?G(v,A;,A,)# 0 and DyG(v,A;,A,) # 0 on the
points of the cusp. This means that on the cusp, v = 0 is a quadratic singularity of
G(-, A, Ay) and the values G(v, A}, A,) vary monotonically with A,. This completes the
proof.

As is pointed out in Loud [4], the numbers B,, B, are generally nonzero. The case
B, B, > 0 only changes the bifurcation diagram by a reflection on a vertical axis passing
through (E,,0). One can see that condition B; # 0 is a generic hypothesis in 4 in the
sense that {h € 2: [T _phx,+ 0} is an open dense set in &. Of great interest, however,
is the case A(r) =1 for which the symmetry properties of p and x, imply B; = 0. We
examine this special case in the next section.

3. The autonomous perturbation. Consider the equation
% 4+ g(x) = Ecost — x. (3.1)
Repeating the above procedure and noticing that Qcos = Qx, = Qp = 0, Eq. (3.1)
becomes equivalent to the system:
z=K(I - Q)[\cos — %y — oup — oz — G(up + z)], (3.2)
0=0[oz+ G(up + z)]. (3.3)
where z = x — x, — up, u € R. Equation (3.2) can be “solved” for small |ul, |A}, |o| by a
function z = z*(u, A, ) which can be expanded as

z*(u, N o) = AN+ 3A4,u> + Ao + 14,0 + Asuo + ho.t,,
1 14, 3 4 s
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where h.o.t. indicates terms of order
O(Iul3 + A\ +|o|3 +|ul|+|u’o] +|u02|), asu,N,0 - 0.
The functions A,, 4, are given in Lemma 2.1;
Ay = — KX, 1s odd, 27-periodic, and odd-harmonic;
A, = —K[24, + g”(x,) 4%] is even and 27-periodic;
As = —K[p + g”(xo)pA3] is odd and w-periodic.

According to these facts, Eq. (3.1) has a solution x in 2? near x, if and only if
X = Xx,+ up + z*(u, A, 0), where (u, A\, o) satisfies

F(u,\,0) = fﬂ p[oz’*(u‘)\,o) +G(up + z*(u. X, 0))] = 0. (3.4)
Expanding G and z* as
G(w) = 3g"(xo)w? + g (x)w’ + O(|wl)
z*(u, N, 0) = AN+ S4,u’ + Ao + 14,07 + Aguo
+0(lul + N + o]’ +|u]| +|uc?|)
asu,A\,06 = 0,w = 0in £, Eq. (3.4) can be rewritten as

F(u,\,0) = Byu\ + B,u’ +f pg”(xy){usAsp + NoA, A, + SoA3

+10°4,4, + Suo®[ pA, + A3 A5] + SuPo[2pAs + A, 45])

+ %/W pg ”’()(0)[3uzop2A3 + 3uc’pA, + 03A3]

+ofﬂ pINA, + Lud, + oAy + S04, + uods]

+0(u* + X+ 0% + ||+ |uo|” +|u’o| +|uc®| +|uho | +|Aa?|)

which, by virtue of the symmetries of the functions p, g”(x,), 4,, j =1,...,5, can be
simplified and denoted in a compact form, in such a way that we have the following.

LEMMA 3.1. The function F has continuous derivatives up through order 4 and has the
expansion:

F(u,\,0) = Bjuh + Byu’ + B,us? + h.o.t.
where B,, B, are given in Sec. 2,

B, ='[) p[g”(xo)(A4p +24;45) + 28//,(/‘0)/4%] + 2](; PA'sﬁ

and h.o.t. indicates terms of order

o(u* + N + (J“+|L42}\|+|1w|2 +|u3a|+|uo3|+|u)\o|+|>\02|) asu,\,o0 — 0.
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Now, we are able to state the final result for Eq. (3.1).

THEOREM 3.1. Suppose that g satisfies all the hypotheses assumed in Sec. 1 and
B,B, B, # 0. Then there are neighborhoods W, ¢ 2@, of x,, W, € R?of (E, 0) = (E,,0),
and a quadratic curve I', given by

E=E,—(B,/B)o* + 0(|°|3)

as 0 — 0. The curve T divides W, into two open, connected, disjoint sets O,, O, such that,
for (E,o0) € Oy, Eq. (3.1) has a unique solution in W,, and for (E,o0) € O,, it has
precisely three solutions in W,. For (E, ) € T, Eq. (3.1) has precisely two solutions in W,
if 6 # 0, and a unique solution if 6 = 0.

Proof. As before, we consider only the case B, B, < 0. The bifurcation equation (3.4) is
equivalent to:

H(v,A,Ay) =0 =0, + avXy + H(v,ALA,) =0 (3.5)
where
12
v=BYu, A =BB;Y°\, A, =|B;1B,| "6,  a=signB,B,.

Hi(0, A A,) = 0(v* + A+ X +]0 20|+ (0),)" + 02N, ] + oA A, | + AN

)

as v, A, A, = 0.

Since H € C*, D{H(0,0,0)= 0, j=0,1,2, and D{H(0,0,0) = 6, it follows from the
Implicit Function Theorem that there exist » > 0 and a neighborhood W c R? of (0,0)
such that for each (A, A,) € W, there corresponds a unique

u=u(A,A;)) € (=r,r),
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with
DIH(u(X,A;). A A,) =0, ueCh
Therefore, the function D, H(-, A;,A,) has a minimum at u = u(A, A,). If
a(A Ny) = DyH(u(Ap Ay) AL ).
we have
a(A,Ay) = =X +ary + O(A +|AY]). as A A, > 0.
Since
H(-r,0,0) <0, H(r,0,0)> 0, D, H(+r,0,0)> 0,
by restricting further the diameter of W it follows from a continuity argument that
H(—r,A\,\,) <0, H(r,A\;,A,) >0, D H(+r,A,\,)>0

for (A, A,) € W. These relations imply that Eq. (3.5) has at least one solution v(A |, A,)
€ (—r,r), foreach (A, A,) € W.
Let us define
A= {(A, ;) € Wia(ALX,) >0},
A, = {(ALX,y) € Wra(X),\,) <0}.
For (A, A,) € A,, it follows from the definition of u(A,, A,) that H(-,A;, X,) is a strictly
increasing function in the interval (—r, r). Thus, Eq. (3.5) has a unique solution v in this
interval.
For (A, \,) € A4,, we have a(A,A,) < 0 and, therefore, D, H(-, A, A,) must vanish
precisely at two points v,(A, A,), v5(A;, A,) such that

—r <o (AL AY) <u(XLAy) <oy (AL Ay) <,

A, —aA
01=—[1—a—2

1,2
3 ] + h.o.t.,

h.o.t.= ()[(l)\1 |+ }\22)1/2] as A, A, = 0.

At the point v (A, A,), the function H(-,A,A,) assumes a local maximum value
Bi(A, As,), and at v,(A [, A,), a local minimum value B,(A |, A,), so that if 8 = 8,8,, then
B(A;,A,) > 0 implies that (3.5) has a unique solution; for B(A,,A,) =0 there are
precisely two solutions, and for B(A,, A,) < 0, precisely three solutions.

Moreover, it is easy to see that

B(ALA,) = (4/21)( =N, + aNy)’ + o[ (1N, [+ A3)]

as A, A, — 0, and that the equation B(A,, A,) = 0, returning to the original variables E,
o, describes the curve I'. Notice that if A, = 0 (¢ = 0 in the original parameters) along
the curve I': B(A,A,)=0, then A, must vanish so that (3.5) becomes v =0 and,
therefore, the last assertion of the theorem is proved.
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The bifurcation curves—the cusp of Theorem 2.1 and the quadratic curve I' of Theorem
3.1 —suggest that, when the periodic function s moves along a path in the space &
passing through h(¢) =1, the cusp deforms and approximates I'. In the sequel, this
behavior is investigated.

We introduce a new parameter by considering the first-order term in the form
o,x + o,h(t)x, where h satisfies the condition B; # 0. Therefore, the case o, = 0 is the
situation of Theorem 2.1, and the case o, = 0 is the situation of Theorem 3.1.

Consider the equation

%+ g(x)=Ecost —(0; + 0,h(1))x (3.6)

with E. o,, 0, being real parameters, & € # and g as above. Repeating the procedure of
Sec. 2 one can reduce Eq. (3.6) to the bifurcation equation

F(u,\,0,,0,) = Bjuh + B,u’ + Byo, + Byus} + h.o.t. (3.7)
where u is the coordinate of the solution in the null space of the operator
ye2? - [j+g(x,)y] €2,
B,, B,, By, B, are as previously defined, and h.o.t. indicates terms of order

0(u4+ AN+ o+ 022+|u2}\|+|u01|2+.u013|+|u301|+|u}\01|+’)\af|+!u02|

+|"1"2| +|>‘02

), as u,\, 0,0, > 0.

THEOREM 3.2. Suppose that g satisfies all the hypotheses of Sec. 1 and B,B,B;B, # 0.
Then, there are neighborhoods V of (E, 0,,0,) = (E,,0,0), W of x, € 2?, and a surface
S C V given by

27B, B, )1/3 s
4 %

E-E,= —(1/31)[34012 +( + h.o.t. (3.8)
where h.o.t. means higher order terms in o,, 0,, which divides V' into two open, connected,
disjoint sets 4, B such that for (E,0,,0,) € A, Eq. (3.6) has a unique solution in W; for
(E,o0,,0,) € B, Eq. (3.6) has precisely three solutions in W and for (E,0,,0,) € S, Eq.
(3.6) has precisely two solutions in W if E # E;, and a unique solution when E = E,,.

Proof. 1t is the same as that of Theorem 2.1, with obvious adjustments.

Figure 3 sketches the shape of surface S, for BB, <0, B,B, > 0. Notice that the
intersection of that surface with the plane o, = 0 is the cusp described in Theorem 2.1,
and the intersection with the plane o, = 0 is the quadratic curve I" of Theorem 3.1.

Theorem 3.2 shows how the cusp of Theorem 2.1 continuously transforms into the
parabolic curve of Theorem 3.1, as illustrated by the following analysis.

Let us rewrite Eq. (3.6), for g, # 0, as:

%+ g(x)=Ecost —o,(1 +eh(1))x (3.9)

with ¢ = 0,/0,. We are concerned with studying (3.9) for small |e|.
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FiG. 3

According to Theorem 3.2, the bifurcation surface for (3.9) is given by

27B BZ 1/3
E—Ey=—(1/B))o?| B ? +| =—=| &7+ .- (3.10)
0 1 1 1 4
For a fixed ¢ = ¢, let
1/4
27| B, B?
r(ey) = ey? —l 2 3|
4|B;|
Equation (3.10) shows that, for |a,| > r(¢,), we have
27B,BI\'? | i
( j 3) €00} <|B,loyf, (3.11)

and, for |o,| < r(g,), the inequality (3.11) inverts so that, when o, is in the interval
(—r(egy), r(gy)) the curve should be seen as a cusp plus a “parabolic” perturbation, while
for o, out of this interval, (3.10) describes a parabola plus a “cuspidal” perturbation.
Since r(gy) — 0, as ¢, — 0, it follows that we have a cusp for 0 < g, < r(g,) which
deforms into a parabola in the limiting case ¢, = 0.

Remark 1. Similar results can be obtained for E near E, instead of E,. Moreover, the
Loud’s existence theorem for the solution x(-, E) is stated in [4] under the following
weaker assumption on g.

There exists an integer n > 1 such that either

(2n —1)> < g’(0) < 4n? < lim g'(x) < (2n +1)°

X—0oC
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0,

r(ey)

FiG. 4

or
(2n = 1)* < lim g'(x) < 4n* < g'(0) < (2n + 1)".

All earlier results are also valid under this hypothesis. The proofs are merely adapta-
tions of those we have given.

Remark 2. Loud’s results on the number of periodic solutions of (1.1) can be obtained
from Theorems 2.1 and 3.1 (or 3.2) by considering ¢ = 0 (or 6, = 0, = 0).

4. An example. In this section we give an example for which all the hypotheses assumed
with respect to g are satisfied. Since these assumptions are open, it follows that any
function g, which is uniformly near the g of this example also satisfies the hypotheses.

This example is inspired by another one given in [3] where piecewise linear restoring
forces are allowed. The numerical computations were done with a PDP 11 /45 computer.

Let v: R — R be given by

v(r)=exp(3—1)"'(3-1)"", ifi<i<$,
and v(t) = 0, otherwise. Let us define the function g by

g(x)=%x+a/-‘flv(s)a’sdt if x>0
o Yo

g(x)=—g(-x) ifx<0

where

a= 4(/02 U(s)ds)_l.
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We have immediately that the odd function g is of class C*, and simple calculations
show that

xg(x) >0, xg”(x) =0, forx#0, g2’(0) = 9/4,
and
lim g'(x) = 25/4.
X—oC
Furthermore, it can be shown by means of more extensive numerical computations (using
Adams’ methods—see [5], for example) that, for £ = 9.152820, we have

p(m/2) =0, g(7m/2) = —0.26018.
Therefore E, = 9.152820 and E, # E,.
The coefficients of the expansion (3.5) and (3.7) are given by

B, = 0.356, B, = 3.836, B, = 10.367.

So, all of our hypotheses are true for this function g.
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