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1. Introduction. This work continues a series of papers [1,2] on the bending of thin,
symmetric plates with rapidly varying thickness. Motivated by recent developments in
structural optimization [3, 4, 5] we have studied plates with thickness of order ¢ varying on
a length scale of order €% There are three different regimes, depending on whether a < 1
(the case of relatively slow thickness variation), a = 1 (when the variation is on the same
scale as the mean thickness), or a > 1 (the case of relatively fast thickness variation). Each
determines an effective rigidity tensor M, , relating bending moment to midplane
curvature; in the limit as ¢ — 0, the vertical displacement of the midplane solves an
equation of the form

9’ 9°
dx Ix, (MaB75 axyaxsw) =F

It is natural to ask which scaling produces the most rigid structure for a given thickness
profile. The present paper addresses that issue. We shall consider the periodic case, in
which the plate thickness is eh(x,/€ x,/¢“), where h(m) is a periodic function of
m = (n,,m,) and ¢ is a small parameter. Our models are easily extended to plates whose
microstructure varies slowly from point to point, i.e., to those with thickness eh(x,, x,;
x,/¢€% x/€“) [1]. In that case M,g. , varies with x = (x,, x,). The “slow variation” is
irrelevant for comparisons of the type performed here, hence all our conclusions apply
equally well to that case.

Our analysis begins in Sec. 2 with a brief review of the three models. As a new element
we formulate a set of dual variational principles for the effective rigidities M,z 5. All
comparisons will be established by using suitable test fields in these variational principles.
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Section 3 is devoted to the study of plates with one family of stiffeners. This means that
the thickness variation A is a function of one variable, e.g. & = h(7,). If the three-dimen-
sional elastic law is isotropic we show that

Mg st apt s < Mg st apl s < Mg sl aplys. (1.1)
In other words a < 1 (relatively slow variation) gives the most rigid structure, and a > 1
(relatively fast variation) the least rigid. The left inequality in (1.1) is a general fact for
plates with one family of stiffeners, valid for an arbitrary three-dimensional elastic law.
The right inequality, however, is more or less specific to the isotropic case: we shall give an
example of an anisotropic material and a class of thickness variations such that M{{7} >
Myl

For a general thickness function h(%,,n,) our results are less complete. Section 4
establishes the validity of (1.1) for a rather limited class of elastic laws, including the
isotropic one with Poisson’s ratio zero. We expect also the left inequality of (1.1) to fail for
some choices of the thickness variation /() and the three-dimensional elastic material.

Our conclusions have obvious implications for structural optimization. It is known that
plates with rapidly varying thickness may be stronger, in some design contexts, than any
conventional, slowly varying structure [3,4, 5]. However, there are at least three different
types of rapid variation, corresponding to our models a <1, a =1, and a > 1 respec-
tively. For maximal strength one should choose the scaling with the largest effective
rigidity quadratic form. We shall explore this issue further and report on numerical
experiments in forthcoming papers [6, 7).

Remark. We take this opportunity to correct a misprint in [1]. The second equation in
(7.3) has an incorrect factor of », and should read

2 E Ev \?
a=1 _ < —
M2222-—31—V2m (l—vz)g’*'

(The results in Tables 1 and 2a—d of [1] were computed using the correct formula.)

2. Variational principles. For each of the cases a <1, a = 1, and a > 1, the effective
rigidity tensor M, s was defined in [1,2] in terms of the energies of auxiliary functions
obtained by solving certain elliptic boundary value problems. For making comparisons it
is convenient to use variational characterizations of the associated quadratic form
M, p.5,5t 5> Where t = (1,5) is any symmetric tensor. For each case a <1, a =1, and
a > 1, we shall give two variational principles, involving “displacement energy” and
“complementary energy” respectively. The functionals to be extremized are the same for
a <1 and a > 1, but the one involving displacement energy differs slightly when a = 1.
Moreover, the class of admissible test fields differs in each of the three cases. These
distinctions display rather clearly the differences between the models.

We adopt the notation of [1,2]; in particular, n = (n;,n,) and 1 = (0, 12, M3).
Throughout, Q will be the rescaled period cell determined by the periodic function (),

0 = {n: Il < Lo/2. Ins] < h(m)},
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where L, and L, are the periods of A. Its upper and lower boundaries are

1.0 = {"13 Mol < L/2,m5 = ih('fl)},

with outward unit normal vector . We shall always assume that Q is a Lipschitz domain.
The summation convention will be used, with Latin indices ranging from 1 to 3 and Greek
ones from 1 to 2. The linear strain and stress associated with a displacement y are

Y, 3y,
(f) (gx_ a X; > zij(f)=Bijk/Ek1(f)-
The tensor B, ,, represents Hooke’s law for the three-dimensional elastic material compris-
ing the plate. It satisfies
B, v = Biixi = Bijie = Byyijs (2.1)
in addition we require
B, =0 and B, =0,

a

so that the horizontal planes are planes of elastic symmetry. We assume that the form
B, /€, €4, 1s positive definite on symmetric tensors (e, ;). The inverse of Hooke’s law will
be denoted by 4, :

Eij = Bijk/Ek/ And Eij = Aijklzk/'

As in [2], ['*# denotes the displacement field

. 3 (1 3 (1
I = ("3an( .,n,g) naan( nan,;)

1 1,8y 92 (1 ))
2 Malg 2 2" B33, an,0m, 95\ 2 Talg
Its key role is due to the fact that it produces the linear stress
zya(raﬁ) = —n3§a3‘/8’ 23j(£aﬁ) =0, (2.2)
with
B«xﬂy& = Bopys — ( Ba;333B7833/B3333)'
Finally, for any symmetric tensor 7 = (¢,5) we define I'' = I“"Bt
2A. The a = 1 model. Our variational principles for M, BySta,Btys express it first as the
minimum of an elastic energy functional over a suitable class of displacements § =
(¥4, ¥, ¥3), and then as the maximum of the corresponding complementary energy over
a suitable class of stress fields = = (2,)).

The space of admissible displacements for a = 1 consists of all Y which have finite
strain energy and are periodic in n with period L:

y e pet ifoZ,-j(f)EU(f) dn < oo and

Y(m + L,y ms) =¥ (n,my + Ly, ms) = ¢(ny,m,,m5).
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The space W¢=! of admissible stress fields contains periodic, symmetric tensors =
which have finite energy and are equilibrated:

S e Wt if/ |2|2dn<oo, divs =0,
. 1

2-y=0 ond,Q,%, =%, an
S(n + L,y my) = 2(n,my + Ly, ms) = Z(ny, 5, m3).

The dual variational principles for M2z are these:

(2,21) M 5,5t apt s =¢2],i?-|LL (4’ ) n
(2,_,) = max LL j 23, E, (TY) = 4,02, 24, ) dn.

To justify (£,_,), we recall the definition of M5 § given in [2]:
Mogys = ﬁfg 2, (¢ + T)E, (7 + 1) dn, (2.3)
where the auxiliary functions q_)“B € V“=!are chosen to satisfy
fQZU(d_)“ﬁ +IP)E (¢)dn=0 Vye v (2.4)

Contracting (2.4) with f,, one sees that the right side of (£,_,) is stationary at
Y= qb"‘BtaB By convexity this must be a minimum, and (2.3) leads to ( 1)

The dual principle (2,_,) is just the principle of maximum complementary energy
adapted to the present context. To prove it we consider the pointwise inequality

ljklzljzk/ 221/ ij Bijk/EijEkl’ (25)

valid for any symmetric tensors = and E. If = € W*=! we take E = E((?“B + I“B)taﬁ),
and note that

'/; 2'! './dn f 2l/ 1/ (26)
by Green’s formula. Therefore integration of (2.5) over Q in combination with (2.4) gives
1
L\L, f (22'1 ‘/( ) A'/"/E E ) d MaBYSIaBth (27)

To complete the proof we observe that equality is achieved in (2.5) and hence in (2.7) by
2= E((q_b"B + I"B)taﬁ), which is admissible by virtue of (2.4).

2B. The a > 1 model. For the a > 1 model, we define a modified stress = by ignoring
the transverse shear:

2a(¥)=2x(¥) =0,  £,(¢)=2,(¢) otherwise.
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The space V“>! of admissible displacements for the a > 1 plate consists of Y for which
¥, depends only on 75, and which have finite energy ignoring the shear:

%E Va>1 lf‘/Qﬁ“,j(f)Eu(f) "7< 0, ‘IJ} 4’ (713)
Y(ny + Ly,myms) = ¢(n,m + Lyums) = (05,5, m3).

This is not a subset of V“~!, because E;(¢) may not be square integrable.

The space W4>! of admissible stresses contains fields with zero shear, equilibrated on
each slice as far as the plane stresses are concerned, and for which X, averages to zero on
each slice.

0

Se wel ifs., =0, SPdn < o0, ==
o3 '[QI | Tl anﬁ

EGB = 0,

S.%=0 ond,0Q, /Q Sy,dn =02, = 3, and

1
N{my=1}

2(771 + L,,n,, 773) = E(’h’ N, + Lz»’h) = 2("71, N2 713)-

It is not contained in W*=!, because 2,7, may be nonzero on 3 ,Q and 32,,/97; may
not vanish.

The variational principles are similar to those for a = 1, except that we use 2 instead of
Zin (‘@ > 1)

(Prs1)  Migstaptys =y21;?>l LlL 21/(?+I')Ei./(f+£’)d"

(‘@a>l) =VIeny?/§>‘ L L f ZZUEU Aijklzijzkl)d

The justification of (£, . ) follows the pattern of the preceding case. The definition of

M3 s given in 2] is

Miih =7 f, S8 4 T)E, (¢ 4 1) d, 28)

in terms of auxiliary functions ¢*# € V¢>! for which

f 2:‘/(¢“”+I“B)E,~,(4/)dn=0 Vy e pa>1 (2‘9)
0 r hd 1 hd

Contraction of (2.9) with 7,5 shows that § = q>"BtaB is stationary for (£, ,); by convexity
it must be a minimizer. Evaluation of the integral by means of (2.8) leads to (£, ;).

The proof of (2,.,) is parallel to that of (2,_,). We again integrate (2.5) with
E = E((¢* + I'*f)t,p), this time using the auxiliary functions defined by (2.9). Since
2(((;[)"‘6 + LBy, g) € We>1 (cf. [1]) and since (2.6) remains valid for £ € W¢>!, the
argument used before leads directly to (2,..,).
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2C. The a < 1 model. The space V<! of admissible displacements is formed using the
ansatz of standard Kirchhoff plate theory:

yevest if [ 2(y)E(y)dn<oo and
¥ , S EW)dn

for some

¥

0x ax 1 ,Bipn 9%
= — 0 —_— + —
( s an,’ s an,’ X 21’3 Bj333 anaanﬁ

function x € HZ. ([~ L,/2,L,/2] X[~L,/2, L,/2]).
The space W“<! of admissible stresses is also formed using the Kirchhoff ansatz:

S e wes! ifo |2|2d11 <o, Z3=35=0 and Z,= —mm(n)

for some m ; = mp, with 82(h3ma3)/ana8n,3 =0
and maﬁ("h +Ly,m,) = map(m’ n,+ L,) = maﬁ(’ﬂu ,).

The dual variational principles involve the same functionals as for a > 1:

u< . 1 o .
(Pact)  Migstagtys =‘£21;?<1 Llefgzij(f+I )Eij(f*'lﬂ) dn
(2,<1) = zénua/fﬂ L,L, /Q (2211Eu(£’) - Aijklzijzkl) dn.

To justify (2, ,), we reformulate slightly the definition of M55 given in [1]:

1 -
a<l _ A o8B af B v¥é 8
Mg ys I.L, fQ $,(¢#+ T?)E, (97 + T ) dn. (2.10)
where the auxiliary functions ?"‘p € V<! are chosen so that
fogu(?"“ff“ﬁ)’fu(%)d’ﬁo Ve et (2.11)

(Formulas (3.3) and (3.2) of [1] are obtained from (2.10) and (2.11) by doing the
integrations in 7; explicitly.) Arguing as in the other two cases, one verifies that
Y = ¢*P1,, is the minimizer for (£, ), and that £((¢*f + [*f)r,p) is extremal for
(2,<1)

3. Plates with one family of stiffeners. This section investigates the case when 4 is a
function of a single variable; without loss of generality we shall take 2 = h(n,). It was
conjectured in [1] that

1 =1 1
Mg slaplys < Magslaplys < Mig staplys (3.1)

for any isotropic material. The validity of this assertion is a consequence of Propositions
3.1 and 3.3. The left inequality is rather easy, and it actually holds for any choice of the
elastic law. The right side is more difficult, and our proof applies only to the isotropic
case. Proposition 3.4 gives a simple example of an anisotropic material and a thickness
variation h(7,) for which the right of (3.1) is false.
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If M and N are rigidity tensors, we shall say that M < N whenever Mg st,50.5 <

N,g,stapt,s for all symmetric second order tensors ¢.

[+3

PROPOSITION 3.1. If h = h(n,) then M“>' < M“~! for every choice of the elastic law B, ;.
Proof. When h = h(7,) the auxiliary functions ¢*# for the @ > 1 model can be written
explicitly (see [1] for the isotropic case). One finds that S43(¢*) = 0, and therefore that
the extremal S((¢*# + '*# o) for (2,.,) is in We=1_Use of this stress in the variational
principle (Qazl)_yields the desired conclusion. @
Comparing M“~! and M“~! is more subtle. As a first, relatively easy step we compare
M) and M.

a<l1

PROPOSITION 3.2. If h = h(n,) and the elastic law satisfies B, = 0 then M{5} < M&31.
Proof. Under this hypothesis the auxiliary function ¢'* for a < 1 is equal to (0,0,0).
Since Z,3(¢'* + [''?) = 0, use of ¢'? as a test function in (£, _,) establishes the proposi-
tion. @
We recall that the elastic law B, J,( ,1s called isotropic if
B.i=A+2p,

B,.=\, i#],

myy

Bijij=y" 1 #]j

(no summation convention), with all other B, ;, equal to zero (except those determined by
the symmetries (2.1)). The parameters A and p are the Lamé coefficients, given in terms of
Poisson’s ratio 0 < » < 4 and Young’s modulus E > 0 by

Ev E

MOEoa-m) P

For an isotropic elastic law and & = h(7,) it is not difficult to compute that
1
(M55 = Migh)tapt s

_ 2 -
= (Mfﬁll - Mlaml)(tu +vty) 4(1"11‘1521 - Mlazlzl)txzr

(3.2)

This relation arises because the auxiliary functions ¢'' and ¢** are linearly dependent, cf.
[1]. Since M{7; < M5 by Proposition 3.2, we see that M“~! < M“~! for an isotropic
law if and only if M{7] < M{5). This last relation will be proved by projecting the
minimizer of (2,.,) into W*<!, then using the result as a test field for (2,_,). The
relevant projection is defined by the following lemma.

LEMMA 3.1. Ifh € C! and 2°~" is an element of W*=1, then the field defined by
gt = 5173 3(71)/ 255 (m, §)¢ag
2a<l 2a<l

(3.3)

is contained in W4<1,
Proof. Since 245! = —n3maﬂ(1|) with

o= 50 [ Bt ) g,
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it clearly suffices to prove that

a?,ﬂ 5%;(/_}';1 Sagt(m, £)§d£) = 0. (3.4)

We may assume that EZ;‘ is odd in 7,, since the integral vanishes for its even part. A
simple calculation gives that

a h a=1
e TN
— h i a=1 a=1 a_h
=" g 205 (O848 + 2355 (n )b
Since div 2¢=! = 0 and 2= - y = 0 on 9, Q this last expression equals
" B sem a=1 ok
[, 5625 (0 8 de + 2355 (. i
ue1 oh
—/ 2550, ) de - 2255 (n W) + 2355 (W) b
= [ s (k) as.
Thus to verify (3.4) we must show that

([ g e -

0n,

Calculating as before we obtain

ana(f_ 2551 (n, 8) dt ha?,

oh
S251(n. £) df + 235 («m)an

=224 (m, h) + 2247 (n,h) =0,

8

precisely the desired conclusion. @

PROPOSITION 3.3. If h = h(n,) € C" and the elastic law is isotropic then M*~' < M*<!.
Proof. Choosing t,zas t;; = 1,1,, = t5, = 0, let £~ be the maximizer for (2,_,), and
consider its projection 2¢<! defined by (3.3). It is not hard to see that

f Se<E, (") dn—f se='E, (IV) do; (3.5)
the verification uses (3.3) and the relation

f 2?3:1773‘1'1 =0,
Q

which follows from (2.4) with ¢ = (0,0, in?). We shall show that

fQ A S dy < fQ A, 27 1Se dy. (3.6)
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Using this, (3.5), (2,_,), and (2, _,),

1 / (ZE;TIEU(IH) A Semiser l)d_

JululTl1 = L1L2

L L / 2a<1E Fll) 11k12a<120<1)d7l< Mlalill

As explained earlier, this inequality suffices to establish that M“=! < M*~1,

The proof of (3.6) relies heavily on the form of 4 and the elastic law. Since 4 depends
only on n,, both 2¢=! and 2¢<! depend only on u, and n,. Also, since t,, =0,
¢t =3247"=0, and indeed 27! = Z(¢'' + ') where ¢'' = (¢!',0, %) solves a
problem of plane strain elasticity on the domain

o* = {(771’ 13): Im| < Ly/2, ny| < h("ll)}a
¢f. [1]. Because ¢'! is independent of 7, it follows that

2t = (3 + 3. (3.7)
For fixed n,, 245" is the L>-projection of 245! onto the line of multiples of 7;. Therefore
Sl = p(Set + 25,), (3.8)

were 2;; denotes the L2-projection of ¢! onto multiples of 7, (note that 2., is in
general different from £4;°! = 0). Using (3.7) and (3.8) we find that

a=1lga=1 a<lwga<l
A (Seisrt — seizest)

= (st + 2z (357) - w(zg + 257
~(257) - (2 4 8) 4 V((l + )3 +08y)]
= Lo ) - () 4 (5 - T (5n) (s 1)]
+ 200 [y - sprisg]. (3.9)

The constant »2/(1 — »?) is always less than }. Therefore the integral of the first term of
(3.9) is nonnegative,

2
L [21”1‘ (37) + (2457)" - 1—1—”2(233>2+2(2f;1)2] dn >0,

using the fact that 2! and £,, are L2-projections of ¢! and 2¢; ! respectively.
The proof will be completed by showing that the second part has integral zero:

[ 1) - zies dn =0 (3.10)

To this end we represent ¢!, ¢! and ¢! by means of an Airy stress function
é(ny, m3):

3%
Iy,

a=1 _ %
Sert = o (3.11)

a=1 _ a=1 _ _
211 - 213 -
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Such a ¢ exists because the domain Q* is simply connected. The field £¢=! is contained in
W4=1 and therefore

- 3% 3%
0=3¢"Y, + 2457y, = 577%1/1 - o, vy
Vo, 0%
a"718713 . a'n% '3
ond,0* = {(ny,m3): Im| < Ly/2,m3 = th(m)). It follows that

il and il are constant on 9, Q* (and 9_Q*). (3.12)
a'h In;

From (3.11), (3.12) and the fact that =¢=! is periodic in 7, we conclude that ¢ has the
form

0—213 v, + 233 vy =

¢(n1.m3) = ¢(my, m3) + I(my),
where ¢ is periodic in 1, and /is a linear function in 7,. This immediately leads to

92
9 and e are periodic in 7. (3.13)
am an3

Using (3.11), (3.13) and integration by parts we get that

_}_ a=1\2 _ sa=1ga=1 — a¢ 0 ¢
Lz‘/‘Q [(213 ) 225 ]dTl—j; or O, m 8773 ds, (3.14)

where 9,/3¢ denotes the derivative tangent to 3 , O* (clockwise) and ds is surface measure.
The right hand side of (3.14) vanishes on account of (3.12), and this establishes (3.10). ®

The rest of this section is devoted to showing that the opposite inequality M{7! > M{5}
is possible for some choices of A = h(n;) and some anisotropic elastic laws. Our method is
again to use the complementary energy variational principles. This time, however, we shall
use an extremal stress for (2, ) to construct a test field for use in (2,_,).

Consider any £ € W*<!. By hypothesis it has the form

—13m (1) E 0
el DR (3.15)
00 10
with
62
mg) = 0. 3.16
an.ﬁn,g( o) (3.16)
We define an associated test field £ € W*=! by
_n3maﬂ(n)i &1
2= | 82 (3.17)
e | 22
& & |G
with
_ 91 2 _ 2 ) _ (M KB
8a = a'np(z(nfi h )maB ’ G = /(; anaga(‘l],é) d§ (318)
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To be in W*=!, £ must satisfy the six equilibrium conditions

0

o, 2 iijvj=0 ond, Q.

J

The first five follow by direct computation from (3.17) and (3.18). The sixth is a
consequence of (3.16), since that equation implies

9 h

a,na ( j(; 8« d"h)

3’ Rl , ., _
0= gy | 208 = W masn -

d h 08,
= gaa—na h|113=h + j(; a—ﬂﬂd?u.

This gives 2, ,;¥; = 0 on the upper boundary 9,Q, and the same follows for 3_Q by
symmetry.

LEMMA 3.2. Assume that h = h(n,) € C'. Given t = (t,5), let 2°<' be the maximizer for
(2,.,), and let E‘f"l be the associated element of W*=! defined by (3.17)-(3.18). If

f A ZET Iz dn < f A2 S dy (3.19)

then it follows that

Mg staptys > Mig st aptys.

Proof. We recall that since =¢=! € Wa=!,
[ Z5tmdn= [ 557 [((0.0.37)) an=o,
0 2
and therefore

f 3¢-1E, (I') dq = [ 3¢<1E, (I") dn.
It follows from the variational principles and (3.19) that

< 1 a< a< a<
Maﬁvztaﬂtys Lle'[Q (22:'/ lEij(I') UkIE 12 1) d_

——1 = a=1lga= a=
< LILZ./Q (227'/‘ E(I') — Ay a7 'S07") dn < Mishtogt,s. @

Now consider an elastic law of the form

=X+ 2p,

ll”

B=X,  i#], (3.20)
By, =1, B33 = By = 1Y,
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(no summation convention) with A, p, p” > 0. The other components B, ;,, are zero, except
of course those determined by the symmetries (2.1), and the complementary energy
quadratic form is

1 1
A2 25 ﬂ(zﬁ +235 + 25, + 23, + ,:7(2123*‘2%3)

A 2
-—— (2, + 2, + Z3;)".
2[-‘.(2# + 3A)( 11 22 33)
An isotropic law corresponds to p = p’, but for the present purposes we require instead
that p” be sufficiently large compared with p.

PROPOSITION 3.4. Consider the thickness function
h(m) = ho(1 + ecos2mn,)

with h, constant. If
3 8 wp+A 22 < 3A
Tu@ue+30)" "7 2u(p+ X)

in the elastic law (3.20) then Mlaﬁxl > M3} for e sufficiently small.

Proof. Of course we shall apply Lemma 3.2. When h = h(7,) the extremal stress for
(2,.,) is easy to express in closed form. Taking #,; = 1, ¢, = t,, = 0, and arguing as in
[1], we see that it has the form (3.15) with

(3.21)

Mg = ch By,
where ¢ = ([d h~3dn;)" ! is the harmonic mean of 4* and

oo dwlptA) o 2ud g
1111 = 2“ + A ’ 2211 — 2’." + A’ 1211

Substitution in (3.18) gives g, = 0,

- ] B
& = %Blmﬁ((n% - hz)h 3)’

= 0.

and
B [” (8 - w)n ) ag
o on:

— By {mh 2 [ = 2 ()] = min e [h - an ()] ),
with A’ = 9h/97,. It follows with some computation that

1 fh 4 .
f / glzd% dn, = 5312111'”2}’5052 + 0(83)»
0 —h

Nm

Nlo

1 rh 32 B
j(; f—h G*dnydn, = 105 Bfimthiet + O(&),

1 rh
f / Gh ’nydnydn, = — gBmlwzh(z)s
o J-n
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Now taking Q = {n:|n,| < ,|n5] < h(m,)}, we obtain that
fQA,jk,(E;;=lzz,=1 — 3e18gs ) dm = 1+ 11 + 11,
with

I= (I‘) f 812 1211(P«/)—1'”2h(5)32 + 0(33)

_.L 32 =9 p,+}\ an7 2 s
H_2u(1 2n+3>\)fg 1= q05 B g an) ™ oe + O

A - .
Il = —— (B + B Gh~3n,d
“(2“ n 3)\) C( 1111 2211)'/‘0 n3dn

4 . . - A
= - 531111(31111 + Bzzll)mﬂzhgfz +0(€).

One computes that

12 032 p+A 5, 6A

+ 72hd — ———— | + 0(¢%),
v TR ey | )

[+ +1I=c¢ 15h 31111[
and (3.21) is exactly the condition that this be negative for sufficiently small &. When that
occurs the desired conclusion follows from Lemma 3.2. @

We note that (3.21) can be satisfied for any fixed p and A by taking p’ sufficiently large
and h sufficiently small. But it is never satisfied when p’ = p, the case of an isotropic
material, which is consistent with Proposition 3.3.

4. A result without geometric restrictions. When the thickness function # depends on
both variables n, and 7, we do not expect the inequality M“>' < M*=! < M“<! to hold
in general, even for an isotropic elastic law. It is true, however, in case B,p3; = 0; this
includes an isotropic law with Poisson’s ratio set equal to 0.

PROPOSITION 4.1. If B,g5; = 0 then M*”' < M“~! < M“<! for every choice of the thick-
ness function h.

Proof. With this hypothesis on the elastic law = ,;(y + ') =0 for all y € V<L
Therefore use of the minimizer of (£, _,) as a test function in (£, _,) yields M“~ T Me=t,

To obtain the other inequality, we observe that the maximizer of (2,.,) has 2;;, =0
when B,z;; = 0—for if not, then setting 2,; equal to zero would preserve admissibility
and increase the value of the functional. Therefore this tensor is admissible for (2,_,) and
it follows that M“>! < M*~!, @
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