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FORCED OSCILLATIONS OF TIMOSHENKO BEAMS
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1. Introduction. We are concerned with the oscillatory behavior of solutions of the
Timoshenko beam equation
0%u 0%u 0%u

W-’- y——(,B Y) x8t2+'8 » 4+c(x tou)=f(x,1), (*)

(x,1)€eJ XR,,
where J = (0, L), R, = (0, 00) and a, B, y are positive constants. By taking account of the
rotary inertia and the deflection due to shear, we obtain the following fourth order
differential equation for the transverse vibrations of prismatic beams on elastic founda-
tions:

o 3%u 0%u EI 0%u 0%u

kG e TP p(I kl_G) seiat * Elgpe = a(x0). W)
(see [5, p. 433] and [7, p. 150)). If « = pA/EI, B = k,G/p,y = E/p, ¢(x,t,u) =0 and
f(x, 1) = (k,G/p*)q(x, t), () reduces to Eq. (1).

The purpose of this paper is to obtain sufficient conditions for all solutions of (*)
subject to certain boundary conditions to be oscillatory in J X R,. Our method is an
adaptation of that used in studying the oscillatory behavior of solutions of hyperbolic
equations (cf. [1-3, 6, 8]). In Sec. 2 we present oscillation criteria for a class of fourth
order ordinary differential inequalities. In Sec. 3-5 oscillation criteria for (*) are derived
on the basis of the results in Sec. 2. We consider three kinds of end conditions, i.e. hinged
ends (Sec. 3), hinged-sliding ends (Sec. 4) and sliding ends (Sec. 5).

We assume that the following conditions are satisfied throughout this paper:

(A-I) c(x, t, n) is a real-valued continuous function inJ X R, X R';

(A-ID) ne(x, t,m) > O forall (x,t,m) €J X R, X RY;

(A-IIT) c(x, t,m) = —c(x, t,m) forall (x,t,n) €J X R, X R,;

(A-IV) f(x, t) is a real-valued continuous functioninJ X R,.
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168 TAKASI KUSANO AND NORIO YOSHIDA

DEFINITION. A function u: J X R, — R! is said to be oscillatory in J X R, if it has a
zero inJ X (¢, o0) for any ¢t > 0.

2. Fourth order ordinary differential inequalities. We consider the fourth order ordinary
differential inequality
yO(e) + k(1) + mPy(r) < h(1), 1> a. (2)

The object of this section is to obtain sufficient conditions under which (2) has no
eventually positive solution. It is assumed that k& and m are nonnegative constants and
h(t) is a continuous function on [a, o). We define

1 L\ 2
wts(i(kzj-_(k4—4m2) ))

THEOREM 2.1. Inequality (2) has no eventually positive solution if

lim inf fr’(l - §)3h(g) dt = —o0 (3)

1= Cc
for all large T.

Proof. Suppose to the contrary that there exists a solution y(¢) of (2) such that y(¢) > 0
on [¢,, o) for some 7, > 0. Integrating (2) over (¢,, t) twice, we obtain

Y(e) +K3p(1) < e + eyt + [ = §)h(E) de, (4)

o

where ¢, = y"'(£,) + k2y(ty) — (y(1y) + k2y'(1y))ty and ¢, = k2p'(1;). Since

[(=3) [ = on@ a)

= flolh(ﬁ)(/;(l - %)(S - §) ds) d¢ = fr: %(z - £)’h(¢) dt,
we have

f”(l —f)(c0+c,s+fl"(s—g)h(g)dg)ds (s)

0 0

- zz(B(t,to) " %/(1 - %)Sh(z) ds),

where B(¢, t,) is bounded as ¢ tends to infinity. From (3) and (5) it follows that

t— 00

lim inf j(l - f)(co +oeps + f,y(s — &) h(8) d£) ds = —oo. (6)

Applying Theorem 2 of Kusano and Naito [4], we see that under condition (6) inequality
(4) has no positive solution on [¢,, 00). This is a contradiction and the proof is complete.
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THEOREM 2.2. Assume that k2> 0, m?> > 0 and k* — 4m? > 0. Inequality (2) has no
eventually positive solution if

liminf T’(l - f)(fs”"/“’*h(g)sinm(& ~5) d£) ds = —oo (7)

for all large T.

Proof. Suppose that there is a solution y(¢) of (2) such that y(¢) > 0 on [¢,, o) for some
to, > 0. Letting ¢ = ¢(¢, s) = sinw_(# — s), we find that ¢(z,s) > 0 for all t € (5,5 +
7/w.), ¢(s,8) = ¢(s + 7/w,, s) = 0, and that ¢(¢, s) satisfies

Su + K6+ m’p =0, (8)

where the subscript ¢ denotes the partial differentiation with respect to . Multiplying (2)
by ¢ and integrating over (s, s + 7/w ) with respect to ¢, we obtain

fs+ﬂ/w+y(4’¢dt + szﬁﬂ/w*y”q& dt + mzfﬁﬂ/%yqbdt < fs+ﬂ/w+h¢ . (9)

s R R N

Integration by parts gives

stmfw, s+m/w, s+m/w, stm/w,
/ yiodi = [yel 0 = [ye i+ [ by, di

s s

0 (s +a/0) +y() + [T ye,a, (10)

sta/w, " s+m/w, ” s+m/w, s+m/w,
R Y T B B 0% R % et

s

s+m/w, s+7/w,
—[y¢III]s+ / +/ y¢trttdt

w (Y (s+m/w,)+y"(s)) = (y(s + 7/w,) +y(s))
[T g (1)

Combining (9)—-(11) and using (8) yields

Y(s+a/w,) +y"(s) + (k2= &3 )(y(s + m/w,) + y(s))

< L]””/‘”*h(g)sir1w+(g — 5) dt.

Wy ds
(12)
Since k% — w2 = w? > 0, it follows from (12) that y(s + 7/w,) + y(s) is a positive

solution of

2"(s) + w? 2( —fs+"/w*h(§)51nw+(§—s)d£ 5> 1. (13)

On the other hand, using Theorem 2 of [4] and taking account of (7), we conclude that
(13) has no eventually positive solution. The contradiction establishes the theorem.
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THEOREM 2.3. Assume that k2> 0, m? >0 and k* — 4m? > 0. Inequality (2) has no
eventually positive solution if there exists a nontrivial function p(¢) € C*([1, c0)) with the
following properties:

(i) p(¢) is oscillatory on [1, o0);

(i) (1) = [/ ¥/ h(§)sinw (£ — 1) dE, 1> 1;

(i) liminf, , _p(z) = 0.

Proof. Suppose that (2) has a solution y(¢) such that y(¢) > 0 on [¢,, c0) for some
t, > 0. Proceeding as in the proof of Theorem 2.2, it can be shown that y(s + 7/w_) + y(s)
is a positive solution of (2) on (t,, ). Since m?* > 0, we see that w_> 0. It is known that
z”(s) + w2 z(s) < 0 has no eventually positive solution (see, €.g., Kahane [2, p. 185]).
Hence, the hypothesis implies that (13) has no eventually positive solution (see Kusano
and Naito [4, Theorem 3]).

THEOREM 2.4. Assume that k2 > 0, m?> > 0 and k* — 4m? > 0. Inequality (2) has no
eventually positive solution if there exists a sequence {t } such that lim t, = oo and

n—oo"n

/’"*”/‘”"(/”"/‘“*h(g)sinw+(g — 5)dE|sinw_(s —1,) ds < 0.
t, s

Proof. Let y(t) be a solution of (2) such that y(z) > 0 on [¢,, 00) for some ¢, > 0.
Repeating the argument used in the proof of Theorem 2.2, we observe that z(s) = y(s +
7/w,) + y(s) satisfies (13). Multiplying (13) by sinw _(s — ¢) and integrating over (¢, ¢ +
7 /w _) with respect to s, we obtain

y(t+(r/w) H(m/w ) +y(t+m/w,) +y(t+ /0 ) + (1) (14)
< (w+w_)'1f1+"/w'(/SM/%h(é)sinw+(£ —5) d§) sinw_(s — t)ds,
t> 1,

(cf. Kahane [2, p. 185]). The left-hand side of (14) is positive on (¢,, o), and therefore the
right-hand side of (14) is also positive on (¢,, 00). This contradicts the hypothesis and
completes the proof.

Remark 1. In the case where k2 > 0, m?> > 0 and k* — 4m? > 0, we can replace w, by
w _ in the hypotheses of Theorems 2.2 and 2.3. Theorem 2.4 remains true if w _ is replaced
by w,.

Remark 2. Consider the particular case of (2) in which A(¢) = 0, i.e.

y@@e) + k(1) + m?y(1) < 0. (15)

If k2 > 0,m? > 0and k* — 4m? > 0, we can apply Theorem 2.4 to conclude that (15) has
no eventually positive solution.

3. Hinged ends. We consider the case where the ends of the beam are hinged, so that
solutions u(x, t) of (*) are required to satisfy the boundary condition

2 2
u(O,t)=%(0,t)=u(L.t)=%(L,t)=O, t> 0. (HE)
X X
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Our main result in this section is the following.

THEOREM 3.1. Every classical solution u of (*) satisfying the boundary condition (HE) is
oscillatory in J X R if the fourth order ordinary differential inequalities

y@(1) +(aBy +(B +¥)(m/L)’) y"(1) + By(n/L)"y(1) < F(1), (16)
y@(e) +(aBy +(B+v)(m/L)’)y"(t) + By(n/L)'y(1) < -F(1) (1)

are oscillatory at + = oo in the sense that neither (16) nor (17) has a solution which is
positive on [¢, 00) for any ¢ > 0, where

F(1) = [*f(x. ¢)sin Txdx.
0

Proof. Suppose that there is a solution u of the problem (x) and (HE), which has no zero
inJ X [t,, o) for some ¢, > 0. First, we assume that ¥ > 0 in J X [¢,, c0). By assumption
(A-II) we get

o, 2

ot dx20t2
Multiplying (18) by ¢/(x) = sin(7/L)x and integrating over (0, L), we obtain
d4

L d? (L
priA uy(x) dx + aﬁyﬁfo uy(x) dx

92u
aﬁvg—(ﬁ+7) .BY—<f(x 1). (18)

d? rL 92 Lo? L
—(ﬁw);fo ﬁ¢(x)dx+ﬁvf0 gf¢(X)dX<f0f(x,t)¢(X)dX- (19)

Integration by parts and use of (HE) yields
L

[ Sty () i = (/) [t () a,

0

/(‘)L 3! u‘l,,(x) dx = (n/L) f uy(x) dx.

Hence, (19) leads to
M[ul(r) +(aBy +(B +y)(n/L) ) M[u](z) + By(m/L)* M[u](1)
gfof(x,t)sin zxdx,

where M[u](t) = [{ u(x, t)sin(m/L)x dx. Consequently, we find that M[u](z) is a
positive solution of (16) on (7, o). This contradicts the hypothesis. In the case where
u < 0on|t,, ), U= usatisfies

U ‘U ‘U

— 4+ afy— — +

P Y (B+7) e P
Using the same arguments as in the case where u > 0, we are led to a contradiction. The
proof is complete.

+c(x,t,U) = ~f(x,1).
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We note that aBy + (8 + y)(7/L)* > 0, By(w/L)* > 0 and
(aBy +(B +y)(/L))" - 4By(m/L)"
= (aBy)’ + 2aBY(B + ¥)(7/L)* +(B = v)(7/L)"* > 0.

We define the constants & , by
.= 2oy +(B + v)(n/L)

+ ((aBy)’ + 2aBy(B + ¥)(m/L)" +(B = ) (m/L)*
Applying Theorems 2.1-2.4 to (16) and (17), we obtain the following results.

)1/2)1/2

COROLLARY 3.1. Every classical solution u of (*) satisfying (HE) is oscillatory in J X R, if

1iminffr’(1 - %)3F(£) df = —co,

11— o0

limsupj:(l - %)BF(g)dg =00

1— 0

for all large T.

COROLLARY 3.2. Every classical solution u of (*) satisfying (HE) is oscillatory in J X R, if

limint fr’(1 - %)(f””/bF(g)sin&(g —5) dg) ds = —co,

lim sup f’(l - 5)(["+”/“’*F(g)sina(g ~5) dg) ds = oo
t— o0 T t s

for all large T, where & = &, or @ = @ _.
COROLLARY 3.3. Every classical solution u of (*) satisfying (HE) is oscillatory in J X R, if
there exists a nontrivial function p(t) € C?([1, o)) with the following properties:

(i) p(2) is oscillatory on [1, o0);

(i) p"(1) = [/*™/® F(£)sin (¢ — 1) db, 1 > 1;

(iii) lim,_, _p(¢) = 0,

where ® = @, or @ = & _.
COROLLARY 3.4. Every classical solution u of (*) satisfying (HE) is oscillatory in J X R, if
f’”/"“‘ (f‘+”/‘°*F(g)sina+(g ~5) dg) sing (s — 1) ds
t s
is oscillatory on (¢,, o0) for some ¢, > 0.

Example 1. We consider the equation

8414 1 4 4u 8 oo .
8x2812+9(L/w) . ——9(sm Lx)t sinz. (20)

34u 4 82u 2 2
ot T3 3
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Here a = 12(w/L)*, B =v = Y(L/7)*and c(x, t, u) = 0. A direct calculation shows that

j;_l(l - 5)3(/; - %5“(sin§)(sin %x)zdx) d¢

_ 4. _§34~ _ 8,
__9Lfr(1 t)g51n§d£——3Ltsmt+B(t,T),

where B(¢, T') is bounded as ¢ tends to infinity. Hence, we obtain

liminf [ (1 - —) (—% fOLg"(sing)(sin %x)zdx) dt = —oo,

lim sup f(l - _) (_% LL£4(Sing)(sin %x)z dx) d§ = oo

It follows from Corollary 3.1 that every classical solution of (20) satisfying (HE) is
oscillatory in J X R ,. In fact, there exists an oscillatory solution of (20)

u= (sin %x)(t"sint — 54t%sint + 108tcost + 513sint)

which satisfies (HE).
Example 2. We consider the equation

84
at* 4F_4( Lrm )

Herea = (v/L)*, B =7y = 2(L/7r)2 and ¢(x, t, u) = 0. Since
fT’(l - %)3(/(;L16e-€(sin §)(sin %x)zdx) dg‘
< 8LfT' (1 - %)3e‘5sin§d§

Corollary 3.1 is not applicable to (21). However, we can apply Corollary 3.3 to (21).
Integration by parts gives

f’+"/“’F(g)sin 5(§—1)dg=8L|

t

S+ 4(L/7r) — = 16(sm Zx)e"sin t.  (21)

< 8Lf°°e-€dg - 8L,
0 ]

T E(sin £) sind (£ — 1) d¢
= Ae 'cos(t + m/&) + Be 'sin(t + w/&) + Ce 'cost + De 'sin ¢,
where 4 = 16L&(&% + 4)7le™™/%, B = 8L&*(&* + 4) e /%, C = 16L&(&* + 4)7! and
D = 8L&*(&* + 1)7L. Defining
p(t) =3e '(-Asin(t + #/&) + Bceos(t + m/&d) — Csint + Dcost),
we see that p(z) satisfies conditions (i)-(iii) of Corollary 3.3. Hence, every classical
solution u of (21) satisfying (HE) is oscillatory in J X R_. In fact, Eq. (21) has an
oscillatory solution u = (sin(7/L)x)e~‘cos ¢ which satisfies (HE).
Example 3. Consider the equation

?%H(w/L)——z(/ ) +3u

+( m/L) Py (22)
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Here a =2, B=7v=(n/L)? and c(x,t,u) = f(x,t) = 0. Since f(x,1) =0, we have
F(t) = 0. Therefore, Corollaries 3.1-3.3 are not applicable to (22). However, Corollary 3.4
implies that every classical solution u of (22) satisfying (HE) is oscillatory in J/ X R . In
fact, there exists an oscillatory solution u = (sin(7/L)x)cos(V2 + V3 (7/L)?t) which
satisfies (HE).

4. Hinged-sliding ends. In this section we deal with the case of hinged-sliding ends for
which the boundary condition takes the form

9%u du 33u
u(O,t)=§(O,t)=a—x(L,t)=§(L,t)=O, t>0. (HSE)

We obtain the following analogue of Theorem 3.1.

THEOREM 4.1. Every classical solution u of () satisfying the boundary condition (HSE) is
oscillatory in J X R if the fourth order ordinary differential inequalities

y®(t) +(aBy +(B + v)(m/(2L))") y (1) + By(m/(2L))*y(1) < G(1), (23)
y@(1) +(aBy +(B + v)(m/(2L))*) y" (1) + By(7n/(2L))*y(1) < -G(1) (24)

are oscillatory at ¢ = oo in the sense that neither (23) nor (24) has a solution which is
positive on [¢, co) for any ¢ > 0, where

G(t) = /L/(x, 1) sin %x dx
0

Proof. Suppose that the problem (*) and (HSE) has a solution u which has no zero in
J X [t,, o0) for some t, > 0. We may suppose that u > 0 inJ X [¢,, 00). As in the proof of
Theorem 3.1, we obtain the inequality (18). Multiplying (18) by {/(x) = sin(«/(2L))x and
integrating over (0, L), we have (19) with y(x) replaced by ¥(x). Integration by parts
gives

f g— (x)dx =—-(m/(2L)) f ‘uy(x) dx,
L 3%u
f S20(x) dx = (n/(2L)) / wl(x) dx.
o ox*
Hence, [f uf(x)dx is a positive solution of (23) on (g, 00). This contradicts the
hypothesis.

By specializing the results in Sec. 2 to (23) and (24), one could easily formulate various
oscillation criteria for equation (*) plus (HSE).

5. Sliding ends. We consider the case of sliding ends, i.e. equation () subject to the
boundary condition

du 3’u du 0’u
a—x(o,l)—gg(o,l)—E(L,t)—-g(l,,t)—o, t>0. (SE)
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THEOREM 5.1. Every classical solution u of (*) satisfying the boundary condition (SE) is
oscillatory in J X R, if the fourth order ordinary differential inequalities

y@(1) + aByy” (1) < H(1), (25)
y@(1) + aByy”(t) < -H(1) (26)

are oscillatory at t = oo, where
H(t) = [f(x.1) dx.
0

Proof. Let u be a solution of the problem (*) and (SE), which has no zero in J X [¢,, o0)
for some ¢, > 0. First we assume u > 0inJ X [¢,, o). As in the proof of Theorem 3.1, we
obtain the inequality (18). Integrating (18) over (0, L), we have

d* L du

L d?
— | udx + L (ude-(B+v) 5= " Edx
a1t aBYdt f (8 Y) dr? fo ax?

L 3%u

+,Byf adxs fOLf(x,t)dx. (27)

Since
/ g— X = %(L”)_g_;(o”)=0
/0 Bu, =%(L,t)—%(o,t)=o
(27) reduces to
%:LLudx+a,BijzzfoLudxsfoLf(x,t)dx. (28)

This shows that (25) has a positive solution [Fudx on (t,, o), contradicting the
hypothesis. In the case where u < 0inJ X [t,, ), U = -u satisfies

*U N (Y
art e 9x 2012 + By 9x* +elx, ,U) = +/(x.0).

The same argument as above leads us to a contradiction. The proof is complete.

7—-(/3 Y)

THEOREM 5.2. Assume that c(x, ¢, u) = pyu ( p, is a positive constant), i.e.

0%u 0%u 9%u
Py} Y—*(B Y) x28t2+'3 . — +pou=f(x,1). (29)

Every classical solution u of (29) satisfying (SE) is oscillatory in J X R, if 0 < p,
< }(aBy)? and the function

ft+w/w_(fs+vr/w+H(£‘)sinw+(£ — S) d£) sinw_(s - t) ds

t s
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is oscillatory on (¢, oo) for some ¢, > 0, where

w.= (%(O‘BY +((aBy) - 4P0)1/2))1/2.

Proof. In the case where u > 0inJ X [z, o) for some 7, > 0, we obtain

d* o d* rL L
Ffoudx+a,87;;/(;udx+p0'/(;udx<H(t)

instead of (28). Proceeding as in the proof of Theorem 5.1, we find that the conclusion
follows from Theorem 2.4.

COROLLARY 5.1. Every classical solution u of (x) satisfying (SE) is oscillatory in J X R, if

hmmf/(l - —) H(£) dt = —oo,

lmlsup /(1 - -) H(¢)d¢=

for all large T.

Proof. By Theorem 2.1 we see that (25) and (26) are oscillatory at ¢t = co. The
conclusion follows from Theorem 5.1.

COROLLARY 5.2. Every classical solution u of () satisfying (SE) is oscillatory inJ X R, if

li,rgigf /Tl(l - %)(fﬂ/wH(ﬁ)smw(g -5) a'é) s = —00,

lim sup f(l - —)([M/NH(g)sinw(g —5) d£) ds = o

— 00
for all large T, where w = (afy)'/2.
Proof. We observe, using Theorem 2.2, that (25) and (26) are oscillatory at t = co. The

conclusion follows from Theorem 5.1.
Remark 3. We consider the equation (29) with f(x, ) = 0, i.e.

6 u

a 4 28 2
It follows from Theorem 5.2 that every classical solution u of (30) satisfying (SE) is
oscillatory in J X R, if 0 < p, < (aBy)>

4
+ .37 S+ pou =0, (30)

.BY_—(B Y)
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