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Abstract. Our recent paper [6] presented a model for thin plates with rapidly varying
thickness, distinguishing between thickness variation on a length scale longer than, on the
order of, or shorter than the mean thickness. We review the model here, and identify the
case of long scale thickness variation as an asymptotic limit of the intermediate case,
where the scales are comparable. We then present a convergence theorem for the
intermediate case, showing that the model correctly represents the solution of the
equations of linear elasticity on the three-dimensional plate domain, asymptotically as the
mean thickness tends to zero.

1. Introduction. In [6] we presented a model for the bending of symmetric, linearly
elastic plates with rapidly varying thickness. We considered plates with thickness of order
¢ varying on a length scale of order ¢, a > 0, and we distinguished between three cases:
“a < 17, in which the thickness varies on a scale much larger than the mean thickness;
“a =17, in which the variation is on a scale comparable to the mean thickness; and
“a > 17, in which the length scale of thickness variation is much shorter than the mean.
Our model yields, in each case, a fourth-order equation for the vertical midplane
displacement,

aaﬂ(MaﬁysayaW) =%,

the formula for the effective rigidity tensor M,,. 5 depends, however, on whether a < 1,
a=1 or a>1. Secs. 2 and 3 give a review of the model, thus making the present
exposition self-contained.

The main goal of this paper is to show the validity of the model in the intermediate case
“a = 1”. Attention is restricted to plates with clamped edges and periodic thickness
variation. Our main result, Theorem 6.1, shows that the model approximates the true

*Received May 12, 1983. This research was supported in part by NSF grant MCS 82-01308 (RVK) and ONR
contract N00014-77-C-0623 (MV).

©1985 Brown University



2 ROBERT V. KOHN AND MICHAEL VOGELIUS

three-dimensional elastostatic displacement in energy norm on the thin plate domain,
asymptotically as the thickness tends to zero. The corresponding result for flat, homoge-
neous plates is well known [8, 9]; an analogous one for flat plates with rapidly varying
composition has recently been proved by Caillerie [2, 3].

Similar convergence theorems remain to be proved for the other two scalings, involving
relatively slow (“a < 17) or very fast (“a > 1) variation. Proposition 3.1 represents a step
in this direction: it identifies the effective rigidities in the “a < 1” case as a limit of those
from the “a = 1” case, as the period of the thickness variation tends to infinity. One can,
at least formally, obtain the “a > 17 effective rigidities from the “a = 1” case in the
opposite limit as the period of the thickness variation tends to zero. That analysis is not
presented here, because we are unable to make it completely rigorous. We mention it,
however, in combination with Proposition 3.1, as an indication that the case “a =
1”—when the period is comparable to the mean thickness—is in a certain weak sense
universal.

The present problem combines the difficulties inherent in plate theory with those arising
from the rapid variation of the surface geometry, and our analysis therefore has aspects in
common with both [3, 9] and [4] (more complete references to the extensive literature on
periodic homogenization and plate theory are found in [6]). Our analysis is organized
around three integral estimates: (i) a Korn-type inequality, (ii) a weak form of Kirchhoff’s
hypothesis, and (iii) an “averaging lemma”.

The Korn-type inequality is Proposition 4.1: it estimates an arbitrary displacement in
the H! norm on the three-dimensional plate domain in terms of its elastic energy, with a
constant whose dependence on ¢ is made explicit. For flat plates this estimate can be
proved by rescaling Korn’s inequality for a cylinder of height 1. A related result is proved
in [4] for domains with holes, by means of an extension argument. Those methods seem
not to apply in the present context; instead we divide the plate domain into O(e™?)
subdomains each with diameter of order e. By rescaling Korn’s inequality for a unit-sized
domain one can relate the displacement on each subdomain to a suitable rigid motion.
The variation of these rigid motions can in turn be estimated by the local elastic energy;
since the rigid motions vanish at the clamped edge this leads to Proposition 4.1.

Kirchhoff’s hypothesis asserts that the displacement u, to leading order has the form

e Ow o ow
# BEF IR P
From Theorem 6.1 it follows directly that the solution to the three dimensional elastostatic

boundary value problem does indeed satisfy this. Proposition 4.2, as a preliminary result,
establishes the weaker assertion that

/

for any u satisfying certain symmetry conditions. The symmetry conditions require that u
lie in the space

du,

2
Ug + X35 d)_c<C82/|e(g)|2d§ (a=1,2)

X, = H' n{u: u = 0at the plate edge; u,, u, are odd and
. p g€, Uy, Uy
u, is even as functions of x, }.
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The proof is similar to that of Proposition 4.1, although considerably simpler: we again
apply Korn’s inequality on subdomains of diameter ¢ to approximate u by rigid motions.
The symmetry conditions restrict the rigid motions that can arise, and this leads Proposi-
tion 4.2.

Our “averaging lemma” Proposition 5.1, is an adaptation to plate theory of the
following simple result for functions in R":

Consider a function f(x; §) defined for x € @& C R" and ¢ € R", and periodic in each §,
with period 1. Assume moreover that f and each of the derivatives df/0x; are uniformly
bounded, and set

L) =1(ex/e), flx)= [ f(x ) de.
[0.1)"
Then

If, = Als-1a) < Ce.

We call this an “averaging lemma”, because it approximates the rapidly varying function
£, by its “local average” f. In Proposition 5.1, H ™ '(Q) (the dual of H'(®)) is replaced by
the dual of X,, where X, is equipped with the energy norm.

The main convergence argument, presented in Sec. 6, is partly inspired by Nordgren’s
article [9]. The Ansatz for the displacement contained in our model provides a stress field
7, defined by (6.10), which is almost statically admissible (Proposition 6.1) and at the same
time is almost kinematically admissible (cf. (6.21)). Therefore the Ansatz is a good
approximation to the true linearly elastostatic displacement, and that is the assertion of
Theorem 6.1. Proving that 7 is nearly statically admissible is by far the more difficult, and
it is here the three aformentioned integral estimates are used. As a corollary to Theorem
6.1 we also conclude that the first term of the Ansatz correctly estimates the mean vertical
displacement (in a weighted L, norm on the midplane).

The analysis presented in this paper applies only to the case “a = 1” and only to plates
with periodic thickness variation and clamped edges. The method appears, however, to be
more general. We believe it could be applied with other boundary conditions at the plate
edge, and with plates whose thickness is “locally periodic” or “quasiperiodic” in the sense
of [6]. An analysis of the cases “a < 1” and “a > 1” could perhaps be done following a
similar outline.

Structural engineers are interested in plates of the type studied here, because they may
be stronger per unit weight than uniform or slowly varying ones in certain design contexts.
Some references to the literature on structural design optimization are found in [6]. It is
natural to ask which scaling—a < 1, a = 1 or a > 1—produces the most rigid structure;
we intend to address this issue in a forthcoming paper.

We are pleased to acknowledge advice from George Papanicolaou on aspects of this
project.

2. Preliminaries. We shall write x = (x,, x,, x3) for vectors in R® and x = (x,, x,) for
vectors in R?. Latin indices will usually range from 1 to 3, and Greek ones from 1 to 2; the
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summation convention applies whenever indices are repeated. We write 9, = 9/0x, and
9, = az/ax,.axj.

2A. Constitutive laws. Associated with any displacement u = (u,, u,, u;) of R® is its
linear strain tensor

e, (u) = %(aju, + B,uj) (2.1)
and the corresponding stress tensor
0ij u) = Bijklekl(’:!)' (2.2)

The fourth-order tensor B, satisfies
B w1 = Bjixs = Bk = Byyijs
we assume that the elastic energy
B, jv€i€x
is positive definite on symmetric tensors.
We shall always assume that the horizontal planes are planes of elastic symmetry; this
means [7]

BaBy3 = 0, B

w33 = 0.

Finally, we define the positive definite fourth-order tensor

B 5,3B
~ aB337y833
Baﬁy& = BaByS - B—_- (23)
3333
2B. Plate geometry. The plate geometry is determined by
a smoothly bounded domain € in the x;, — x, plane, representing the (2.4a)
midplane; a
a real parameter a, 0 < a < oo, determining the length scale of the
. o (2.4b)
thickness variation, and
a bounded function A(n) > 0, defined for any n € R? and periodic in 1, (2.40)
with period L,, a = 1,2. '
The three-dimensional region occupied by the plate is
R(e) = {x:x € Q, |x;| < en(x/e?)};
R(¢) denotes its natural periodic extension
R(e) = {x:x € R?, |x5| < eh(x/e)}. (2.5)

We assume throughout that R(¢) is a connected, C>* domain, for some Holder
exponent a > 0. The function 4 may nonetheless have discontinuities—i.e. parts of AR (e)
may be vertical; and & may vanish on a set of positive measure—i.e. our plates may have
holes. (In Sec. 3D, where we study an asymptotic limit of the a = 1 case, we shall impose
additional smoothness assumptions on 4.)

We denote by d,R(¢) the outer edge of the plate,

%R (e) = {x:x €09, |x;| < eh(x/e)};
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9, R(&) and 9_R(e) are the remaining parts of dR(¢) above and below {, respectively; »*
is the outward unit normal to dR(&).

When, in the following, we call a function “periodic in 1" we shall always mean that it
has the same periods L = (L,, L,) as h. It will often be necessary to average a periodic
function f (m) with respect to LE

1 Ly rL,
Llefo [ () i .

Mf=

We shall use the norm

, 1,2
lelh.c = ( ] ,/)_c) :
g L(e)

The same notation will be used for tensors, in which case |g|? denotes the sum of the
squares of the components.

2C. Loads and equations of equilibrium. The following discussion applies for a = 1;
when a # 1, it is more natural to work with the load per unit projected surface area, see
[6].

We suppose that the plate is loaded along its faces 3 , R(&) by forces £3(0,0, f(x; x/¢))
per unit surface area, and that the body force is €2(0,0, F(x; x/¢)) per unit volume, where

f(x; m) and F(x; 1) are bounded, periodic in 7, and even with respect to
M3-
The equations of elastostatic equilibrium for the clamped, e-dependent, three-dimensional
plate are

(2.6)

. 0, i=1,2, . .
—8[0,,(u)] = {GZF, APy {05F 2.7)
0, i=1,2
o, (u)ve = {&f 237 ond,R(e); (2.8)
u*=0 ond,R(e). (2.9)

This scaling of the loads ensures that u* stays bounded as ¢ — 0. Notice that

ui, u5are odd; ufis even,
e e . - (2.10)
0.5 033 are odd; o,; is even
with respect to 73, as a consequence of (2.6); X, will denote the space of all admissible
displacements that obey these symmetries:

X, = {g € H'(R(¢)): uly r(,y = 0; uy, u, are odd and (2.11)
u, is even in x, }

where H'(R(e)) is the space of (vector-valued) functions with square-integrable first
derivatives.

The restriction to even loads is merely a matter of technical convenience. If F and f are
odd in 75, then the solution of (2.7)-(2.9) satisfies

le(u)|2.. < Ce™2. (2.12)
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In case |[v| > ¢ > 0 on 3, R(e) (i.e. 3 . R(¢) has no vertical parts), one can prove (2.12) by
taking the inner product of u® with (2.7), integrating by parts, and using a Poincaré
inequality on each vertical line. The proof in the general case is similar, but it requires the
methods of section 4. We shall show here that for even loads

leCu)l2.c ~ &2, (2.13)

whenever the “mean load” is nonzero. Since the problem is linear, any load can be
decomposed into its even and odd components; by (2.12) and (2.13), the even part is the
one that produces the dominant strain.

3. Review of the model. The model presented in [6] provides the initial terms of an
asymptotic expansion for the displacement vector, and—most importantly—an equation
for the limiting vertical displacement of the midplane. The equation has in each case the
form

aaB(Maﬁyﬁayﬁw) =‘9—’ (31)

where %= % (F, f)(x) is the rescaled mean vertical load (see (5.1) for the precise
definition of #when a = 1; for a # 1 see [6]). The tensor M, ;. 5 represents the “effective
rigidity” of the plate; it satisfies the usual symmetries

MaﬁyS MBayS MaBSszy&xB’

and it is positive definite in the sense that

aBySgaﬂgyS C|§|

for symmetric tensors §,5. The formula for M, 5 depends on whether a > 1, a = 1, or
a < 1; in each case it is determined by 4 through the solution of certain “cell problems”
with periodic boundary conditions.

3A. The case a < 1. Let sze, denote the set of functions which are periodic with period

L = (L,, L,), with square integrable derivatives of order < 2. The auxiliary functions
¢*A(n) are in this space, and are characterized (modulo a constant) by

M| h*B o? *f 0° ¥
"8""311yans an,9m,
(3.2)
= —M|hB i (1 ) i Y| Vye€H
- y8poanyan N4Mp anpano per*

The tensor M,z 5 1s

Moy, = | 2B i ("‘*+l ) i (7‘*+l )
aBys — 3 }\ppoan)\an# ¢ 277a7lﬁ a,r'pano ¢ 2%’73

2

2
=ﬂ[%h3§aﬁys] +'/”[§h3BaBpo 0 ¢Y8] (33)

87;0
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The lowest order terms in the displacement vector are

d
= i = g () — e (o),

34
2Ba3s 92 (34)

B3, 87173775

a g Q 1 Q 1
uy = w+£2¢-Baan+§(x3) (¢B+—2-nanﬁ)aaﬁw
where w solves (3.1), with the appropriate boundary condition. The right side of (3.4) must
be evaluated at 7 = x /¢ after differentiation.
3B. The case a = 1. For any function ¢(7) we define

£(0)-3 (52 52 6
and
2, (¢) =B Eu(e). (3.6)
Let Q denote the rescaled period cell determined by 4,
Q= {n: Inal < Lo/2, Insl < k() }; (3.7)

and let I"* denote the vector
o 9 (1
r A= ( M3~ on, ( a"l,e)
i) ( 1 ) 1 1 Bssys d ( 1 )
N33 an, Nallg 2770['7/3 ) "73 Binss a"lya"ls Nallp
The auxiliary functions ¢°‘B € H(Q) are periodic in n, and they satisfy

fzzj aB lj )0’71 = _le,l raﬂ) (%)‘{71 (39)

(3.8)

foranyy € H 1(Q) which is periodic in n. The tensor M ;.5 is given by

Musss = op [ 24(% + T9)E, (7 + I7) &

2 5. 1 -
= #[5Wbos] £ [ en @10
The lowest order terms in the displacement vector are
ut = —x38 w+ 52¢"‘B()_c/e)aa3w,

3.11
ut=w (3) 33“"aaﬂ+we2¢§‘*(z/e)aaﬂw. 1)

3C. The case a > 1. We define a tensor C, ;,, for the use in this section only, by

Ca3/93 C3aﬁ3 C.mﬁ = C3a3ﬁ =0,

Cijki = By, otherwise.
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For any function ¢(7), 3( ¢) will denote the associated “stress”,
21‘/(?) = CijkIEk/(d_))- (3.12)

Let Q and I'*# be as in (3.7), (3.8), and let % be the space of functions Y E L*(Q) such
that

Y is periodic in m, ¥ depends only on 7, and

/2 a,/'r'<00

When @ > 1, the auxiliary functions 9“'3 are in %, and they satisfy

/‘Qiu(f’ﬁ)Eu(f)‘/'l= _LEU(DB)EU(@@’H (3.13)
for every ¢ € %. The tensor M. is given by
Murs = o [$(67 4 D95, (87 + 1) 0 (314)
and the lowest order terms in the displacement vector are
ut = —x 3w+ e %3, m
w=w+ - (x3) 33aﬁ aaﬂw + e3P, 4w (3.15)

The right hand side of (3.15) is evaluated at q = (x/&“ x;/¢).

In [6] we wrote (3.13)—(3.15) in a slightly different form, to emphasize the connection
with homogenization of a rough surface. The functions g*#(n;), ¢*#(7), and y>*(7) used
in [6] correspond to the decomposition B T

#55(n,) = () - 2n3§’;‘:
#2(0) = —m7n) + B () (). (3.16)

One can characterize §'/(-, n,) as the solutions of certain cell problems on the horizontal
slices of Q; g%#(n5) mﬁy be expressed in terms of certain averages of 4/'7

3D. An asymptotic limit of the case a = 1. For a given periodic function h( 17) let “B(y};
be the effective rigidity of the associated “a < 1” plate defined by (3.3). Let M, 5 denote
the effective rigidity of the “a = 1” plate with thickness variation

h4(1~;)=h(12/o), 0<os< 0,

ie., M} aiys 18 as defined by (3.10) with 4 replaced by 4. We show here that M1* - M“<!
as ¢ > 00, if h is smooth enough; the proof is similar to Nordgren’s convergence argument
[9]. A related result in the context of Laplace’s equation can be found in [2].
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PrOPOSITION 3.1. If A > ¢ > 0 is smooth enough then
lim M! s = ;;;}. (3.16)

99— 00

Proof. Let q_bjﬁ denote the solution of (3.9) with A replaced by 4, which is periodic with
period ¢ L. We introduce the rescaled variables

Mo = Mo/ (a=1’2)9 n5 = M3, (317)
which range over the s-independent cell
Q' = {n: Iyl < $Lyy & = 1,2; Iy < h(m)) (3.18)
and note that
1 [y, 3
Eaﬁ(f) = Z( a"'l/,s + ., |’
1 0¢y; 10,
Es(¥) =33 a2 (3.19)
ad
Enly) - 52
Let *#( 11’) be the solution of (3.2) with thickness h(n’), and define
af af
?(;ﬂ("l/) = 02(0,0, ‘Paﬁ) +g 7’3 a“l’/ , 7'3 a‘l” ,0)

1 2Basys 9%
+10,0, = ()22 ¥ |, 3.20
2(1’3) B3333 anya,ns ( )
We shall show that
lim f |E(% — 92| &m =0, (3.21)
provided that
Yok (12’) has bounded derivatives of order < 4, (3.22)

which is true for sufficiently regular h. Assertion (3.16) follows immediately from (3.21),
since

Majie = Llef 2, (¢5f + L) E, (8 + L) o (3.23)
and
i g Bl + T (9 + 1) o =

For fixed a and B, define a tensor 7; ;(m) as follows: for v, 6 e{1,2),
a2¢aﬂ

Ty = —Baﬁysn§ - By8pa o aﬂ' m3;
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fory=1,2,

f 1 p, Oy 8k g 9N, ok
=N =|(y)* = h3(n)| B, —t— — -
Ty3 P { 2 [(1"3) h (71 )] y8po an;an;an:s BaB‘yS a ’ B‘YSPU a'l";a’n; h 8718

and 7 is the solution of

—07; 1973

L ey 3.24

3713 ? 877., ( )
) dh dh . 3% 3k dh

T33|77'3= +h() =4 2( aBySh a ’ a 7~ Oyépe an ano a'ny 37]8

One verifies the consistency condition for (3.24),

+h0T,3 . oh oh - AW dh Oh
'[h a ,‘{7’3_24 ( aﬁysha ’ a 7 +By8puanana an ans

by means of (3.2). A straightforward computation shows that

S,(¢F+ %) =1, + 0(s7Y), (3.25)
and that

d 107, 0T, )
AT =9 -+ >—=0 inQ’,
dm; an,  Om Q

1/2
____1 + |v__h_|2 -1 ’ 7\ — ’
T+ a‘zlvhlz) (67 e + 7375) = 0 ond, 0", (3.26)

where d , Q' are the upper and lower faces of Q’, and »’ is the outward unit vector normal
tod Q"
Let x = ?‘i‘,ﬁ - 9‘,"3; using (3.9), (3.25), (3.26), and Green’s formula, we see that

f 2, (X)E(x) 4 = f 2:‘1(?‘:&6 + IaB)Eij(l() zn
o o
= [ 2By + 0[]

= 0(4-1”E(>_<)”L2(Q'))’ (3.27)

which implies (3.21).

4. Integral estimates. This section establishes certain integral inequalities for u €
H'(R(¢)). We consider only the case a = 1, i.e.

R(e) = {x:x € Q, |xs| < eh(x/e)}

(see, however, Remark 4.2 at the end of the section). Our method is to decompose R(¢)
into @(e~?) subdomains, each with diameter of order ¢, and to apply Korn’s inequality on
each subdomain.
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We begin by reviewing Korn’s inequality on the unit-sized domain
Q= {x: xal < Lo/2. xs] < h(x))}.
2 is the space of rigid motions,
Yy € R v,(x)=c,;x,+d,, for some
d € R® and some skew-symmetric matrix c.

Vu denotes the (nonsymmetric tensor) d;u,, and e(u) denotes the (symmetric) strain
tensor 3(d,u; + d,u;).

LemMA 4.1. For any u € H'(Q) there exists y € % such that
2
[lvu=1)] 4x < [ le(u)]’ (4.1)
Q Qo
and
flt_l - lez/)_c < Cf |e(y)|2J)_c. (4.2)
Q - Qo

The constant C depends only on Q.

Proof. This follows, for any Lipschitz domain, from the results in [5]. O

Recall that R(e) is defined by (2.5). For each pair of integers (k, /) let R,, = R, ,(¢)
denote the period cell centered around (keL,, leL,),

L L
Ry = {’_‘: [x, — keL| < %’ |x, = leL,| < 82_2a Ix;| < £h(£‘/8)}-
Rescaling (4.1) and (4.2) yields the following resuit.

LEMMA 4.2. For any u € H}, (R(e)) and any pair (k, /) there exists y*' € % such that
2
[ o(u=y)[dx<cf le(u) #x (4.3)
Ry - Ry,
and
2
f ju— ¥ 4x < Cezf le(u)|” Zx. (4.4)
Ri - Ry

The constant C in (4.3), (4.4) depends only on A.
Let

Y¥(x) = ¢Mx + d¥,

where d*/ € R?® and ¢*'is a skew-symmetric matrix. Clearly
2 2
ek H Il — ek 4 g2kt — gh|

2
< C/'l’kﬂ‘[()—c) _Zkl()—‘)| dxH dx, (4.5)

< Cf(lIkHJ _ y|2 +ll—‘ _ 1,kl|2) Xy dx5,

! We always assume that the rescaled period cell Q is a Lipschitz domain.
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where the integrals are over the interface between R, and R, , | ;:
{)_c: x, = (k+Y)eL,,|x, — leL,)| < =2, |x,| < eh(x/e)}
One has the trace estimate (on any Lipschitz domain)
[l o < € f (1owl” +uf’) x (4.6)

for all w € H'(Q). Rescaling (4.6), and combining the result with (4.5), we obtain

Akl - Ckl|2 + e|dk - dk/|2

4
QC(eL

€

|V(y _ Zk+1./)~2 x + e_lf |y _ Yk+1‘/|2@,£
R Y

k+1.4 k+1.1 (47)
2
f |V — yk a’x+s f y“’ z/)_c).
Ry - Ry -
A combination of (4.3), (4.4) and (4.7) gives
2 2
g2k 1 — K| |gke 1 — gk
4.8
< Ce™! le(u)| Zx. 48
Ry1/Y Ry
Similarly, we have
2 2
g2k I+t — ekl 4| gkt — gk
49
< Ce! le(u)|” <. (49
Riv1V Ry
PROPOSITION 4.1. For any u € H'(R(e)) with u = 0 on d,R(e),
lullz.e + 11 wulla. < Ce™le(u)l,..- (4.10)

Proof. Extend u to R(e) by letting it be zero outside R(e), and let {y*'} be the rigid
motions introduced in Lemma 4.2; notice that y*' = 0 if R,, N R(¢e) = @. Let g(x) and
8(x) denote the piecewise bilinear interpolants to ¢¥’ and d*/, i.e.

o,-j(keLl, leL,) = c,."jl,
8,(keL,, leL,) = d!', and
0,;(x), 8,(x) are bilinear functions on

L
{)5: X, e (1+ 2)€L2

el,
2 2}

—(k + %)GL1 <

for each pair of integers (k, /).
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It is standard that
2 2
/’ |V§|2 dx < CY [|4k+l.1 — gk 4 ]dkit — g ]
R’ k.l
and an analogous inequality holds for [|vg|* Zx. It follows, using (4.8)—(4.9), that
2
[ |val dx + [ |8’ x < Ce~? e(u)|” Zx.
Jlvel dx+ [[Jvaldx < cent [ le(w)]” ox
Since o and § are compactly supported, we conclude by Poincaré’s inequality that

2 2 2 -1 2
ef Jol' dx+ [ o' dx< et [ el x,

and hence
Z[ezlc"’l2 a4 < ce* [ e(u) . (4.11)
k.l R(e)
Since vy*' = ¢*, (4.3) may be rewritten
f |vu - Q"'|Za’z < Cf le(u)|” 2x,
Rkl Rk/
which leads immediately to
f |vul’ Zx
R(¢)
Similarly, since |y*/(x)| < C(|c*| + |d*/]) for every x € R(e), (4.4) leads to
f lu” Zx < C[EZ/ le(u)|” &x + 53Z(|Qk[|2 + |(_1"’|2)}. (4.13)
R(e) R(e) k.l

A combination of (4.11), (4.12) and (4.13) gives

N

C(/R(e)|e(g)| dx + kZ}/eﬂg"’l ) (4.12)

‘/;Q(e)(lylz M Ivyl)z a’)_c s Ce_z‘/;?(s)'e(y)lz JZ’

which is equivalent to (4.10). O
Recall that the space X, is defined by (2.11).

PROPOSITION 4.2. Forany u € X,

2
Z "ua + x38¢xu3”2,e < Ce”e(y)l'Ze (414)
a=1

Proof. When u € X,, one may choose the rigid motions l’kl of Lemma 4.2 to have the
same symmetry properties, i.e.

k= a¥ = M =g (4.15)
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for each &, /. By (4.4) and (4.195),
2 2
[ e = e dx = [ Jug = v dx < C [ e(u)[ .
Rkl Rk/ Rkl
By (4.3), on the other hand,

/ 'aau3 - C§é|2 dx =f |3a(u3 - Y3“)|2 4x
Ry Ry

< Cf le(u)[ x.
Rkl
Since |x,| < Ce and ¢k = —cki  this implies that
f lu, + x38,,‘u3|2 dx < Cezf |e‘(g)|2 x. (4.16)
Ry Ry

Adding (4.16) over all k, / and over a = 1,2 we get (4.14). O

Remark 4.1. Inequalities (4.10) and (4.14) are sharp in their dependence on ¢. For (4.10),
one sees this by considering u = (—x40,w, — x30,w, w), where w = w(x,, x,). For (4.14),
oneusesu = (0,0,w). O

Remark 4.2. The estimates in this section may be generalized considerably. We assumed
that u vanishes on d,R(¢) to simplify its extension to R(¢). One verifies, with a little more
effort, that Propositions 4.1 and 4.2 remain valid without this condition (modulo a rigid
motion, in the case of (4.10)). The argument presented here also works in the case a < 1;
it applies, moreover, even if R(¢) is only a Lipschitz domain; and the periodicity of the
domain is not essential.

The case a > 1 is more subtle; we do not know nontrivial conditions on A which assure
(4.10) or (4.14) for that scaling. The methods of [1] and [4] may be relevant in that case.
O

5. An averaging lemma. Our attention remains restricted to the case a = 1. Q denotes
the rescaled period cell (3.7); # is the mean thickness § = 2.#[h]; and 9 ,Q is the
“non-periodic” part of 3Q,

0,0=2090 ﬂ{vl: . < L,/2, a= 1,2}.
For any pair of functions G(x; n) and g(x; n) which are periodic in n, we define
1
F(G,g)x)=—{| Gdn + a’o} 5.1)
G0 = | [en+ [ g (
(&s denotes surface measure). Our goal is the following result.

PROPOSITION 5.1. Suppose that G and g have derivatives in x of order < 2 which are C**
and C*in n uniformly in x, respectively. Then for any u € X,

-/R(S)G(gc; x/e)u;dx + e/a

g(x; x/e)usds
+R(e)

(5.2)

~ 07 [ F(G.g)(x)usdx|< Cele(w]n.
R(¢)

The constant C depends on G, g, and 4, but not on e.
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The essence of Proposition 5.1 is the following: if # (G, g) = 0, and if w* solves

—a,(o,-,-(wf))={0’ i=12 R,

G, i=3
0, i=1,2
o, (w)rf = {83& R ond_ R(e),
w® =0 ond,R(e),
then
le(w),.. < Ce™2. (5.3)

Indeed, if G and g are even in m,, one proves (5.3) by substituting w* in (5.2) and
integrating by parts. If G and g are odd then (5.3) is the same as (2.12).

Before beginning the proof, we introduce some more notation. Given a pair G, g with
F(G, g) = 0, we say “¢ solves the cell problem associated to G and g if

fE a/n—fG%a/n +f g%a’a

for every y € H'(Q) which is 7-periodic.

(5.4)

Recall that E(¢) and 2(¢) are defined by (3.5) and (3.6). One verifies easily that (5.4) has
an n-periodic solution, unique up to a translation. Since we have assumed that R(e) is a
C?% domain,

12 ()] e < CUGNcox +ligllcre). (5.5)

All norms are on the rescaled period cell Q or the boundary 9 , Q. The constant C depends
only on Q and not on x, which occurs in (5.4)—(5.5) as a parameter. If we define

7= 2,;(9)(x; x1/¢), (5.6)
then (5.5) leads to
I M., < Ce2sup (I Glcos +lglcre). (5.7)

Proof of Proposition 5.1. It suffices to consider the case # (G, g) = 0; the general case
will follow by considering G’ = G — 07 '# (G, g), g’ = g.

Let ¢ solve the cell problem (5.4) associated to G and g; let 7 be as in (5.6); and let
u€ X; By Green’s formula,

/ Gu,dx + ef gu, ds
R(¢) 3, R(e) (5 8)

a
=e/ —3. u.a!)_c+ef 7.e (u) dx,
R(e)0xg P! Rey Y

where (3 /ax,,)z,ﬂ (3/9x5)Z,4(9) is evaluated at 7 = x/e after differentiation. Notice
that (3/9x,)Z, is the stress of the cell problem associated to 3G/9x, and dg/dx; since
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the x-derivatives of G and g are assumed C%*and C"* in 7, uniformly in x,

0

=3
dxp B

< Ce'/2. (5.9)

2,e
We estimate the various terms in (5.8) separately. First,

T. €. g) a/)_(
L e

by (5.7) and Holder’s inequality. Next,

< Céle(u)ls.. (5.10)

'/;Q 9 Eaﬁ'(ua+x3aau3)dﬁ

< Celugy + x33,us,.,

(e) 0%
< Ce2lle(u)llz.e (5.11)
by (5.9), Holder’s inequality, and Proposition 4.2. Finally,
0
—— 35X 0,u3 x| < Ce¥ || vull,.,
Lo iy B Put Ivul..
< Ce?le(u);.. (5.12)

by (5.9), Holder’s inequality, and Proposition 4.1. Combining (5.10)-(5.12), we conclude
that the right side of (5.8) equals

0
8'&(6)@233“3“’5 + 0(83/2“9(2)”2,5)- (5.13)
At this point we need the following identity, which will be proved later:
a
an—xﬁzwd’Q = 0. (514)

This means that #(0Z;5/0x,,0) = 0. Repeating the above argument with the cell
problem associated to 0Z,5/dx, and 0, we conclude that

0
€ — 3 qU X
’[R(e)axﬁ‘ BT

a (5.15)
= 82,[R<e)3_26,3333“3 dx + 0(ele(u)l..),

where = are the stresses associated to the new cell problem. (We use here our hypothesis
on the second derivatives of G and g.) By Hélder’s inequality, Proposition 4.1, and the
analogue of (5.9),

< Ce e (u)l..- (5.16)

0
— Ea U dX
/;(s)axﬁ BEIT=

Combining (5.8), (5.13), (5.15), and (5.16), we obtain (5.2).
It remains to prove (5.14). Substituting ¢ = (7, 0,0) into (5.4) gives

fQEn(?) dﬂ:v/QE’f(i/)Eu(f) dn=0.
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Since Q is independent of x, it follows that
9 0
faxlzﬂ"/'l oy J S dn =0,

The corresponding assertion for (3/9x,)25, follows using ¢ = (0, 75,0), and summation
leads to (5.14). O -
6. Convergence. Let w solve
aaB(Maﬂysaysw) =F(F,f) inQ,
w=0dw=0 ondS,
where M, 5 is defined by (3.10); let u* be as in (3.11); and let u® solve the three
dimensional elasticity problem (2.7)—(2.9). We shall prove that ¥* — u® converges to zero
in energy, and that w is really the limiting vertical displacement. In addition to the
regularity hypotheses on £ and R(e), formulated in Sec. 2, we must assume that
All x-derivatives of order <2 of F and f are C** and C"* in 1,
respectively (uniformly in x).

By [6], M, .5 is positive definite; it follows that
w has bounded x-derivatives of order < 6. (6.2)

Let {(t) € CY(0, o) with {(¢) = O fort < 1/2 and {(z) = 1 for t > 1; we define
§.(x) = z(e 'dist(x,0Q)) for x € Q,

and

u® = (—x50w, —x;0,w,w)

2 aﬂ33

0 0,2( 3)

where ¢ is as in (3.9). Notice that u* € Xs.
Since R(e_) is assumed to be a C** domain, a standard regularity result shows that
¢ € C?%(Q). In particular the functions

2,(¢7) and 52, (¢")

are C"* and C**, respectively. We shall use this fact repeatedly, sometimes without direct
mention, in what follows.

+ ¢ ¢"‘B(x/£))§ g (6.3)

LEMMA 6.1. The functions u®, u* satisfy
le(u* — u*)]|,. < Ce. (6.4)
Proof. Since ¢_>°‘B and E; j(g"‘ﬁ ) are bounded functions,

[198)- ¢*(x/e)|,, < C
|1 = &) e (x/e)|,, < Ce

[0 = E)E() (s, < ce
The estimate (6.4) follows easily, using (6.2), O
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LEMMA 6.2 For each 8, v, 8
fQEw(?’s) dn=0. (6.5)

Proof. One argues as in the proof of (5.14), using (3.9) instead of (5.4). O

LeEmMMA 6.3. Let » denote the outward unit vector normal to d , Q. For each B, v, 8, the
functions

G(n) = —naaimzag(fy‘s), ne€Q,

g(n) = [_ngBaByb‘ + 7132a/;(9_578)]”m n€I,0,
satisfy
Z(G,g)=0. (6.6)
Proof. By Green’s formula,

fn38 ap ¢Y8) 7l=j; Q[ 15B.g,s + 132 (¢y )]Vaa’o;

This is equivalent to (6.6). O

LEMMA 6.4. For each a, 8, v, 8

an32aB(9’8) an = fQ'hBawEAu(?ys) . (6.7)
Proof. Substituting ¢ = (0,0, 3(n)?) in (3.9), and noting that 2,,(I'"?) = 0, we see that
Jm=n(e7) &n=0: (6.8)

on the other hand,
BupneErnl7) = Zop(87) - 22230(87): (6.9)

a combination of (6.8) and (6.9) yields (6.7). O
One easily verifies that (3.9) is equivalent to

9 .
o Zule) =0 inQ,
2,./.(978)1/] = nj?,msvﬁ ond Q.
If 7 is defined by
T, = [—x3B,-”8 + ezij(q_ﬂ‘s)(g/e)]aysw, (6.10)
one computes that
;= [—)@Bims + 82,3(976)(5/8)]aﬂy8w (6.11)
in R(¢), and
vi=0 (6.12)

’/

on 3 ,R(e).
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PROPOSITION 6.1. For any v € X,

/ Tijeij(l_’) dx
R(e)
(6.13)
=e071 [ F(F, f)osdx + 0(e/e(v)].)-
R(e)
Proof. By Green’s formula and (6.12),
1.6 (0) dx = — a,(m.)v, Zx.
Lses [
We apply Proposition 5.1, using (6.11), (6.5), and the fact that B3By$ = 0, to see that
L(e)aj(ﬁj)%“/i < C85/2||e(l_))||z.r
Writing v, = —x,0,0; + (v, + x;0,0;), and applying Proposition 4.2, we obtain
a'(Ta ')vo: ‘{5
'/R(e) J\ laj
= __/;( )x3aj("'aj)aop3“/£ + 0(85/2”6(1-))”2‘2)'
A combination of these results yields
7.e,(v) &x
‘/;3(5) 7 )
(6.14)
= -/;z( )xsaj("'aj)aa%“’)_‘ + 0(55/2“9(Q)||2‘e)~
We use Green'’s formula again:
f x30,(7,,;) 0,03 Zx
R(e)
(6.15)
= - x40, (7, )v;dx + x40.(1, ) v, do.
R(e) 3 aj( (XJ) 392 ‘/;iR(e) 3/( aj) a3
Now,
x50, (7, )ve = (1 + 1I),
with
I= —T'§Bl7$78val11=5/saﬁ}‘5w’
II = n32aﬂ(?ys)va|q=z/saﬂvsw’
and

= X30,;(7,;) = elll + €1V,
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with

d
an, Sap(97°) 1o/ Bgyam
IV = (n%Ba,ByB - 7732aﬁ(?y8))|,1=,_‘/53a;3ysw.

By Lemma 6.3 and Proposition 5.1,

ef (M)o,dx+e f RM(I +11) v, 0 = 0(e5e(v)l,..) (6.16)

R(e)

= —a,

similarly, by Lemma 6.4, Proposition 5.1 and (3.10),

f (IV) v, ox
R(e
© (6.17)
= 820_1/ MaByBaaBySWU3 ‘{5 + 0(87/2“3(1_))“21).
R(e)
Since Mz, 5 is constant and w satisfies (3.1), (6.15)—-(6.17) imply

‘/;%( )xsaj("a,‘)aopﬂ{)_‘

) (6.18)

=20 [ F(F f)urdx + 0(e(v)],).
R(¢)

A combination of (6.14) and (6.18) yields (6.13). O
We are ready to prove the main result of this paper.

THEOREM 6.1. The Ansatz u*, defined by (3.11), and the displacement u*, defined by
(2.7)-(2.9), satisfy

lle(u* — u®)|,.. < Ce?. (6.19)
Proof. We shall prove

le(u® = u)|,. < Ce?, (6.20)

with ¥* as in (6.3). The estimate (6.19) is an immediate consequence, using Lemma 6.1.
To prove (6.20), we first observe that

lo(u™) = 7ll,. < Ce? (6.21)
where 7 is defined by (6.10). Indeed, a simple computation gives that
lo(w*) = 7l < C&72,
while by Lemma 6.1,

”o(u*) —af ||2 . < Ce%

(6.21) follows by means of the triangle inequality.
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By Proposition 6.1 and (6.21),
[ o,(u®)e,(v) dx =07 [ Fvidx + O(ee(0)]o..) (6.22)
R(e) R(¢)
for any v € X_. Also,

o, (u)e, (v) dx = €¢*| Fo,dx + ¢ fos s
'/l;(e) J / '/;3(5) } '/f;tR(s) 3

= eze_lf Fvydx + 0(7e(v)],..) (6.23)
R(¢)

by (2.7)-(2.9), Green’s formula and Proposition 5.1. Taking v = u™ — u®, and subtracting
(6.23) from (6.22), we conclude that

f o, (u* —u)e, (u* — u) Zx < Ce¥le(u” — u®)|,..,
R(e)

from which (6.20) follows. O
Remark 6.1. Had we specified the e-dependent boundary condition

‘—‘elaRO(e) = l—‘*|aR0(e)

instead of (2.9) then the introduction of ¥* would not have been necessary. The above
argument yields |le(u* — u®)||,, < Ce>’* when u* is defined this way. O
One verifies readily that ||e(u*)||,, ~ €*/> whenever % # 0. It follows, using (6.19), that

C7'e2 < le(u).. < CE2, (6.24)

with C depending on #but not on &. A combination of (6.19) and (6.24) yields the relative
error estimate

lle(u* = u)lz.o/lle (u)s.c < Ce/2.
A similar argument, using (4.10), shows that

lu* — ufll,, , lIvu* — vulll,,
el 5. Ivufl,,

< Ce?.

One may also compare u§ and w directly:
COROLLARY 6.1. If one defines

+eh(x/¢)

(x) = — ‘
wi(x) = 2eh(2/0) f_eh(m) us(x) 4x;

whenever h(x/¢) # 0, then

12
(j;l|w - wf[zh(gc/e) a’)f) < Ce2, (6.25)
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Proof. We consider w, w* to be defined on R(¢). By Poincaré’s inequality

2
eh(x/¢€) 2 eh(x/¢€) 0
f lwe — us|” &x; < Ce? PR IRAS
—eh(x/¢) —eh(x/e)| X3
eh(x/¢)

= Cé’ |e33(¢_1‘)|21/x3;

—eh(x/€)

integration over 2 yields

f |uf — w‘|2 dx < Cezf
R(e)

|e(14’)|2 dx < Ce’.
R(e)

One computes directly from (6.3) that
2
/ |w— uf| Zx < Ce.
R(e)

Combining these two estimates with (4.10) and (6.20), we conclude that

1/2

(f |w — w‘|2a’)_c) < Ce¥? +||[uf — uffl,, < Ce.

R(e)
It follows that
2 1 2
f|w-—wf1 h(x/e)dx == [ |w—wi &x < Ce. O
Q - = 2e g
Remark 6.2. If h(n) > ¢ > 0, i.e. if the plate has no holes, then (6.25) becomes
5 1/2
(f|w — wl z/)_c) < Ce2. g
Q
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