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NONLINEAR DEFLECTION OF A THIN ELASTIC SHEET
ON A LIQUID FOUNDATION*

By
CHANG-YI WANG

Michigan State University

Abstract. A thin infinite elastic sheet lies on the surface of a liquid. The nonlinear
deflection due to a concentrated load is studied by both analytical and numerical
methods.

Introduction. Elastic beams or sheets on a foundation are important in many practical
engineering models, including highways, railroads, and floating bridges [1]. The usual
analyses assume infinitesimal deflections, resulting in a more solvable linear problem. The
large deflection problem has never been investigated, although it does occur in the case of
pliable foundations such as sand, mud or water. For such foundations the resistance to
deformation is due to hydrostatic pressure.

Figure 1 shows an infinite elastic sheet lying on a liquid foundation. We shall consider
two dimensional deformations due to a vertical point load.

Foundation. We assume the thickness of the sheet is small compared to a characteristic
length, say maximum deflection &’. Then the sheet can be considered as an elastica, i.e. the
local curvature is proportional to the local applied moment m:

m=Er%. (1)
Here EI is the flexural rigidity, @ is the local angle of inclination and s’ is the arc length
from the point force of magnitude 2 F’. Let Cartesian axes (x’, y’) be located as shown in

Fig. 1. The unperturbed liquid surface originally lies at y* = 0. Then

’ ’

_ Yy _ g
75 = €8 0, p sin @, (2)

x'(0) =0, y'(0) =¥, y'(0)=0. €)
Figure 1 also shows an elemental length ds’. A balance of local moments gives the leading
terms

0 0 . .
m+dm=m—[/ pcosOds’]ds’cosO +[H’—f psdes']ds’smﬂ (4)
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FI1G. 1. The coordinate system and the forces on an elemental length.

where H' is the horizontal force at infinity and p is the local pressure difference given by
p=rgy =ky'. (5)
Here p is the liquid density and g is the gravitational acceleration. Using Egs. (2)-(5) we
find
d20 J— sl ’ ’ '’ 7’ k ’ 2] M

Elds’z_( foycosﬁds F)0050+[H 2(y) sin 6. (6)
If neither EI nor k is zero, we normalize all lengths by (EI/k)'/*, all forces by VEIk and
drop primes. The governing equations become

d*

— = (u— F)cosf + (H — 1y?)sin ¥, (7)
ds?
%=ycos0, Z—z:cosﬂ, %= —siné. (8)
The boundary conditions are
6(0) =0, u(0)=0, x(0)=0, y(0)=5n, 9)
0(0) =0, u(0)=F, y(o0)=0. (10)

This set of equations is highly nonlinear and exact solution does not exist. Given F, H the
unknowns are 6, d6/ds, u, x, y, b.

The perturbation solution for small F. Small F indicates the applied load is small
compared to VEIk . A study of egs. (7)-(10) shows u, y, 8 are small too. We expand the
unknowns in a power series in F as follows

6=Ff,+ F%, +...
u= Fu,+ Fu, + ...,
y=Fy,+ Fi, +...,
x=xo+ Fix, +.... (11)
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Equations (7)-(10) yields zeroth order equations.

d?6,
dsz":u(,— 1 + He,, (12)
du dx dy,
PR Sk Y (13)
00(0) = 0’ uO(O) = O’ XO(O) = O’
Bp(0) =0, wup(o0) =1, ys(e0) = 0. (14)
Equation (12) is differentiated once to yield
d*y, d’y
dsf—H ds2°+y0=0 (15)

If H = 0 Eq. (15) becomes the classical equation for a beam on an elastic foundation [2].
Without going into details, the solution for H > —2, H # 2 is

1

Yo = —===(Be™ — ac’),

H>—4
u0=——1—(£e°"—5eﬂ‘) + 1,

H -4\ B

1 as Bs
by = ———=—={(e" — ™), (16)
H?>—4

Xy =5,

where

;} = —(%Ht%\/Hz—4)'/2' (17)

If 2> H > —2, oscillatory decay occurs. The maximum height, occuring at s =
22 — H) /s

——e
(= m ~ —FQ + H) 2 exp| | 20 (18)
2—-H
If H = 2 the solutions decay monotonically. For H = 2, the solution is
Yo=13(1+s)e™,
Ug=1—4se " —e*,
0, = 3se”°,
Xo = S. (19)

No decay solution exists for H < —2. The force-displacement relation for H > —2 is

F=b/H+2. (20)
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The first order perturbation equations are

d*6 ] 63 1
dszl —u, — Hb, = _5(“0 - l)"”o2 - H?O - 500)’02,
du 1
dsl = "2'002)’0’
dy, 03
s Th=%
dx;  1,,
& - 2% @)
6,(0) = u,(0) = x,(0) = ,(0) = u)(0) =, (0) = 0. (22)

It can be shown that the first order solutions are similar decaying exponentials. Higher
order solutions can also be carried out. Since we are basically concerned with large
deflections in this paper, the higher order linear corrections will not be persued.

Analysis of the nonlinear equations. Although Egs. (7)-(10) cannot be solved explicitly,
some important information can be obtained from its first integrals. We multiply Eq. (7)
by df /ds and integrate with respect to s

( ) f(u—F)cosﬂ———ds+/(H—— )sin()%ods

(= FYeind — (e (g-1Lr _ &
= (u — F)sind fysmﬂcosﬂds (H 24 )0050 fcosOydsds

= (u— F)sind — (H_E )cos()+C. (23)

Using the boundary conditions at infinity we find the integration constant C is H. At
s = 0 Eq. (23) yields

d6/ds(0) = b (24)
If we multiply Eq. (7) by y and integrate, the result is
y38 Lo p g2l 2 o
b cosﬂ—zu Fu H2+8+C (25)
The far field boundary conditions give C’ = F2/2 — 1. Using Egs. (9), (24), (25) we find
b*—4(H + 2)b* +4F? =0 (26)

or

:[2(H+2)-'_-2\/(H+2)2—F2]l/2. (27)

Due to symmetry, we consider positive F and positive b without loss of generality. A
similarity form of Eq. (27) is

F b i s V"
= 11— 28)
(H+2) JH +2 4\VH+2 (
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This force-displacement relation is plotted in Fig. 2. The linear theory, represented by the
dashed line, is valid for small F only. Our nonlinear results show, as b is increased, F
increases to a maximum at b = y2H + 4 where F = H + 2. Then F decreases as b is
further increased. Since negative slope implies instability, we conclude that only the rising
part (for which b < yV2H + 4) represent stable equilibrium states which can be observed
in reality. Thus for given H, F can be increased until H + 2. The whole system would
“sink” completely into the liquid if the vertical force F is greater than H + 2. In terms of
dimensional variables the maximum load that can be sustained by an infinite elastic sheet
on a liquid is

(2F"),.. = 2H' + 4/EIpg . (29)

Note also that H can be negative i.e. the horizontal force can be compressive. Suppose
F = 0 and the sheet is under compressive forces at infinity. Our solutions show

H' = —2{Elpg (30)
is the critical buckling force for this infinite sheet.

The membrane. In this case the flexural rigidity EI is zero. We renormalize all lengths
by (H’/k)'/? and assume neither H’ nor k are zero. Equation (6) reduces to

(ﬁ—a)cos0+(l—%)72)sin0=0, (31)
%=)70050, %=cosl9, %= —siné, (32)
. max Fy
/
/
/
Eq(20) 7
F Y N\ stable
He2 Y equilibrium
Y/,
tabl
051 ecm?i b?*iuem
0] 1 2
b
JH+2

FI1G. 2. The exact force-displacement relation.
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where the tildes represent the renormalized variables and a = F’/H’. The appropriate
boundary conditions are

a(0) = x(0) =0, 5(0) = b, (33)
d(0) =a, 0(c0) =j(c0)=0. (34)

Equations (31)-(34) are still nonlinear. However, exact analytic solution is possible. We
differentiate Eq. (31) once to give

(# — a)dl/ds = ysin8. (35)
Utilizing
Z—g=%%=ycosﬂg—g. (36)
Equation (35) is integrated to be
i=a+ C"”sinf (37)
where C” is a constant of integration. Then from Eq. (31)
192=1+ C"cosf (38)

The boundary conditions at infinity yield C”” = —1. Using Eqgs. (35)-(37)

%g=—)7=—\/2—20050:—28in%. (39)
A further integration results in

tan(6/4)

=~ tan(6,/4)’

(40)

§

(H7K)F

F1G. 3. Surface configurations for concentrated force on a membrane.
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where 6, is the value of § at § = 0. From Eq. (37)
6, = sin” a. (41)

Equations (32), (39), (40) can be integrated to give the configuration of the sheets in
parametric form.

3 tan(8,/4) 0 0,
= —lp —2" _ —~ + Y}
x n— (6./3) 2c0s 5 + 2c0s o, (42)
J =2sin g (43)

Figure 3 shows some surface configurations for various a. The force-displacement relation
is

by
2
This relation shows a can be at most 1 (or F’ < H’). It is also consistent with Eq. (27) in
the limit of EI — 0. The amount of shortening at infinity is

b=2sin2=(2-2 1—'a2)'/2. (44)

(/) 1,2
5—2|s~*°0=2—200570=2—(2+2l—az) . (45)

Numerical integration. For general EI, the shape of the surface must be obtained by
numerical integration of Egs. (3)-(10). We turn this two-point boundary value problem
into an initial value problem by supplanting Eq. (10) by Egs. (24) and (27). The bottom
sign of Eq. (27) is taken due to stability reasons discussed previously. The integration uses
a fourth order Runge-Kutta algorithm where a step size of 0.05 is found to be sufficient.

2

(ELK)E

Fi1G. 4. Surface configuration for H = 3. Maximum load is F = 5.



440 CHANG-YI WANG

FiG. 5. Surface configuration for H = 0. Maximum load is F = 2.

F1G. 6. Surface configuration for H = — 1. Maximum load is F = |.

Figure 4 shows half of the surface for H = 3 and various F. Note for large F and H (EI
small) the shape approaches to that of Fig. 3, except for a region near s = 0. The shape is
consistent with our linear analysis which predicted monotonic approach to y = 0 as s is
increased. The maximum stable load in this case is F = 5 above which the sheet, applied
forces and all, will sink continuously into the fluid. Figure 5 shows the case H = 0 or no
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FI1G. 7. Maximum rise as a function of load F. Dashed lines are the linear approximation Eq. (18).

Circle indicates maximum stable load.

127

FIG. 8. Shortening at infinity as a function of load F.
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horizontal force. The rigidity EI now plays an important role to maintain equilibrium.
Figure 6 shows the case for a compressive force H = —1. We see oscillatory decay is
typical for | H|< 2. Figure 7 shows the maximum rise (—y),,., for —2 < H <2 where
oscillatory decay forces the sheet to rise above the original level y = 0. The linear theory
under estimates the maximum rise. Figure 8 shows the lateral shortening at infinity. In this
case the linear theory is quite inadequate since it predicts zero shortening.
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